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Calculation of the g-characters of simple modules over quantum

loop algebras of non-symmetric type

KK 48 (OYA Hironori)f

BE

AFETIE, A ETIL— TREDOEBRIRTTEEFIRILD ¢-F812E % KD 2 HIEDHELIZ AT TDRAIZD
WIS 1T 5 *L. AW David Hernandez & O HLEAFETH 5.

1 A
1.1 MEHRE
Y Lie B2 g 12X U, W9 %0 — 7 Lie 8 Lg 1% Lg := g ®c C[tT1] i2
X @t" +aK,)Y @t" +bK] = [X,Y]@t™™" XY cgmmncZ

TREE S Lie tiillfi2E X 72 Lie TRTH 5.

EFIN—TREU,(Lg) &1F, V— T Lie B8 Lg DEBRBALR U(Lg) IZ13T A=K ¢ & ANTEWR (¢-£
%) L7=fR%¥Ta v, Drinfeld, Jimbo (2 & - T'80 RO HEHIZEA XNz, U, (Lg) DAEBRRTCEIGR L& T
Yang-Baxter ARBRADARY FILST A =R E D% 52 5 RBIPEEATH 5 Z L IZHEBEM 1T S 1 TRl
HIZR A2 A3 90 EARETEA S ([CPIL)) BENTWVWEH, SEREHL VANEZEINTWD. FIZIE, UTD
RN S R IE R TH B

(Q) U,(Lg) PEERETOWE, B L0 4RI (¢-HEL TN D) & — MK 3 /i H 5 2?

ZOM (Q) ILDWTZDE (BR) ZHWIL L 5. BIFTIX, g @ Dynkin B2 X, O 2 ¥, U,(Lg) & X
HMETL—7REE VW, 512X 2 ADE OWINhTH D L &, U,(Lg) 2B, ZNLSD & EIERFR
B YR,

BERIRBLD ¢-FRIEDFHRIZDOWT, Uy (Lg) BB D412, Nakajima (BRI D -z kD2 7
NIY ZLEE AN DF 0, ZOBAIZIE (Q) ILIE—2DMENEZ SN T WS, ZHlE ¢-fED
-2 ((q,t)-1818) %% 2, Kazhdan-Lusztig 7V 3V XL DFER L U THNRID ¢-f5EE2B VW5 H
DTH - 7-. Nakajima D -2 DORERUIIREUT E AL MR Z F W2 BN ELRIZE DI WTE D, Z O
Kazhdan-Lusztig 7V 3V X L OFERPIEY RN RBLD ¢-FED t-£ARTH S (=t =1 TIELL ¢-$5IEIC
BbEN3) 2 & 2 REEL T,

FENFRELD G E N DHEE DA & U T, Hernandez 1 Frenkel-Reshetikhin DA 1) ¥ F )LD ¢-FERE DAL %
FIZRBBHFHERB O ¢-18ED - £R 2 M8 L 72 [H04). Zhz AW T, BRIIZ Kazhdan-Lusztig 7 )V I
VALE@PESEZ LT, R0 “BEIRID (¢, t)-BE 23505, UL, 2ORBBHEEL STt =1
TINDERD ¢- IR I NS & WS HREIFRESI NRW. DFE D ZOGAEIFANIE—BRIZIZREZTHE
TH5.

T337-8570 M KR I Wz Eili lIBRKIEME 307 ZHHLEKRY: ¥ A7 LB TF BOEERZ R
T E-mail : hoya@shibaura-it.ac.jp Webpage : http://www.sic.shibaura-it.ac.jp/ hoya
T HAKFES 2019 EEERNTBVWTIOTF—ICHEBET 2 NATHELZT 72720, KRIZZDOT 7A L5 2 b [Oya] IZHEEIE
EMATNELR-oTEDET.



F8 1.1, EAHEOEGES, BERIRED (¢,6)-485E ¢ = 1 T ¢-HBECRER NS, 20, BRRED ¢-
ek Kazhdan-Lusztig 7V 3 ALIZE o TROBZZ N TE S,

Z D FREDIRRD, IR U, (Lg) DIEFIRBLD — 7 ¢-FREEDFIEGIEZ LT 5 2 L ITNIET 5.

12 ¥R11~0770—F
FRLLIZATTOHEL2DT Ta—FI3,
SRR & R TR 0D - )L — T ARE D R B G 0 JE LU

CEET B Th. 2 MORTL— TREDHEIGERIOBE E C,0) £ 5. JEMIZZ > T, Dynkin
B
(XN;YTL) = (A2n717Bn)7 (Dn+17cn)) (E67F4)3 (D47G2)

IZHU, Ce & Cyon OREICIRVEBMED R 5N 5 2 & AR#E N TE TV 3 [FHIL, KOh19, KKOh19,
OhSc19, HO19, KKOhP19]. 2415 DFIZU FOME£K>T W5 ¢

o Xy XL Y, I3IERATETH B .
e YV 0 Langlands 0 Ly gy 74w Dynkin #4 Xs\?) or (3 yzam ([Kac, Chapter 4] ZH4).

2 0HDMHEIZENT WS & S51Z, ngvl), Coy, Cy NE2feoT, BELTVWEEEZONT WS, E
B2, Kashiwara & O#F%E 27V — 7 K318, KKKOh15, KKOh19] IZ & - T, (X, Y,) = (A2n_1,B,) O
ZUA R DRPLD BENLAHED D 5T WS (fthd Dynkin BLDFIZ DWW T HEH BN AR ORPLUEHAL L TV S
[KOh19, OhSc19)]) :

{ W2 ) { EfEE )
” bij C
g, : Cago
N \ " A
' \ﬁmwz }/shift /
\ n /

A Ton

Twisted-Untwisted N N

Ca@ | o (W31}

HUMCAET B Ton 5% Aue BIA Hecke RKDUORI = A IRUGEREID 15 35 5 b 5 RAL 2 L TE 5
NBETHY, 205, Con , Cye , Cy ~E—BUCETF Schur-Weyl RHBF LIHEN D527 ¥V
VEFHHT 0D, Ton BIREN % OB TH B4, 20 WA L0 FRESIZIE 1 & BET 5 », — LR T
Schur-Weyl BUHBIT 2 & - T 2 W BN O BEO B REO AIE L 4 B E LTV 5. Ko, 2R EhoH
@ Grothendieck BB%& £ X5 Z E TUTHE RS :

EH 1.2 ([KKOh19, Theorem 3.1.1]). r =1 0r2 & L7=& &, BAND & 573 Grothendieck 3R DRI FLE
ER-I
K(CA(T) ) ~ K(CBE,I))’ {[E%%"Jiéfﬁ]} <~ {[E}Eﬁ@%fﬁ]} .

2n—1

1.1 HiCHMZIT > 72 & S IR O BRI IESFRAUZ LR THEA T WA 728, EOFELMEDEX fE ML T
RFFRIDFER 2 IERAFALIE T Z & TIHEAHEOFRUZE O ME 5 L WO ORERRIETH 5.

1.3 FHEROBME

e DEMRE, TH 12 O +-BRRERIETHD. Cpo) KNGS BB+ Grothendieck B (=Cyq) D
WERRILOD [HO4] DFERTD (g, t)-FRIRO 3 TRE) 2 Ki(Cyy) £ES



FIE 1.3 (Hernandez-O. (FEH 4.2)). Z[t+/2]-f¥e LT ORI

N BERIZBLO B KL
KiCopy )~ KulCyp) { i J o { oo

MHEAET D, 512, ZORBEES%E t = 1 128Kk T 5 &, Kashiwara-Kim-Oh (2 & 2 T8 1.2 DFRIEIG 4
(Nt 4 I

INZHWTUT25%:
% 1.4 (£ 4.8). BY Bz WTPM 1.1 ZEL .

- 13 OMORE LT, BY BMOBAIIREIS N TWah o 4 R EMEICET 28R 55N 3
(& 4.4, 4.5).

(Xn,Yn) = (Agn_1,By) BUURO B2 DWW T % AR D & T Grothendieck B2 0 [F] B o 1718 X B 4 X 1
5% —7F, BED & Z 58 % D Grothendieck BRDO AR TH 2 M 1.2 MOEHMBHH I LT WB DI
(Xn,Yn) = (Aon_1,B,) DEEDATH Y, FH 1.1 QIO 72D IE I NICHIST 2 LESBETH 5 7=
B, JRFIT IR 11 A5ERIML TV B0 BY BOAH L 75TV 5 (R 4.8 DHEFTDOMBBIR).

2 EFIN—TREDOARRTREMR
BV —TREOERIGCRIGRIC OWTHRIZEE T 5. U NE—BNRGEETHS
o g% X, BEHEHM Lie BB (X,, = A, Bn,Cp,...,Go) & U, {a; | i € T} (resp. {h; |i € 1}) #FDH
ML — b (resp. RIV— 1) OHELE LT 5.
L] C = (Cij)i,jEI = ((hi,aﬁ)i’je[ 7& g @D Cartan f‘?l‘ﬁ”t L/, (7'2')2'61 S ZI>O %,
(1) TiCij = TjCjj, V’L,j el (11) min{ri | 1€ I} =1

Z7- T~ DIEOEHOME TS, (X =ADE O5&, £ TDic [IZHLTr, =1.)
oz % 1 DERTHENOLUNDEEL, HEWIEIAELETS. ZOLE, Kicl neZIZHL,

n__ .—n
x; = a", 1]y := i

r—x
r¥5.
UTFTI, ¢ % 1 DEBTEHEY 0 NOERRET 5.
EE 2.1 (D88, Bo4)). X'V BEFIL—TREU, (Lg)(= U, (X)) 213,
k(i eI), af, ((i,r) €I X Z), hiy ((i,7) € T x (Z\ {0}))

YW EEGEE, BT OEEMRRICE > TEES C-ABTH S (HICIEDR VR FATIRBE > 5§
£TEWL LT B)

() kik; ' =1 =k; "k, kikj = kjk,
(IT) kil’fr = qiicij xj'frki,
(III) [ki, hj ] =0, N B
_ i,r+s  Pi,r+s
(IV) [xz,_r’xj,s] = 0ij ? —g
+ [Tci' li :i:z
(V) [hi,rﬂmj,s] = i%xj,r+s7
(VI) [hii,’h hjf] = Oic + 4+ +eii 4+ 4+ + +
(VII) Lir+1¥j,s — 4 ]xi,rxj,s+1 =4q; ij,sxi,rJrl — T 414

*2 KR CIRBIA 21T hS, S 1L FRBEE O REMUE D S RO RIBOFAEZ HHEL T WS,



1—c4j
Cij + + + £ + _
(VIH) Z Z l ‘| 551‘7%0) :Ti,rg(k)xj,smi,ra(kﬂ) lei,ra(lfci,j) =0.

0'661 Cij k=0 qi
iU, el i # G, T, Ty, 8 € L
ZZT

)

et exp (m LY h> |
r=0

r>0

X512, U, (Lg) 1F Hopf REIDOME 2 F50 Z L IS T WS (HR1E [CP] 2H1)*3.

Cyw ERFN—TRIU,(Lg) DHEBRTERBDBZTEHLE T 2™, ZNRE/ A XVT —NVETHS.
£, Uyg(Lg) DERBRTED 8 {ki, hiyr |1 € I,r € Z\{0}} BEWICHHZDT, LD Cyoy DHEV EIN0
S DIEFIZBIS 2 AL #EAEMAR YV = @,, Vin 28D, 22T [CP, FRI9 IZHWT, Z O Rl 4 il
m 1 Z-FREUIER A $ Laurent £ THAIR

Vex xw =LY i€ l,aeCX]

D Laurent HIER Y U THREI NG Z AR N, BAKZHIRIE, % 5L, O Vi, 1281 B IKEEA
Eoap, tHE mE
m= ]I v

i€l,aeCX

YERLEEE, Kic [ ITHLT,

0 1 zq_la Ui,a
§ + +r I | 4

- z .
= T (qz 1 = zg;a )

YLTEALNS. 22T, INSBThENC[e], Cle 7] TOHRTHS. &b, ¢ =k ThHorZ L
WCHERT DL, Y, FERXGCHEM Lie BRORBGRIZBE T 2 i € [ ITHIETE2EAY o1 b ™ OHLITH D
Zetbh b, FAMEEEEERV,, 2V OLI9TAMm D=4 MEREVS. WE,

P m1 a
B(CX,XS) T {Hiel aeCx 1 a | Misa = 0} C y(CX x{

U, ZOneXEMEBEER & L8 I, ARKOCHEM Lie BROKXKBGRIZHS 1 2 LLWEY = 1 b OFLT
HY, EBTREY =1 PEEEROBLLTUAT ALY S -

EIZ 2.2 ([CP95, CP)). By, yu) & Cyo) DHHUHGDOFEIEDMIC 15 1 HIEDTET 5.

ZDEHTme B(CX,X%I) Iz

MIGd 5 CX(,I) DHEMNR%E L(m) £EHL. 22T,
dim L(m),, = 1 o L(m)m =0,Viel, reZ

Y753 ESIHIEEET WA, HIZ L(Y,,) DRORREERRBLIFENG. & 510 ¢ SSEERR L ITEN
BUTFOM v, BEHIND .

EE 2.3 ([FR9I]). €/ 1 XNVT —~VH Cya) D Grothendieck BE K(Cyw) £92. ZOLE, HIE

Ve > dim(V

iﬁ%ﬂ%ﬁﬂ’*” (CX§L1)) — yCX7X5L1) 2525,

*3 2l Chevalley BOHD Uy (Lg) DFAi%EAVTEHS WHMET, E3# 2.1 (08 U ERE TAME BT 5 08 L.

SIS C oy BRTV— TRE U (Lg) O 1 MEBKEEROBTEE T 5. HRIGLREN 1 TH3 L1 {k | i € I} OF
BIART ", m € ZOWTHBZ LRSS, BTN — TR U, (Lg) DERKZRIUBNTIE 1 HOKBOAEEZTEH
bk % b7\,



TR 24. K K(CX(I)) WA TH S Z L IZHEET 5. —fkic CXU) DHRV,WIZHL, VW =WV
=95 AVADZ AN

#iclaeCxitxfL,

— -1 -1 -1 -1 -1 1
Aia 1= Yi,aq i,aq; H Y}a H ijaqflyj-,aq H YJ ag~ 2Yj 0 Yo | -
Jicji=— jicji=—2 jicji=—3

£9%. ZIT, Vou x WO Laurent HIHRIZX U, FIHF %

m<m' & HBIFEEBOM (via)ics accx H U, m(m')~! = H A

i€l,aeCx

YEHTS. ZOLIEFIE 5T, m A xg(L(m)) DREBEERTHS Z L BUFO LS LdR5N3

EE 2.5 ([FMO1]). XEMHEIER m e ch,xw 1z, Vex xw DTG xq(L(m)) —m (2B 5 BIHRIE 4T
m &0 EEIERE < IZEU TEIZNX .

AN )5:
7t x(D %
X¢V)€EZY L |iel,rez] = P Vxm

BT HRYV OKRT CX(1) DEFEHRIEE B, ZDE &, CZ X 1% CX(I) DUNE A4 ZINT —R)VE
THb. B Coo DHMNROMES EUE /1 XV Y LTORAPBEDMZE, C, yo IWREIND
[HL10, §3.7]. BABEIZHEIZE C, y o) NONEEFE R 2D T, UFORLIEEZMANS -

Yir =Y Airi=A; 4 BX;D = BCXVX%D N yxﬁf)'
2.6, Lg=sh[tT] (AP B)Drx T={1}ThY,
Xg(L(Y1,)) = Y1, + Y} 2 =Y (1+ A7 7‘+1)
Lg=sos5[tT] B B) me & T={1,2} THY,

Xq(L(Y1r)) = Y1, + Y2 7+1}/277'+3Y1jr1+4 + }/277'-"-15/2;"1-&-5 + Y17,.+2Y2}1+3Y2_7 s T Y1jrl+6
—1 —1 —1 —1 —1 -1 -1 -1
= Yi T(l + Al ,r+2 + Al,r+2A2,r+4 + Al,r+2A2,r+2A2,r+4 + Al,r+2A1,r+4A2,r+2A2,r+4)'

#m=Licsen Yin" € By WAL, BRI M(m) %,

~
- @ (@)

reZ \iel

TE#TD.

_>
R 2.7 Qrez BEDPSHNBOBA BT VY VEEIND L WS EEKTH D, FIE @, L(Yi,) 2% O
A DOFEBIEIZT >V YV IVEDIERFIZ X 5730,

& 2.8. {[L(m)] | me BX(l)} & A{[M(m)] | me BX(1>} FeHiz K(CZ X(l)) DL-FEETH 5.

WE, xo(M(m)) 1 L(Yig),i € I D BN DHANITERCHETHELREDTHS. ZNE D, {[L(m)] |
m € Byw} & {[M(m)] | m € By} DIEDEIITH% KD S 2 ¥ AT ENEMHRILO ¢-H8HARD 5
Nzt

3 &7 Grothendieck &

Z ZTl&, Hernandez[HO04] 12 & 2 REN 7% K(C, o)) D t-ZTROREH % HE S 5. Hernandez DHERLIE
ADE M D54 1213, Varagnolo-Vasserot[VV03], Nakajima[N04] (Z & > THER I N7zH D L FEDE DT
5. £, RO AL %M Vo) ZUTOT =22 MW THARIET S

5



C = (cij)ijer % Xp B Cartan 17512 LT, C(2) = (C(2)ij)ijer, C(2) = (C(2)ij)ijer (2 : FHET) %

iz = DEE, ~ 1

#T5. X517, % C(2);; 2R Laurent 85 Z((2~1)) Ot AR L,
C2)ji = Y u(r)2" € Z((z™1)
rez
LB CorE XY MBF =52V, o) LERUTTERSING LI/ RUTHS -
ot YA (i€ Ir € 2)
Bgk (D) Vi, Y, =1=Y 'Y,
(Il) % i,jel, r,s€ZITHL,

waf p — (g, S)y y”

v (IXZ)? > 71k

(v
(

V(@73 dys) i=Cji(=rj =7 +8) + Gilrj +7—5) = Ci(rj —r +5) = Ga(=rj + 7 —5)
THEALNS.

2 -1
5 3.1. By #! Cartan 1741 C = ( ) 2) EEZDL L,

[P+ -1 o\ 1 z+2z71 1
C(z) = (—z _ -l z+zl> C(z) = Bt.3 (z 4l g2 +22>
LiRB5DT
5(2)11 — Z( 1)k( —6k 2+276k74)’ 5(2)12 _ Z( 1)k —6k 37
k>0 k>0
5(2)21 _ Z(_l)k(z—ﬁk—Q + Z_Gk_4), 5(2)22 _ Z(_l)k(z—ﬁk—l + Z_Gk_5),
k>0 k>0

Thbd. £o5T, ¢ji(r) ;tuT(Dotorit&bbné (ERMIZ0DEKRTHS) :

-1 -3 -5 -7 -9 -11 -13 -15

G(r) |-2 -4 -6 -8 "0 C12 -1 16 ja(r)

o1
J

1 1 -1 -1 1 1 1 1 -1 1

J
2|1 1 -1 -1 1 1 2 1 1 -1 -1 1
ZIT, ZORDVr A -6 ECHIZMHED 1530125 X5 WAMMEZR > TWa Z 23~ D EFEROGEH
WKBWTHEEETH S, —HD B, BIZBWTIE, 712 —2hY(RY 13305 Coxeter B 2n — 1) 222 Z &I
A —1f5& N2 XS BAMMEEE > TWE*. — 0D B, BIZB 1) 2 FAEDEIZDOWTIE [HO19, Example

4.3, Appendix A] ZZRD Z &.

W&, Z-AREBHER Y

/251,
€Vi=1: yt,xgln — yXSI,l)’ {ET . Yi,r,i c I,’r’ c Z,
PEFET D, ZORIEt =1 ~DEFHKREEIENS. X512, MFON—JEGLIFIENS Z- KRBT E

. t1/2 — t—l/Q
. :th(l) _>th(1)’ nd _1"', .
n n Yiﬁ' — }/11,7"71 c I7r c Z7

DT B,

*S D FTH FERRD R R S N2 DR, T 2T Coxeter AN 5 Z & OBERNI 22 310 2 HH 135 > T W72\,



% Vg W D Laurent BIHA m XX L, H5 Y, X D t32 (I Laurent HIHR m TH > T, m = m &7
TLONIE—DHFHET S, (eg Yip =17 1/2Yw.) ZORET, A = Ay LEET D, T2, Y, X P
(t3% (80 XIAHIHRE Vo) OBE & FBICE#T 5

Iz Y, x DOHTHET Grothendieck % EHT L. Kiec [ITHL,

Kiy = (Yo (L+ A7), Y5 G € T\ {i},r € Z)gperrapiom C Y, xo

9B DL E, C, DEF Grothendieck B Ky(C &

Z,X‘T}))

Kt(czg(gll)) = mie] Ki,t

CEFETDH. ZIZTHiel TR, m =K, 720, Kt(CZX(l)) = Kt(CZX(l)) ThHhHZEIZHEET .
NPT 5.
EE 3.2 ([N04, HO4]). (1) &iel, reZITHL, & D H 7% KB IE TR D Kt(CZ X(l)) DIEH 7=

2 OfHET D, ZDtE Ly(Y;,) LEL.
(2) evimi (K (Cy ) = K(Cy x»)-

HER 3.3, AR TEEDRND, 2D K, 130 IZHNBET 2EMREE 7O - HUOKTH L. i, @HD ¢-f&
FED 7§ &L (~Grothendieck Bf) A% i (2SS 2 MR R 7DD i € T 292 @iy & bfaﬂai\éﬂ’bé
Tk tFLOBRETERAZEDLR>T WA, LK [HO4 23RO Z &,

W& Ly(Yir) 1,
evi=1(Le(Yiz)) = Xq(L(Yir))

BT L, BAREOD (¢, )IELITENS. 272 L(Y,,) OBEOT L0, Ti(Y,,) = Li(Y.,) THA.
Em= Hzel Y;u; " e BX(I) kﬁ'b,

—
m) — tNm H <H Lt(}/i,r)uiwr>

reZ \iel

295, 27U, Ny € 221 & My(m) 12832 m DD 1 &35 K 500EHT S, (FIE e, Le(Yin)wr
IR TOMTHS.) Z0LE, UFARLT 5.

o {Mt(m) | m e BXi,,l)} & Kt(CZ,XS)) D Z[til/Q]—%E.
o Fm € Byw WL, evim1 (Mi(m)) = xq(M(m)).

INSOWEE D, My(m) FEBERR M(m) ® (q,1) 3R LITENS. % M,(m) & M,(Y;

) ( 10) €
I D —EHREINIIAED IEETRR T TH D L ITHERT 5. b‘%%ﬁf_&%fﬁﬁt‘oﬂ’b

EIE 3.4 ([N04, HO4)). A FOME %723 K. (C
35

(S1) Li(m) = Li(m),
(S2) My(m) = Li(m) + >, con P (6)Le(m). 22T, Py (t) € tT1Z[ET].

Z,Xill)) D Z[til/Q}-ng {Lt(m) ‘ m € BXS)} ME— DIFELE

Z DT Li(m) RBHIER L(m)  (q,1) 8L IFENS . ZHIGEHI OB 4D Nakajima I & % LT 0
FIIT LB

EE 3.5 ([N04)). BTV —7REU,XY) 2568 (X = ADE) O & &,

(1) &me By 2L, evim1 (Li(m)) = xq(L(m)).
(2) #m,m’ € By ICHL, Pow(t) € t=1Z>0[t71].



Z DFEHDFE X Nakajima (2 & 2 IREAT E RS HRIKZ W77 Uy (Lg) OEEERBIDORERRIZHE D W
THY, AFHFALIRE SN TV S, RENLRHEED 513 Z DUt s g, U NE— I FHETH S -

F48 3.6. WL — TRE U, (X)) HIERFRE (X = BOFG) O & &,

(1) #m € Bya WU, eviei(Li(m)) = xq(L(m)).
(2) % m,m' € By HU, P (t) € 7 Zxo[t™].

EH 35, P 3.6 NEETH B ML, % Li(m) BEMERRD (¢, ¢)-3580 5, BTV — 7R U,XD)
D KER NI T, MRS I A D 212b B, (S1), (S2) 12 & BEENEBD (¢, t)-FREORHET 1T 1,
Kazhdan-Lusztig 7 )V 31) X s [L, Lemma 24.2.1] & IFIEN 2 B FRE & BEHERBIO (¢, 1)-fBEOR O ILEZE
BOFETIVITY AL EE5 25 FHREBIZOVWTIES BESRO I L), LoT, EH 3.5 BLUOFH3.6(1) I,
— R DRI R D 1518 % KD DA TN TV XL DIEFEEZ RIS B IEF IRV ERTH 5.

4 FHRER

Az AL A B METL— TREEEZS. Ay B, B, BEHEHH Lie O ¥HIL— L DFEX
FERAEZEINEN I, ={1,...,2n—1}, Iz :={1,...,n} £ T 5. (RAFDNMIT AL [Kac, Chapter 4] IZfE
5.)ZZT,

In:={(i,r) |i€Ix,r € Z,r =i+ 1 mod 2}
Ig == {(i,2r),(n,2r + 1) |i € Is \ {n}, r € Z}

B X=A(N:=2n—-1),B(N:=n) CZf@Fb,C’ZX(l) %,
N

Xa(V) € ZIYVEL | (i) € IX]

TRV ORT CX(I) DR IE B, ZDL &, C% <@ =AY CZ X DEFDE) A ZXNT =R
N XN XN

ME L5 & 512, B ) = Byw NZYigh | (i,7) € I35, C! . @ Grothendieck B,
N N ’ N

K€ ) =2 L ZIM) =3 Z{L(m)
YR, X5,

KilCxp) = D PN =5y P (m)

) )
N Xy

25BL, Ki(C ) & K(Cy ) D ZEEV2 A RETH B,

IZX X
41 FHREZDXR
BE-RE 4.1. UTOMISTEE 5 Z[tEY 2R AT 577

Das Va2V aw s Yir = Yon—ir—on,

Dg: Y, g = Y, g Yir = Yip_an-1)-

UFBAFROERERTH 5.

O RAFEADOIY HH S5 KRE M C, ) D CERT THBN, BC, | 1) DHEMHROMIES LT/ 1 ZOVEHL LTOIA
YN YN
AR 73 S DS IR BT IR c% e It <5 [HL10, §3.7], [KKOhP19, Subsection 1.7].
N
T INSFRFEDOIHZID Z 2 IZHHET 21ETH % (cf. [FMO1, Corollary 6.10]).



EIHE 4.2 (Hernandez-0.). Z[t+/?]-R¥kx LT ORI

(I)A—>B Kt(CZ A;} .

) 5 K€ o)

DHEET D, I51T, Py p FZNTHOEIZH T ZENRID (¢,t)-EEOMO KK R 2 i 252 5.
¥ 7z,

Dpo®pp=PapoDy (%)
Ei7-9
o CREIKI (g, O)-4EEOMO AR E R T B b 0 A 52 B,

fl 4.3. BiziE, n =3 AV /B Momoris) ota, AL MokxRE B MOBEBIZATO &
SIIZHIETE. (ZZ T L A BERMNITRA T2IGETS.) B8, (x) CXOUTOHIET C AL WD
HARHD Op_p KX BERILTETENG.

L} (Yi0) LY (Y3, -5), L (Y1,-2) & LY (Y3,), L (Y1,-4) & L (Y1),
L}(Yan) < LP(Ys 1),  L}(Ya1) < LP(Ys1Ys ), L (Ya—3) <> LY (Y _3),
LMYz, —5) > L} (Ya,—s), L} (Yso) <> LY (Ys1Ys 1), L (Ya_2) > LY (Y3 _5Ys _5),
LY —a) & LY (Ys, 1), L (Y1) & L (Ya,-a), L (Ya,—3) & L (Ya, ),
L} Ys0) ¢ L (Y1), LMYs,—2) ¢ L (Y1,-4), L} (Ys,—4) ¢+ L (Y1,—s).

ZOMIER S DB B & 512, ~MITIFHAKE L HARBUHIES 2D T/ <, MIET B B BIER DU
BREE NN, £z, ZOMSEIGELEEL RV, FIXIE, LAY ) & 6 KERBETH B2, LB(Y, )
3T RARETHS. DI RENPSE OyLp BIFAPLMETHELERS.

FH 4212 X0, Al B (¢, )-8 DV THIS W T B2 RIEEMEE B B (g, ¢)-F5HE0 EffME 1
HHICHEAEZ D ENTES. BY O (¢, -8B LTI O & 5 R EMMEIE L WEERTH 5.

% 4.4 (Kazhdan-Lusztig BIZ HAD EfEME). & m € Bg(l) WXL,

My (m) = Zm,eg, P (8) La(m)
LESY, Py (t) € Zsolt™ ) THB.

Zhik BY Bz 5 T 3.6(H) OEEMMETH S, EEICIEL VB TFARIT . Zhb
Nakajima (2 & >C AS) | B (X 0 —BHTHFR) OBE AN EZ SN TWAERETH S -

% 4.5 (HAEEHOEMPE). % mi,ma € B, AL,

Lym)Loma) = 30 e () Lo(m)

rE L, M (t) S Zzo[til/Q] Thb.

7 Ymyi,ma

BRAI, RA5DR 44 LD BB EE, My(m) 2 Ly(Y;,) SOBMTERI N TV Z &2 Bnlitid
TITbhbnd
Kashiwara-Kim-Oh &, Kang, Kashiwara, Kim, Oh {2 & D ##3. N7z —fREEF Schur- Weyl B4 % FH
W, BEERIZUAT O@E D Grothendieck BRORI DRI 2L TW 5
EIHE 4.6 ([KKOL19, Theorem 3.1.1]). Z-f# & L COFA
Pa—B: K(CZ AL ) — K(C] z, B(l))

2n—1

THoT, WHRHOEORDOLHERFNE2 5255 DIVFET 5.



I CHEMERFEOMOMIGIZEHT5Z 2T, MRBHE,PDSND .
EHE 4.7 (Hernandez-0.). ®p ,p % t = 1 IZRFRET B & ga_p (2 —FT 3.

ZZTCTEM AT 3 HLADOEABMDOAGIENWERTH LI L E2EHRLTVWEDOTIERL, B LAR L DRFLOMN
i & Kashiwara-Kim-Oh (2 & 2 B OERIZIRDOER TR TH B 2ERLTHEL -
77U A VI,
o Gap k(= LIHIMELE S OB 42 £ 0, {eviea(Lo(m)) | m € Blo, } % fevia(Lum) |
m € ng)} 12908,
o Pap(% ¢HIETHRUZBD) T 4.6 X0, {x,(L(m)) | m € Bi\éif,l} % {xq(L(m)) | m €
8;353)} 2.

A BIOBA T evimy (Li(m)) = xq(L(m)) TH 2 Z L bk o T34, BY BoBaik s o—8ik
FA3.6(1) 17 5. o T, 4.7 13 BY BoOBE0 T 3.6(1) OE R EEL

% 48. Bme 13]’3(1> IZH U, eviz1(Li(m)) = xq(L(m)).

5 EtEA

BV — 7R Uq(Bél)) DEERIERIL L(Y1,0Y2,5) D ¢-181%E% Kazhdan-Lusztig 7V TV X AIZ & D RDT
A5, EFTrecZizxl,

—1 —1 1 yd —1

Mi(Y1,r) =Y1ir + Yo ri1Yo,r43Y) g + Yo 1Yo s + Y1042Y5 o3 Yo s + Y7 0,
—1 ~1 1

M(Ya,) = Yo, + Y1ir41Y5 o0 + Yo rpaVy 5 + Yo 16

59,9, po OHRROBERZ V5 2,

M,(Y10Y25) = fl/QMt(Yl,o)Mt(Yz,E))
=Yi0Y25 + Y1,0Y1,6Y2}1 + Y1,0Y2,9Y1T110 + Y1,0Y2f111

+ Y21Ya3Y) 1Yo 5 + Ya1Ya 3y 1 Y16Y5 ) + Y1 YasY YooY, g + Yau Yo sY Y50,

+ 7 Yo + Vo1 Yo VieYor + Yoo YooVino + Y2aYos Yoy

+ t71Y1»2Y2?31 + Y172Y2T31 Y2T51 Y176Y2T71 + Y172Y2j31 Y2j51Y279Y1j110 + Yl,2Y2?31 Y2T51 Y2j111

+ t_1Y2,5Y1j61 + t_lyz}l + Y1T61 Y2,9Y1T110 + Yff} Yzjlll

=Y1,0Ya5 + Y1,0Y16Ys7 + Yi.0Y20Y1 10 + Y1.0Ys 1)

+ 3@,113,3Y1T_14Y2,5 + Y2,1Y2,3Y1T_14Y1,6Yg}1 + Y2,1Y2,3Y1T_14Y2,9Y1T110 + }3,113,3Y1T_14Y2T111
+ Y2,1Y2T51 Y1,6Y2T71 + Y2,1Y2T51Y2,9Y1T110 + Y2,1Y2T51 Y2T111

+ Y1,2Y2T31 Y2T51 YLGYQ}1 + Y1,2Y2T31 Y2T51 Y2-,9Y1T110 + Y1,2Y2T31 Y2T51 Y2T111

+ Y1j61Y279Y1j110 + Y1T61 Y2T111 + t M, t(YZ,l)

Lins. X - T, Mt(Yl,On75) — tilMt(YZl) IN—HETAETHE. 2T & b,
Li(Yi0Ya5) := My(Y10Ya5) — t "My (Yay)

&?Miifib\ %IS%E, Mt(YQ,l) = Lt(Y271) T%é@f, Mt(}/l,O}/Q,S) = Lt(Y1,0Y7275) =+ t_lLt(YVQ,T) bR AN O, %
P (S2) Billi7=LTWA. ((S1), (S2) &7 T Li(VioYas) OMD B ALARNC &S EBICRENS),

10



PDEEY, %4805,

Xq(L(Y1,0Y25)) = evi=1(Li(Y1,0Y25))
=Y1,0Yo5 + Y1,0Y1,6Y2T71 + Y1,0Y2,9Y1T110 + Y1,0Y2T111
+ Y2,1Y2,3YT,14Y2,5 + Y2,1Y2,3Y1;14Y1,6Y2f71 + Y2,113,3Yj,141/2,9Y1T110 + Y2,1Y2,3Y1T,14Y2f111
+ Y271Y2,_51 Y176Y2,_71 + Y2,1Y2j51Y279Y1j110 + Y2,1Y2:L31 Y2?111
+ Y1,2Y2T31 Y2T51 Y1,6Y2T71 + Y1,2Y2:31 Y2j51Y279Y1j110 + Y1,25/2j31 Y2T51 Y2T111
+ Y1T61}1279Y1T110 + Y1T61 Yéjlll

THB. I TOMN, EARBO (¢, 6)-EE M,(Y1,), My (Vo) ERF =T 2, po) OBIFRO 5%
W BRI AR T B B (U, (BSY) OEBIHRT 2HVTVALY) 20 ZEIEHL TS S0,

HiEE

FoARRBFEY VRY T LAIBVWTHEOBR 2 5 RATRI -2 700 ABELE DMK, Ba
wmEkR, ¥y ARY T ABEMAEEOEHHZR, RLEAEEOLREREKIZZOGE2BED U THEIMELHL L
3. 72, £H DAL the European Research Council under the European Union’s Framework
Programme H2020 with ERC Grant Agreement number 647353 Qaffine & & UFH AR EAHR I & A 52 Bh
B4 (5 F5%)No.19K 14515 OBk & %75 DT .
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7 7 4 VIHARED relaxed BxmT7 =1 b
=g

JIES A&k (Kawasetsu, Kazuya)
¥ NN Y NE A TP REC T

1 EL®HIC

TERSAREL, 20 UDITEAERAZRAEIE, — STV &, WA #
BFHGORTRETH S, HELMBIROCRIZBE Kb, 2RuiLE
GHERONREBIRTH 5. hTH, HIEDARMESM & REIE O EHfM:
Z w72 9 THREASZRRBUL, RELDIREEDIES X7 MVZERIPREY 2T —
BESLy(Z) DIEFTHL T0WA WS FELWHEZFD. X512, Verlinde
AR WS, REOHIEDOT VY VEIZB T AN EROEEE %, 15
o S e RIITHNZ & > TR T BARXDK D 7D,

T 7«4 VIEEEREREUX, 7 7 1~ Kac-Moody V) —E % FH\WTHERK
INBHHEHAEAZERBOBETHY, TDLEOREIE, 771V —BRED
KEOMGEZRD. EHD relaxed fxm v =1 PRBL&IE, BHRIZE S &
AR THM) —BREDOY A4 NREDT 714 kD & TH S,

T. Creutzig & D. Ridout 1, ARMESM 272 X R WHFFAENT 7 1«
THARWERSRRE Li(sly) 12X LT, Verlinde 2D 7 F Y —%2RIFEL 7=,
ZDRA, relaxed &V =1 MR (L ZDY A A M) T U TRIAR S
nb.

AR TlE, Creutzig-Ridout Mm% IR L, relaxed fxm ™Y =1 b
RIELDOMERDEOEDAERIZ DWW THEIT 5.

2 TERIFAZRAH

NI FIVEMV 25 A, V Oz ffBUZR DI AN S D 2L %2
Viz, 2] ={X,czanz" la, e V} &EFEL LU 2 BAEILTHS. V

1



LEORTE LI a(z) € End(V)[[z,27Y]] TH- T, fEED be V ITHL
T, H% N>0DPHFELUT, az)b e V[[2]]N BEKOID2ED%END.

CEITBEERAR) DEE->THED, 51, VDL a2 LT,V EOE
1% Y(a,z) PREUZEE > TWT, RO ZNG7-3TZ L TH S -
o (JAATAHME) {TRED a,b e VIZH LT, N >0 DFEL T,

(z —w)VY (a, 2)Y (b,w) = (z — w) Y (b,w)Y (a, 2).

e Y(1,2) =idy, Y(a,2)1 € a+ V|[[z]]z, (a V),
e 71 =0, [T,Y(a,z)] = 0.Y (a, 2), (aeV).

V ZHRREE TS weV PHLERMceCDYT 1+ IV UIILTHD
Y (w,2) =, o, Lz 2 & FEL L,

neZ
nd—n
Ly, Lin) = (n—m)Lpym + Tém,mc, n,m € Z, (1)
ZiilzS L THD.
HEREV &Y IVvmweV Offl (V,w) IZIROAHZ 29 &

S THRE SRR 1.5 [FLM] -
o Ly MV L CERMIZ/EHT 2
o V LD Ly-EEMHEIFIFARKTH S:

V=@PVa, Va={veV|Lw=Av}
A=0

e 15 =C1, dimVx < oo, VA.

(V,w) ZHAEHZRNRE L T5. DA, EHAEHZERBZHRIZV &&F
.V OHLNEMIX, w OHFLER c DZETHS.

THAEHZERE V EORE M X,V Ot o iZLT M EORETF
% YM(a,z) € End(M)[[z, 2] ARIUZE £ 5 TWT, Ly AEHAIZ/E
HLUTBD, W< OO HEZTEDEND. 72770, YM(w,2) =
Snen Lnz "2 e LA RZ bV v e M D Lo-FEAEEZ, v O
o zAa R M BBEHNEREOL E, 55 AcCBFHELT, M D
Lo-BEEHEIZTRTA+Z DILTH 5.

2



M%zV EORBETSH. M OIEY oA FAROERTNIZHAD

EE M IFEZRNLVF—THBEND :
M = @ May,, with S C C such that #5 < oo and
AeSnel>q
VA €S, Ma#0and (A+Z)NS ={A}.

72720, Ma :={v € M| Lyv = Av} (A € C) &n <. HH R bIVZER
Moy = Pprcg Ma 2 M D top ZEfE & NS,

B2, M PEEIET R VX —REHD & &,

M= Maw, Ma#0, AeC
n=0

EWVWIHERL, A=Ay 1T M OFNYE YA FEIEENSE. 2Dk
& My, =My TH5.
EE LV EOWERHE L X, FTXANVX—KRE M THo>T, %& L[
ZEDPERIRTTTHEEDE NS,

VHEIZV LORBETHIH, INrkEHERE LR, HEREIXE
WMRBOHITH 5.
EFE 2. HERE M O (BR) B X, B0

X[M](q) = " (dim M, )q" =/

neC

DZEeTHb. 12720, q FAETLTHS.

3 ZhulEi

HRERZERBV 252, UV) 220EEREMEL T 5. Zhids
BEZ apy € End(V) (a eV, neZ) TERINIHERBDOI L TH
5 (EfERERIZ [MNT] 22BE LX), 27U, ap) XY (a,2) IZBIT5
L OBRBDOZ e THB. V O Zhu A%, fEERE

Zha(V) = U(V)o/(U(V)e NUWV)U(V)-)

DZETHB. 2L, UNV) 13 UV) DTETHIEY o1 N EREZ RV
VOt RRDIEZZEM, U(V)_ 13T = A b2 EIZ N2 FRG2ED
EAZEMTHL. V EOIETRXINT—RE M 2F27-L &, ZD top %
[ My 121 Zhu(V) EORBOEENFEI NS,

3



T 1. [7] S

(V DEIET 3L ¥ —RHLMEK) —  (Zhu(V) OBERIIIEER )
M — Mtop
AN ARVASR

R MVZER] V/ Vi)V BERGTD & &, VIR (C, RER) &
W, F72,V OEIRNF—REVPZLEAHOL X,V IIEHNTH S
EWS. Y. Zhu iF, EEO—X—XItazHWT, V 2EENDOEHNT
HdLEV OBMMIET R F —REUIFT ZRNCHRETHD 0, BEH
FEZRVF—FRHRIFEERBFATHLI 2R X510, BHEZ 2L
F—REDIEED, €V a7 —ABWE L IENZROMEE 272322 %
~UTz.

EIE 2. [Z] V IZFEPOEHNTH S LIRET S, N7 MIVZEH
C-span{x[M](q) | M & V EDOBEIET 3 )L ¥ —KEL }

ZEY 2T 8 SLy(Z) DIFHTALTH L. 272U, SLy(Z) DIEAIZ,
a b ar +b a b
(C d) o= £ (). (C d) € SLy(Z)
THY, qg=eV"1 7cH={2cC|Im(z) >0} TH5.

ZD &SI, SEE OE BRI R TE U BB O KRB GR I$58 5 A M 03
HO, EEICHEEL TS, AT, B TRWEAERERKOEH
mEEET L.

4 7742 Kac-Moody ') —Ix

g ZARIGTHM ) —ERE U, h 2 VR L, b 2 R LIV R
95, (.. ), (Wi, .. ,w) ZFENEN g OHEFIL— b AT o1
FeU,h WY Z2ZNENgDar X8 Warsex—HLd5. IRD
V—HTE#HRIND, 7741 Kac-Moody V —Et g = g[t,t {®CK@®CD
BHEZDB

[at™, bt™] = [a, b]t" T + n(alb)dp _mK, [D,at"] =nat", [K,g]=0,

4



(a,b € gn,m € Z). TZT, (-|) & g EOEFMINZLAENET
B3, GOHVEVEABE RV ILVEAREE, § = h© CK @ CD,
b=0b[t]+g[t]t+CK+CD &%, (ag,au,....), (Ao, Ar,...,Ao) &
FNENGOMFMAL— N, HAY A FE2EL, D ORI 6 € b T
£
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JzA M Neh ZERSL. AT, g EOREY =1 b X\ OBEE
G oA MR Ly RS, £/, d=—(MA+2p)/2(k+hY) LiEE, G
EOEEY A b kAo +dd+ X DEENERE Y = 1 MllEE Ly, & &L
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g IBRC LTS, EHFDOh % hICESHAT, v o1 MNIBEOHS
BERTD.
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Ind,(N) := N,,/(IN(1® N) =0 %= 3N T RO,
1%, N S ENEED & & | relaxed &YV =1 MIEETH 5.
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B<. M O ch[M] %,

ch[M](y,z,q) = ¢ " Y dim M(kAo — nd + A)g"2*
neC,\eh*
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5 774 YIERRIK
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U7=b DI, H8EE x[M](q) & —ET 5.

Li(g) WEE»ODEHNTHSLZ L, k=0,1,2,... XFAMETH .
k€Zso INETS. ZDLE, Li(g) EDOBEFIIET 3L F —RELIRIL,
g EOVAL E OBEARE SR (LAV k OFFEEED =1 b %2 B
vxA MIEOBENERE Y 1 MRE) &4 8T 5. AR S RE
1Z1% Weyl-Kac fBIEARE WS, Weyl HREARDO —ffb2d@HTE, €
Vag—REMPHISH T W [KP]. 7z, Biffid Zhu Higizk->TZ
DEY 2T —ALWERTIENTES.

g DFFA (admissible) 7 =1 b &iE, XENEDY =1 bz dH LA L
RWUZ—AL L7z DTH B [KWI]. FEV =1 MeEm” o1 MR
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BEARE WS, Weyl-Kac fRfEARDO—#fb 27~ 3. Lrd, D
SLy(Z) DB BEREHIFHELEDOT A M 0EY 2T —FHETHD L VIR
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T, kDBHEBLURLTHD LI, kN PHFBETV A N THEI RN
5. Zhi,

\Y V) __
k+h' =2 pgeZn,  (ho=1 p> {h @r)=1,

g h (gr")=r",
EWVWIHEEROZ L LEMETHSE. 22T,V I XgDT 14 VF VKT
FRNEZAICBIMOAMTH B, k BIEBETRNE E Li(g) 1&
SR TIZARWD, RN Z & &, Ly(g) X FEED S 2D — b (T
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g DNEE f 2EAS. fIINETSE T BRST Euikz L AL k
D7 71 VIEREHZERBUTEMT 5 2 & THER S 15 THAREHFEREK
2 WREESW, Wi(g, f) &L [KRW]. 2k f 2185 Slodowy ##
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6 Slz DoxA h%iﬁ;
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JEEIARZHWT, S7ILy, DYV A AN fr.S71L, 2EHKT 5. ZDONEED
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U720,

sly DY = 4 FRBEIZIRTHEI NS :
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2. MR tHRE Y =1 NREL: Ly, A€ h*\ PT.
3. MERRVOTHRARY = FRBL: L7, Aeh*\ P,
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(72720, 4 IZIZEENDHS: VoA FEH L Casimir FEEI TS L&
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KU [F, M] OFERIZE > THEINTWS. [FTEOBNY = 1 MRBI
1%, g O Levi #843 V —BR LOBERERI» SBWFEEIZ L > THo N
% [F). &7z, FBEESEETIUE, g 13 A Bhp C BITHD Z LHURY
iz [Fl. BRI BRI SEREIE M) 2B W TaEIn, Lzd> T
Moz FREZZERIIHEI N

7 Creutzig-Ridout i
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p—1,1<s<q—1} X LRV EDGDHERT A ND h* ~DHHY
ThHoT, g DXHHE Y A b TRWY =1 FEERDODELEE T 5.
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(7a—Ya VR 23k 35, #iiH Verlinde AXNAMRIB X 7z
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Monstrous Moonshine over the integers

Scott Carnahan

December 26, 2019

1 What is Moonshine?

Moonshine is fundamentally about strange connections between finite groups and modular forms.
These connections should be very special. In particular, if there are infinitely many cases of a
phenomenon, then we typically do not call it moonshine. Instead, we should expect a general
theory to explain the phenomenon.

2 Monstrous Moonshine

Monstrous moonshine began in 1978 with a numerical observation by McKay relating representa-
tions of the monster simple group with coefficients of the modular J function. This observation
initially appeared to be a coincidence, but soon additional numerical evidence together with
theoretical advances showed that there is a substantial connection.

The finite simple groups are now known to be naturally organized into 18 infinite families,
together with 26 additional groups, called sporadic groups. The monster M, constructed in
[Griess 1982], is the largest of the 26 sporadic simple groups, with order about 8 x 10°3. This is
roughly the number of protons in Jupiter, so it is not feasible to compute with all of the elements
of the group at once. On the other hand, it is somewhat smaller than the number 52! ~ 8 x 1067
of permutations in a standard deck of playing cards. We can compute by hand with this group
of permutations, but computation with the monster is much more difficult despite its smaller
size because M has no small representations. In particular, there are no faithful permutation
representations of degree less than about 9 x 10!, and no complex linear representations of
dimension less than 196883.

The J-function is an analytic function on the complex upper half-plane that is invariant
under the action of SLo(Z) by Mébius transformations. The quotient of the upper half-plane
by this action is complex-analytically isomorphic to C, i.e., it is a punctured genus zero curve,
and J realizes such an isomorphism. In general, a function that generates the function field
of an upper half-plane quotient is called a hauptmodul, or principal modulus. Thus, J is a
hauptmodul for SLy(Z). J has the Fourier expansion

g+ 196884q + 21493760¢> + - - (g = *™*%)

and all of its coefficients are non-negative integers.

In 1978, McKay noted that 196884 = 196883 + 1, where the left side is g-coefficient of the J
function, and the numbers on the right side are the dimensions of the smallest irreducible rep-
resentations of the monster. He suggested that there was a connection, and later computations
by Thompson [Thompson 1979 strongly suggested this was not a coincidence, as the first few
coefficients of J were easily written as very simple combinations of dimensions of irreducible
representations of the monster:



196884 = 1 + 196883 (1)
21493760 = 1 + 196883 + 21296876 (2)
864299970 = 2 x 1 + 2 x 196883 + 21296876 + 842609326 (3)

McKay’s observation could be explained by the existence of a natural graded representation
V = ,, Vi, of the monster, such that > (dim V;,)¢"~! = J. This existence problem is now known
as the McKay-Thompson conjecture, and it was solved with the construction of the “Moonshine
Module” V¥ by Frenkel, Lepowsky, and Meurman. They initially constructed it as a graded
representation V! = @V, with graded dimension > (dimV;,)¢""! = J in 1984, using vertex
operators. However, Borcherds introduced a notion of vertex algebra in [Borcherds 1986], and
claimed that their construction is an example. Frenkel, Lepowsky, and Meurman then showed
that this was true, and furthermore, that the monster is the full automorphism group of V? as
a vertex algebra [Frenkel-Lepowsky-Meurman 198§].

Conway and Norton, acting on a suggestion by Thompson, computed a conjectural list of
graded traces of elements of the monster on the graded representation V' [Conway-Norton 1979].
They noted that all of the trace functions appeared to be Hauptmoduls of genus zero dis-
crete subgroups of SLs(R). From this evidence, they proposed the “Monstrous Moonshine”
conjecture, a refinement of the McKay-Thompson conjecture that asserted the existence of a
graded representation V' = €, V;, such that for each element g in the monster, the graded trace
>, Tr(g|Vn)g" ! matched the function they computed.

Atkin, Fong, and Smith showed in 1980 that a satisfactory virtual representation exists, but
with no explicit construction. Borcherds showed in [Borcherds 1992] that V! satisfies Conway
and Norton’s conjecture, using the vertex algebra structure in an essential way. Specifically, he
showed that for each g € M, the series Ty(7) = >, Tr(g|V,5)q"_1 is equal to the Hauptmodul
for g proposed by Conway and Norton.

3 More monstrous moonshine

Conway and Norton suggested in 1979 that there may be similar behavior for other groups, and
Queen computed several potential character functions in 1980. As an example of this behavior,
the second largest sporadic group, called the Baby monster, has irreducible representations of
dimension 1,4371,96255, ..., and the Hauptmodul for T'g(2)" is ¢~ + 4372¢ + 962564¢% + - - - .

One of the most interesting phenomena to appear in these computations was that if g € M
has prime order p, and lies in the conjugacy class named pA, then the graded trace function 7,
has non-negative integer coefficients that look like dimensions of representations of the centralizer
Cnm(g). For p =2, the centralizer of an element in class 2A is isomorphic to a central extension
2.B of the Baby monster. Thus, our example is still connected to the Monster, but in a way
that is different from the Conway-Norton conjecture.

This phenomenon now has two explanations, both involving the existence of representations
of groups whose dimensions are given by the non-negative coefficients.

Conjecture 1: Generalized Moonshine (Norton 1987) For each g € M, there exists a
%Z—graded projective representation V(g) = @,, V(9)n of Cm(g), such that the trace functions
Z(g,h;1) =32, Tr(h|V(g)n)qg™ " satisfy good modularity properties. Here, h is some lift of h
to a linear transformation on V(g), and N is the level of Ty(7). [Norton 1987]

Conjecture 2: Modular Moonshine (Ryba 1994) For each ¢ in conjugacy class pA, there
is a Z>o-graded vertex algebra V, over [, with a Ci(g) action, such that the graded Brauer
character of each p-regular h € Cy(g) on Vj is equal to the Monstrous Moonshine function Ty,
[Ryba 1996]

Both conjectures were rather quickly given conjectural interpretations that placed the cen-
tral objects V(g) and Vj in a meaningful context. For Generalized Moonshine, the physicists



Dixon, Ginsparg, and Harvey proposed that the representations V'(g) are twisted sectors of a
conformal field theory with M symmetry, and the functions Z(g, h; 7) are genus 1 partition func-
tions with twisted boundary conditions [Dixon-Ginsparg-Harvey 1988]. For Modular Moonshine,
Borcherds and Ryba proposed that Vj is the Tate cohomology group HO (9, VZh) with coefficients
in a self-dual integral form V£ of V# with M-symmetry [Borcherds-Ryba 1996].

Both conjectures saw substantial progress in the mid 1990s. For Generalized Moonshine,
the representations V' (g) were reinterpreted as irreducible g-twisted Vi-modules, and these were
shown to exist in [Dong-Li-Mason 1997]. For Modular moonshine, the conjecture was proved
in [Borcherds-Ryba 1996], [Borcherds 1998], and [Borcherds 1999] under the assumption that
VZh exists. The self-dual integral form was not known to exist at the time, but they got an
unconditional result for odd primes by using a self-dual form over Z[1/2]. However, the complete
solutions to these conjectures required the following critical advance in the theory of vertex
algebras:

Theorem [van Ekeren-Moller-Scheithauer 2015] If V' is strongly regular and holomorphic,
and g € Aut(V) is finite order, then there exists an abelian intertwining algebra structure on
the direct sum of irreducible twisted modules

lgl-1

W= P V()

=0

Here, the notion of abelian intertwining algebra, introduced in [Dong-Lepowsky 1993, is a
generalization of vertex operator algebra, where the multiplication operation is only commutative
and associative after some adjustment with a braiding structure. The existence of abelian
intertwining algebra structure was essential to the proof of the Hauptmodul property of Z(g, h; 7)
in [Carnahan 2012], and the existence of VZu in [Carnahan 2017b].

Another important corollary is the cyclic orbifold construction, which lets us build new
holomorphic vertex algebras using finite order automorphisms of existing objects.

Corollary

Let V be a strongly regular and holomorphic vertex operator algebra, and g € Aut(V) finite
order. Assume g is “anomaly-free” (i.e., eigenvalues of L(0) on the twisted module V' (g) are in

-1

ﬁZ). Decompose 9V := @Lg:‘o V(g") under the canonical g action to get a graded structure

_ 0,j — 0 :
@m- V»I where V = G}j V%I, Then V/g := @ V"" is a strongly regular holomorphic vertex

operator algebra, and there is a canonical automorphism ¢* such that V%0 is the e2mV=Ti/lg]
eigenspace.

With this result, we get 51 constructions of V¥ from the Leech lattice vertex operator algebra
Va:

1. An order 2 orbifold [Frenkel-Lepowsky-Meurman 1988], the original construction.
2. An order 3 orbifold [Chen-Lam-Shimakura 2016]

3. Orders 5, 7, 13 [Abe-Lam-Yamada 2017]

4. 46 classes of composite order [Carnahan 2017al

These constructions were conjectured in [Tuite 1993] as part of his orbifold correspondence
between massless classes in the Conway group Cog and non-Fricke classes in M.

For the construction of VZH, we need the prime order constructions: For p € {2,3,5,7,13},
the pair (Vi,pa) is orbifold dual to (V%,pB).



4 Cyclic orbifolds over small rings

The general idea behind the construction of VZh is the construction of forms of V¥ over many
cyclotomic S-integer rings, followed by a step where these forms are glued together. Thus, we
need a theory of vertex algebras and cyclic orbifolds over these rings so we can construct suitable
forms of V1.

Definition: A vertex algebra over a commutative ring R is an R-module V', with an element
1 € V and a multiplication map V ®g V — V((2)), written u ® v — Y (u, 2)v = Y upvz "1
satisfying:

1. Y(1,2) = idy 2" and Y (a,2)1 € a + 2V[[z]].

2. For any r,s,t € Z, and any u,v,w € V,

2 (:) (ut4i0)rsiw = 3 _(=1)° C) (trt—i(Vsiw) = (=1) vspi—i(uriw))

i>0 i>0

When Borcherds introduced vertex algebras, he allowed coefficients in arbitrary commutative
rings, and he gave the following example:

For any positive definite even unimodular lattice L there is a self-dual vertex algebra (V7,)z
over Z (Borcherds 1986). It is a Z-form of Sym (¢t !(C ® L)[t~!]) ® C[L] spanned by monomials
of the form sq, n, « - - Say,n,€”, Where e is a basis element of C[L], a; are chosen from a basis of

L, and the operator s, is the z*-coefficient of exp(}", - a(;") 2"). Here, Sym(t 1 (C® L)[t™1])
is a representation of the Heisenberg algebra, with generators a(n) = at™™ € L[t,t~'] @ CK.
We will need a more refined notion, where the underlying R-modules are direct sums of
finite projective modules. The notion of vertex operator algebra over a field was introduced in
[Frenkel-Lepowsky-Meurman 1988] as a variant of vertex algebras with similar finiteness prop-
erties, so we give one of perhaps many natural extensions of the definition to commutative

rings:

Definition: A vertex operator algebra over R with half central charge c is a vertex algebra
V over R equipped with a “conformal element” w and a Z-grading V' = € V,,, such that

1. Ifu eV, veV,, then ugv € Vipgn—g—1.

2. The coefficients of Y (w,2) = Y. L,z "2 satisfy Virasoro relations: [Ly,, L,] = (m —
n)Lm+n + c(m;—l) 5m+n,0idV-

3. Each V,, is a finite rank projective R-module, and Ly acts on V,, by n - idy, .

We can also define abelian intertwining algebras over certain subrings of C, as long as the
subrings contain suitable denominators and enough roots of unity.

For the cyclic orbifold construction, we have the following key result

Lemma: Let V = @Z JEZ/NT. VI be a self-dual abelian intertwining algebra over C, where
each V% is an irreducible V?%-module, and let U = @ V% and W = @ V*’. If R is a suitable
subring of C, and we are given self-dual R-forms Ur and Wg such that U N V0 = Wr N V0,
then they generate a self-dual R-form of V.

To apply this result to the construction of V% we use an intermediate orbifold method
introduced in [Abe-Lam-Yamada 2017]:

Theorem: Let Py = {2,3,5,7,13}. If p, q are distinct in Py, and pq & {65,91}, then there
is an automorphism g of the Leech lattice of order pq, such that no non-identity power of g has
fixed points, and an order pq lift g € Aut(V}). Then:

1. Vi/gP = Vy /g =2 V!
2. Vp/g = V.



In particular, there are 2 copies of V¥ inside the abelian intertwining algebra P, Va(g'), which
is generated by 2 copies of Vj.

Corollary: Let p,q be distinct elements of Py = {2,3,5,7,13}, such that pg ¢ {65,91},
and let R,, = Z[1/pq, e™V =1/ Pd]. Then, there is a self-dual R,,-form of the abelian intertwining
algebra @), Va(g"), and it contains 2 isomorphic self-dual Rj,-forms of V.

5 Monster symmetry

Before we can glue our forms of V4, we need to show that they have full Monster symmetry. There
are two reasons for this: First, the symmetry gives us more flexibility in finding isomorphisms
between forms so that we can glue. Second, when we have control over symmetry, we can restrict
how many isomorphism types can come from gluing.

Recall the Leech lattice A has Cog = 2.C'o; symmetry. From this, the lattice vertex algebra
has symmetry given by AutVy = (C*)24.Cog, a non-split extension.

Let p € Py, g € Coy fixed-point free, order p. Then any order p lift g € AutV, has centralizer
(Z/pZ)?*P=1) Cpy(g). The same is true for suitably chosen automorphisms of the Rj,-form.
We therefore obtain natural actions of large finite groups on abelian intertwining algebras, and
on the forms of V2. In particular, the self-dual Ry4-forms of V! naturally inherit an action
of G, = p' 24/~ (Crpy(g9)/g?) from an abelian intertwining algebra containing Vlgpq and
(VA)R,, (and similarly for Gy).

We therefore have R,,-forms of V! with actions of the subgroups Gp and Gy of M. By work
of Wilson on maximal subgroups of M [Wilson 2017], we conclude that the only subgroup of M
containing these groups is M itself. These forms therefore have monster symmetry.

6 Gluing forms over small rings

We now have a collection of forms of V¥ over rings Ry, each with monster symmetry, and we
wish to show that all of them arise from a form over Z by tensor product. In commutative
algebra, this is known as a descent problem, and we may use the tools of Zariski and faithfully
flat descent to prove this. For the data we have, it is easiest to phrase this as a gluing problem:

Definition: Given a diagram R; — Rs3 < Rs of commutative rings, a gluing datum for
vertex operator algebras is a triple (V' V2, f), where

1. V!is a vertex operator algebra over Ry,
2. V2 is a vertex operator algebra over Ry, and
3. f:V'®pg, R3 — V?®pg, R3 is an isomorphism of vertex operator algebras over Rs.

These form a category, where morphisms are pairs of maps satisfying a commutative square
condition.

Proposition: Let iy : R — Ry and is : R — Ry be maps of commutative rings, such that
either

1. 41 and 79 form a Zariski open cover, or
2. i1 and iy are faithfully flat.

Then, the category of gluing data for Ry — Ry ® Ry < R is equivalent to the category of
vertex operator algebras over R.

The proof of this proposition easily reduces to a gluing problem for modules over commu-
tative rings. I initially thought the gluing problem for modules would follow immediately from
effectiveness of faithfully flat descent, but the proof turned out to be unexpectedly tricky.



To construct the gluing data, we first produce isomorphisms between certain fixed-point
vertex operator subalgebras by comparing them to vertex operator subalgebras of V. We then
extend them to isomorphisms of forms of V# using the action of elementary abelian subgroups
of M. This is the first place where monster symmetry is essential.

Proposition: Let R, = Z[1/n,e¢™ =1/ and let g € pB. Recall (V, pB) is orbifold dual to
(Va,pa), and Vjy, & (VA)(JT%M' Then Vi, ®r,, Rpgr = (VA)%W = Vi @r,. Rpgr-

By a theorem in [Wilson 1988], for each p € I, there is an elementary subgroup H, C M of
order p?, whose non-identity elements lie in conjugacy class pB. Vpg and Vp,. are generated by
g-fixed point subalgebras for g ranging over H), so Vpq @R, Rpgr = Vir @R, Rpgr by uniqueness
of generated self-dual forms.

From our isomorphisms Vg ®R,, Rpgr = Vpr @R, Rpgr, we may produce a self-dual Z-form
with M-symmetry by repeated gluing. Uniqueness comes from the fact that the double coset
space MI\M/M is a singleton. This is the second place where monster symmetry is essential.
The main result is then:

Theorem: There is a unique self-dual Z-form VZh of V¥ such that VZh ® Rpg = Vpg. This form
has M-symmetry, and the natural inner product is positive definite.

Corollary (Modular moonshine conjecture): For any g € pA, the vertex algebra
HO(g, VZH) has an action of Cy(g) by automorphisms, and for any p-regular h € Cy(g), the
graded Brauer character is the g-expansion of the Monstrous Moonshine hauptmodul T (7).

Corollary: There exists a positive definite unimodular lattice of rank 196884 with a faithful
monster action.

This lattice is just the weight 2 part of VZH, and in fact, it carries a commutative non-
associative product structure, such that the automorphism group of the algebra is M. This is
essentially a self-dual Z-form of the Griess algebra, with a slight modification at the identity
element.

7 Further questions
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(: ZIZ0: Md(L[TD — Md(L), Z?:O Bﬂ'i — Bo, 772U B; € Md(L)),
(2) 0#£ Vb€ Op IR LT, ker(dy : G — GY) (C GY) X L EDAiEK

\

¥ 3.4. (1) Drinfeld-Stuhler Op-module ¢ i&, Op DERT S G LIHZ % (G 1% diX

JG).

(2) d=1
= Op = A, Drinfeld-Stuhler Op-module ¢ &7 > %2 1 @ Drinfeld module.

(3) d =2
— 6 1F (FNEIRT) QM 7 — UL HTE O KL

(4) FAEECTDJFAT Langlands Xty &\ 5 URT, P-elliptic sheaf £\ H DB T E
7z ([10]). Z-elliptic sheaf DERIFEMTH 2D D6 WK S I DN S. Drinfeld-
Stuhler Op-module (& Z-elliptic sheaf Z 310 T K REUVELZH D, & Hf#
THILENTE 3.

zz7T,
o XP: “Drinfeld-Stuhler Op-module DMEY 25 1”7
(BRI & D-elliptic sheaf DME T 25 1)

Y35, DORUAIR S XP I3 F EOREA A L— XREEHATH 0, Drinfeld-Stuhler
variety L IFIEN 5. £7z,
dim XP =d -1

Thd. XPIZENIKE ME DIEVEKRTOHEUTHS. d=245dimXP =1Tdh
D, XPIX ME OBRNEKRTOHELTH 5. SREOBEBUKRIO FEH 2217 5.



EH 3.5. [4, Theorem 6.10]

o KIZFDILKRIRTI[K : Fl=d, D®r K =My(K),
e nc A\F,: BEE=v 7 K TEemnIE,

o Vi e FX X LT D @p F(/m) % My(F(y/m)),
e n ¢ Ram(D),

o p € Ram(D), invy(D) = § (€ Q/Z = Br(F,))

358, A\F, DM E=y 7 ZHADFERREAERES S(K,n,deg(p)) 23dH >
TRz W29 .
p & S(K,n,deg(p)) = XP(K) =10 .

F 3.6. (1) L, IZFOp TOZEMMMELTH D, Br(F,) & F, D7 777 —#TH Y, invy(D)
X D®p F, DBr(F,) LB} AERTH S,

2) I TK:Fl=d, DepK =My (K)l ZEDSNESTH5.

(3) IE p & S(K,n,deg(p)) TlE, HISNES S(K,n,deg(p)) 23 p ITHEAFET 5 (FREUAM
TIIBISES S(K,q) 1& p ITHRAFE Lo 72). 2D, KE %723 p 1XEMAH]
EETEIZALURDITIZK K BoTWE. ZOEWAAU S HEKFIZ, BIBUKITAE
REIZERY TEBHER) (DFE O F(T)IZHUTFn(T) WS IER) 2D 8
2B, DO, AREURM & BIEURMA T IR Z W72 e 7 RO fREDE!
BITEWDH .

51 3.7. d =2

,q=5Ram(D) ={T3+2T +4,T+2}, K = F(/2T(T? + 2T + 4)(T + 2))
L3, (pn)=(

T34+ 2T +4,T) & UCEH 3.5 2L T,
XP(K)=10

2185, £72,d =2 DGHED XP ORFEEOHB R DZED 728 O BB A43 Zeff:
[11, Theorems 3.1, 4.1, 5.10] Z W\ T,
Vo € Qe I LT XP(K,) #0

BR5. Zhd ) K BNy BEREOREIDVGESNS (RESHRIEKIZET S Ny &
JFELIZ DWTI, [16] 22MR). 72720, ZOHBAD XP o AT ShTunan
£5TH5.



4 EFBADAEL

EEL 2.3 DFEIID A EF (FREUARH)]
MBIZHEY 294 TIERHEY 2714 THA572H, MP O K HHAIE K ED
QM 7 —~OUHT & 6T % & 2B S 2\ EBIT I, IROEHAHE Y 37 .

EIR 4.1 ([7, Theorem 1.1]). F ZFH0DKE U,z e MP(F) 95, DL & 2D
F EO QM 7 — )Vl (A, i) & I5d 2720 DBE+ DM, BRg F = My(F)

EH23DIED FTMBE(K)#£ 0725722 LT, FEZEL. v e MB(K) 2L 3.
BRoK=My(K) 5L, BHA41 LD 2l K EOQM 77—Vl (A, i) &5t
T5. (BRgK EMy(K)DEEIX BRgLMy(L) 785 K5 KD 2K L
DL, xld L EOQM 7 — )V (A1) EWI6d 5. ZOZ L E2FHL CREA%E
oM, 2 2 CIXEEIEngd )

pEFEH n>1 28K LT,

Alp"] = ker([p"] : A(K) — A(K)),
T, A =lim(A[p] «— A[p"] «— --+)
95, ZZIZKIE K OREEAE, p?] 1 AK) — A(K) 1 (7 —RVEED) pn 55
&, lim D& Ap") — AT EpEEETHD. TH L
Alpl = O/pO,
T,A~O @y 7,

L7425, Alpl 13 F, #PZERE UTIZ4RTTH O, T,AXZ, MEEL UTIZEHHBTS
VI ATHD. A BEIUET,ANDHOTHE Gy = Gal(K/K) DIfEAM» S, ThZh
a7 KB

R:Gg — (O/pO)*,

R:Gx — (0®7Z,)"

NEELD.
p€ Ram(B) £ 95L&,

O/pcf)g{ (g :p) € M,(F,2) } (O/pO)* g{ (g ;‘p) c GLQ(IFP2)}

&£720 ([17, Chapitre II, Corollaire 1.7] ¥ 7z 1% [14, fili/8 3.13 DFEMH] 2 S 8), R D
(1,1) o 2 S $8IR (D X D RFOHERIRY)

0: GK — F;;Q
MELS. AlX K D2 TDOHERZERT potentially good reduction 65, q D_ETD
(BIER U728 D) Eitld k(q) LD QM 7=~V 5 (T3 Ay ERT 2 &

10



I293). p£qETB. RE® gD qTDTIOR=YT ZADMGIE, Ay D7 HRZT X
HO¥ERBIOEMZEL CHMETE S, g D —EMOEEIX, KISSERRZH Wz oD
q COEEIZMbND. RIZED qTOT7URZY ZDBOHH N L — Z o I3BEUZ
250, pg S(K,q) 725 aldqTENSG. ZDpdg S(K,q) E\WIEMIE a*q 12
RUZBHEDOMD mod p DAFRARZERNIZT 27-0DRMTH 5. [ BWEAHTH DT
v AR ED QM 7 —~OVHHIE A, OHCERBBEOSIZ LY, B ¢ B(g) &7
D, BEMNEL S, DRI MB(K) = 0 D> . 0
(B 3.5 OREID 178 (BBCA))

KHERLZR i REUR & R T 5. 53R 4.1 OFIBLE LT, IROEIRAHL D V1.

TEIE 4.2 ([12, Theorem 6.13)). L % A-field & U, ker(y: A — L) = fA, 7272L f € A
Z0EZIFBNE=y 2205 L512L 5. f¢ Ram(D) &IREL, £/ 0 € XP(L)
95, ZD&E, xH L _EOD Drinfeld-Stuhler Op-module ¢ & X htnd 2 72 D E
+ 35 1%, Op @4 L= My(L) TH 5.

EH 35 DIRED FTXP(K)£07Z>722 LT, e e XP(K) &L 5.
ker(y: A— K)={0}
BLU
Op@4aK=Z(0Op@4F)r K=D®p K= M(K)
0, EH 4.2 56 2% K D Drinfeld-Stuhler Op-module ¢ &3 5. pe A\F,
ZPRNE=v 2L LT,
dlp] = ker([gy] : (K>P)* — (K*P))

95.

T I K*P i3 K OB, (o] 1% ¢, € Endg(GY) 23D 2 HEHERIBL T H
5. 95k

olp] = O/pO

75, dpl 1ZF, (= A/pA) MIEERE LT P RTTHD. op] ~DH 0 TR
Gr = Gal(K*P/K) OfEf» 6, An 7 KB

R:Gx — (O/pO)*

WEXS.
peRam(D) &9 25&, invy(D)=3 &0

( 3\

a; Qo as Qq
0 af af - af,
X o 0 0 af ... g (d)
(O/p0O)* = ay ag_y | € GLy(Fy")
' (d‘—l)s
L \0 O 0 1 )

11



(7272 U R 13 F, O dIRIERIK, 4F, = ¢°) £720, RD (1,1) 57 5351
o0: GK — (ng))x

MEULS. ¢ld K D2 TDHERFE T potentially good reduction 25, n D_ETD
(RHER U 72820) i@5tiE F, £ D Drinfeld-Stuhler Op-module 12725 (Z 1% ¢p, & 3K
TZLiZT3). ngRam(D) £ T 5. ¢gp, D7 BR= AH AHERBIDE/NLIHAD
RE%E, 0 DEFEZBLTHFHNS. 22T, nh K TREEDE, p & S(K,n,deg(p)) &\
SEZEMNS. n g Ram(D) D& ED ¢p, DHCHERIMEONHLY, HD peF)
A LT D @p F(YIR) = My(F(YRR) £739, FEAEL S, ©AIC XP(K) = 0
ES . u
Va7 OFMAREIE, REAHITITNA WA LIFEL D 203, BEAHITIEH
FOHHEINTVARVWESTHS. 2070, AHERMAITIEISERET 2RH2 KN
ZhBHeBbnsg. 28, #HEHERIIAROYV 77 RVA RIS S.

https://www.cck.dendai.ac.jp/ "araik/

B

2019 4E 9 HIZHILKRZZIT B WTHE 64 BIREBUEE Y VR YU A Thbh . AEld, %
CTOEHEDHFHIZE L ODVWTERINZEDTH S, #EEOKEEZEZ T EE >
ZBRED S 2, FHZ Y VR Y T AELFHOEH K (R KT, #éwo T s o
LEMAEOREERK FERY), ZEKK (HAKRY), 8 L ORGEMLE O LG
HERG (ALK Z) ([CREE# L 720,

AAFFENEBE (16K17578) DBk 2 Z 725 D TH 5.
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pEXHF LB E DAL

) 11—

i
p EEH LB OBRIZOWT, BoNMEREZBNT 5. ZDFERED, Coates-Perrin-Riou 12
$2pitt LEBOFAETHEBENTH L Z L 2T 5.

1.

1.1. A0 BE®. LB, BEROBRL R E 2055 RD—DTH L. & ITHHBAK,
BSD ¥R &, L BB ORIRED 5 BGRIV L EIRBE o N5 Z e WIS TE D, BkA e
SIHEBTONT NS, ARG TIRIFHC L BBD p RO PRICHENZ YL TT, iz ilas.

L BB, REE PR, (REIRBL L Wo 720 RICH UER I NS ERIEAE =AY, C EofifHE
32 B2 pENBAHDOEREZ S DI Db b, EBEIZ, T pitE LEABOELEEZRBL T
BO, AT TIVEREO p K72 & OEEMmINANREZTRT 5 Z B HFINT VS,

% < DWRED S, p L BEIBOFIEIIMED 7 L Bbnd. UL LA S EBIZH S T\ B iR
TH, FHNREDOPL L, BHELUTHHRHLDETHVWETH 720, EBEE S Wo/RIZE S
Wo lz p i LBBDFEIETREN L WS 722 L IZDWTIE, REIDEDHZ .

AFTIE, 5, piE L BOEIETRIZ DO W TEL N2 [CPRIY)], [Co89] ZiRVIED , p
L B ORI B ERHGERHEEIZOWTE LD, F-ZNIIK- T, EHV LG p
HH LB ([Na) 220w Ttk 2. HiLWIr I A0 p it LEBEMERLES L WS &2, &
ZONTRBUTT U, p#E LBIBULE D X S B Z R > TV AR E D, BRLU RS TUTR SR,
SHR S NAER L BEDIRT L DL, SR INIMEDHIAMEEZERT 5EEKBIADT,
p i L EBOFEFRIZOWTHMA 2 BT 2 L.

p it L BAEOAERMERIZB I AMENT, FHEERICODVWTIE, EH 15, 4 5|, [54 16, 5.3.2
B, 6.6.1 ] I DFESNT VWS, ARTIXINS OXCHRTIEH £ 0 BIE ICIXBN TV AW p i
L BEBOERIZ B T 2RI DOKENZDOWT, AL THHLL TV 5. BEnIc B 1) 2 KRB
ARAMIZEEWE S 20D, ABERICBVWTERIBRMETFERTHL VWS 2D iz KL
o CHITNWE, FWThH 5.

1.2. ATEOEK. £T LEKLIZEIWIRNRTH 720 2 i TEET 5. I RHI7Z25, #5E
gz 522555 THLHLDT, flRIZEET LI Uz £220o0flro, L BEBD
7EiiE, &0 BB SFENBETH S I L 2HAMLU V. SHITIE—BRNRSFETH B HEH
KIBGEREEF — 712DV, [C190] IZ K B FLd 2 d 5. 4 HiTI, [CPR8Y], [Co89] IZ& 2 pitt
LEBOGFHEFEZER L, 5HiTIE, WS OPDBEIHFETFEEZEEZTLTWS. &IZ5HD
e TE SNz p kI L BEBIZOWT, BEOWE L IR 2T, D BRM 2 ER 2L
TWa. p ikt L BEBOEKIE, 6 HiTHlNT 5. FEMIETL 7Y v ([Na)) itpddZeel
T, KEpREmY, B EERE S OA%ZGLBLTND.

1.3. i85, B&E. Z,Q, R, C X ZNENAHBECR, HHEUAR, EBUL, HELEKREZERT. REUKF
WXL, FA CFDT7T—LVEBR%E2RT. Sp CTFDRERRDOBTELEEZR L, veXplIHL, F, TF
Dv TR ERT. € Fa,ve 2 IZHL, z, € F, T,z D F, RO NDHFEE2KT.

Y = Quesqthy : Q\Qa — C THEFEETH > T, ¢oo(x) = exp(2my/—1z)(z € R) L5 %
DETSH. (00 €Xq IF, QDIMEREREZRT.) ZNIEFAMZEL T, BET 5.

B pItH L, C, T Q, DREME D b E £ . AMTIIF AL LTOREL,: C— C,
ZEETS. £72 QORHEHE Q D CADHDIAALEEL, Q % C, DKL AT, ord,
TC, DplEfHMET, ordy(p) =1 THE2EDLTB. € QITHL, ordy(z) &EFL & ST, EHE
ENFHDIAAEANT, 2 € C, DILEARLT NS,



LT LEEED 0T, HIAIE, REUKEF EOEF—7 MIZRL,
L(s, M) = ] Lu(s, M) = Loo(s, M)LE) (s, M),

VEX R
Loo(s, M) =T(s,M), L) (s, M) = [[ Lo(s. M)
'UEEF,’U<OO

R EU, T(s, M) IZEM DT HT. Loo(s, M) 1%, FEIRFE L TD L NTDFELH, EH
Mo TTHFEBWD.

2. o B 75

2.1. Dirichlet $51€, AR EBRAD L B, Z ZTlF, b IEAW & b2 Dirichlet 81 &
EAREE AT 2 LB OWTHEHET 5.

NeZN>1&U, 8l x: (Z/NZ)* — C* % N %% ¥ U7z Dirichlet f8fE & L& N 2k
U 7= Dirichlet $81& x 120 U T, IR &7z 3 x Z AR E WS |

o M M|NTH->T,x»(Z/NZ)* — (Z/MZ)* %M T5LE M=N.

AR, x : (Z/NZ)* — CX FRHME L, 2O N Z xy DEFEL VWS, ZDLE, v IINHET S
Dirichlet L BI% L(s, x) ZIXRCTEHT 5:
— x(n)

ns ’
n=1

N EHERL R B S v, BIBER 2R D, T 51RO Euler % b D:
1
Lis,v = ]

_ -5
p:prime,ptN 1 X(p)p

WITHEMHREIEAD LK ZEETS. NecZ, N>1& L,
b
Do(N) = {g - (‘; d) € SLy(2)

H={2€C|lm(z) >0} 2 E¥Fm& L, FRIEKf:H - C» EX ke ZDEMRMAEAT
BB, ROFMLEETTEER NS,
(M1) fFRED <f§ 2) € To(N) XL T, f<
(M2) £ cusp T, f 133,
IERIME & Zff (M1), (M2) &0, f IZIRD Fourier &R % £ D:

(2.1) L(s,x) =

(s € C,Re(s) > 1).

CEOmOdN}.

az+b
cz+d

> = (cz +d)*f(2).

o0

f(z) =) a(n f)q", (q=exp(2mv—1z)).
n=1
ZorE, HILRNOHEmIZ LD, REFZT fhRdH5:

az+b
cz+d

o IFEMM | N W, & “EED (z Z) e Do(M)IZH LT, f(
Zli7- 372 61E, M = N.
o % Hecke fEFHZE T(p)(p:FE) 12X L, fIZT(p) DEHRZ b,
e a(l, f)=1.
LOZEBEHZT fEFRERE LR £ N %2 fOEF (L) E LR Z0LE, fO
LB EZRTERT 5:

) = (e

(2.2) L(s, f) = ; Q(Z;f), (5 € C,Re(s) > g +1).
© R I T I PR BESE & L, B R & 650, & 512K Buler Bi& &

1 1
L(s, f) = H 1—a(p, [)p— + pF—1-25 H 1T—alp, flp—=

p:prime,ptN p:prime,p| N




2.2. AfrH-Leopoldt D pE LB £, (x). pEFBE L, pE N ZHSLWETE. Fhy(-1) =
—1 &9 5. Dirichlet L B L(s, x) {2 LT, D p K T 5 ALRH-Leopoldt @ p # L BH%L
Z,(x) € O[[Gal(Q(p1p)/Q))] BHISNT NS, 7L 22T O I Qp DHHKEAHRIGIEAD
BT, oo 13 p TR T BER KT, TEHHEEL ¢ © Gal(Q(up)/Q) — CJ 1K L, BEER DT
Zy(x) 15, O DIE (L (X)) BESNBDT, ZhE Gal(Q(up~)/Q) DIFIED KT H4 LD/
QA

(L, (x)) FHEIIAREHWTEETE S, Z072DIT Ik E T HEHIE 6 : Gal(Q(up~)/Q) —
C; 2 5RBUBENDS. coye : Gal(Qup=)/Q) 3 ZX %, MMERZFE L § 5. Tk i
Ecye : Gal(Q(up=)/Q) — C)f L ART. AR Gal(Q(up=)/Q) — C; &, WL r > 0
XU, Gal(Q(uyp)/Q) — C 2T 2 DT, HRIZ (Z/p"Z)* DIt A7 Y. (7L, ZZ
T ppr &, 1D p" RO THEEKT )

a€Za<0ll, ARG : Gal(Q(up=)/Q) — CX & 3(—1) = (—1)* iDL T
5. 9=c2 5B TOLE, G(L(x) FATOMMAR CilidHiks:

cyc
A(Zp(x)) = (1 — xp(p)p~*) L) (@, xp).

Z(x) B, BEER O[[Gal(Q(1p=)/Q)]] DL TH 2 Z & & EOFMARMN" S, L BEOADE-H Iz
FHWARERADND D ZEWErND. 72 L (x) DEHE» S, 1 T 7 VEROERES EHT
b OWEEMER T H o 7o, 772 E R 2 T (2 il 2 PARTIZ, SRIERIBERE L TER I 1D
L(s,x) MZD &S 7% p M2 2R > TWa Z & ARD, BRNZFETHDL L WA S,

R 2.1, (1) pitE L BAEDFEIZ L2, BLTEOERITOVWTIE, HHWZREHEIZE <
DXEATTIZR SN S, T T T, KBk (R 05, 10.1 &, [&& 14, 3.2 %)) %175
2 EDT, TNELEIFTEB A SR,
(2) A eeye = Gal(Q(up=)/Q) = ZS 1ZDWT, 5D UFHMENMZ 5. ¢ % Hecke fiifE
¢: QX \Qpr > C* & T2, MU weZNVHoT, ¢poo(r) =r*(r e R*,r > 0) &
izl T5. Z0LE, ¢ D piavatare : Q*\Qx —» C* %, EEShFAMi, : C— C,
ZHWT,
U(x) = 21y (2570 ()
CEHTD. T5 & I NIE well-defined 72l Rt 2 &6 5. FEMG D H A B4 % BTk
Frobenius Z FHWTIERLL THL &, VIV AFRED |- | D p it avatar 23, ey & —ET

5. pitt L EABOMETHEHREL p EDOHARZ 21T 5 BIZ, ZOESLIMENTH 57290,
AT INZERHATS.

2.3. GL1(A),GL2(A) OREIKIR. 2.2 i T, Dirichlet L BIEK L(s, x) 121, AFRH-Leopoldt @ p
€ LB Z)(x) &\ D pERDMFIET 2 2 8, BLUZOIREE A7z, BHREERD L B
L(s, Y)IZTXHULTHE, k>2T, alp, f) P pERBTH DL WIIRE (I zE p-l@lHERNENS) D
L, pitt LB Z,(f) DIFAET 5.

LEDZ &0 Ls,x) & L(s, f) DFELUIHS R TH B, LLELNS, ~ATr2Ihnsidse
SEPIDVEZD 120, —BIEADEHVRZIZ W, FIT, IS 20N E 0t @o—f#b
AN EBRTEIBENDHS.

R R BIEM 2 X % & Dirichlet 845 x 1%, Hecke $8EE Y : Q*\Q) — C* 2D LD T, Th %
GL1(Qa) DIRIEB L 78 5. MR £ 1E, B f : GL2(Q)\GL2(Qa) — C 5D
5. 5T f DERT S Glo(Qa) DAEAIERBZE 25 &, 2 GLy(Qa) DIRHEHZ T D
5. XoT, LB ZD p RO —#fb 2 B8R T 285 0MME U T, GL, DRBIRIGRNZ S
CYATR

FEF— Vb MLEZFRT DMEDEMICETSND. x, f TOZTUHL, M, My &
WOMEF— 7R SN, fEF— 712/ LTIk LEABREEERLDT, T p ERDEEL
EF—TDEMETITI 2 eVfFI NG,

EHHDEFES LEBO MR, pitt L EBOFEZZBRT 2120%, 07213 CHEERICIZE
HINTWBELERS. ULPUATROEETH S pitt L EBOHKRE WO BT, REERE
MEHWCTEZEES T TIENEZ LV, EBE 21 TH I & 574 L BT MEE
p N E EET 5 72D ORFMED B 72 ME, F-EBRHM SN TV AERDZ < M1 & DT
REIRBGmZ V5.



BUK, p HE L BB OIFEFRUTIE, [CPR8Y)], [Co89] R EEF— Tk WL DRHEOND. F
72 [Cl90] Itk B &, REIRBLEEF —T7 L DOHIEAFHLE HNTWVWDE. ZD72dE 2 6N REIRT
MEDE D7 pite LB ZEE DD, HHMREDL Y X, HGFI WA WEHZEIDZ7-DICH, {#
RRFIAHET A2 EF—T72FEE NI I, EELRMIEAT Yy T Bbivs. 3HIT, RAEIRE
EEF—TOBREEE L, pitE L B, BHIRED LS 122 DHFENPFHFINTWE0%Z 4HiT
5.

3. REIRBLEF—7

T = @pengT & GLn(Qa) PREKI LT 5. ZOMTHE, m NS SEF —7 M(r] 12D
W, Clozel([C190]) DRtk % i HIZEE § 5. pitE L B Z R T 5720121F, €EF — 7 D Hodge
DRDITEHRABEL 72 5. M[r] D Hodge BRIE, moo DIEHRE A VTR I NG 72D, £F 70 D
DEFEERNT 5. (ZOHFIZOWTIH, [Kn94] BRICEF e H 6N TWS.)

Too 1& GL, (R) OFFBERILEL WD HDIZ7 > T3, Langlands 774 (GL,(R) ®fFf Langlands
W) IZ & D, ZHUER D Weil B Wr © C _ED n XS EEAMERE ¢ := 1@ -+ ¢, : Wr — GL,(C)
(% ¢ VEBER) Z AW CHARTE % ([Kn94, Theorem 2]). & <12 Wgr @ 1 RILHRE 65, BB 2 ot
K ¢, FROETHEZ 605, (ZZTIEWr %, W = C*UCYj, j2=—1,jzj = —%,(2 € CX)
LEHTD.)

o ¢ WR — CX ZIRTEDS:

#)(2) = (22)” (z € C*), ¢)(j) = (-1)°.
e ¢, : Wr — GLy(C) ZIRTRED 5:

v =116 0 vilov—1 0
[ e 22z 2 -
ot = () = by ) =T C),

#0) = <(_01)l (1)) .

Wr OEENREIL, ¢0, 6, DVTNURTHEDT, ¢ : Wr — GL,(C) &I S DERITH I
5. ZH % Langlands /N7 X — X — & K&

Bl 3.1. (1) x & GL1(Qa) OREIRE, 3705, v Q\Qx — C* % Hecke fifEE 3 5.
Xoo |2, Langlands /X5 A — & — ¢ HIXIET 5 & &, yool(r) = sgn(r)’r[*(r € RX) &
1%,
(2) ™% GL1(Qa) DERRIMKRILE T 5. 7o 1T, Langlands 8T A =R — ¢, BHIHT 5 & &,
Too REI [+ 1 ORI RDED 2 REEKBTO MR K D & 72 5.

£ 3.2. ([C190, page 90, Definition 1.8], [C190, page 111, Definition 3.12]) 7 % GL,(Qa) D5
JEMREIMEI L T2, L o =1 D Dy & Moo D Langlands NT A —X—& T 5. ZDEE 7
BB TH 2 L IZIRDBE D DL EE NS 2
0o ) CXCWRIZHIRTZZ LT, C*DRE 1D Dxn DEED. (Fxe(t=1,...,n)
12 CX D) ZOrE, £ LITHUT, yilz) = 225 208 85 pq € ZHHFAE
5.

X5, EDpr,...,pp EZHHEHWVIZERLZZ L E 72 ERIE WD,

=8 3.3. ([C190, page 112, Lemme de pureté 4.9]) m & GL,(Fa) DREIIR IR EIRB & F
5. ZD& Z, Definition 3.2 D py,qp € ZIZRU, pr + q 1, t ITHKS W, Tz weZ &N T
TDEI LWV,

1QL,(Qa) DIREEE 7 (3 L, n OES BN E n=n1 4 +n, &, GL,, OREOEHEEE 0, (i=1,...,7)
PEELT, m 13 n-IndSH (01 @ - - 0,) DEDFETEND. 727U P = Poy, 0, BB n=n1+...4n, ZHIET
% GL, OFERMBEATEZ R L, n-IndS" IZESULAEE 2 RT. 20L&, 7 LM (isobaric) TH 5 &%, Q D
R ITHL, 7 20-IndS" (01,0 ® ... @ 0r0) EROTVEEEERWNS.

2ok CREIEIERZ L b5 5.



T8 3.4. ([C190, page 139, ¥4 4.5, Section 4.3.3]) m & GL,(Qa) ORVEIKIR AR BRI &
LywznDEILTSE. Z0LE Q LOMMn OMEF—7 Mx] T, EID —w REDHPF
FELUT, k&M
L(s— n—1
T 512 MIr] &, XD Hodge 73 % & D:
Hp(M[r)) ® C = @it j=—uH" (M[r]), h(i,j) =t {p € P(M)|i = —p}.

7272U h(i,j) = dimgH" (M |r]), Definition3.2 12 & 2% p;, q¢; ZFANT, P(M) = {p1,...,pn}
LB W,

FHBAICED, RMER 1 2 EF—7 M) & UTHRZ S 2 & 2K, m 12 & 5 Hodge 4
Dt H HK D, WL ONFEHE R T S
Bl 8.5. JIVLAHERE |- A Q\Qx = CXITH LT, |- |ac0 @ Langlands /87 A —X —1&, ¢f. &
<IZ Definition 3.2 D p := poo1,¢ :=qoop € Z1F, p=q=1TEZXONS. £LF/H34TTFH
IND |- |a IfIBET BHMEF—71E Tate EF—7 Z(1) T, THUFEI A 2= —(1+1) DR
I1DEF—TT,h(-1,-1)=1THh5.3
Bl 3.6. x : QX\Qx — C* %, HMRAIED Hecke $8IEE §5. ZDEE, M[Y] T, FAH34TF
RENZEF—T7 LT 5B, Yoo D Langlands /37 A =X —1%, $3((—1)? = xo(—1)) THA SN 5.
EoT, M[x] 1, EX0DEF—T7 T, h(0,0)=127%5.
Bl 3.7. m % GL2(Qa) DREINRRARIIRILE U, mop D Langlands NIGRA=B = ¢, &F
5. ¢,u(2) = diag(x1(2), x2(2)) = diag (ZV%EV*%,ZV 37VF3 ) (z € CX). EH3212LBL, K
2729 pr,q,p2, g2 WERTH 5:

;) = L(s, M[x]).

l l 1 1 l l 1 1
T (prype) = v+ Shv -8Bl koTi>102 &4 r 1ZEAL

D= | > 1 i-wﬁlé:b b0 T B kil EBL M[r] 2 FH 34 TTFRIN:ZE
F—T7r3 5. :m;tQioye% 7T, BT 2. 2O p i LEBROFETROGR L EDE S
72, My = M[r](2—5) £BLD T3yC i, BEEA k-3 T, k&M=

(3.1) h(—=1,k—2)=h(k—2,—-1)=1.

DA BB 22 B 7203, S ORFZETIE, IROMEIRIREL, £ F — 7 I1bET % p 1 L %% B
L7z,

Bl 3.8. ExB XA U, c 2HEIL L T 5. 7% GLa(EA) O IERIMREIR SR RIREL & §
5. Hl 3.7 LFEIRRIZ ’ﬁ’“id)#&b [ >1%2&BE L, Too D Langlands /37 A — & =73, ¢ @ ¢ T
HbrT5. 0 Frn=1-18<. M[n] %?TE 3ATYHRINZEF—T7 LT 5. Ast(M]n])
Z,BTFTT—X 0w weuil&d Mr MO QADKTLTS. 20L&, Asl(r) &
TR, 2k OBHEF—7 & kX

Asty(m) = AsT(M[x])(2).
5 & Ash(m) 1, BE -2 TIR&EH72T:
(3.2) h(-n—2,n) = h(n,—n—2)=1,h(-1,-1) = 2.
RIHEF — 712DV TIE, [Gh99a, Section 4] IZFE L WELR D H 5.

3[C190, Conjecture 4.5] TlE, BX w &> TWEA, DLOBEAMEZ X TFH 3.4 TE M[r] DESIE —w &
L7z

L2 NS B HEMEEE R O T X A% 2 BLE X WS &k

SHFMRRIER f TP 2EF —7 My Id, Mir)(1— &) TREINZ L H5\0. M; REIMNE -1 T,
h(0,k—1)=h(k—1,0) =1 &> TWVW5. M, &S EFLEZZERL BN, [Co89] A% s = 0 2 critical &7 2 &
SHEF— 7%:%ﬁ’bm\%>o)f ZHUZHEDbETWS.

6GL,(C) DEERIFFALILIL, C D Weil B We OHHMEHZHWTARENE. We =C* THEDT, We D
BERTL, ¢, = z"+%?’_é(1/ €C,leZ) DHDOH. T ZTIHFLWAORER 2 LAVA, [Kn94, Section 4]
ST 5.



i L B D 17AE T 48

Z DHITIE Coetes-Perrin-Riou IZ & % p i L BIEDF/EFH ([Co89], [CPR8Y)) 2 HE T, &
IZEF—7 D Hodge 7 f#ED SEIE Euler N7 FEEN S L BEBOHEENEHZEI NS Z L2
135,

41. BE. M % Q EOfiEF—72 L, dM) TM OEH, wM) TMOEIE2KT. ¢
Q*X\Qx — C* %, HIRAIED Hecke $8IEE U, M(¢) T, M % ¢ IZ L 28D 2RT. M DR
Ke Ked2. 727U, KCQeARL, MEINZHEF Q- CEHAWVWT, K 2 COHnike
HART.
4.2. Exo(M) DEZH. Hp(M) T, M D Betti FEBl& U, Hodge 77fi# %,

Hg(M) @ C = @y jmpmyH" (M) = @pU,  h(i,j) = dimcH" (M)
Yk 272U, U HY (M) @ HA(M)(i < §), £721E HA(M) %853, pp CHEHELEH ST
3 Hy(M) OREEEL, HA(M) I, EBIECIEHT 2 2 RET 5.

HEPRFE 5 00 TO M D T-HF Loo(s, M) = [ T(s,U), eHF €xo(s, M) = [[y €xo(s,U) IR
TED S ([De79, Section 5.3]): 7

o U=HYW(M)D HF(M)(i<j)DEE,
Loo(5,U) = Ta(s — )0 eoo(s,U) = /=10 DRI,
o U=H"(M),pg=(—1)" (e€{0,1}) D& Z,
Loo(s,U) =TTr(s — i+ )"0 e (s,U) = V=1,

SERZE S 00 TO M DIEET HT Loo(M) = [I) Loo(U) ZIRTED B ([Co89, (4)(a)(b)]):

o U=HW(M)® HI M) < j) DEE, Loo(U) = v=T""L(0,0).

o U=Hi(M)(i>0)DEE, Lo(U(d) = 1.

o U=H'M)(i<0)DLE, LU)=

%4
72 Eo(M) Z Loo(M) = Eo(M)Loo(0, M) 725 XD ITED, TNEMERFE R co TDO M D
IFE Euler K+ & £ &

4.3. E(M) DESHK. p L BB FR I 2L D KELUTORRC 2 CxEELTHL. H(M)T,
M @li@%ﬁt b RaeiES %:

(Unr) HPERE I 13, Hy (M) 1 IS IERS 5.

Ji(M) T, Hi(M) @ C D Gal(Q,/Qp)-MHf & L TO Hififb 2R T. (M) %, Gal(Q,/Qp)-1ll
e L ToERM

Loo(0,0)
€0 (0, U) Loo(1,UY)”

(772U, UV 13 U OBA %

JI(M) = @aUa

&<, 72K LU, £ U, I, Forb, € Gal(Q,/Qp) 13, @€ Q" THEMT S &< I o Qy —» C”
T, xalp) = o 7 B FAGHRE£T | Fi p CO M ORI L BFERCE 5

M) =T] Lo(s, xa).

ZDLE BELRT L,(M) =11, Ly(xa) ZIRTED S ([Co89, (18)(a)(b)]):
o ordy(a) > 0D E &, Ly(xa) = 1.
o ord,(a) <0DEE, L(xa) = Lp(0, xa) = %(0, Xa, ¥p)
’ - e0(0. Xa Up) Lp(L.xa )
772U, €p(s, Xaa¢p)>’7 (8, Xa, ¥p) 1, ZTNEI x o DINTEFRIE o)y, (ZANBET 2 5T € K, RFT v A
¥ it Ep(M) & L,(M) = E,(M)L(0, M) &85 K DIZED, TNEFE p TD M(p) DIEIE
Euler A ¥ & X5

THEDPEEDOBE AT UTERIRS. £72 pp 55 HY (M) AN 5 —THEALARL TH, T-HFA5EH LK
BH, DHIKES S (Crit) D & T, pp 1FAH T —CIEAT 5.



44. FEFE. ReRET 5:
(Crit) ([De79, Definition 1.3])M %, s = 0 T critical. 7205, Loo(s, M), Loo(1 — 5, M) &
EHIT s =0 THlRZFZR0.
ROEMEZEZ5:
(Crit, n,p) M (Z s =0T critical 2§ 5. £72 M(n) T, M D n-Tatefzh &L, ¢ : Q*\Q — C*
ZHBRAED Hecke FafEE U, ¢ = |- [xp(n € Z) B K. po(—1) = (—=1)" T, M(¢) I
s = 0 T critical £ 5.

cH(M ) MIZHT 3 Deligne DAL T2, ZniF C/Q Dt LT, —EBHIZEHRS N
5. TOIBIEI N QM) ZIRTED S ([CoB9, (12), page 107]):

(M) =) ih(i,j), QM) = 2rV/=1)"Met(Mm).
<0
F78 4.1. ([De79, Conjecture 1.8], [Co89, page 107, Period Conjecture]) (Crit, n, p) Z{KET 5.
P S

L(0, M(¢))
QM)
EF—T MDPp-lHENE VI REPEREIND ([Co89, Section 3]). T T TlE—MM7REEIZ

BEEETI, RERBENPSEELEF—7 Mr] 2L, ZO&MG2EEZTT:

5l 4.2. m % GL,(Qa) DREMRRRIIRIL L U, p THRAILE 95, p;,q 1%, Definition3.2

CHDIERLTD. ar,...,0n & omy ORI A—X =T 2. 8 pa; ZHEMITHERFEZT,

—p1 >+ > —pp,ordp(ag) > - >ordp(ay) £ 5. ZDEE, 7 W pIBEENTDH D LI, IRAK

DILDEEERND:

o %1 <i<niZHU, ordy(a;) +

Eoo(M(9))Ep(M(9)) €Q.

n—1
2

F718 4.3. ([Co89, page 111, Principal Conjecture]) w(M) € 2Z D & E, M (& Tate EF — 7

Q(—w(M)/2) ZEMRFIZH 2NV EIRET S, F-M EpEHENE TS 0L E, @Yk

Qp DERKIER Ky (Opm 2T DREIRE T D) &, L (M) € Kpm ®0,, Om[[Gal(Q(11p)/Q)]]
PEIEL T, ERDOE R D Hecke F5EE ¢ : Q*\Q — C* T, IRDFAM %z W72 H D:

= —Di

e (Crit, n, p);
o 0¥ p DAAIIL;
o TAH 4.1;
2R U T, IRDOFFI A XA D 37 D:
—~ L(0, M
(4.1) AL M) = Ex (MM g

(727U, ¢=|-|he T, ¢ 1F ¢ D p i avatar £33.)

ER 4.4. P43 1F, [Co89, page 111, Principal Conjecture] & D 32 58R N & % FRL TV
. HIZIE, RBERA T 4.3 DX S ITHIN Z 970 Y| [Co89] Tlkikin T T WA, F 7z [Co89)

T, p EJEDOZSFETERVPEINLNT VSN, pitf L BHEZFHEEBIRDO L LR A 2 BN T
Wz awm FA3 D THNE L=

5. p it L B DAL TR D BARIIEL R

FTRA3 BT MHAKXZ, # 3.6, 1 3.7, il 38 THAZEF—7DGEEHIZHEEZTT. T~
HiRIE, EF— 72N L Calid T 2R3, (REKRELIZ H[ﬁ’@‘?é%% ZIZD\WT i %ﬁﬁ/\ﬁ’cﬁ
NEES I, é’d%’*”?ﬂﬁ i DS HE TRl sk 5 2 & 2 HAST

5.

8y DIERATA—R—qay,...,an EFAVD L, L(s,m,) = Hl—ap
i=1 v



5.1. Dirichlet L #0545, x : Q*\Qx — C* &, ARAED Hecke fitE L U, #i 3.6 D%
D@ &35, Mx] D LEBUX, x O LK T HERS:

L(s, M[x]) = L(s, x)-
(critiaclfB) M[x] DT HFIFIRTHEZ 6N 5:
Loo(s, M[x]) =Tr(s +9), Loo(s, M[x]") =Tr(s +9),
EIZ M[x] A¥s = 0 Teritical THDZ L &, xool—1) = —1 EFAME. BT, ThEIRKETS.
©: Q\Qx = C* % p DA LFEREL U, ¢_| Ae(n e Z) &B<. Mlx|(¢) DT KHFIX
RTHZLNS:
Loo(s, M[x](¢)) =Tr(s + @+ 1), Loo(s, M[x](¢)") =Tr(s —a+1).
&> T, M[x](¢) »* s =0 Tcritical TH B Z & &, IRD[FH:
a€{n€Zn<0,pu(-1)=(-1)"}U{n € Zn >0, pu(-1) = (=1)"'}.
BEHEREZZERBLT, M Fa<0&T 3.
(p-BEM) x T p AR ERES S. T2 & ordy(x(p)) =0T, &, M[x] 2L h(0,0) =1T

Ho7=DT, M[x] &, # 4.2 DFEEKT, p—L%E’Jff)é
(EBERF, J%,HH) IEEFET £, (M (Mx](9))(x = p, 00) I&, IRTET 5:

Loo(M[x](9)) =1, Lp(M[x](¢)) =1.
£ o T&LUZ, ExMX](9) = Tr(s + a+1)7h EMN(¢) = L0, M[x](¢)~'. oI
Xoo(—1) = =1 &V, dt(M[x]) =0T, L(®)(0,x) e Q THB I & h 5,
F(MIX](9) = T (M[x]) = 1.
EXD, $48 4.3 ORRIARIZIRD & 5 12h T 5:
3(Z,(x) = (1= xe(P)p~*) L) (o, ).
22 HiOMHEARNIZINEEHEZFLEZHDTHS.

5.2. FEARARFAD L BHDIHE. m% CGLa(Qa) DRER SR EIKRE L U, # 3.7 DFRED

WHETEH ZDEE, 71 sdrm“é%ﬂr‘ 7 M, D LB, w@LE@*ﬂ(%)ﬂb\’C R TRl T
X5

3—k
2

L(s,Mz) = L(s+
(critical fE) M, DT RAFIZIRTEZ 65N 5:
Loo(5,Mx) =Tc(s + 1), Loo(s, My) =Tc(s — (~k +2)).

&2 T, Mz 1%, s =0Tcritical. ¢ : Q*\Q — C* & p DAADIZLFEIEL U, ¢ = |G ¢(a € Z)
2B p(-1) = (1) T3, M(¢p) DT HTFIFXTEHERSNS:

Loo(s, Mx(#)) =Tc(s +a+1), Loo(s, Mr(¢)") =Tc(s+k—2—a).
5T, My(¢) D3s =0 Tecritical THEZ e, 0<a<k—-20FMH UF,0<a<k-22
T5.
(p-BEM) 7l p AR, p-BHENEIRET S, ap, B 27 DIERNTRA—X—LT B L,

1
(1 —app=*)(1 = Bpp~*)

,T).

L(s,mp) =

T FPM34 40D,

3—k 1
Ly(s, Mz) = L(s + Tﬂrp) = (=) k=3 :
(1—app 7 p=*)(1 = Bpp 2 p~%)

ZDHRRE (31), Bl 42 X0, 7 A piE@ENTH S Z LI, IR & [FMHE:
{ord (app 2 ) ord (ﬁpp 2 )} ={-1,k—2}.




- T, ord (app 3 ) =k —2,ord (6pp B ) = —1, $4b 5 ordy(ay) = 55, ord,y(8,) = 552
LT RN

(BEEF, AH) EiE Euler K+, A Ec(Mr(0)), Ep(Ma(9)), Q(My) IFIRTRB ST NS, 7272
EMz(9)) (x = p,o0) BB T DL, L ( Mg(0)) 2R T 2 HFELRDT, 255 ZFd S
5. EBEOREBRIZEWTIE, E.( Mz(9)) TR, Li(My(¢)) DEND 7280, %b@ﬁ/%’f:ﬁﬁm
TEE.

(Loo(Mr(0)) DEFE) M, (¢) D Hodge DL D, IRDSDH B
Loo(Mn(0)) = VT " Lo (0, Ma(¢)) = vV=1' Tl +1).

(Lp(Mr(9)) DES
Y e CITHUT, ARIHEIRE x, 1 Q) = C) Z xy(p) =7 &BL. T5L

o ordy(0pp T p(p) =k =2 -0 20 £oT, Ly(x wady) =1
o ordy(Byp T Gp(p) = —1 = <0 £, Lplx, ady) = W(0X, wa dprtp)
£oT,
Lp(M(9)) =7p(0, X, 1za )~

QM) DES)

Of & m OFFERME 5. 2oL E [Hi9ZED,? (M) ~gr 2mV/ =107, AUREN T
5. £oT, et (My) &UT, 2ry-1)Qf, 28T 5. £ 7(My) = 178D T, QMy) = Qr
» ’%bhé

FE 5. HHREMREEROHGELE OBEEEZHEIrDTEL.

(1) FHR fIZ/U, L(s, f) D p TOFRAT LKF Ly(s, f) &
1

1—a(p, fp=s + ph=1=2

EWSE, gy By BER/ST A =2 =2 M, {agy, B} = {app T Bp T} e
5. <‘_’_<L,04fp—ozpp 2 ,ﬁfp Bpp2 £95. ZOLE, p@EMLY, ordy(ay,) =
k —1,ord (5f7p)—0 &<z (,f)—afp-i-ﬁfpfﬁ)%@f \.j/bipﬁﬁéﬁtﬁé
FoT, Wl 421282 n A pBENTH S Z L DEHIL, HHHRIGEIT f 23 p-BERN
ThHhdHZLIZFAETH .

(2) EOFEEFINT, £,(Mx(¢) 2HEMA B, L£,(My(¢)) BIRIIKD & 51281 5

Ly(s, f) = =(1- O‘f,ppis)il(l - ﬁf,ppis)il

k-3

1—8p 2 ¢, (p)p~?

LMo =4 , 17 ﬁppcz)%(m

<p,€3> X T(pp )T (8 AR,
ﬁpp 2

72U, o= X BT B L E, o DEFE por) & JFTF Gauss Ml 7(pp, 1) 1&
IRTEZLTWS:

7(Pp, ¥p) = Z ‘Pp(uP_c(cpp))wp(uP_c(cpp))'

ue(Zp/p° PP Z,) "

, (¢p : BRI,

BN Z DRBIEIZ DWW L 2D, [Sh76] TH B L Bbhd. 722 ZTWS BRI L WS & 5 ki
WTHIL 503 &5 BEAIZ O W THBI N0, IMHOEBAK S . BRI &0 S BiEEI, [Va99, (5)] b:bﬁyo
TW5. [#&4 16, €% 6.10] T ciprﬁm’ﬁfﬁﬂﬁﬁaﬂ%imm\a



£ p@ - XPp T 5. €p(8790p,¢p)6p(1—8,<ﬂ;1,¢; )— 114 ﬁ?‘ék 10
Bpp 2 pr

pc(%)T(w?’%)—l :pc(wp)Tﬂ . |p¢p,¢;1) — T(gop,@bp_l)
= > gp(wexp@rV/=Tup ) = G(pp).

u€(Zy/p°#P)2;)"
UEXD, kPR ons:
1- B0, (p)p°
L, (M, () = L~ Brogp(plp~ @tV

pa c\@p
<@m> < Glgp)s (6p: A,

F‘Pﬂ%’*”ﬁﬁi@p L BB DM AR Z R T 26, 25 5DEDOBDNRL Ao,

5.3. FH LEBDIGS. EEE KIKL L, c ERIM, pld £/Q TR LT 5. m% GLy(E4)
D p-AI3IL, p- @ﬁﬂ’mﬁu&éﬁca R R v U, il 3.8 DEEDED £ T 5. 1 DEHEF —
7 Asi(m) @ LB L(s, Ash (7)) 1, W@&#LE@?&L(S Ast (7)) ZHWT, IRTRLAB TE 5:

L(s.Asi(m)) = L(s + 1,As™ (7))
(critical {8) HHEILE pp 1%, H V71 (As} ) I +1 THEHAT 5. Z0d 5 Asl (r) DT KFIFIXT
BEZoN5:
Loo(s,Asf (7)) =Tc(s +n+2)Ir(s+2)%  Loo(s,Asl(7)") =c(s +n)Tr(s + 1)

£oT, Asjy ¥, s =0 Teritical. & Y —f&IZ, Ash (7)(a)(a € Z) H¥ s = 0 T critical THD Z &
&, IRHEE:

ae{a€Z|a:’E'<I§5(,—n—1§a§—1}U{a€Z|a:{%§5{,0§a§n}.

BHERZEZEZER LT, 0 <a<niZEHTS. ¢: Q\Q) — C* ZHRABMDIERELL, ¢ =
|- A% B ZDEE, Ash (¢) A¥ s =0 T critical TH 2 DIFIKA D LD T & H3EMH:
e 0<a<mn p(-1)=(-1)~

BAR, Ash(m)(¢) 2% s = 0 T critical &3 5.
(p-BEM) pPETHRATEZLE p=vv. EDPWVT, qp, By & Ty D, Qu,, o, & Ty, DENT N
RNRNTRA =R =295, £7z ap = ayay,, By = Bube. £HX. p?J"[E‘I‘iﬁ‘ééi% ap, Bp & T, DI
RNRNTGRA=R =T 5. 7, B p-l@HERETHE, IRELTIL:

n—+1 n+1

o p=vuBEDEE. ordy(ay) = ordp(aw,) = 5 yordy(By) = ordy(By,.) = 5

o p:fEMED & ZF. ordy(ayp) =n+ 1,0rdy(8y) = —n — 1.
72 Ly(s, Asiy(m)) BIRTRIB I N 5!

(¢p + RITIL),

L(S+1777v®77vc)7 (p:UUC: 63\%)7

Ly(s, Asyy(m)) = { 1 e
(1= g P01 = ap By 2F D) (1 — Gy P2
TORRE, (3.2) 5, Ast,(r) 1E, Bl 4.2 DFKT, pBEEINTH S 2 L hbh B,
(EERTF, BH) 52 RMEOEET, Loo(Ast (m)(0)), Ly(Ast (1)(0)) 2B 5. %7 F
Q(Ast,(r)) % BT 5.
(Exc(Asiy(m)(9)) DEE) Loo(0,As},(m)(¢)) HIRTHZA 5N B:

Fc(Qn — o+ 2)FR(n —a+ 2)27 (a : 1"%79000(_1) = 1)7

Lm(S,ASj\_A(W)(¢)) = {Tc(Qn —a+ Q)FR(TL —a+ 1)27 (04 . %7@m(_1) — _1)'

mﬂ(m = (—x) TEHT 5.



THERPRFONS:

\/?1‘(271—04-&-2)
’ (av : 4%7@00(—1) = 1),
Loo(AS(1)(8) = Lao(0, AsTy (m)(6)) %:2&3&5 (n—a))?
FR(—(n—a))Q’ (Oé : %?agpoo(_l) = —1).

(Ep(ASL(W)(@) DER) EBRIM- TEHET DL, AsT(my) DEFATy NTFZ2HAWT, RHBES
nN5:

’Yp(n —a+1, XapPps wp)

Ly(Asiy(m)(9)) = Yp(n —a+1,AsT(mp) ® @p, p)

KEEDE 22, vp(n—a+1, Xa,p, ¢p) EWHIHIX, R FEDRTEF Y VLT EHD7E0N, pittikit
LEBOWKIZBE T, RS OFAE LD ZOEPRONE. SEOMGIZET S p it LK
RRIZBEWTY, £ 0 A7 kiéﬂkiﬁﬁf%é&%ié@fAt£®%TWEI%%
i LT,
(QUAs) (7)) DESE

Qrp % m OBRMERE $5. ZD & E, [Gh99a] iIZ& D, T (Ash, (7)) ~q" (2my/=1)" Q) , DUR
INTWVSB. £oT c+(As (m) & LT, 2rv=1)""Q,, #BAT 5. £/ 7(As) (7)) = —n—4
DT, QAs},(r )) =Qrp, PRON5.

54. WS DHDFEE. P AW O ERE2E5Z 5!

o pitt L BBUX, Kyp ®0,, Om[[Gal(Q(pp=)/Q))] Dt TH B & U7z, U Uk i34 %
FEADE, Om[[Gal(Q(up=)/Q))] DIGE U THERINEREEZA 5. L ULRNRS, JE
EARCY/Q DL LTHRES>TWED, BEKDLE LTPET 27201213, $TH
E C*/OX, DILE UTEET D2BENDH D, BR, W< ODDEHFZRIBEY, Z0 &
IHHHDERIFHL WL S THB. 5.2, 5.3 fi T, BHEEHA L WS p ITRAF T B4 7%
BiEEE RI U ZE 2 AL TWS. 20 &5 OFERRIZED L 5 WHES DA
BUIREA & D2 Tldz .

o HEIZOWT, X5 ILEEEZ5 X 5. ﬁﬁkﬁbféﬁﬁ%éioﬁﬂ@ipémka
i%&%é@#%o# MR RN ARSI IR 2 56, BEEE I & M M HhifR o
Néron FAIANFEET 5. Znold 2n/-1 D TNERRE—HTEZ N FRINT VWS,
EHHITAREZIX Néron AADERIE p ITHRFL TVWARWZ L THS. HEMHEIKRD Néron J&HH

— ALY T2 ODEBEIIGINS.

o BRI QTHBHE LD, T ~BROEKTEZSNSEZA 0?7 Katz D p L
%ﬁ@&ﬂﬁpﬁL%ﬁat,%%%#ﬁ_m%@% D p e L BEBOREIT N DR
HNBEN, AR TFREEE TN UAEZMIZSDOEZA2HEDRVWESTHD.

oEWE?KTMeE%—7ﬁﬁh@btb5ﬁi%Ehfvé.ZMi R&ELmWMt
D LEBROEBAEI p i L EBAE 2720, Ky 90, Om[[Gal(Q(upy<)/Q)]] Tld7s
{, ZOLREEDITE LTERINDI L WO HENRH 5.

o 5t LEBEH VT THZIR L 720, EBHR I N L INBHTIE, Loo(M(9)) HGH
BXNT, {5 »DOEBNHEARITE > TVBHEHRL . FEBE, Loo(M(0)) ZFEL
E 2121, REIRBIOMIREL > DT AR AR L 72 5. (RIRBGRIZBWTH, DR
NP/ EINBE THFZ2EZ 0OV TI, @< EEHHRMETH 5. /-2 ORI
U T, RN L 2MHEARN ( “BARDOAR ) BEonTVWRVWEDES
W p it LEABORERIZE, co KD DIEFFIZAAIRTH 5.

o p- RN EWSIREIF—MRIIIARE L EBbh s, #lz i, EBHEMERADEE&ETH p T
FIRRBLIZ 2> TWBGETH, p it L EARIIGFAET 5. LA L EBEEOERNAREEED G
BIRBUIATHE T 2 p e LB TIE, p TAAIE WS REZRE L TVWEIEDEE .

o &% 16, 5.3.2 5] TN FETFROERMIZDOWT, £72 %45 16, 6.6.1 &E] THIS 1
TWABHERLZORBYEIZOWT, @HiLonTWVWS



6. p eI L B DI DAL

61 FHER. AifiE CTT, SHOWEREERTH 5 p A L B O AN 25008 U7, IEMER

REZIADT, 45—, [Na]| DEFERZFHEZ T

E%;ﬁqﬁzﬁ:ab TWEBp B E/Q TADIEL T 5. 1% GLa(Fa) D p-iEH ’JE%—?’J’J\&W%F”%%
BET 5. oo D Langlands 787 A — X —03 ¢ : W — GLo(C) : 2 — diag((z/z ) (26)2)" T > )
0<neZ)ehiFsrLds. (Hlix TTIE, n ITMBHLBEL TW2H, 22Tl éﬁzf%ﬁu\)
p>nLRKET S, R

A TTIVNCOp XU, GL(Op) D AHEZIRTED 5:

Ky () = {(‘C‘ Z) € GLy(Op)

TIE,NELARVIZEDETE. TADLE 1 IZ KN CREINIRY PLEREL, 20L& 5%
WEEZLEDOMTTNVDOHRTNIBRNDEDETS. K, & Q, DABRIKILKT, 7 D Hecke [EHfH
EETCELLDETE. £/20, TK, DBHER2KRT.

EI 6.1. ([Na, Theorem 8.8]) 0 < a <n 28K L T 5. WEIKET 5:
o m OHUNMEEIE p TADIKL.
o T MELHIHMNTHSL L E, a#n.
o NI, EHHMH. N
eI ApEFEHEL,I|NMNZELTE. ZOLE TRODWT NI E T
— 7 OHFUNMEREIX ] THIET 5.
— T DHFMEEIX ] TR TH B L Z IIEETHHRL, [ =vv, EEBENTZE E, my, Ty,
DR AZERFIKET, £ A e S
IDEE, BB LYAsh, (1)) € Kr R0, Ox[[Gal(Q(up=)/Q)]] BEIEL, (LD p DI I
BRAZED Hecke 81 ¢ : Q*\QR — C* T, poo(—1) = (=1)" * 22 HDITH L, QE(XO‘(ASL(W)))
I, T 4.3 OWRIAR (4.1) 27T, (72720, 0= [ T, ¢ & ¢ D p i avatar.)

FE 6.2, THONEIZOWT, W OhDiEEs2 L THL.
(1) ﬁfi 6.1 1BV, HFARIT—MIZ CMAKTHEBROFEIRVG SN 5. EERDE —IRIKD
& 1d, Loeffler-Williams 12 & 2 J647#%% ([LW]) A3 0, SEIOHKERIE, # S OFERO B
é@@?ﬁgﬁ%ﬁzflﬂ
(2) P4 4.3 &b, WIS T3, Tw, : Ky ®0, O:[[Gal(Q(1p=)/Q)]] = Kx ®0,
O-[[Gal(Q(1p=)/Q)]] %, Twp(0) = cyc(0)o ZFRBUTHRR L TREHET S, ZDEE,0<
o, <nizxLT,

(6.1) Twy ™ (L (Asiy(m )))ZXO‘(ASM )

MDD E FREINDS. ZHIXEIREDGE, [LW] TRRINTWDEH DD, CMAD
I EEGD - TV, CMAK EDEE, KD 51X Eisenstein 3R E W Y — D4Rk

DIRDEEN R EBMIZOWTREL I LK DN S WIS DD 5. [Na] DiFdi T, critical
EZEATHEBEMEZED o TWA 720, critical IHOR]Z RS ED K 5 225K (6.1) (2,
E5DUHL VIR BETHS. 54HTESKRUED, FX(6.1) DLD% “BAROD
BlE” &, AR OEMEICED > T 5720, 5B IO HHOWIGRED—D L EZ 5
nb.

(3) LIVIZET 2IEIE, p 2E S5 BRWHELTO LINTFOHRARNZGL7-OIZF- LTV,
REDD &, p 28 5B WHERTO L HAFOBRARFHENERIZRD NG, —f&kD
LARVTH, FRIZELWEEZ 5NED, p i L BIBORER & WS FlED o 134N 7 [HE

c—l,de‘ﬂ}.

TH 579, [Na] T, EROFEZ DT TIEHL TWD. ([LW] TIE, ZORUZDWTIE
é< ‘*WréMm\m\ )

(4) m I FHEBEEHIWATH D L &, a#n L WVWIFRME, ER LBABDZOGEMEL DL NS
%%ulﬁwé

(5) FBEAD CM KD S, p-BEMETIE R, pEbEFEERINET 5. 25\ o zfllnin L5
N, P43 T iﬁb’*{zﬁéﬁfiﬁﬁi&f}iﬁb’CL\ZﬁEHﬂ@#O’G‘%%

FE 6.3 B LEBEBKCEHLT, ML TWAEE LT, ZOrEaEGO SRk —2%
B2 WS HIfEREIF o NG, %IS%S Bt L BB DRk % GSp(4) 7 — XKD Siegel A7



R DMOEGRA%ZRT 2 LEZO5NS. REIREO G & Selmer B, & L B DRk {E &
DRI, Be] KBWTHERINTWS.

6.2. HERXDBEE. FER DMK IZ DWW T, FiIZ 72 5 DT, # & 7R 2kl Z [Na] 251 L
DOMATHITHD 5.
(RERHDOESR

[ 2 RRIRE m @ p-LEAF KA & T 5. Eichler- &M -Harder MALIZ & 0, fI3FZER YE =
GL2(E)\GL2(EA)/C*SU2KL1(MN) LDJFFrREBED 1 IROWDIERX 6(f) DD, ZD fD
Fourier f2%(% f\\W /- f OERHLE, RO IFRER Y — MO ARD I FET Y — DR HE
ZRHWT, BHERAM Q. , EEINS. ([Na, Section 6.2].)

(CxH L BB DRIREDE M)

I L BB ORIREDORENMEZ E L 720121, & LEBOESRREZNTHIAF-ERY I
LB EH IS, R

T YE LORIR%E Y = GLo(Q)\GLa(Qa)/R*S0:K1(NQ)(Ng = NN Z) LizHl 5T
EZNIFEMDRI NG, MR S(f) % Y EIZSIERL, BRSO —DDla % L -
7z D% §(f) <. RIZZDERMEAD T N a &, ciritical i L(n — a, As] (m)(¢)) DTN
Va3 LU TW5. ([Na, Section 6.5].)

X 5T Eisenstein i E ZFHWT, £ 5 —2 Y LI 1IRDWAXI(F) 2EHT 5. Harder D
Fik ([Ha87)) ZFHWT, §(E) WAHBHO IRER Y —DETH S Z L %”_T. ([Na, Proposition
6.7].) 35L& 5%f) £ §(E) DAy THED Y ETORS

1
Qﬂ,p Yic

i, L(n — a,As},(m)) OBDRRZ2 G A, AHOER X O RIRIE Lin — o, Asl (7)) /Qrp DIREL
M, LT K, D25 2% Z eHRtE5. ([Na, Proposition 6.11, Theorem 8.8]. %7z Z DB4>
Digam D A 1E [Gh99a, Section 7] IZH 61 5.)

(Birch Of&)

p EESH L BIEDRERIZ I, FFRME L(n — o, Asly(m)(¢)) OBARRHPBETH B0, L
Difimz BTL X)W p'(r € Z,c(p) | r)METITD. TDEHITIE, HHAIHS LB L.(n —
o, As,(m) () (z € Cla(pT)) DA EREGANIE IV, (Cla(pr) i, Q D p" DREF/A T TV
BT, HIIREE o 1%, CIQ(p") LOFRE AR L TVWS.) Tabb

I% =

0*(f)Ud(E)dg

Ln — o, AsT (7)(©) e o
(62) WL
z€Clg (p")
&, EIFLEBENMLT, 1Y, OAFED Y —REZ S XX L. 0 Birch Offi# & $IF
, I, ORLBIZIE L)L p" @ Eisenstein k&% W TAT 5. ([Na, Proposition 7.1].)

ZIT Y= 2B WO, EBEO L Z A1 (6.2) 0L, P43 OMMAR (4.1) 0ATAR
ELWASTHD. IR T2 LD12(6.2) DIELW = %52 2 K 5 I Eisensetein &£ & j#.5
Won, 2<IEHMHBIERE RS,

(FRATHY 72 #RE)
B OMEGHIZ L2 € CIG(p") D Gal(Q(uyr)/Q) ~DBE 0, LEL. ZDLE,

L8 (Ashy(m) = > I%0. € Kx[Gal(Q(uyr)/Q)]
a:EClJ(S(p’“)

EBL UEDOREDT, RERT:

o (PREDATME) L2 (Ash,(m)) DRI r iITIKS T, HRTH 5.

o (distribution property) {.Z3.(Asy (7))} ., FHERESET.

o (HEIAR) ¢(£2.(Ask, (1)) &, (4.1) DHELIT T 5.
p it L BB OERIZE T B AERN R EO=ZDi1IcF e ond. GEIICIE, 23S OREEZ i
729 & 572 R\ Eisenstein f{# % EZSBED B 5. Loefler-Williams D SEfT7HFSE T, Siegel %X
5 £ % Eisenstein M % #IR L T\ 5. Z D Eisenstein S DEH % I K€ 0V —HHIL, ¥R
& © b, distribution property 2729 . 7MHAARIL, KM LTTETENT WS, [Na] Tl



Loeffler-Williams @ Jji5%, 77 — )V TIECTRER U, FEHR D — B DRRFEMR D54 12 Eisenstein
I D — b &2 F 5 L T3, ([Na, Section 5]) —f D& TH, distribution relation &, IZIX[H
BRIZEERHH R 5. ([Na, Section 8.2].) RELEWE, IKREB Y —HOD RO &, A
XNTh5.

SDRHZDWTIE, Eisenstein IR E T Y —3HOEHMITRE S E DD, HEKAIRIERDIGE, #&
PEIZDWTIERZ LKA SR04 H 5. [Na|] Tld, & Eisenstein fk# {E, },>0 D (ZHEH
T —D) R, By DN EERAWTIIZ SN Z L 2R, AEAHO I FER Y —D N EOER
PEZENT W5, ([Na, Section 8.1])

F-mMANK, EROAy THE RIS L, REIRFORFHAIZREEAA THEZT
5. &I p TORFEES TIE, FFEEEREZ HWT, fMHAXZ2ENTE D, P 4.3 OFfiRQ
NIZFAT v AF2RBN 2 HRLFHHZ 52 TW5. ([Na, Theorem 8.8, Section 9, 10, 11].)

(p EXH L BB DHEK)
EEL DEAMH A Al REAYEERA T & Ui,

fpa(AsL (7)) == liinfp‘f‘r(AsL(ﬂ)) € Kr ®0, Ox[[Gal(Q(pp=)/Q)]]

WFATED p EEIH LR 52 5.
e
564 RECE S Y HY D ACOMAHRROMRETEE, LHEEOREHIHLHL LI ET.
LRIV VYRV Y ABEAHEOEGHM e, 700 T AETE (BGEh) OIS skt
ZIGHELL 9. RIS, JSPS 2 5 D (HFJE (B)17TK14174) ZTHNTW XS
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HIBOBAIE ~ v r REDEH

AARME CRICRF R PG BB e R

ABSTRACT. SHEER A~y FREUTE L DSIREINTVWERRTH S0, WEIC
ES U TOWE R TH L, ARTIIBERBLINT VWD Z L 2EHT 5, &<
2N FREED BB ARIL T H B Z 2o~y 7T REDIEH 5 4 F it I D
HEIZFR LU TV BRI OWTHET 5, 72, BMETCRFREEDILOEHIRRD
HELHEHE2 ) AXIVOBRIZE D LN S,

1. BA

FDEEA D#51E” Good in theory, devil in detail” TdH 5, HOFIZIIE % (FS
DO E 9805 & B R BRE U 72 WP H O 2 WS LB SH8, HlEmZEH L
EO LB GAHABZ LIXET R, L OMEEIIZZH L WEETHESZITT
B0 BEANFFERERIIEEL RV, 2 2 n RITFIOBELN n OMETHETE S
NEWVD KD BREL EL K DBARNRMETH AT LY OBRELZFEL KR ORRE
EHTZ N TER, Goppa 5% Mersenne twister D & 5 2 fillZMsH TENT
HB, BFEOHMITEANIII P BARRRFERPBOND L ZAI12HERE THIR
7R 2 BT 20T L WHES YO R G238 U THEREIETE R o725 D%
DHECTERDPSTZEDWHETE LD NHTEL LD IIRDIEWRERENTHL L
EL B, TDLRVIZEFEL TV B 2ELD—IROHERNZ 5 THRWADERD T
S, MOEMIE Hecke RBEDEY 27 —KREBRTH B, AROEHMIZZ DB
FI R % BT B85 ) DR CTRITL > 72BN 36 2 & TH 5, BiFEIZIE Hecke
REDEY 27 —REL WS BARHIE D 2120V D00 L WEwRSEEFNE Z L
127577, HlZ1E B # Hecke REDE Y 2 7 — KRB D 2 X X Kac-Moody Lie
REDATELMBED L2 BE L U,

o WFESINFEDE (LI T Chuang-Rouquier 12 &V EREFEEZ X 512
K#® X, Rouquier D 2-Kac Moody #ige U CTMONRBUZEHISHINT
Wb,

o LT —REE Hecke REXD Specht MNFEHEGR % ££1Z Graham-Lehrer (2 & D
BAINZBHETHEEMNARRORI GNP O EY 2 7 —REGmICBITT 58]
BHRAATH D, OB MOREITBHINT WS,

o HI 2 ) A ZI)VIZEEYHP R BGR e Clibh 2 HHZEERTH 5,

F 7LD ESFRBEDRENRBDIRBARENTH 5 &\ D FHEIZ, JFRHEED 100 £ L
MEINTELZRNRTHDIZH1hboT 2L LI RE ETHd LRS-/, &
WO REFRTH O, FHTHMEEZAA S & EIERIFEMN T W2 E T VWHE
THbD, Pz 2 EE Hecke KD ATT TIZF—MTHED, £H%H Hecke
REUIE R L IAFHON (G, H) ITHUEHRINDEDHDTH 20 54D Hecke 1REKX
DOHFIZH FLEIZHDH SR VWES LAWHLRD 2725 5, BolldRAeE & iE
DI FEWFGEE & IR Hecke & E T 7 « Y EFREBO KRR & ORI S

Key words and phrases. MFEE. ~v 7 REL L7 — ¥ Bk .
ARBUEEY VRY D LADOSANTE#ERSE (C) 18K03212 DRREZEH L 7=, .
1



2 AR

272> TETHED, Hecke REBDWIZEIZBUERE % 2 AN IED 5T WD, £/, AR
Hecke RBUISFREEDTERIUD - B THEHH, ¢ ZFETELTE I SIZE S0 DR
NEEREBRH D, ZDZ L5 Hecke RN EAINTHD TRATE-HE
Th5,

2. BN HREE U T ONFREORERE L ~ v 7 R

2.1. WFFEFD Coxeter £KIT. VD FTHLRWD, WFREES, 1 [n] = {1,2,...,n}
o HDBEINOERNEHROREIZELHEDOERIZ LV HELEEZ ANZEDTHD,
Aot E BABRIZE D ERINMERUTH D, T0bb, A,_1 B Coxeter %

W(Ap_1) = (01,...,00-1 | 07 =1, 004110, = 044100111, 0,05 = 0;0; (j # i£1))

CEHL.i=1,...,n— 1RV & i+1 2T 2HH% s; = (i,i+1) £ FEL &,
ot L AR TERSINSGHOE DOEHEEEIZ L D EK 0; — s; = (i,i+1) € 5,
DOEEDHHERT W (A,_1) — S, PERIELIC 2, ZORBIZED W(A,_1) &
Sy ZE—HU, FEAFEM {s; |1 <i<n-—1} % Coxeter LT LIERDTH > 7=,

2.2. Hecke X8, R # il ffaBR, G #GRAEL T 5, GOHNE H Iz U H
DY NBEOFLIEEE 1§ L FEL, BO7ZOEL S, AR TIEFHEEEF % HilR
BATOLBMEE LTEHET S, Thbb, GaEELXTS RIME RG LEX, G
D% RIFIZIEE LT RG OFE2EDH D L &, RH-MEEV IZHL

VS =RG@ry V

Thb, i, G LD RIEEEDET R-INEE RG] L#EE, BAAARIZED RG]
IZHEZED THEHAIORIREIC LD RG L ABIZ 5, ZHADPEEDE S hbh s
WS, MIE Tl RG % R[G) & EBEL 2% WEHTH S, 72, RH-IBEV 12
UG EOVEBEBOEEEZEZ. HDAER f-h(z) = h~1 f(ha) 12 X 2 EE RO
EEEFENR VS LEHETIHEDH D, DF D ZOFEETFIEL Homy (RG, —) T
» 0 HIRBEFOLBMETH 5, FHREDRENEIC L 0 2 OGBSI XHEETH D
LB L EEN S, H = Endg(1%) % Hecke REXE PSS, H DIt G/H x G/H
D G-AZ R EREEEHWT

zH — Z flzH,yH)yH
yHeG/H
LRbLIND, ZIZTGERIZG/H x G/H ~OXHs GAEHTH 5, FE.
grH v > f@HyH)gyH= Y f(9xH,gyH)gyH
yHeG/H gyHEG/H

DRI L O f(xH, yH) 13 G-F% RIEBEBIZ 5 Z L I35 TH B, I TG-
g ORHERBE VT HOREEZ 525 2N TE S, 2% Schur BJE & X,
1. G/H x G/H E® G-FZ R EMBO 7S H il RN EAAHRI X 0 F
REHT B L. HORERE Endg(16)P L AMTH 5,

Schur & Schur FEIZB T oG EREES N L7, F, AR, G 2REUE. H
% G O SREE U, Hecke 12X

G(Fq)
Endg(r,) <1H(Fq)>

OFMEA DA Z W2 IF— R IZES X L0 R EFKOES % RIX] L& HESEMERZ L ES O
T, G-H4 X 2#HEIZHD RIBEEL RX L EEZVDTHEH,



XIFRTE D 3 3

EEADEBRMEDEBIEENG, FHEZEM G/H PSRz ns e
& H 7 Borel B2 G Z L DHEMAETH D Z 06, G/H DESHMEDGE DR
SWFEXINTH D, Kazhdan-Lusztig FRDFRIZHEDLONTHER/IZ R 72, ZOHIIE
Iwahori-Matsumoto %* Hecke fA#1 % 42 il ot & AR TRIA L TH 0. AV Hecke
REEEN D, ZOERTT L BEARBERE WAL D Coxeter FELEED g€ R
2% U C Hecke I EZE T E, Hecke DY Coxeter BEDBERIND ¢- BRI 5,

G D EED & & A B Hecke [RELE IR, ¢ =1 D& XA FREED BB
%, ARTIERFREERIZE>TEHE2Z L TWADT A # Hecke REDEEZITE
WiTH<,

EF 1. REWHIER e R&T5, £ Th,..., T &BEFER
(T —q)(Ti +1) =0, T T = Tip 1 TiTi
LT =TT (j #i£1)
TEHEIND RAREH, % A, T Hecke fRELE IEE,

1990 FERUZ 72 > T R 2 EROREBUE, g € R % 1 DFERE T 23E DTG
£ o7, BTG = GL,(F,) DISEEE Y 25 —XBHTH B, OIEHTH g
FBRBARE7Z S R DD (ged(l,q) = 1) 7 5ld g e F) L7250, BRIE ¢
FPANE L VS REZIZTT, —MIC

e=min{fk eN|1+qg+ - +¢"1=0} (e>2ITHR
T8RS,
2.3. A28 Hecke B, WHHEDOFENBAHIREUTRET H % FEIL Coxeter ERKIT
EHESEIRITIRV, HTAIIHUWERTE EABERIIES, ZOH LU WERT

I% Khovanov-Lauda Aot & FEIEIN S, WFREEDEEAEND Hecke I D B D A BR 5t
252513 F TR AAEHN 5 EE 5 Dynkin FIEXBETH 5,

EE 2. Dynkin BT, 2 BFEEMN e =00 DL E Ay, 2<e<ooDeE AN
95, I'yOHEESFe=c0DEET=Z, 2<e<00DEE[=7/eZ TH5,
£7-. T, DED S Kac-Moody Lie (RELD ML — b DEEZE 1T = {a; }icr £ T 5,

95l Hecke REZ EHT 5, EHRICIIRDILOLHABGESBETH 5,

Qi j(u,v) = zp(aiﬁai)Jrq(ajaoéj)+2(0¢i7aj):0 tijip,quPv? (it 1 # )
’ 0 (if i = 5)
7=72L ti,j;p,q e RIX ti,j;fai]’,O € R*Thb, £7= Qm-(u,v) = Qj’i(v,u) 35,
Khovanov-Lauda[KL1] {25\ T M3 Hecke [REDEA T N7z,

EE 3. WM EE Cartan 178 A = (aij)ijer WU, A DED % Kac-Moody Lie
REDEAMETE P T 5, ZHEHNKE (Qi,j(u,v))i,jef B EAAN c P D5
T E B MR Hecke fREX RM(n) & 1%, ARG

{e(w) |lvelI"}U{zy,. ...,z } U{th1,...,¥pn_1}

0z DBATIRETT 7 « VRO ARIXTTERIDOHIZEA Chevalley 4yt A> 5 Drinfeld 4K 7612 17
THIETHRELEZ L 2EBSES,
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& FHARBE R
e(v)e(v') =6, (V)

Z e(v)=1

veln
zre(v) =e(V)x,, T, s =TTy

Yre(v) = e(syv)r

Yras = xsthr (if sFr,r+1)
Urhs = hsthr (if r#s£1)
ij;re( ) = (1/)rzr+1 VT ur+1) (
Trp1thre(v) = (Yrar + 0y, 0,41 )e(V)
¢72~€( )= Qw,ur“ (xmxr-&-l)e(l’)

(¢T+1¢rwr+l wrerrl '(/Jr
{ Qur Vi1 (xr f”r-%—l Ql/'r.,l/,,,+1 (mr+27$r+1) e(l/)

v)

if Vp = Vi,

0 otherwise.

Ty —Tr4+2

B LU o N ) = 0 2 5 B WM RABKTH B,

& 2. ROMAZRSIE RY(n) WARIRGE T, (RY(n), RM(n))- w0 = 5
Hompg(R*(n), R) ~ R*(n)

Do, DEH RMn) BHFRETH S, M. Qij(u,v) Hu—v DEHAD L E

MR a4 1 RN (n) % M4 AR5l Hecke RELEFER DT, TH 9 NFE Hecke AU

MR TH S LW MEIXIEEHAZMETH 2 Z LIZEREI NV, 2 OXFRE
Hecke fRELE WS IO HEEHER) 127D DD H B,

5 3. Y#J Khovanov-Lauda 1 Q; ;(u,v) & u,v DXMHRIZAD XS ITEA TV,
Brundan-Kleshchev 25 u — v D% IENIZE T U 72 & E X sign modified i Hecke {WEK
EIFA TV,
Dynkin B3 AK % & 1X 43 il Hecke A5 R (n) 132 THRE Q5 (u,v) DELY i
kA L ds, AW 7 S IRIEA BB L ITIRES B, DF D, Hecke REDZEM ¢
#1@%&@8%%%%H@mﬁ&@LmﬂA31%E@éﬁ‘q%ﬁibf%@%
LEIVEDDERNRTA=Rt DBENTVWEDTHS, ZNHXFEEL Hecke %K
BT 2BROERTH 5, LHANE Qi j(u,v) DR IFZRD IS IZEZ 650D,
(1) e=272251X Qo1 (u,v) = u? + tuv + v2.
(2) e>3%b6IEte R* ZENEHL LT
Qi,i+1(u7v) =u+v (0 S { S € — Q)v
Qe—1,0(u,v) =u+tv,
Qi j(u,v) =1 (j#i+t1mode).
FHIIRBAZFET 5 Z 2 TRE RN (n) ORIBESEBIC t OfHIZ K D Rirp Z 2
EHERL TV, MR Hecke fREL RA (n) IZIXRDWREAHF I & 0 REAHREIZ 722 5

deg(e(v)) =0, deg(zre(v)) = (aw,, a,), deg(se(v)) = —(aw,, av, ).
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Z CNRHE Cartan 78105 0, AW, MOBAIE (0, 00) =25 i £ 5 D
& E (a,05) = —a;; THD,

XD EMIE Brundan-Kleshchev FIEEH [BK1] OFRlZRGETH O, T I CTHE
W URWA, & UTHFRBEDRERE D Khovanov-Lauda A4 ot ® BARKIZRHLD /56
HZTWa,
FI 4. A B Hecke {RB0H,, (28U Dynkin B Ty = Aoo, AV, 255 % 2 H 5
Hecke fREC RN (n) £ 2%, 72720 Ag 13 AV \ Aoy 1IEIE T 2 HARATH D,
2<e<ooDEEt=(-1)° LD, TDLE N, ~RY(n) THhb, &R
DHREP AR Hecke REUIIRBUSRETH 5,

Z D[AHL % 38 U TR RMVEO R RERP Hecke REUZIETRELDMEE A A 5, Coxeter
ATt T; 1 FIRB DRI 5 FIRTGDMTH 5, NIMEDRRED ¢-ZH Hecke REX

THBHILEH>TVBNEFRIZZVWEESIWN, ¢ ZETE L THREEROER t ¥
ENTWzhblF TIDHEEE MDA Hecke RBDEATHID T/l & TH S,

5t 4. Brundan-Kleshchev [RIBEH I Hecke I L T 53 fil Hecke REX D[R %
RUZEHTHO, & <IZ BM Hecke (RBLE IREBNREBTH B,

2.4. A958R Hecke R DT Oy v 0fR. BHL— b n{HDH B 25 X,
Iﬁ:{ueln|a,,1+---—|—oz,,n =g}

E3BE. e(f) =X e e(v) iE RN (n) Otz 25, &<z ALY, M Hecke
REDEE () DIF IR DS TEITA D

RM(B) = R*(n)e(B)
B RMn) O 70y ZREBUZ B, RO AU ARSI M43l Hecke 1R8O N
BEAWCELTA L EWMOII>TUELWEBETH H, HELRMRMETDH 5,

F48 1. Mo Lie D L &5 RMB) XEBHNIRETH S S,

3. LT — R

3.1. LT —HRE. RECEMAPLEGR OIS 72 5 Hodge filtration X weight filtration
PEVELRIEE S DY, filtration 2T IMA7-FEE2E X 5D i?ﬁ(% B\ TR
K Z e Thbd, REMIIBVWTHEARDIIIERZNATH D, EEEH L EIENS
Wil T 7VDFEE S, MEEE REEAE IR 7-ODOREO T2 525, X
FEDRRE® Hecke fUED Specht MAEDI R ZF L LT, LA FT7 L EEENS
Wil -r 77 VD5 % £ DREA Graham-Lehrer 12 & D A LI, w17 —KR%x
X5,

EE 5. HRUGTRE A DEEFEES A L& X e A J2I25 2 5hHE4 ST
TIRNINBEIE{CY | A€ A, S,T e STV} 2528 T 5, Clyp BIRDELE
(i)(ii) 22Tz T L & Akt T—RBEIER,
(i) Cdp s Chg DIEDDIIVES L1 A > AIX ADKHCHETSH 3,
(i) ac A5, AeA ¥ SeST(A) L vl e RAMFIEL T
aCyp = Z r@9 0y mod A7
U€eST(N)

Y75, 1272 A = Span{Cl, | U,V € ST(u), p > A} TH . i
HRIE L7220,
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EIE 6. HEMAOERA 2 L B 551X 5 —RE L FRHEE A RS
¥V —RETH 5,

EIE 7 (Murphy). A B Hecke REUI LT —RETH D, & ITHIEEOFEMREL
VT —HRETHD,

KHEE S, DEREDEGE. CS,, DEEKIINEEE Young W+ 2 FH\WTHERT 50D
HIATH B0, D RHZEE T 1T Young AT % FHWT ZS, Ol 7 7 V5%
B3 Z e NTE, ERERBURBREBUERTIE CS,, O HAIEERIIIEED BRI~ D R H
Bonbd, DF b LEMAKCS, OWRIBEIINFENDEMSED S WIS 5 2.8, D
WA T TN E I LIZL D EY 2T —REDHEIIE LI LR TE S, BHIED
EZABXIINMEEE ZDEUDHETF—-MHTHEMN, L0 —RKOERHG & G
DEEFIERB DT R THOGEERNIZ R 21Kk % & . K OB Ok 21258 3 2R
OxGaEZTLE, WORILT—REUZRZ D7 AR SN TV,

B 1. MMOERBEOHARBUIIH LWL T —REITR D PE2TR &K,

5. BT —REDEHRIIE 7LD HE DL, T Z T Brauer tree (REDFHH X
LW & ZIEIRO BB ST W5,

EI 8 (Ohmatsu). FEMEKDREEA 2 & F732 55 BRIRGTI TR G RKR B AL 2D
YT —RE7 51X Brauer tree DXERRD Brauer tree K TH 5,

3.2. EILINEE. Lie RBOEHRBZ TV AL Verma NI H =55 H 2 L5 — R
DRFEFZBWVTEAEZTORRIINFETDH 5,

TE 9. ARVLST—REET 2, {Or | T ST} 2HEICEHD AMBEC(\) %

aCS = Z T%’S)CT
TeST(N)

THD, ClgChy = (Cs,Cr)CHy mod AN 12X 0 C(\) EOMHHAEED B,
C(N) & R IVIIRE L IE,

EHE 10 (Graham-Lehrer). UHIFHIZS ULIRDEBLHEL D 32D,

(1) L(A) = C(A\)/Rad( |, yC(N) 1% 0 F 7z I3AEFERI BRI 22 0, § R TORK
MEHIZ DL ST LTRLO NS,
(2) Ext'(L(u), L(v)) = Ext"(L(v), L(1)) 3% Y 32D,
(3) L(p) DEHME % P(u) &5 5,
= [C(N) : L(w)] % B2z B DIEEABBUR 75 D % 53175
— [P(n) : L(v)] &5 12 B DIEIBBUK 751 C % Cartan 1751
LIRS, ZD&EC=DTD B LT det(C) >0 DY LD,

LS —REPDOVEAADTE S & LD L5 IR ERERDRERED
bbb, FERIFEEN L, Gram 175 %2 5 L IZEIMBERRE 2 Z 2 B¥b 5,

UL L 73 ) ZLLAED B R DBIRIA AR B AE R 2 RD 270 51X, — izl
Gram 75 OB OHIHEIZH L <. $ERZ2EL2DEFBS TlIaw, EE M Hecke
RE XN 2 AR GTAE O BRI U TR 2 BBt O 2 T o 72 2 &
TR TR B B LR 2 R T A HERH -7z, UL UEERIZENWT, Misra-
Miwa B [z B & e AN | B 8 R 5 2 O CIERIINRE 2 S35 &
WO FERBE SN,

2. VI —RED—MERMPZ DL S R THIIT 2612 MIZE RO &,
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AFED E BT 2 NIHEDORREL L Hecke REUZXS U Tld Specht MIFED R (i
FERDPIEEL TH VAWM 12 Dipper-James H33EH HA &S MNEHRIZ X DX
DfERELGZ T3,

EIE 11. e 22 TEHET5, 2O E, Hecke REUH,, DEERIRBLZL e-HIRIY Young
METHhEHINE, Thbb, WOELETHEHINS,

A= M) €25, [0S XN = ANiga <e—1, 3 N =n}

i=1

BEDHLRD 6 RN, R EAMERES B(Ay) @ Misra-Miwa &8 D FEB %
W72 BERIINEE D 73 R 22 S 730,

5 6. ETHARZ L ST, WIMEEOBRINDIGE Specht MEE (IEREIZIXBU Specht
TEs) e —REDIETH S, Specht MELHIEY 27 —REEWS 72D IZHIF
INTIEET, TARTEEBERBOAETIT O 72012 GarnirBBRANIC L 5 ES 2
Bl ZBEE T2, UL, REEORMRED LM 22 L E2HE S DR HIE
FEHERE & JL © 5 Young DEIEHEBIHDIES> BNIE2 0 HRBUN L HES KT
TR TV, TROLEMBGHE 2T IO PRI L0E SN LE L ND
THb, Fulton DRIZZDERTER® Y %2 L TW5B, Specht IMEEDOAREWFE
P % SIS T A 2 &> 7 AMANFELTWAS LS I bh b,

4. TmEEAMELOBE L CHUANG-ROUQUIER &3 [Fl{#

4.1. KP hierarchy. F#HFIRD YV VU b VIR DHFSE Tl charged fermion ¥ 7z 1%
neutral fermion % % & |2 Fock ZZMZEA L, gl(cc) & go(co) DHIFEIZZR > TWD
e REDBERE WS EIEIZE D T 7 4 Lie REMDEBZEBLL Tz,

(1) KP hierarchy D&l g(Aél)).
(2) BKP hierarchy Offifi g(AS)) £7213 o(D)).
£7:. g(Al) ) 12 folding 2475 & g(CV) MMEIT 3 Fock ZEfAE 5N 5,

KEFRRE L A B Hecke fRBUZBIRT 2 DI (1) TH D, Fock Zefilid g(AM)-hie &
7%, Lie RELDEH & B FHEOIERIZER U £ Fock 22 5UHARZEIRDEA L
Al ftE AR DRSS I b v 7z,

Fock 2% £ Fock Z2[® Young M % HJK & 9 5 R TR IE 2 TH b |
Chevalley £t D/EAMMEGERMICERIND, LT VYIIBEEZEZDLI LT
P Fock 72 & SPEZIE Fock EbEHR I NS, ZD L S HAEDIRmEmEA NI Z
T B0 Z D EANEEDEAZE M A Hecke [RED 70 v &7 RELD IIFEE D
Grothendieck # & [Al—#{ E 1, Chevalley 4 K7t DIEF AEEEEF & HIBREAF O EF
KT ProEE 22 TFITRLHN L, VS FBEILYEENGFETHY, ZD
R D EE T4 Hecke REXDBERIIMEED 53855 %217 5 72 H. Brundan-Kleshchev[BK2]
12 & D Z ORiBIZT 2 Hecke MREDIREUS IEERENZ & 2 BULIZH LS Nz,

B EAMEEV (A) EATRESIEETH 50 o HADESIZ Weyl BEBMEHT 5, 4
DEE. Weyl BEZT 7+ > 0T

({sitiezsen | sisjsi = sjsisj (j—i+ 1€ €Z), sis; = s;s; (otherwise) ).
TdH %, Chuang-Rouquier[CR] IZELDORIGRZ ML L. IGH & UTIROER 21572,

£ 12 (Chuang-Rouquier). A A — B & A — ' BT 7 1+ VRO IEHTED
557518 RMB) & RN IXEKFRETH 5.
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4.2. Bt ERTAR. A Fock ZZRIDEZER Y MVIXEREEAD Ay D Al FEINEE
Vy(Ao) 2T 5 Z & KU RY(B) OINFEE A EAZER V,(Ao)a,—p PHEILE S 25
pt#bﬁ®mmﬁﬁ# s5hb,

dimg e(v' )R (B)e(v) = Y Ky(A\ V) Kq(A,v)
AFn
72U Ko\ v) ZEIRS (BEBOB T OIIZRIRZFHATZD D) Hres(T) =v
% ATz g REUE %Tegm)T«f_ﬁbffmﬂéﬂbﬁﬁt%®@%éo@gn
DEZBFHEL < BWWDEIHD 721213 T OMEMA B E /072 d T T TIFEIRT 5,
5t 7. KP hierarchy D V(2 BKP hierarchy @ Fock 22f% W 7 7 1 >~
Lie B! R (B) 12T 2 ABEDIRTEARB RSN,
=t 8. MK Hecke (REUZHE D H S5 O & D DR s A ot D Iz 5% L h S S IR
T25ZLTHD, Coveter B THEZBME D Hecke RELD FEE 7T DFERK ITMRD T
LW, FHATRELESTVIEONE Z TR X7 ey 7RBOREELOPED
RIS o 7z, 7 EHBRGRZ W2 L IERBI 70y 7 REDREMEEE Dh 5,
4.3. BE{LIEi®. Chuang-Rouquier O sly B{LH R & MFAEE X Hecke fREDHIEEREIZ
X 2R R TR gAY ) BOBILIE FEo &> IS h T, 2KBT
HBHZLEWERTH7-ODEM (Control by Ky, Heisenberg categorification etc.)
BHIGNTWS, g% Kac-Moody Lie fR# P ZEHAK T, I = {a;}ier £ 7 5,
Rouquier &, PR, 1HP E1y N> A +a, Fily: A=A A—a; (Ae Piel)
THEEIN, 290D 5 EHZ AR E AT
z:Ely— Eil,\, w : E‘E‘l)\ — E'E‘l)\, n: 1y — F'E*l)\, €: E;F1y — 1,
THEREINTWS 2B U(g) ZHEA L, ABDEEIE Khovanov-Lauda DEFE U 7=
2B [KL2] HH b, miZHDOEHRMVFEETH S Z &1 Brundan[ | IZ&X > TREIH X vz,
U(g) 1% Kac-Moody Lie REDBEILTH 2,

EE 13. U(g) D 2RBLL X, BEOE {Ry}aep LEF
Eily:Ra = Roacars Fily:Ra— Racan,
DL TH > T,
(1) BHRZHM ze(i) : E; — E;, ve(ij) : BEiE; — E;E; BEFEL T, ze(i) &
Vve(ij) MOEE D zre(v), Yre(v) Mk Hecke REDBRAZ A7,

(2) F; 13 E; OAMHEETTH 5,
(3) mi: 1l = FE; #BNLEHREM, ¢, : B F; - 1 2 RENEREHE T 5L &,

05 = FiE]fi o Flwe(zj)Fz @) niEjFi : EjFi — FiEj
ZitjOeETH, THbE, acRy 2T HE

E;Fi(a) "5 BB (Fi(a))

Fi((’beﬂ)&m)) FiEL(E)i)a)

FiE;(EiFi(a)) FiEj(a)

WA THD L EEHT B, |
(1) AaY) > 002 %, RRTHD S ERER EF 1, — FE1L @157
v T
(Uiia €i, € O (.’EC(Z)Fl), ceey €0 (ze(Z)Fl))\(al )_1)
MWW THDI L 2EHETD, TIT, ac Ry KL ze(d)F; 1%
ze(i)p,(a) € Hom(E; Fi(a), E;Fi(a))
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Thb,
(5) MaY) <0DE X, WATED S HREH E;F1, 017 5 RE1L,

(aiss s Fie(i) o mis .., (Fiae(3) )" o)
WHHTHD I L2 HEHET 5, TI T, a€ RyIZHU Fre(i) 1&
Fi(xe(i)a) S Hom(FiEi(a), FlEl(a))
Th s,

o 43l Hecke fAELD MIBLE A Kac-Moody Lie {8 g(AY ) & 780 AT
73 B E AN D EAZE & LT 5 &0 D #fig
o TS i EEANNEE D Weyl BEEFH OERFEANDRES B
H E 7B DB REL L Hecke REUZEIT 2 BIMRDOF I E 5> Thv, =L TEIL
HEEm IR & — PO SR E Y 2 7 — KB, BGG B O FiZsH I, Bt
HLa 1 B % BEWEBE S 38 U C Lie ABAAEL gl(mln) OBEKIEEEA R DB B 1 A 72,

5. fIFRREME IV A XL

Coxeter AERIGIZBI S 2 GBI TN FREED R RO D b . AFREFOFH L
B> TIEL WD T Edelman-Greene X0 Morse-Schilling (2 & % —#&Ab & A
[BS] 12 2WTA LRl A, FEEKIC XA T 5,

T 14. we S, DEHRRDESE R(w) & T 5,
(1) Edelman-Greene Mt &\ 5 Robinson-Schensted-Knuth St & 72 FHE & T
R 2RI PR HE AR & BEYERR DS 2 RS D 2 LN TE B,
(2) 157 =24 (jeu de taquin) %FAWT |R(w)| Z51H T2 Z LMW TE 5,
(3) FHIERR DI 53R DEA THFEFS MG A O, Edelman-Greene X )it
(D—fft) DFERFAREZEZ 5,

F<HIOENTVWE ESIZ, [d ={1,2,...,d} 2TV T 7Ry b & T 55EEnD
FEDES % [d" 3% & Z. Robinson-Schensted-Knuth %f)iild Schensted insertion
(bumping procedure) &\ 5 #AEIZ & o THEEHER © FEHER O 2 X6 S ¥ 2 #/E T
H. ﬁ@iﬂlﬁ%%?@ﬂ? VIR U, TIVT 7Ry b [d] OFEHEEOES
% SSTq(N). ST(\) iR DES T2 L, 2R

~ | | SSTa(N) x ST())

AFn

HEoN D, MERS S IR REafms S 702 & T, Kac-Moody Lie A% g
ZOCOMEEL, AMAIZHEML— b TEEI N, HRIZEMETDOTIZ L SEAD
HZzoNnTwWa, HERHFRONBITERKT DM, g=gly(C) 25X SST(N) & IHK
& T BRI MR RS EE R S N BEEA N OBERY g-HIEE V/(\) OfE G E R 24
T ARG B\ OEBHEGZTW5S, &<IZ[d] =SST4((1)) 1&g DEHKIIC
M HERSTH O, ZoMERREZ B RO, MEKRDT VYV VBRI
&0 [d]" X BE &R — ?ﬁé?’bé 7255 Robinson-Schensted-Knuth
HIGDOWHLIZH TS 2EEIFZ L BICROART T 7OHNEGLES 2L TE 5,
oL EgMaFRT T T b’CI_J’WfJ’r‘_’_ 5 DD & 73 % DI FER R IRITIR D RE P %
5 R 7

E 15. Robinson-Schensted-Knuth X IHIZIRDFEEET 2 5 2 5,

BO" ~ @B()\)@IST(AH
AFn
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Edelman-Greene Xfjis & 1% Schensted insertion D#HBE T & 2 —MEELZH D
T, BERIIZIE i,i+ 1 28070 2FALZE E i Vi+ 1 ZBVHITOTIERL
TCEMAD R VE FIRDITIZ i+ 1 AT NG, EWVWIHIHBANIEZ72£DTH 5,
Z D& Z, Edelman-Greene[EG] |34 H4f

R(w)~ | | SST,_1(w,\) x ST(A)
A2 (w)
H A7z, 72720 SST,_1(w,\) ¥#FAD w ONERRE 5 2 5 LEEED 2T
SST,_1(\) DHHEETH B,

E&EF 16. w e S, DFHNRR w = s;, -+ 5, DIES d DD FI R L 1%

(1 i )ik 1) (1)
Yoy i BT BT AT b DE NS, WA RIEEEA TS
£, we S, DEFROES d DWDISROES % By(w) LT 5,

w € S, DEHRRD 5/ 6N 2HDFI 2 RIZK U Edelman-Greene X i
0 ig--iy = (P,Q) € SST,_1(w ', \) x ST(A)

PHEL, &ic [d] IZR U Q € ST()\) IZE,rNTNS kd—kdth—ﬁ‘l, ceska—kq_;
ZICESMZ L LMOBRFNPROND, 72720 kg =0,kg =0 T 5,

Ba(w) ~ | | SSTp_1(w™",X) x SST4(N)
AHL(w)

Z 1Y Edelman-Greene Xfits D Morse-Schilling (2 & % —#&{bTdH 5,

EIH 17 (Morse-Schilling). Bg(w) (ZHIEFEFHDORIEN A D, Edelman-Greene Xk
(D—fAL) 1 & D FAJERE & A 7Y

Ba(w) ~ |_| B(/\)@\SSTn,l(w‘l,A)\
AFL(w)

nEohd,
157 — L%\~ |SSTn71(w,)\)| DROFIZODWTDOHFIZIEWT 5,
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unitary t-groups & unitary t-designs
ICDWT

IRAE— (Eiichi Bannai)

(Professor Emeritus of Kyushu University)

Z DJEREIE 2019 4E 9 H 2 H~5 HICHALR AT S 7228 64 RIRBUES v RY 7 4
LB 2EHED LELD S A brTO AT E#E (9 H 3 H) ORlixTd. FiHIx HAGE
TITWE LD, A4 FIZEETEEZ L. ZOMBEEDERFIZZ DB % 12
EZDFEEM->T, HAFEZBEIIGEU THIIMAFE L7, HARELEFED L 2 AITAI
o TOETH, HAFEZAL BWEHEALHFELZ T Z2E->TH 2 HEMME L T ZT 5
CEZWFLTIDE I BIBIC L E L, BEENNAED X DEEL WSO w3l §
L2k ER SR LT 6 ERwET,

HEOFTANS Y~ (FH)

THA VG L, RSN ML T, M 2EMT 2 ROGRESEAZ
HOUHT I Eicdh s, M HPSHEAERIL St DYAE spherical design & FEIXI, M 2% v
HORDOEEV D k HilyHEA2E () (Johnson 7YV ¥ L—va v A¥—2A4 J(v,k) &
HIEEILS) D IE combinatorial design & FFIXN S, Z O TIX, /&9, spherical
t-designs & & U8 combinatorial t-designs D& D MGEmOWINE %2, F6HI, FLERME, HEK
i, Fisher A, tight t-designs, ARHER & OBENE, & EZHOIIDORD,

RIZ, t-design DEEZ DA RYLRE L X Z U D TOWFEDOBUR (531 5 41T s
THZR D 720 D 222 Hulil) iR %, (Bannai-Bannai-Tanaka-Zhu, Design theory
from the viewpoint of algebraic combinatorics, Graphs and Combinatorics (2017) Z#.)

Bf2IC M 2% unitary group U(d) DD t-designs (unitary t-designs) 122V TR
%, ZOMERIVHOBTFEROZI CRICHAI N TREL, U(d) D t-design ZILHH DS
BEIC 2> T BIR, Z3UZ untary t-group EFFIEN S, fEED t > 2 12X L TD unitary
t-groups DED (WHOSTE CIIR#ELEEZEZ 6N TV LI THDDY), FHix d>5
DIRflE Guralnick-Tiep, Decompositions of small tensor powers and Larsen’s conjecture,
Rep. Theory (2005) THEICHIGNTWBE I %, F/o7d = 2,3,4 DEAHD DM
HHEETH 5 T & %, Bannai-Navarro-Rizo-Tiep, Unitary t-groups, arXiv:1810.02507 (to
appear in J. Math. Soc. Japan) (/8 L7z, £ Z DR 2T, # Sp(4,3) 2w
TDU(4) D unitary 4-design O BRI ZRERLIC S ) L 72 (Bannai-Nakahara-Zhao-Zhu,
On the explicit constructions of certain unitary ¢-designs, arXiv:1906.04583).
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THA 2 & ED (What is a design 7)

THA VHEROHNWIE, 525N M I LT M zaetke LTROAEMT 2 HR
HTEEA X (C M) ZH21F 52 L12dH 5. (The purpose of design theory is, for a given
space M, to find good finite subsets X that approximate the whole space M well.)

2T, Y, M ODERI S B XY M A3 Johnson association scheme J(v, k) @
LiteHEZ5. 22T, Juk) 3o lrok26RESV O kL HDILI S % 58550
FEORKZRT, J(v, k) FRERVICIINTRRE S, OETRE Sk x S,y 1T X 2 H 22
So/(SpxSy_p) ZERT. ZDEAITIE association scheme & FFIXN ZHEEDIA D, Johnson
association scheme J(v, k) &WHEN S,

DIT ¢t AR ET .,

EE. A t-TYA > (Spherical t-design) (Delsarte-Goethals-Seidel, 1977)
Let S ' = {(z1,29,...,7,) € R" | 23 + 23+ --- + 22 = 1} be the unit sphere. A finite
subset X of S™ ! is called a spherical t-design on S™71, if

1
G o, S0 = 157 DI

zeX

for all f(z) = f(x1,22,...,2,), polynomials of degree < ¢.

EE. #HEE t-TY A 2 (Combinatorial ¢-design) (a classical concept).
A subset X of (})(= J(v,k)) is called a combinatorial t-design (a t-(v, k, \) design), if

{A € X | T C A}| = M(=constant, indep. of the choice of T')

holds for all T € (Y),
BECREIRCRD3IDOMEZINOHKRS .

(i) What problems we are most interested in, in particular from the viewpoint of Alge-
braic Combinatorics. First, we will discuss this in the context of spherical t-designs and
combinatorial t-designs.

(Part I : Spherical ¢-designs & combinatorial ¢-designs (22> T DHF.)

(ii) What kinds of generalizations of t-design concept we would like to consider. (There
are generalizations in several different directions.)

(Part IT : t-design OWBRZ DML DILIRZEZ 5.)

(iii) Explanations of some new results, in particular on unitary ¢-designs.
(Part III : Unitary t-groups & unitary t-designs 122 T DT L WHFGHRDFEIN)



Part 1
B t-THA Y EHEEt-TH1Y

(Spherical t-designs and combinatorial t-designs)
I-1. ERE ¢-7H'1 > (Spherical t-designs)
(1) S ! D t-FHF A > Dl (Examples of spherical t-designs)

For n = 2, the t+ 1 vertices of a regular (¢ + 1)-gon inscribed in S*(C R?) form a ¢-design.
(So, we mostly consider the cases n > 3 in what follows.)

For n = 3, the set of vertices of the 5 regular polyhedrons inscribed in S? C R? becomes
a spherical t-design for the following .

e 4 vertices of a regular tetrahedron form a 2-design.

e 6 vertices of a regular octahedron form a 3-design.

e 8 vertices of a cube form a 3-design.

e 12 vertices of a regular icosahedronn form a 5-design.

e 20 vertices of a regular dodecahedron form a 5-design.

Question. Can you find spherical t-designs for bigger t in S2 ?
(I think you will find that this question is not so easy indeed.)

b H7efl E LT3,
en=8DLE, Eg-—FRD 20 DN — b Dafk (RS 1ICIEBEL
72H D) 1F spherical 7-design TH 5.
oen=24DLE, Leech IFD 196560 D min vectors DA (B 1 ICIERMLL
723 ?D) X spherical 11-design TH 5,
(For n = 8,n = 24, the 240 min. vectors of Eg-lattice and the 196560 min. vectors
of Leech lattice make a 7-design in S” and an 11-design in S?® respectively.)

RERLLITHLT, £F4KE%R n I LT, spherical t-designs in S"~! DFET 20 %
TR TE 208 ) DIFAMETIE 2, (ZHUSBIL TEgibT %)

AR, BTFZRAVWTORETY 1 > D

(constructions of spherical t-designs obtained from finite groups and lattices)

I -7 A4 v D% S OHMEBIORRIZ, PITO X9 ICHREEE X O+ 6 HRICH
55,
(a) G % FEIZEEE O(n) DHRIHTEE T3, ([EEORMAS Lz e R O G 12 X
28 X =2 ={29|ge G} L LTHON%.
(b) L C R" &+ (lattice) £ 5. L DRI /m D shell L, ={z €L |z -z=m}
»6 X ==Ly, ELTRG6NS,
(Many examples of spherical ¢-designs are obtained either as:
(a) an orbit of a finite group G C O(n), or



(b) a shell of a lattice L C R", i.e., X = {\/Lm:c |z € L, x-x=m} for a fixed m.)

LoL, LOEEIZEWT, (a) 2w TRHsNTwLHIE2Tt <19 (forn>3) T
HY, (b) ICEWTIFHSN TV 24134 Tt <11 (forany n > 2) TH 5,

(However, those known examples are always ¢t < 19 for (a) (for n > 3), ¢ < 11 for (b) (for
any n > 2).)

COZEIFHRREED 2 Vg2 HARICHKSZ D DZ2EZ T3 TIRRARDH 2
L) ZE2ERT S b,

Note that, for each of (a) and (b), it seems that

“ Whether t is always bounded by an absolute constant independent of n
in each of the cases (a) and (b) ”

is an interesting open problem.

AEEERE . AT THA Bl T RIS 72 2 & BRI D Lo a2, Thb
5, AREHAED 2V 32— P2 oo slEGE -7V A v 2EE T 5 2 LiF, kD
HRTELE b,
Many examples of combinatorial ¢-designs are obtained either as:

(a") an orbit of a finite permutation group G C S, or

(0') a shell of a (linear) code C' C (IF3)?, i.e., X = {support(x) | x € C, weight(x) = k}

for a fixed k.

However, for each of (a’) and (¥'), t is bounded by an absolute constant for all known
examples !

We can ask whether ¢ is always bounded by an absolute constant in each of the above
cases (a') and (V') ! ((d’) is answered yes, by using the classification of finite simple
groups, but (b') is still open, I believe.)

(2) IRME t-TYA > DFEMRE (the existence of spherical t-designs)

e There exist t-designs on S™! for any pair of n and ¢ !
(Seymour-Zaslavsky, Advances in Math., 1984)

e Many proofs are known, but they only show the existence, and good explicit
constructions are not yet known.

e The best existence result is due to Bondarenko-Radchenko-Viazovska (Annals of
Math.,2013) that shows the existence of ¢-designs with the sizes asymptotically the
same order as the best possible bound., if n is fixed and t — co. However, it seems
that if ¢ is fixed and n — oo, then good bounds are unknown. (This is an interesting
open problem.)



e Most of known existence proofs use the continuous property of real numbers.
A new existence proof was obtained by Zhen Cui, Jiacheng Xia, and Ziqing Xiang:
”Rational designs” (Advances in Math., 2019).

(3) ¥RE t-TY1 > DEFERNGEKICDWT (Explicit constructions of
spherical t-designs)

e Some are known (Kuperberg, 2005, for n = 3). See also, for n = 3, | X| = (¢t + 1)?
with ¢ < 100 (Chen-Frommer-Lang, 2011)

e Ziqing Xiang: Explicit spherical designs, (preprint, 2018) gives a more general
explicit constructions. (However, note that It is a delicate question what are good
explicit constructions. Good explicit constructions are yet to be given !)

It is easy to see that, if X C S™~!is a spherical t-design, then for any orthogonal transfor-
mation g € O(n), X9 C 8" ! is a spherical t-design. Moreover, if X; and X, are spherical
t-designs, then X; U X5 is a spherical ¢t-design.

So, we are naturally interested in the spherical t-designs of small sizes.

Problems.
(i) Are there any natural theoretical lower bounds of the size of spherical ¢-designs on
S™=1? (Yes. Fisher type inequality below.)

(i) For a given pair of ¢ and n, determine the spherical ¢-designs of the smallest size
(“optimal” aspherical t-designs) in S"~!. (This is the most fundamental problem in

design theory, but not easy in general.)

Here, we mainly consider the Problem (i).

(4) |X| OBRABRTRE tight ¢-FH1 >
(Fisher type lower bound and tight ¢-designs)

For a spherical t-design X on S"~1, the following Fisher type lower bounds for | X| hold:

—1 —1 —1
|X|z(” +e)+(“ o ) it =2,
e e —

-1
]X\zQ(n +€), it =2 +1.
e

If the equality holds in one of above inequalities, then X is called a tight spherical ¢-design.
(We are interested in the classification problem of tight spherical ¢-designs.)



(5) Tight spherical t-designs D 5EICDWT.
(Classification of tight t-design on S™™1)

n =2 = X is a regular (¢ + 1)-gon
(So we assume n > 3 in what follows)

e We get t € {1,2,3,4,5,7,11} (Bannai-Damerell, 1979,1980).

Tight t-designs on S™ are classified for all ¢, except t = 4,5,7. Some further non-
existence results for ¢ = 4,5,7 are known. (Bannai-Munemasa-Venkov (2004), Nebe-
Venkov (2013).) But the problem is still open for ¢t =4,5,7.

I-2. iETFY1Y

(A) The existence and the construction problems of combinatorial t-(v, k, A)
designs have a long history in combinatorics.
(Kirkman, Steiner, Witt, Ray-Chaudhuri, Wilson, Teirlinck, Keevash, etc.)

The general existence result for t = 2 was shown by Wilson (1974). Teirlinck (1987) proved
the existence of t-designs for any ¢, but for some specific £ and A, by using induction.

Recently, Keevash (2019+) proved the general existence proof (corresponding to Wilson’s
for t = 2), by using the probabilistic methods. The explicit constructions are not yet
possible. For example, it seems no explicit 6 - (v, k, 1) designs are explicitly described yet.

(B) Fisher type lower bound for combinatorial ¢t-designs in J (v, k), and tight
combinatorial ¢-designs

Fisher type lower bound becomes, for ¢t = 2e,

\X!z(Z).

We say X is a tight 2e-design in J(v, k), if “=" holds.

The classification of tight combinatorial ¢-designs have very much studied, by Ray-Chaudhuri-
Wilson (1977), Enomoto-Ito-Noda (1977), Bannai (1978), Dukes and Short-Gershman
(2012), Z. Xiang (2018), etc.. Note that tight 2-designs are symmetric designs and since
there are too many examples, the classifications are certainly impossible, The classifica-
tion is still open for t = 2e > 20. (The concept and the classification problem of tight
t(= 2e + 1)-designs are reduced to the case of tight 2e-designs.)



Part II.
t-THA VOB DR

(Generalizations of t-design concept)

Generalization (I). Change the space M.

Change sphere S"~! to compact symmetric spaces of rank 1

(= projective spaces over R, C, H, Q.)

Or, change J(v, k) to other Q-polynomial association schemes.
There are more generalizations. I will come back to this important topic later in my talk.
So, let me discuss some other kinds of generalizations first.

Generalization (II). Allow weight function w (Cubature formula)

o Let X C S™! and let w : X — R.g. Then the pair (X, w) is called a weighted
spherical t-design, if

1

T f(z)do(x) = w(z)f(),
’S | snt zeX
for Vf(z) = f(x1,29,...,2,), polynomials of degree < t.

o Let X C M = (‘;), and let w : X — R.y. Then the pair (X, w) is called a weighted

combinatorial t-design, if

Z w(A) = const (independent of T e (V) >
TCAeX t

Generalization (IIT). Allow different block sizes.
Euclidean t-designs and relative t-designs.

For spherical t-designs, consider several concentric spheres of radii {ry,79,...,7,}. Let
X, =X NS ! Then (X,w) is called an Euclidean ¢-design on S,, U S,,,U---U S, if
¢ w(XTu)
d o f(z)do(x) =) w(x)f(w).
v=1 |STV | Sﬁ;l zeX

For combinatorial ¢-designs or more generally for a Q-polynomial association scheme X =
(M,{R;}o<i<a), and a fixed xy € M, a pair (X,w) with X C M, is callled a relative
t-design with respect to xp € M, if Ei¢xw) € (i) holds for i = 1,2,...,t, where
¢ (xw) is the characteristic vector of (X, w), namely ¢(x,.)(y) = w(y) if y € X and = 0, if
y¢X.



Note that the concept of ”combinatorial t-design” was (algebraically) generalized for any
Q-polynomial association schemes (Delsarte (1973)).

Let X = (M, {R;}o<i<a) be a Q-polynomal association scheme.
Let A = (Ao, Ay, ..., Ag) = (Eo, E1, . .., Eg) be the Bose-Mesner algebra and let Fy, 1, . .., Ey
be the primitive idempotents. Then X C M is a t-design, if

Epx =0fort=1,2,...,t,
where ¢x is the characteristic vector (column vector) for X.

Note that t-design in Johnson association scheme J(v,k) is equivalent to the concept
of combinatorial ¢-(v, k, \) design. While, ¢-design in the Hamming association scheme
H(d, q) is equivalent to the concept called an orthogonal array of strength ¢.

For the study of Euclidean t-designs, in particular of Fisher type bounds and of tight
designs, see many papers of Eiichi and Etsuko Bannai (2005~). This concept was started
by Neumaier-Seidel (1988) and Delsarte-Seidel (1989).

For the study of relative t-designs on association schemes, cf. Bannai-Bannai-Tanaka-Zhu
(2017), etc. Fisher type lower bounds and the classification problems of certain tight
t-designs were mainly studied.

The concept of relative ¢-designs was first conceived and studied by Delsarte (1977): Pairs
of vectors in the space of association schemes (1977). However, this theory was seriously
studied only recently (last less than 10 years), after imitating the study of Euclidean
t-designs.

The relative t-design on binary Hamming association schemes H(d, 2) is equivalent to the
concept of 7 (weighted) regular t-wise balanced design”, namely combinatorial ¢-designs
which allow different sizes of blocks.

Fisher type lower bound for H(d,2) was first obtained by Z. Xiang (2012).
Generalization (IV). T-designs.

e For spherical designs, let T C {1,2,3,---}. We say X C S""! is a spherical T-design,
if the following holds

Z f(x) =0, for all f(x) € Harm;(R"), with ¢ € 7.

zeX

e For combinatorial T-design (or Q-polynomial association schemes), X is a T-design
(where T'C {1,2,...,d), if E;¢x =0, forallieT.



Note that if T'= {1,2,...,t}, then T-design is an ordinary ¢-design.

This concept of T-design is due to Delsarte (1973). However, that there is an interest-
ing Fisher type lower bound for T = {t} was first observed by Bannai-Okuda-Tagami
(2015). Then tight spherical {4}-designs were classified by Okuda-Yu (2017), and more
general cases were studied by Zhu-Bannai-Bannai-Kim-Yu (Electronic J Comb., 2017),
say, spherical {8,4}-designs.

Note that spherical 2-designs are equivalent to tight frames (on the unit sphere).
Generalization (I). Change the space M (again).

For the spherical case, we already mentioned the cases taking M as compact rank 1
symmetric spaces (=projective spaces), (Cf. Hoggar (1982).)

(i) Compact symmetric spaces of arbitrary ranks.

(i-a) Homogeneous spaces G/H, for Lie group G.
Say, real Grassmannian spaces (Bachoc-Coulangeon-Nebe (2002), Bachoc-Bannai-Coulangeon(2004);
complex Grassmannian spaces (Roy, 2010), etc.

(i-b) G itself is a Lie group,
Cf. Unitary t-designs, Roy-Scott, 2009, etc.

(ii) Complex sphere (Roy-Suda, 2011).

(This space is not a symmetric space.)

(iii) There are many many interesting spaces and we can study
the concept of t-designs (or T-designs) in various situations.

Part III. Unitary t-groups and unitary t-designs

III-1. Unitary t-designs.

WD k), THA VEEROARE L, G A o220 M T LT M 2 &
AT 2 AR EA X ZROUOIRT 2 2 LicdH s, M BRI DR H3 BRifi 7
YA THY, M D Johnson 7V ¥ T —>a vy A¥x—»40 J(v, k) DRBFHEE T A ~
(Combinatorial t-(v, k,\) design ) & \WI EETHE. M 32=% Y —Hf U(d) DEFIC
=8 =R U(d) ZiEf3 2 ROARIBITES X 2% unitary t-design TdH 5. Unitary
t-design D—DDEZIFXD LI ITHZ 6N 5.



Uld) Z dxd D=8 —{THREDIEL@EFEDOL=85Y) —fE L, ZOILNU =
(ui,j)lgigd,lgigd T?%g h‘(b) % & ‘3_%) HOT)’l(U(d),T, S) % Uy 5 ;‘%CCEQ LT r—b’(, WJ i%
WBL T s-ROFRLLIHERBERDOMEL M E T 2. U(d) DETHEA X 23 unitary t-
design TH % &%, X 13 U(d) 2T 2 ROERBOIEETHH, RO X ) ITEEI N
% . Spherical t-design (Cf. Delsarte-Goethals-Seidel [9] (1977) ¥ & U’ Roy-Suda [14] 7
) LoFPIC b HEI N .

EFE. A finite set X C U(d) is called a unitary t-design, if

i = L or a om
(i) /U(d)f(U)dU— 5% > f(U), forall f e Hom(U(d),t,1).

veX

C DM (1) 1ZRD 2 DDA (i), (i) & SFETH 5.
1
i U @ (UN®dU = — Y U @ (U,
(i) /U(d) U7) x| 2 U)

1
iii tr(U)|*dU =
i) [ OV = g

(fthiz & [l 2 S 385 < 5 )

> UV

uveXx

Unitary t-design DEZLZIIY (B EHRMH) THE-72LH)THD, ZOEKORE
127X % (i) Gross-Audenaert-Eisert [10](2007), (ii) Scott [15](2008) 7 £ D3RI F# X
N7k E b . IR FERE X 2009 FFI272 % 53,
(iii) Dankert-Cleve-Emerson-Livine [7] (2009) (arXiv: quant-ph/0606161)

23 unitary t-design & 29 BEEZ M S 7RO X T [10], [15] bZHUEH> TS LD
YHDOANDFETH 5. £72, o EHOEE L Y OHIX S H 0, "twirl” & v ) Biass
unitary t-design DITGICHE STV E EDBEZLNLLEWV)HETHS. WTNIIE L, 2=%
U= U(d) BYBEICE W T H a4 DIFTARERICEN 2 D TZDOAHRMED I X 2 UL
ZIEFARSL O DD E b S . (iv) Roy-Scott DL [13] (2009) IFEANNIED 6
A2 52 T\ b, RaLDOEE L & L TE (v) Zhu-Kueng-Grassl-Gross [17]
(2016, arXiv: 1609.08172) %% 2SI N7z v, I BIFFITL DI D 5.

I1I-2. Unitary t-groups

RIZ U(d) DEREIEE LD unitary t-design ICB>T02HGEZEZ L), Tk
bbb, U(d) DEREIRE G T G HEDS unitary t-design & 7% > T\ 5 H D% unitary
t-group EMPRZ LICT D ZDEERDED 12D,

Let x be the natural representation (of degree d) of U(d). Then a finite subgroup G of
U(d) is called a unitary t-group, if

1
= = r(U)|*dU.
G o = [ )

geG
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2018 4 8 HUH £ TR TIE, unitary 3-groups in U(d) ZPA T D X9 BAlICA S5 K
I, W ODPHAIS LT 2, F 72 unitary 4-groups (& d > 3 1T L TE—2dbHAISNT
WRWEWVIPRWTH 7. ZZNSIFHFELEVWES) LllbhitwktEbbins
D3, ZNENT 2 EIRIERICNEETH 5 ) E—RINICEZ S NTwk bk,

Unitary 3-designs D5l

(i) Clliford groups: d = 2™, G, = Zy * 217" Sp(2m, 2),
(ii) Sporadic examples:

d - 3, 3.A6,

d=4, 6.4, Sp(4,3)

d=6, 6.Ls(4).21,6,U4(3)

d=12, 6.Suz,

d=18, 3.Js.

d =2 12X L T unitary 5-group (B 21X G = SL(2,5) ) YA TV 5.
—J7, d > 3 1% L T unitary 4-groups in U(d) ZETET 2 E01% (MBELCEB VW) K
Rk e BRIRGRTETH 5 L ZEZ o N T L illbnT:.

WEAE (2018 4F)8 H D2 S F — D42 unitary t-group D3EICEI L T, Tiep & D3
42U 7. Z OFEH unitary t-groups O73%HIE Guralnick-Tiep [11] (2005) THEAMIZIZ Y
BHOREN R TTICHRINTL S 2 e gh ol IEMEICE ) &, 2 2 TR
2 (HBREMRED 2% full ICHWT) d > 5 DA unitary 4-group DIEFFEDR &
N, £/ d>5 DFEMED B & T unitary 2 group DD FHEMICH ST, 2L
[11] & unitary t-groups & OBH#IFIZ & A ERIS T8> 7. Eiichi Bannai, Gabriel
Navarro, Noelia Rizo, Pham Huu Tiep [5] ® 35w 3" Unitary t-groups” 1&, 2D I & %
(VB D AMERRTED B GRTIE T TIT [11] TRENICHERIN T2 L %) Bl M
IZ [11] THERIN TV d=2,3,4 DEEOTHLERI ¥ T4bb [11] ] 2HbHE
T, EEDt>2 EAFED d> 2 12/ L TP unitary t-groups D5EE DI S 17
RTH 5. CONFRPIEMTDH 22, HiRFZNHBIFEE I CHHCEEbNns L, Y
B EANDIEH &V BRTHIFFICRII D L b, ZOSEOFEMICBIL T,
[11, 5] Z2Z I i\,

I1I-3. Explicit constructions of some unitary t-designs.

Unitary t-designs in U(d) 13EED d > 2 EEED ¢ WL THET 5 2 L IFAIS
T 5. (Seymour-Zaslavsly (1984) DJf&TdH %.) —77 unitary t-designs in U(d) D
HARNZERIZIZEA EA SN TR o7, K2 d > 3 Tt > 3 OEAITIE unitary
3-groups & L THIS LT W5 b DL IE, AEITIZ BN ZEBIIR I L Twied o
7o Bbis. 2 TIEFHC unitary 4-design in U(4) D&% % ik % | Eiichi Bannai,
Mikio Nakahara, Da Zhao, Yan Zhu [6] (2019) IZFEDWTHAMNT 5. —MRAVIC R DFG R %
55.
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EIE 1 (Bannai-Nakahara-Zhao-Zhu [6]).
Let x be the natural representation of U(d) (of degree d). Let G be a unitary ¢-group in
U(d). Suppose that

(Xt—l—l’ Xt+1)G — (Xt—i—l7 Xt+1)U(d) + 1.

( Note that (x*', x"")e = (X', X" )@ is equivalent to the condition that G is a
unitary (¢ + 1)-group. Also note that (x**', x"*')y =d!, if d > ¢.)

Then

(i) There is a unique non-trivial G x G-invariant f € Hom(U(d),t + 1,t + 1).

(i) Let zo be any zero (in U(d)) of f. (There are many such zeros, since f is nontrivial.)
Then, the orbit X of xy by the action of G x G is a unitary (¢ 4 1)-design in U(d).

=
— HH
AN\
20
p%
=

e following groups G are unitary 3-groups in U(d) with the property that

=T7(= (X", x v +1).
G = Sp(4,3).
G

=12, G =6.5uz.

ii) ([6]) We can construct unitary 4-designs in U(4) explicitly (numerically). (Z#1id I
CHRZEH 1 2 FEITTHILICLDERINSG.) TDEZD design X DY A X |X| IF
1Sp(4,3)[2/6 = 447897600 & 75 5.

—Ji d=06,d =12 OHEFEENITRO 210ida v Ea—F —DFHHET O AR, G
FEORTSOMFICHES. LY RVaryEao—% —BENHIULFEMIICIZNEETSH 5.

I11-4. EX fc \LWHIRE
BBICW L DD OELTOMER R T 2. BkD 2 H 0Pk Z L £ 7.

_— N N N N N

REREE (FREEDIIEDLS)

(i) Let G be a subgroup of O(d), (d > 3).
Let y; be the irreducible representation of O(d) on Harm,(R?).
Then G acts on the space Harm;(R?). The paper of Tiep [16] (2006) classifies those G
with x1 ¢ and xs lg being irreducible.
Can we classify those G C O(d) with (1, x;)g =0 fori=1,2,... k7
In particular,
is there any finite GG such that this holds for £k =12 7
No example is known, but the non-existence is still an open problem.

(Note that
Xi 4o are irreducible for i = 1,2,... s,
implies that
(1,x:)g =0 for i =1,2,...,2s, but the converse does not necessarily hold. )
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(ii) Let G be an irreducible finite subgroup of U(d), and let x be the natural representation
of G. Then, can we determine G such that (x?, x*)¢ = 3. (Note that (x*, x*)v@) = 2.)
We believe that the method of [11] can be applied. From such G, we can construct
unitary 2-designs in U(d).

(Note that some constructions of unitary 2-designs in U(d) are known, but this will add

many more new examples.)

(Note that the key of the proof of ZE# 2 above was to find a unitary ¢-group in U(d) such

that (X', x't")e = dl + 1, where (x'**, x'*!)y(g) = d!. This is the case of ¢ = 1 in EH

1.)

REERPOMRE

(i) Zhu-Kueng-Grassl-Gross [17] 3 XD Z &2 PR L, KRFRRETEE L THREL TW»
5. $bb, Clifford group G = G,, % unitary 3- d681gn ThHhr I EPHENTVWS
G =Gy i?‘ﬁ??%fﬁ'/%ﬁﬂ CP M Iz BRI . 29 € CPY @ G 12 X % orbit 28 projective
4-design 1272 % 7o & DLEAS] %1’4‘ 1%, 20 2% CP"! @ non-trivial % (unique IZE % %)
BASER c OBIUL>TOB I ETHD, JOLE,

F#8 (Conjecture 2 in [17]). 2D X HIZLTTE % orbit 4% projective 4-design TdH
UL AT unitary 5-design 127> T 5,

ZDOFPRIL, G-invariant % Harm(C"1,5,5) WAELZWI L LFETH 5. BIEZ D
FRBIELWI & 2R 75 i%(ﬁfqu“(c‘f) %. Z#UZ Da Zhao £ X O Kifiz: & D HL[FE
%8 Td 1, Nebe-Rains-Sloane [12] @ real Clifford group DAZEHUZEI$ 2555 D complex
Clifford group G,, IZX9 % version 155 Z LI X DAEHI L 5.

(ii) Unitary 3-group T % Clifford group G,, % M\ > T unitary 4-design in U(2™) 23J5#
MICHER T E 5. FHT, Gy Z M\ T unitary 4-designs in U(4) 7% explicit 12 (numerical
I2) FERTE 5. (Da Zhao & DILFIFNIF) |

(iii) —MD d B X ¢ IZX LT, unitary t-designs in U(d) 23EBICHELTE % L b
N5, (WHESEIC X 2E0 N RERDTATOIEN D 5, JEIRZ DTk &R &
B 280035 5. FEMIIBIEDOH L2l wE 2 A 2D Z0ELDH 5.)

2019 ¥ 12 AR RICH T SEM & XEEA

(1) Part T IZBJ L T Spherical t-design (22 TDREARNZ CHR X, Delsarte-Goethals-
Seidel [9], ]RATE— « J]KATEA [2], HTADE— < RALA - GHREERR [3], Bannai-Bannai [1]
7t E RS X 47\, Combinatorial t-design IZDWT D% L D XE L AL H 503,
B AT D7 6 13 Delsarte [8] 23— D KA TH 5. WNT— « IRAPLT- - PHRGE
BB [3] DA F Ickh s L b s, (A TRDIED 5 D Combinatorial t-designs
DRIFIFFEIHEL L H B.)

(2) Part 11 IZBY L TI3, Bannai-Bannai-Tanaka-Zhu [4] IZHDWTWw 5, #IITAYICIE (1],
2], 3] BEBZSHBIChD EbNET,

13



(3) Part 11T (B9 2 3CHkIE, [13], [11], [17], [5], [6] BEZSML TSI Ww, LoD
Part 111 @ (i) “Cﬁf\trﬁ%%Ci Eiichi Bannai, Manabu Oura, Da Zhao @ 3 £ DL
i & U CHEfig 9, —J (i), (iil) Tl x_n'ﬁ%ki BIAE Eiichi Bannai, Yoshifumi
Nakata, Tkayuki Okuda, Da Zhao D 4 D HEF L E L CHEfiiH T, Z DBZE DX
Tl3, unitary t-designs in U(d) O BRI 28582 X0 d 1IZBIT % induction % V> THE
RTEET, BENAET VY AL 252 T, £ A Z“@Eﬁﬂﬁ?@) ELALHEON
FIH, BAENAHRRREEALEAMA T DT, ETEFTHERMELIOPE VI H

iﬁﬁﬁﬁ'ﬁiiﬁiofb) ¥ 9. 7E 2 D unitary t-designs DIERIE X spherlcal t-designs in

S”1® %E%%&ﬁbw%&%#%6ﬂ6®f ZORTHHERE W EEbiE
?._mQZO@mii(H,H&a% ) CONHOBEICHEREZ LI LBTE

HDTIE RV EHALTWET.

(4) 22— F. Unitary t-design Z@# U T, AR, 794 >, HEE®ROM RN
ERAR7po DT, PHERCHSZVLIEbH Y AR TIZLEALRR SN EE
AT L7, VIHEBIFROD unitary t-design & BT 2 Rl DI [6] DXHkEZ S L T
C7Z& W, FHA 35 F THEIT exact 72 unitary t-design & FEIXIL2 b D D AICHLERZ £F -
THFE L CT&E £ L %53, approximate unitary t-design & WIH&ED H->T, WHTIZZ
NHEZoN, LLOMADBINTETVET. Exact b D2HE R 5 EMIIIEH ICHE
L THDOIMFEBH L ThPBDPFEBIIGHTZES L) BHDIEFAST SN VDT,
approximate 72 b DT L TEBRIIIGHICEZ 2 X ) b D2 BOF v ivw) Dhsz
D k,u\zbﬂi@‘ ([6] DCHERFE 1F approximate unitary t-design bEATWVWET,) L
o> LIEAIIZIE (R, & 5 WIdREMIH A IRD T > T) exact 72 DIZE# L
f:b)c‘:%’»o"(b)i@‘.
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00000000 a*4+W=c0 224" ="
Ooooooooog

00 00 (0000 0000)

g o

obooo20190 9000000000000 D0ODMDOUODOODODODOOOOD
Ooooooooo0oooooooooOO00oooDooooDoboOoOgd a4+ =¢
022+ =c"00000000000000.000000000000DO0O00O00O0
gbboobOoboooobooooboobooooboboooooboon

1 00

00o00o0obOOoo0oooOobOoooobOOoooooobO,boo0b0o0oo0Oobooobooon
00000000000, 0bOoD00o000DOO0o000oDO0o0oO0oDo0oDOO0oDoOooDon
0000000000000000000000000000. &2+ =2 000000
00 (a,b,c) 0000000000 OOO,0000000000000O0DODODOOOOOO
O0000. Fermat 00 0000000000000 OO0OOO0O0OO0O,0 30000000
o00,00000 z"04"0 2" 000000 z,y,z20000000DO00O0ODOODOODO
O000000000000000000000000 (Cujes rei demonstrationem mirabilem
sane detexi. Hanc marginis exiguitas non caperet) 0000000000 (16370 0). 1994
O,WilessOOOODOO Fermat OO OO OODO.

00,000000000000 Sierpinskid 000000 (3,4,5) 00000000 3%+
4 =5*0000000 (r,y,2)=(2,2,2)00000000000. 0000 JeSmanowicz
Oo0ooooog (5,12,13),(7,24,25),(9,40,41),(11,60,61) 0000000000000 OO
O000000,000000000 (a,b,e) 00000000 a4+ =cc0000000O
(z,y,2)=(2,2,2) 000000000000,

0000, Fermat 00 0O Jesmanowicz OO OO OODO,

() 00000000 a®+b = ¢
(i) 000000 Ramanujan-Nagell 000 22 + 0™ = ¢
(i) 000000 Fermat 000 2P + 49 = 2"

00o0o000o0ooo0ooo0o.o0,00000 (),)ob0o0o0o00o0oooooooo
g,bgobuoabboobuooboobboan.



2 Jodoobobbooooobobboooooon

21 Oodoobbboodobbboooobbbao

goboobooboooboobooooboobboobo3boobooooboog.

(1) Fermat 0 O
a2+ =c = 2" 4y = 2" b n>3

17000 Fermat 0000000, 199500 AWilesW|OOOOOOOO.

(2) Jesmanowicz 0 O
a2+ b =c? = a®+b =c*

000000000 Jesmanowicz[J]O OO 19560 0000000000000.

3)oooo
a*+W=c 000 a?+b=c"
224+ =c¢" 000 a2+ =¢2

000200000 Je$Smanowicz0ODODODD0D0D0 19930,1994000000
00 [Tel], [Te2], [Te3], 000000000000000.

2.2 Jesmanowicz O O

00 1. (JeSmanowicz[J], 1956) a,b,c 0 o>+ > =2 00000000000000000
0D000.0000,00000000

a® + b =¢*
0,0000000000 (z,y,2) =(2,2,2)000.
ooo0oooooooooooboooo,obooooon
(m? — n?)® + (2mn)Y = (m? + n?)?

O0000o000. 000, mnOm>n,m#n (mod?2) 00000000000 OOOO.
gbooobglboobodoboooboab.

e n =1 (Lu[Lu], 1959), m —n = 1 (Demjanenko[De|, 1965)
e o =+1 (mod b), c=1 (mod b) (Miyazaki[Mi3], 2013)
e n =2 (Terai[Te5], 2014), n =2 (mod 4) and n < 100 (Miyazaki-Terai]MT2], 2015)

000oooooooood (ebe)=(3,4,5) 00000 100000000000, 00O
Sierpinski 0 00 00000D00O. ODOUOOOO0OO0O0ODO,00 z,z00000000
oo, 0b0oobbooboobbooboobboo,boobooobooooog.



00 1. (Sierpinski[S],1956) 00000000

3% 4 4Y¥ = 57
0,0000000000 (z,y,2)=(2,2,2)000.

Proof. 0000 modulo4 DO00OO (-1)* =

1 (mod4)000. 000 2000000.
00,0000 modulo3000001=(-1)* (mod3)000.000 z000000.
00,z=2X, 2=2Z0000,0000

2% = (57 + 3%) (57 — 3%)
000.000200000000000200000,

52 +3% = 2%l
52 — 3% 2

000.00020000002%2-1=3X000.y>3000 modulo8 00000
~1=3% (mod 8) 0000,000000000000,y=22=22=2000.

O
O00,n=20000000 JesmanowiczOOOODODOOODO.

00 2. (Terai[Te5], 2014) m 0 20000000000.0000,00000000

(m2—4)””+(4m)y = (m2+4)z
0,0000000000 (z,y,2)=(2,2,2)000.

Proof. 000 y=10 y>102000000000.
Case 1: y = 1.

Baker OO (200000 1000 A=blogas—bilogay 0O0OOOOO)0O00OOOO
OO00000 PilaiODOOOOD0OOODO:

c—a"=b (P)
000 a=m2—-4, b=4m, c=m?2+4000.
00 1. (:000000)

(1) x<2521loge
2

—4
(2) => mTlogc

Proof. 200 linear forms (1000)0000:
A=zloge—zloga (>0), Ag=logc—loga (>0)
(1)000 log(l+t) <t(t>000000,

v

b b
0<A—log<c> —log<1+> < —,
aZ‘ al’ X

Qa



ooo
log A < logb — xloga
O0000.ADDO00D0O00O0 Baker0OOO0O,000000200000000000
O0000 z<2521loge 0000,
(2) zAo— A= (z—z)logec >loge OO,

loge A  loge m? —4

> — > > 1

xr > Aq —i—AO Ag 3 ogc
ooo. O

0010 (1),2)00m?2-4<2521-80000000,m < 141 000. 000,
3<m<141000000000 (P)0 z<x<252llog(m?+4) 000000000 2,2
00000000000 (Magma) 000D0D000000.

Case 2: y > 1. 000000000 OOOO,OD000000.
o0 2. (x,y,z0000)

(1) =z -000000.

(2) m#1 (mod8) 00D yOOODOD.

z,2000000,2x=2X, z=2Z000.0000,00000000000:

mi 4227 2mY = (m? + 4)%. (F)

OO0 mi,med m=mm, 0000000 00O. O0O0ODOOD Fermat OO OOOOO
ugooooboboobboo.
00 3. (Bennett-Skinner[BS], 2005)

n0700000000O0. 0000,

X" 207" = 27

0200000000000000 X,Y,Z200000.000,XY#1,a>2000.

y=2000,000z=22=2000.y>3000,00300 2000000000
000. (y=0 (mod 3), y=0 (mod 5) J0O0OO0O0D00.)0 (F)O0O m? =57 (mod 8)
000. m #5 (mod8) 000 ZOOOOOD. 00,00200 m#1 (mod8) 00O
y1000000,Zz000000.00000,

m;=5 (mod8 OO m=1 (mod38)

ogboooo.
mi =5 (mod8) OOO, (F)OO y=Z2Z (mod2) DJOO0. m =1 (mod8), m =5
(mod 8), mym 0000000000000 DOD,

m? + 4 _ 2 _ my _ 1
m+2 ) \m+2 /) 7 m+2 ) 7

000.0000,F) 00 (m?2+4)?=2m{ (modm+2)000. 000 (-1)Z = (-1)¥*!
000 y#7Z (mod2)000. 000,000 y=Z (mod?2)00000. O




2.3 000000 JeSmanowicz OO

00 2. (000000 JeSmanowiczOO; 0000 [Te2],[Te3|, 1994)
abed a?+b0=¢ (000 p,g,r>2)000000000000000000000. O
o0, 00b30dooooo,onoooon

a®+b¥ =¢f

0,0000000000 (z,y,2) = (p,q,r) 000. 00030000 (e<b)0,0000
oooo.

(i) (a,b,¢)=(2,7,3); (x,y,2)=(1,1,2),(5,2,4),
(i) (a,b,c) = (2,28 — 1,28 +1); (2,9,2) = (1,1,1), (k +2,2,2),

(iii) (a,b,¢) =(1,2,3); (z,y,2) = (m,1,1),(n,3,2).
O00,m, n, k>200000000.

‘0000”0 (b00DD0O0OU0D0)0D0DO0ODOD0D0DDODDOO0D0DOO0O0O0DO0OODOOUOODO, OO0
O00. (cf. Terai[Te2], [Te3], Cao[Ca], Miyazaki[Mil], [Mi2], Le[Le4].) OO (p,q,r) =
2,2,7), (»p2,2)000000000.

24 000000 Fermat OO0

p, g, r02000000000,

goo.
ooo0,b0b0b0 Fermat OO DO

P +y?=2" ged(z,y,2) =1 (GF)
000000 #,9,2.0000.

S=1<= (p,qr)=(23,6),(2,4,4),(3,3,3) 000 ,(GF)0000.
S>1<= (p,qr)=(2,2,7), (2,3,3), (2,3,4), (2,3,5) 000, (GF)000D0OOODOO.
(000000000000))

00,S<1000000000000000.

00 3. (000000 Fermat 00)

(1) S<1000,0000000,(GR000O00D z,y,200000:
1"+23=32(n>6), 25+7=3 734+132=29
2T 173 =712, 354114 =1222, 177 4+ 762713 = 210639282,

14143 4+ 221134592 = 657,  9262% + 15312283% = 1137,
43% + 962223 = 300429072, 338 4 15490342 = 156133.



(2) (BealDO)p, ¢, r030000000000.0000,(GF)000000 =,y,20
oooo.

Andrew Beal 0000000 (Beal OO O0ODO), 00000000000, BealOOO
0000000 BealODOOODOOOOD. OU0O I million(0DO0)000. ged(z,y,z) > 1
O0000,00000 (GFH)oooooooooo.

2" 42 =2 33460 =3, TP47t=14

((1 + kn)n—Z)n + (k‘(l + k:n)n_2)n _ ((1 " kn)n—l)”*
(1 + k;n)n + (k(l + kn))n _ (1 + kn)n-{-l

1

go3goog,b0boooooboboa.

00 3. (000000 Fermat 000)
000000 Fermat 000 (GF) 00000000000 2,9, 00000.

o (Wiles[W],1995) 2™ + 3" = 2" (n > 3)
e (Darmon-Merel[DM]) z" + y" = 22 (n > 4), 2" +y" =23 (n > 3)

(Bennett[Be]) z?" +y?" = 2% (n > 2)

(Bennett-Chen-Dahmen-Yazdan[BCDY]) z3 +y3 = 22" (n > 2)

(Ellenberg[E]) 22 + y* = 2" (n > 4)

3 UUoboooon a"+b=c?
3.1 00000000 o+ =cc000000000

00 4. (Gelfond-Mahler) ¢,b,c 0 1000000000000O0C0O0O0OOOOOODO. OO
gg,0ooooooo
a®*+bv =c* (3.1)

0,00000000000 2,9,2000.

a,b,c0000000,00000000 (31)00 z,y,200000.

Y 4+9¥ =47 000

27 4+ 5Y = 7% (x,y,2) = (1,1,1)

2T +5Y = 3% (z,y,2) = (1,2,3),(2,1,2)

o 3745V =2% (2,y,2) = (1,1,3),(1,3,7),(3,1,5) « 000000000000 30

00000000 (3.1)0oo0o00ooo0ooUoo,0b000D0oooo0. (1o 20
O000,(2)0Baker 00 OO0OOOOOOOOODO.

00 5. (00000000)ae b c010000000000000000000000. O
000,00000000 (3.1)000000 (2,y,2) 0000.

(1) (Scott-Styer[SS], 2016) c0O0 OO DD0, 002000000,



(2) (Le[Le5], 2015) max{x,y, z} < 155000(logm)?, 000 m = max{a,b,c}.
goboooooo
27 4 (28 —1)Y = (2F +1)2

000002000 (z,y,2) = (1,1,1),(k+2,2,2) 000.

32 00000000 a®+ (a+b) =0

00 4. (Miyazaki-TeraiMT3], 2019) ¢, b 000000 1000000000000O. OO
og,000ooooo
a® + (a+ b)Y =b*

0,00700000000,00000 z,9,.00000.

(2,1,2) if b=a+ 1 with a > 2,

(1,2,3),(2,1,2) if (a,b) = (2,3),

(1,1,5+1) if (a,b) = (27 — 1,2) with j > 2,
(z,y,2) = ¢ (1,1,3),(1,3,7),(3,1,5) if (a,b) = (3,2),

(5,2,3) if (a,b) = (3,7),

(2,1,5) if (a,b) = (5,2),

(2,1,7) if (a,b) = (279,5)

\

Magma OO 0O, 0000 40 max{a,b} < 10000, max{z,y} <20 0000000000
ooooo.

00 6. (Miyazaki-TerailMT3],2019) 00 40000000000.

(i) 700 exceptional cases
(i) a=2 000 a=4F

(iii) b = 2*

(iv) a+b=2*

000 c0D0D00DDO.

Proof. (1)) 00 00O0O0O0O0O. 000000 200000000.
00 4. (Cohn[Col, Le[Le3])) DO O OO

z? 4+ 2™ = y", ged(z,y) =1, n >3

00000000000 (z,y,m,n) =(53,1,3),(7,3,5,4),(11,5,2,3) 00000 0.



00 5. (Ivorrafl]) 000D 0O
1‘2—2m:y”, x>0,y >1, ged(z,y) =1, m>2,n>3

000000000 (z,y,m,n) = (13,-7,9,3),(71,17,7,3) 000000

Case : =2 0000,00000.
2% 4+ (24 b)Y = b*. (3.2)

(z,y,2) 0 (3.2)00000.»000000,y,:000000000, (3.2) 0 modulo 8
O0D000D00D00 2°+2=0 (med8) 000. O0OD,000000000000. 00
O,y000 -000000.

00,y 000000.6 >R2+b0Y>2+b02>¥0002>2000.00 400,
(b,xz,y,2)=(3,1,2,3) 000.

00,>,000000.00500,y=1000.00, (3.2)0 modulo (b+1) 000
00, (p+1)02200000000000.0000,b=2-10000.000,¢0
2<t<z0000000000.

00, (3.2) 0 modulo 2! ODOODO, 22 +28+1 =1 (mod 2Y), O0ODO, 2% = 2
(mod 21"1) 000. D00 »=t000.0000,(32)0 2*" +1=(2*-1)*000. 0
000,000,2z=2,z=200000.

Case 2: ¢ =4%F. 0000, 00000.
ake (4% 4 b)Y = b7 (3.3)

b=0,1 (mod3)000. 0000, (3.3) 0 modulo300000,2=0 (mod3) 000
2% =0 (mod 3) 000.000,0000000000.000,b=2 (mod3)00000.
00, (3.3)0 modulo300000,2°=1 (mod3) 000, :000000. z=2Z00
0.00500,y=1000.0000, (3.3)0

4k + h= (bZ + ka)(bZ . ka)

0000.00,b+2%%>p?42 000 2x=1000 (z,2)=(2,1)000.2=1000,
(3.3)0 2.4+ =0 0000,000 b(>1)0000000000000. (z,2) =(2,1)
000,b—22=1000,b=a+1000. O

3.3 00000000 (pm*+1)°+(gm*—=1)Y=(rm)*> 000 p+q=r?
JedmanowiczO O OO ODOOOODOO
a®+b =c* a’ 4+ b =¢?
oo z,y,z D000OO0O0O0O, 0000000000000
a4+ =c a+b=c?
00000o00oO000.0000,00000000000,00000000000000
(pm? + 1)" + (qm* = 1)V = (rm)*, p+q =1 (3.4)

p¢,r,mO000000000000000,((34)00000000000 2,y,200000
0000000, (0000000)00000000000000000000:



(Terai[Ted], 2012; Berték[Ber], Su-Li[SL])  (4m? + 1)® + (5m? — 1)¥ = (3m)?

(Miyazaki-Terai[MT1], 2014)  (m? + 1)® + (gm® — 1)¥ = (rm)?, 1+ q=r?

(Terai-Hibino[TH1], 2015) (12m? 4+ 1)® + (13m? — 1)¥ = (5m)?,

(Terai-Hibino[TH2], 2017) (3pm? — 1)* + (p(p — 3)m? + 1)¥ = (pm)*

(Fu-Yang[FY], 2017) (pm? + 1) + (gm? — 1)¥ = (rm)?, r|m,

(Pan[P], 2017) (pm? + 1) + (gm? — 1)¥ = (rm)?, m = £1 (mod r),

e (Murat[Mu], 2018) (18m? + 1)® + (Tm? — 1)¥ = (5m)?,
e (Kizildere et al.[KMS], 2018) ((g + 1)m? + 1)% + (gm? — 1)¥ = (rm)?, 2q+1 =12

00000000000,00000 (000000000000 0O0200) 0 BakerOO
(Laurent[La| 000,20 0000 1000 A=bylogas —bilogay 0000000000
0000)000000000000000. D0o0oooo0, JeésmanowiczOOOOOODO
gooooad:

00 5. (a+b=c20000 a®*+W¥W=cc000000)
a,b,cd 100000 e+b=c>000000000000000000000O. 0000,
0oooo

a® + b =¢f

0,00200000000,00000 (2,9,2) =(1,1,2) 00000. 000 20000
(a<b)0,00000000.

2Y + 7Y = 3%, (x,y,2) = (1,1,2), (5,2,4)
3%+ 13Y = 47, (z,y,2) = (1,1,2), (5,1,4).

4 000000 Ramanujan—-Nagell 000 22 +b" = "

4.1 Ramanujan—Nagell 000 22 +7 =2

O0000000000000 Ramanujan[R] 0 191300000, Nagell[N] O 1961 0 O
O000.0000200 QW-7nooooooo.

00 7. (Ramanujan—Nagell) 0 0000
2?47 =2"
000000 (z,n) = (1,3), (3,4), (5,5), (11,7), (181,15) 000 DO.

0000000 2247 =2" 0 Ramanujan 0 Nagell 0 0 0 Ramanujan—Nagell 0 0 0
oobo.goobogooooooooobobooooooooobooD,b0oobOooDUoOoD
oooooobooboooooo.

OO0 NagelODOODO,0000002000000000000DO0O00ODO0OD.DODO20
oobooo20b0000000DO00DO00ObDOO.



00 8. (Tanahashi[Ta], Toyoizumi[To]) O O 0O OO
2?4+ 7" =2
000000 (z,m,n) = (1,1,3), (3,1,4), (5,1,5), (11,1,7), (181,1,15), (13,3,9) 00O
gg.
0070000000, Bugeaud-Mignotte-Siksek 0 000000 .
00 9. (Bugeaud-Mignotte-Siksek[BMS]) OO0 00O

2?24+7=y", n>3
000000 (z,y,n) = (1,2,3), (3,2,4), (5,2,5), (11,2,7), (181,2,15) 0000 0.

009000000000 modular formO000000. O000O,0000000 D#0
uod,goobon
>+ D=y", n>3 (4.1)

000000000000 #,y,n 000, Lebesgue[Leb] 0 185000 224+ 1=y" 0000
00 2,y 00000000000. 00000,00000 4.10 Lebesgue—Nagell [
00000. Bugeaud-Mignotte-Siksek[BMS] 00, 00000 (4.1)0 1< D <100 000
ooooooooo.

Ramanujan-Nagell 00 000000000000 22+ D=2"0000000,000
ooooooo.

00 10. (00000 22+ D =27
(1) (Apéry[A],1960) D 00D O0O00. D#7000,00000
2?4+ D=2" (4.2)
0,0020000000 z,nO000.

(2) (Beukers[Beul],1980) D # 7,23,2* —1(k>4) 000, (42) 00010000000
z,n O0O0.
e D=23; (x,n) = (3,5), (45,11)
o D=2F_1(k>4); (z,n) = (1,k), (2F1 —1,2k —2)

4.2 000000 Ramanujan-Nagell 000 224 D™ = p»

00 Bugeaud 0 0 0O O, Lucas numbers [0 Primitive divisors D000 BHVO DO OODO
[(BHV|OOOOOOoOoOOO.

00 11. (Bugeaud[Bu],2001) D 00000000, 0000, D=7,150000000, 0
o000

24+ D™ = 2"
0,0010000000 2,m,n000.D=7,15000,00000000 60,2000
o000 z,m,n0O000.
2?4+ 7" =2" (z,m,n)=(1,1,3), (3,1,4), (51,5), (11,1,7), (181,1,15), (13,3,9)
2+ 15m =2 (z,m,n)=(1,1,4), (7,1,6)
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00 Yvan-HuOOOO,BHVOOOOO [BHV|OOOOO, JacobiOOOOOOOOOO
gboogoooboooboboobooboboon.

00 12. (Yuan-Hu[YHu],2005) p 0000, D >200000000. 0000, (D,p) =
(4,5)0000000,00000
$2+Dm:pn

0,0020000000 z,mnOO00. (D,p)=(4,5)000,000030000000
(z,m,n) = (1,1,1), (3,2,2), (11,1,3) 000.

4.3 00000O0OO0O0ODOOO0OO0OOOO Ramanujan-Nagell 00 00O

a,b,c0000000,000+0=20000000000000000. 19930,
000 b»p000000,000000 Ramanujan-Nagell 000 22+bm=c"000000
ooooooo:

00 6. (Terai[Tel], 1993) a,b,c 0 o>+ =2 0000000000000000000
O0.000,b000000.0000,00000

224+ ="
0,0000000000 (z,mn)=(a22)000.

00 6000000000000000000000. (cf. Terai[Tel], Le[Lel], [Le2],[Le3),
Yuan-Wang[YW], Cao-Dong[CD])

00,y0000000,000000 Ramanujan-Nagell D00 22+ =¢" 00000
ooooooooooo:

00 7. (Fujita-Terai,2019) w, v 000000 w# v (mod 2),u >0 0000000000.
(1) 3u?—-8ww+3?#-1000,00000
22 4 (2uv)™ = (W + )" (R)

ogooooo
(z,m,n) = (u—v,1,1), (u®—0%2,2)

00000.000, (ue)=(244,231) 000000 :
22 4+ 112728™ = 112897"; (x,m,n) = (13,1,1), (6175,2,2), (2540161, 3, 3).
(2) 3u?—8w+3?=-1000,00000 (R)DOOOOO
(z,m,n) = (u—v,1,1), (u? —0%2,2), ((u—v)2u*+ 20> +1),1,3)
goood.

MagmaOODO,00000 1<v<u<105, m<1l, n<1100000000000
oooo.
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00 13. (Fujita-Terai,2019) 000 0000000000000000O0:
(i) w>+020000.
(i) v +v?=w?+1 (w 00000 );wv0000000000 ;
e uwv =2k*(kDDODO);
euv=2p" (pO p#5 (mod8) DOODODO);
e yv =10 (mod 12).
(iii) w € {p,p*},v=2 (pOO0O0O).
(iv) u = max{|k* — 6k%1% + 1*|, 4kl(k* — 1?)}, v = min{|k* — 6K%1% + 14|, 4kl(k? — 1)}
(k, 10 k>1,ged(k,)=1,k#1 (mod 2) 0000000 0)
(v) u=244, v = 231.
DoDOoooDoeDDOO.

o0 11304000000 boooboooooooog:
(i) Generalized Ramanujan-Nagell equations
24+ DM =p", 222" =y"
(ii) Generalized Fermat’s equations
Xny2oyn =72 X24Ym=27% X24Y3=2"(n=6,8,10)
(iii) Primitive divisors of Lucas numbers
Lucas O Up(a, ) = a;:g” O primitive divisor 00 OO
Bilu-Hanrot-Voutier[BHV] O O O

(iv) Linear forms in two logarithms
Laurent[La] 0 00 200000 10000000000

oooo
[A] R. Apéry, Sur une équation diophantienne, C. R. Acad. Sci. Paris. 251(1960), 1263-
1264.

[Be] M. Bennett, The equation x?" + y** = 2°, J. Théor. Nombres Bordeaux 18(2006),
315-321.

[BS] M.A. Bennett and C. Skinner, Ternary Diophantine equations via Galois represen-
tations and modular forms, Canad. J. Math. 56(2004), 23-54.

[BCDY] M. A. Bennett, I. Chen, S. R. Dahmen, and S. Yazdani, Generalized Fermat equa-
tions: a miscellany, Int. J. Number Theory, 112015, 1-28.
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JE A Langlands Xy )i D 2] b & B =14

SH O ER CERERZERPHBEB AR

1 FU®HIC

p #FE ML, E % p Bk Q, OERRIEREL TS, G % F LOEREHIMAE
# L9 5. AT Langlands Wit & FRHEHIZES &, GE) O C EBENA L —XRKB
W2 LT, EAT Langlands /8T A —& (Galois %8) ZMEIE2 LWHIGDZ & TH
%. J&Ar Langlands XISDIFIEIE, —MRIZIZEZTFRTHBED, £ DD B W ITHRE
DT TAIZDODWTCEEHHE N DO H 5.

(% p LR LERETS. C% Q IZEZT, FAT Langlands iz AL 5 2
LHETE, LTI, 20 Q fRBDEAT Langlands Mtz & 2 5.

J& T Langlands XDl (Fargues $AR) 1%, B[ Langlands X oD & XAk
Z, p ERRBECTERTHEDTHY, RL LT, Scholze IZX>TEHAINT p
Vabhy—ADETVATAEMOIET R )N AKRET Y-8 S HFF Langlands %f
JEDFEBDRES .

ARETIE, ST Langlands SR O ML R TR SN T WS FERIZDOWTHIAT 5.

2 #%FH Langlands i

3R Langlands WIS DERMUIZDWTHIAT 5. F, 285 p OBFREKE L,
X % F, LORMAERE CEAHE S PRRERe 5. X OBk 2 F TRL, X
DHRE2ROES% |X| TKT.

zelX| L, 0,=0x, £BL. F, % O, DRikL 7 5.

EBL. ZEU C ik av s NEBEEXRT. H, X Hecke B & KiEt, FEMEIZ,
fi, fo € Hy 1ITHL,

Fix falg) = /G o B )

EBLIETEES. 2EL, g 1 4a(GL(0,) =1 2725 GL,(F,) ® Haar HIE %
7.
DL EF, DRI w, & 1 M7 7751 O i I AR 5H

GL,(0,)diag(wy, . .., s, 1, .., 1) GL,(O,)

1



ORMERIRE T, ICHIGEEDZ2ITL>TEE S Q, REDIFH
Hx ~ @Z[Tm,la Tx,27 LR 7Tm,n7 Tg:,?ﬂ

DT 5.

FEAELTD 2 Ta, GOI}

AF: {(ax)ze H Fa:

z€| X|

& BX.
F E® GL, (X9 % Langlands X id, Lafforgue (Z &> TS 17z ([Laf02]) .
Z ZTRADIRE DG G D EikZER 5.

T 2.1. 0: m(X) — GL,(Q) ZBEFEAIRILIT deto BERMBOEDET . Z
DX E, LuThRVEK

fo: GLu(F)\GL,(Ap)/ [] GLA(O.) = @

ze|X|
T, EEDze|X| £1<i<niTXNULT,
T,i* fy = Tr(A'o(Frob,)) fs
ERBHLDBEFEAT D, T I T Frob, & £ TD Frobenius TLTH 5.

IOXInERAILT A EEZS. Bun, 2 X FEOBE n ORI MLVEHOEY 2
FTAARY 22T 5.

BlER 22 X FOBEK n ORZ MVEK £ 120 L, ARk
pp: F" 5 E@o, F, ¢p: OF 5 E R0, O,
Z&oT ((¢F QF FJ;)_I o (¢;,; Ko, Fx))$€|x| EinIEsZ & T,

Bun, (F,) ~ GL,(F)\ GL,(Ap)/ [] GLn(Ox)

z€|X|

NEXS. £72 Bun, LD (g F 2L T, Bun,(F,) EOBEEy — Tr(Frob,, y*F)
WEED.

FOBIRIZEDE, B f, DD YIZ, Bun, EO ¢ #E%2E 2 5. RIZ Langlands
XD EiRIZEN 7z Hecke fERICES 2528 MLT 252 L 2F R 5.
1<i<n &Ul, Hecke' Ml (£, 2,a) DEV2TIA ARy 7T 5H. 127ZL

e £ X LORBEB n DRI MV,
o 7 X X DAY,

o a: & & BHHT, &/all) T x itBERSL, v LEE i RATEHTH 55D
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5. ZODE

Hecke'
P2
Bun,, Bun,, x X
« — —
hi(E,8 x,a)=E, hi(EE x,a)=(E 1)

ICkoTEDS. 2D L= Hecke IEADRMLIE, Bun, L0 ERMIAT2 (1) (h)
THZO6N5.

RIZRA ) Langlands X GO FiRZ B S. T C B % GL, DX F—F A& L=
Borel {70 ftE 95, T @ BIZBT 5 LR EE2KZ X (T)" TEL, pe X (1)1
L9 5.

Hecke= ## (£, ,2,8) DEYVaF3A ARy 7T 5. 1277L
e £EIE X LD n DRI NIV,
o X X DA,

e B:&lx\w = &x\p 1Tz TOBED p THASNDHD

35, OO0
Hecke=*
y X
Bun,, Bun, x X
& — —
h(E,E x,B8)=E, h(E xp)= (1)
ZE->TEDS.

T % GL, = GL, OXfi b —5 22 L, T ® = Borel #/HEC B 2 Ll fg i
Sk XH(T)r TET. pe X*(D)F = X (1)t £A%L, r, % GL, DBR&EY A b p
DEAIRBEIREL 5. X 5121C, 2 B ERMNIET r, XG5 Hecke™ LD

WEE L T5., 20k ERMFEY Langlands MIGD ERIZIRO B TH 5.

I 2.3 ([FGV02). 0: m(X) — GL,(Q,) % BRI T deto DWHRMEBDOE D
E95. ZDeE, ¥uctikw F, T

R (h*F, ®1C,) = F, ®V(r,00) (2.1)

DO NLDB DT B, 7720 V(rpoo) 1, m(X) DEBLr, o0 IZHIET S X k
DL EREERT.

ERX (2.1) % Hecke EHBEMHEE L NS.

FE 2.4, —ROBEMAREEE G Iz L TH, Bun, 2 X EO G EFDEVLTA AR Y
DIIEZBZ Ik TCTPEE2ERNLTE B,



3 Fargues 718

E % Q, DARIRILKRKE L, F, 2 E OFRIEKELTS. 'y = Gal(E/E) &
IpCWgpClg % E DEMHE X0 Weil #2395, G2 F L@“ﬁﬁﬁj\ﬂ’ﬁf“fﬁﬁé&ﬁia
T5.

X % E 7o £ 5 Fargues-Fontaine ffifte 5. ZHlddsoe LTiE, F, LD/ —
T2 b RZEM SIZHLUT, 5 p M2 X %H[ﬁ@éﬁé%@%f%é Xg D
Z & %K%t Fargues-Fontaine HifR & W\, S D32 SAR S1E, Xg X 1IRGTH 5.

FE 3.1 Xg 25 SIZHEITZRW. Xg D SHMEWVWIEDH EERE LI R,

X EOWE 1 DA Cartier HFDEY 254 AKX v 7% Divk TERT. ZOLE,
[Farl7, Proposition 3.1] IZ& b, Dle]F FEDAL—=X (G E Wy O ( HERBDW G
5.

IR D6 & [FIRRIC

Bun Bung x Divl
G G X

2R TE 5.
G%GDQ LOMMEELL, LIG=GxTp &BL. TITIE, EiHEmE

@: WE — LG
T Iy B ~DOHEPERBEE Wy C Ty & —3T 5% D% FHAT Langlands /37 A —

REWD ZLITT 5. FERBRITIE, FAT Langlands Xt CRFT Langlands 735 A — XA
i3 2 RIADEGMNETIRNZDITIE, T SIZHRAEVPBEITRS (of. [BorT9, §8]) .

S,={9eG|gpgt =}

y 5. 2(G)EC S, L5B.

# 3.2. ¢ &R Langlands 37 A—X &4 5. S,/Z(G \'e AR o(Ig) O G
A@% SIWAERTH L E, o IREATHE V.

FR 3.3 (Fargues FAH). KA Langlands /87 A =2 o (T U, Bungg, L0 (EHE
Fp, BFLEL,
—
RI(W*F, ©1C,) ~ F, RV (r, 0p)

LB, X SHITIRDIK D SLO.
e SuppF, ¥ Bungg, @#ﬁEJBﬁBunGF ZEEND.

o 7, %, G DILKMAIILRIZHN I BT Langlands WG T, o (AT 5K
ZHWTCRHERING.



¥#Z, JAAT Langlands XGRS NTWEEHITIE, F, 2T 5N TE 5.

R 3.4, BMFEM Langlands SIGDEREIZEWTIE, BEFHEO—HFITH 2 REGEEE
BATFIFEBLD Braverman—Gaitsgory [BGO2] IZ k> THIo N TE D, ZOHL% 71
5ZLI2EoT, p EWAREIZEWTHREGFEEORMFEHNERIGONDS L HHfFS
ns.

Fargues TPREUZ DWW TIEBARARI ST WS

o G Mh—F ADGEIZEAL ([Farl6])

e G =GLy T u " minuscule DHE TS ([GI16])

o G =GLy T pu P—MOGEHEITELEHD ETHZ ([Imal9))

e G =GL; T p 7 minuscule DHEITBLETR D LT ([Imal9)])

G =GLs T u=(1,0,0) DEHFEDHPDOH 5T LIZDWTHPITS. E DIRKAS
IR D5 E E TRT. n 2 EOBE, m BERELEEE, GL(E) DAL b
T, fTHRDEMMNED -1 THE2HDEHS &, [Farl6, 2.2.2] DL ST X O
n VOB m DML R ]\}bﬁg})? DFERTE, ZOXRT MUVEZ V(n,m) &h<.
m,m’ BEEE L, M, & V(n,m) & V(n,m') OEOEBET p THIZ SN EH 0
DEV2TAEHET 5. BT TSI LI EEH LS O RF LS TH 5 b
LLGEERS ETO Hecke BAMMEE, IATRY— HI(MS,,,1C,) 2R3 L

KiREIN5.
[SW13] iz & b, A%lmCimgKﬁ?éLﬂm&MeéﬁvawK%?é@@t

—#9 5. £oTC, #TT@ Lubin—Tate iz & v

mﬂ’
3773

H: (M ?%LO’O), IC(1,0,0))

IZDOWTIE, ED &S BEEIENL ALY TV,
T3, M, H%leoxqwo> EFND L ITREI NG, BEOAKIZ &5
TERHEINBRD LS BBHABNEEZ B,

1,0,0) (1,0,0) <(2,
m:./\/li(f Mo1 _>M7(1
33

ER

0)

Wl ¢ =

Zogte, Bl E T BT B B AR AFED 57 iR
IC1,0,0) ¥ IC(1,0,0) = IC(2,0,0) D IC(1,10)

ZHWHZ LIZL-T,

>



ZEBROTBIENTE S,
X 512 commutativity constraint O[]

C: IC(l,O,O) * IC(1,070) 1> IC(l,O,O) * 10(17070)

ZHWS &

HJ(MTS 1 1C 2,00 ®1C11,0))
WZHEPEES. —H, MIZX D EE 5 [HEE
Mi(llél = MQ ;1 00
3’3 3’3

ZHWT,

FIWT, Hi(M:

HI (MY 1C000) © HI(ME ", 1C000))

3

WZENEDNEE S. y@a% DDONENELEMTHD I ENIFHATES, 2Dl %
<(2,0

I HIT

THb.

ZHWT,

D 1Cu10) ZHBETE S,

%
H:(M 3200 IC1,10)) = HA(MEN, IC 1)
ADIZE->TREL 55

/\/li(1 0 5 <(1) M”loo
3

1 1

w\»—‘

M

= A

W0 DpakEny—%FRNE I LMNTE2,
3

S R
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GL(2) OHAXO—R{L & L EAROBHE~DKEICDWNT

S

W HE (HAKY BT

ABSTRACT. AFIHIE, 20194F 9 H 2 H (H)~5 H (OK) ICHILRZ TR I 2 REBFEY ViR
U (556 AlAl) OFEDMENE LMD~ DTHD. ADHTIE, HIHEY 25 —FBR -
Maass FEIEAD Hecke FEAMEX L BEBICET IR EZHMN TS, BARKIZIE, 5 F<HW->T
/2T A NEBf : PGL2(Ag) — C OFENBOII AR NOHIR K (g,9) LARBIER o(g) 12
HUT, BARD LIS T 2R
/ Ky(9,9)¢(9)dg
PGLQ(@)\PGLQ(AQ)

MOELDZARERNTD. ZOARNIE o BAATHA L Eisenstein SEDHE 12 NT NI
ARINZFLRTRETH Y, fRE L BIEORFRMEANDIGHIZ DWW T H N D . F72 2 ORI, HiE
K Q ZIENT 7 ADERIMRENRBUACE S Z TH, Hilbert €Y 27— RDEKRTHKAL
T3, RIIFEISMELEF K (R KRE) Lo FEMIRIZHE D,

1. X

F 2 ABIGAERBUAL U, FOTF—IVEB% Ar L35, FANEKRf = @fs €
C=(PGLy(Ap)) % “5 <7 B> THX.

Ki(g,h)= > flg~"vh), (9,h) € PGL2(Ap) x PGL2(AF)
YEPGLy(F)
EB<. ITC, p: PGLa(Ap) — C % Hilbert-Maass IKEIE RO 7 TV w27V 7 hThd LD
BRERIGR L 5. F % f QMR 2 2 TIRBIIL AN, BRI FOmY ([16)).

Theorem 1. F&4%

/ K¢(g,9)0(9)dyg
PGL2(F)\PGL2(AF)
DANRY NVER & MR 2 ET 35 28 T HRAXPELNS.

BEINDVHARD—BAL RO 2 fEHIZHITT S, AKX EEET L LTI fOYR—h
DAV INT M & I FES OUFNEDRIREZ & DHNFIX A % 35 B 3, S IFIEML U T heuristic
BHHE DS, R% L2(PGLy(F)\PGLao(AFr)) ED PGLy(Ap) DAEHIREE TS, 20
RKBUZ KD f 2 L2(PGLy(F)\PGLy(AR)) IZ/EHT 5.

R(f) " =" / 1(9)R(g)dg.
PGLy(Ap)

Z OIEFIEOFS N K (g, h) THB. = OFFIEOH (b L—2) 1%
trR(f) " =" / Ky(g,9)dg

PGL2(F)\PGL2(AF)
LEFD. trR(f) R 2BV ICERRTII LI > THELNDERDZ L 2 HAR LR, £
THE—-DHEL LT, Ki(g,9) DART MVBROEFIED L WS FEFERH L. HE I,
Ki(g,g9) DEBIZEDNT, v IZBUTHIZ & DIFIZ, IRAFHES PGLo(F) % AT 1257 i
U, ZOEEAROBEA 2 EH T2 0D AEEHD. fiIEOBIFAHETHELNDEDE AR
J ML A REIRD, BEOBDERTHEOLNDGE D2 BT A K LS.
X T, rough (238X 7z Theorem 1 IZHWT, AR % 5 2 50 DD BT o D AR
FNTVD. ZNSHARD —RILE ABRELZDTHD.



2. BRGNS WA

GLy(Ap) ORBGRDBR THARUIZDOWTHIAL 7258, ZHIREE R & v S HEBRO
72972 D Hecke (EFHZDEMIET 2 AR FAETHD. DD F = Q THRIEERD
LAV 1 DRFIZ D562 Theorem 1 #5046, T OBRIZAIERE GLa(Ag) DRBGRD S 4

TS, BEGROSE TR 5.

X T, @%Bg?ﬁ?: UTORBEREERZLLD. £T9={r= :v+zy |lzeR,y>0} &b
< (i = V=1 IXBHBEAL). ZHUE Poincaré EXESEHE & IEEN S, 2 DZERIZIE SLa(R) A3—
R BT HERS I IZAER 9 %

art +b

ab
([CdL )= ct+d’
FRIZ, —IRDBEHIZ LY SLo(Z) & HITEFHL TS, N e NIZXHUT,
Do(N) :={[25] € SLy(Z) | ¢ =0 (mod N)}

EEL (NIFEDEEEUERNE R DESR). To(N) & SL(Z) DIRBERIEAEHETHY, Thd
HIZEHAL TS, FEER X, :@{’Pﬁﬁﬁﬁg"?‘éi)é@@ﬁvﬁ‘@tﬁﬂﬁﬁﬁaiﬁ%?ﬁf:’é‘ﬁg
BOZLTHh. ::f AR L UT, BHEY 27— Maass BN % &
5. BBHEY 27 —ERNFEMBOBRWNEY LIEUIEEY 27— X FiEND. Maass/&%bﬁ/
A E HIZ Maass TER & IEIENS.

XIT, EEROMEELTIIBHEY 27— Maass IWEHERNIZERIND Z LT L

/utm\@f ZOBRIIERZEE L TAD.
ia‘ﬂ’flﬂﬂ%yz7 FERANSHBD LS.

Definition 2. k e NU{0}, Ne N 45, ZOH f:H — CHEX k, LV N OHME
Vagd— A THZLIZLATD 3 D%/ TN D.
(1) fWLIEAL
(2) f(EE) = (er+d)ff(r),  V[24] €To(N), VT e
(3) Vv =[28] € SLa(Z), 3a(v; f) € C,
lim (e +d) " f(<ED) = alv; f).

Im(7)—00

FRIZ, X k, LNV N OBEHEY 27 =R f 2 a(y; f) =0, Vy € Slo(Z) %7,
FIFEIE, LU N OBMAATEAEIFIENS.

RIZ Maass IKEIE X2 €2 L & 5.
Definition 3. NN, v, € C293. f:H = CWHEA T vy, VXIVN D Maass IEEIE
RTHDLIE, LRD 3 D& THRHIWVD .

(1) (z,y) = flz+iy) FR x Ryo ROREEE b’C C®ThHY, fIINHEZ 7527 VO
HRBUZ B> TWTZORATEIE L(1-1v2)f THD:

Vre, V[25] e SLy(R).

~y* (0 + ) f = (1 — V3

(), V[ZhETo(N), re .
] € SLy(Z), 3a > 0,

FUEEED) = O(lm(1)), 7 € 9.
FRZ A 7 oo, LIV N D Maass BN f 53 fol f(v(z +iy))dz =0 for Vy € SLy(Z)
27T, X1 7 veo, VNIV N D Maass 1A TR EIES.

Monstrous Moonshine (ZHT< % j B% j(r) = % + 744 +196884q + - -+ (g = ¥™7) I%
1EHITC SLy(Z) KE'C“?)%L J BEBUIEMNE Y 27— L FIXH, Monstrous Moonshine (2
BHhd 727 TR<, iﬁ(?@’@%ﬁiﬂ@?éﬂﬂiigﬁb\ﬁaﬁf‘%é Y, ARG TS R I IEE
FNTOR, %5)%, g DEOGFAED 7280, Im(7) — 0o & U IFITHRBBIBIIZ KT 50T

(2) f(erd)
(3) ¥r=1[¢

SIS




§BBUIAEEY 27 — A TE Maass ﬂﬁzf%m\ ‘60 LSRR D & 5 BEEUIEAE
V2T HRADEED (1), (2) 2 k=0,N =104 z%mv:» (3) WX B, F/z,
Maass IKEIZ RDEED (1), (2) % voo = 1, N =1 0) i 72 g, (3) B2 X 2R,

BHX k, LNV N OEMAATRAL {MJ%A% Sk(N) EHLE, INEFERIZCARY B
WVEREZE. UNEARIRETHD. BHEDOZON=1FDL, Hecke /E I3 & I3 1A
TINAHF I NS End(Sk(1)) DIEDHE AT, bnen DZETHD.

Definition 4 (Hecke fEfH38). n e NIZXH LT

(To f)(r) = bt 3 1de (”“’) res

a€eN,deN b=0
ad=n

<.

EARNZME L UT,

(1) T,, € End(Sk(1)),

(2) Tan = TnTm;

(3) Ty =1id
Mum%m 5. N1 ERSB—BDEARBDGEIEN L ENIIERn IZDWT T, PE
IND. /2, T, 1F Maass JEADLGEE BRI ﬁa&hf%é (ko ’Ck—OE:'éVI’LiJ:b‘)

tiGLg(A@) SETHRRONZMARE T, DML — AU THABTD I EMNTET,

DLTFDEDICRBING.

Theorem 5 (Eichler-Selberg $fARK). flifD/~d, LIVEN =1 U, BEI3MEE L > 4
E95. ZOW, EEDOn e NIZHUT,

Yoo A=w(Ty) =Ji+ Ju+ St e
A€Eigen(T)

EWVWDFEAN YD LD, T I TEBD Eigen(T,) & T, DEAHEOLELETHD. &M P
XU T PSR NEDRIZ §(P) = 1, P AYERY L7278 W I §(P) = 0 Z U T generalized
Kronecker 7IVZ 6§ # €& L THL &, HUD4DDHIFLA T TEHRI N

(k: 1)/2

=d(v/n e N)%n(’“”/% ~5(VneN)”
Jo= % > min(d, d')*~*

2
d,d’>0, n=dd’, d#d'

Je= > # Z AT =" xps(p) " PPU o (557)
tez, Op o<d|f p|d
t2—4n=f?Dp<0
CIT, 2 —dn< 0L BRDEEIINUT E=Q(Vt2 —4n) L BV, ZTHIEE 2K TH
52 LIZHEE. h(E )iEOD FHTHY, oEliEODW*ﬁ(Lﬂ'CEf)é ¥7z, Dpld E O¥HIRT
5)5 XDy (FRBERGRICEY B ﬁﬂij‘é 21X Dirichlet et TH 2. U9 & k—2FHD
25 2 18 Chebyshev ylﬁﬁfﬁ)é.

Eﬁ?ﬁl W 2K B EAR T, DAY, FIERRBOCBERINAR T — X TEIT D L\ D OB Z DA
DEERTDLIATHD. ¥ GLa(Ag) DIFAR & Eichler-Selberg B/ 2N AR 2 D HM&
%’J@:‘T"‘Té A%, IEMEIZIE, Eichler-Selberg BiARIE GLa(Ag) DI ARDRHIZGETH 5.
L AL 1 DGR ¢ & UT, Hecke fEFISRDIK T, }pcoo DRIIFEABK L 25ED%E S
BFS. (p< oo lFEB2KhRZEED.)

L = 0 DWD Hecke fEAZDEZRICHTL 2HET nt 1F, LIELIEn V2 I2R5T W3 L EDNZA, 5
IIHEMEY 25 —HAD Hecke FEHZDHE T2 n*~Y/2 TIZARL nF L IZUADT, BHFIZEDEE.




[ 1] PR A doo DEIEMAMEE Doy C SLo(Z) £F5. I = {£[}3] |2 €Z} TH 5.
z € CH Re(z) > 1 & 72§ IR,

E(z,7):= Z Im('yT)(Z+1)/2
YET 0 \SLs(Z)

B U TR —RRM IR U, LV 1 D Maass IEIE R & 2 5. 7272 L Maass
?717ff/Jﬁ'C 20, E(z) iiﬁﬂ‘ﬁﬁ’] Eisenstein fk# & FFIXN S, 2 Z TIXZESH
Riemann ¥ — & B# C(s) 2HF 72 EB*(2) := ((z + 1) E(2) 2.

(2] ¢ 2 L)L 1D Maass WA TR LTS, ¢iF Hecke fEFHERDFIEEARBITH D &
5. ZOR, HEBOWE v = (Voo, (Vp)p<oo) € [[,CEHANT, WKW Z TS5 7 v
& Hecke fEHZRDEAE %

2
O+ R = =,

Ty(7) i=p~ (0% + /%) g(7).
DEIIIRKRTDIIENTES. XL ¢ldeven TTHD L TD. ZZToheven &
X p(—2) =ep(2), e = +1 DTN D . (BABRAIZ e = —1 DIFIZIE odd & IER.) Eak
DL )L 1 D even Hecke-Maass WA TR ¢ 12U T, vy = (Voo, (1p)p) & ¢ DA/
I RVISTA=Z—=LIFRZ LIZT 5.

Remark 6. ZZ T, GLo(Ag) LOBRBFEAN H LEOEHEY 27 — XX Maass X & B
FLUTWDZE2FBLTHL. [B1], (B 2] THIADA I N Maass KBBR% ¢ LT 5.
SLy DFIAEIERE TSLo(Q) 1 SLo(Agfin) DHTHIE] 124V,

GLy(Ag) = Z(Ag)GLy(Q)GLy(R)* GLy(Z)
EWVD EDE ) SEODT, TDREE AT
~ o av/—1+b

Z&Y ¢ Glao(Ag) —» C ZEDD (I well-defined TH 3). ¢ = ¢ : GLa(Ag) — C
<L, pld GLy(Ag) EOBME UTHREERIZE STV, o OEBEIZLIERT D
GLa(Ag) DIRIEKE % 1, £ T 5:

T, = (R(g9)¢ | g € GLa(Ag)).
T [H1], (B2 DNTHDOGETH->TE, BENLT=4 ) —(LAafFERBLUZR Y, B
FEHHTH L. w1 localQﬁi@ﬂzﬁﬁiﬁﬂi@ﬁ@ﬁ?ﬂlﬁT/‘/}Dﬁliﬁj\ﬁﬁﬁfﬁ?,f“%éz

GL v Uy Vy
o= @S B ),

> , & & Z(AQ), v E GLQ(Q), Joo = [(é Z] S GLQ(R)+, ke GLQ(Z)

3. FEH

F=QODBEIIMHYTIEEHEBRNRD. kx4 EOMEBE L, ¢ % [H1] 5 [# 2] D
Maass ﬂﬁ/ﬁ?:‘f}"é P DANRYT MIVISTRA=B—% v = (Vso, (Vp) pcoo) £ T B. Viin = (Vp)p<oo
EBL.aeRIZHUT, a 2 2L T2 % 2MEHET 2.

)y 2w Dk + P Dk + =5
O, (a) = T(R)  T(Te)Tg () chyjz>13(a)Va ‘»BVOO 1 (lal),

2

iy

F(k)F(H”wf) (k+ =57 )sgn(a)Va? + Pl (i0) = Pools (—ia)}

EBL. ZIT, Tr(s) =T (s/2) L Bz F72, BE X L TOWHNES A C X ITHL
Tchy % XJ:@A DRERERE 6. EOEAE X =R THDH. &£/, Pl 135 1 Legendre
PERAE T H S, 2 1 FH Legendre PR D E HE I C — (—00,1] I a =0 G ENTVARNZD,

0, ) (a) :=




a=0DHHIAMF EEZEINTVAERY. UL a— 0 DEOHIZELEDZDTENE a=0T
DfEEL T 5. ZOEBITIIARDE MY 1 RD archimedean factors % 5t d 5 /-2 TH
W5,

HAIR A = Df? (DIFEARHRIAT, fe N IZHLT,

G(=1p) G (vp) —5—
B(vin; A) 1= <V|f‘ +— —|fl
H Lp(%aXD) : Lp( péHaXD) 8
LB <. MY A RO non-archimedean factors Z itk 325 2O THWS. (, L, &
Riemann ' — & BI%0% Dirichlet L BI%(OD p-th Euler A+ & § 5. xp IXEAR@RIZE Y Q(VD)
(259 % 2 ¥R Dirichlet f8IETH 5.
¢ DA PH(¢) ZEATFD XD IZED D, EAMBIR DIZH LT
F(D) :={Q(z,y) € Z|z,y] | primitive, not negative-definite, disc(Q) = D}

LB <. dise(Q) 1ZQDHIHIRTH L. ZD2RERDESITIZAMN S PSLy(Z) = SLo(Z)/{£1}
PERLTWS:
@Q[25))(x,y) := Qaz + by, cx +dy), Q€ F(D),[2}] € SLa(2).
T2 & F(D)/PSLy(Z) BEREATH 2 Z L BHOLNTWVS. ULAbIEEIX Q(VD) Dk
B h & —BT 2. ZOHEOFEMIIH XX Zagier DA [Zetafunktionen und quadratische
Korper) (1981) O HAGER [22) DH I # %2 2RI N2 U, FEEIZ (22, p.99] DEELTHRED
1T T IVEE 2 «kﬂbﬁ@ FEFD 155 1 AR AR SN T WS, PETIE F(D)/PSLy(Z) D
SERRER Q1 2V L DEEL TS
D <0 QWX zg, € H T Q(2g,,1) = 0. Aéﬁwbi‘nﬁ—oﬁﬁa‘é. Z DI

h
1
) = ; #STb(Qj)d)(sz)

B <. 2T Stab(Q;) & PSLy(Z) WD Q; DEIEMIHTH S .

D >0 DI, 2g,1,20,2 € R%Z Qj(2,1) = 0 DHABRLIFELIRLTDH. Q; CH % 29,1
b 2Q;,2 %EIE @F@Jﬁt?é#ﬁ@ﬁ#ﬁ( Ai?i’bé ij) C\:"i—é E’é‘ék 2Qj4 b 2Qj 2
Z 9 NOHMFRTHREA TS, HARAIZ @#Pﬂ Q; OFifER
2Qi1 T 2Qi2|  [#Qi1 — 2Qj2

2 B 2
1%, Qj(z,y) = ax® + bay + cy® 2% a,b,c € Z ZHAWVT alz|? + bRe(z) + ¢ = 0, (Im(2) > 0)
LFEHIFB. IT, ZOK PSLy(Z)\Q, 1& Riemann [ SLo(Z)\$ LEDOPARIMIKRIZ A S . AND &
DBYA IV L ST Pp(p) 2 EHET 5.

\/>dz
Z/Stab(QJ N Qy( 1)

CITo @mc;p Q;(2,1) D 22 DEREASEDRHZ KA YD L U, ORI £ 35,

Remark 7. 22T 2B ERBHE L OBEIZOVWTHEZENTE L. 2RERDES
IZBWT, SLQ( ) EARIZ GLo(Z) DIEFEEZ 2 2N TES. £ F(D) DEMAED “not
negative-definite” 2§ Z E TERIND 2IRERDES % F/(D) £ $5. $405, FiaH
BEERREL 2 70 2R THRIAMN D Db D2lk% F'(D) £ 45, ZODORE, GLo(Z) 7 F'(D)
WZENOERYT S

Q[¢ 5D (x,y) = (ad = be)Q(ax + by, cx + dy), Q€ F'(D),[¢]] € GL2(Z).

ZOEMIZ ad —be € {£1} DRF2H 2 DT, EEE L BEHED 2KERNH—HIND. L
75T, D < 0 ORHIIZEMNCEA LU 72 F(D) 121E GLo(Z) 28 EDIV—IVTIFEA L TV a2
WIZEIFEREE L. ZOFEAPLHEONEZFHEL LT, DOEAILED ST, F/(D)/GLy(Z)

z —

, (Im(z2) > 0)




LAEMREST, ZOREIX QWD) DB Y —8T 5. Zagier DATIE 2 IRILAD SLy(Z) 12
BB RMEFEOMEEE UT h( ) ZEAL, h(D) Ik TEBU LIFIENTVSH, [22, p.64-65]
R2DE 073 LD (D) IEQ(VD) DB TH Y, ZOKRD p.65 1ZHTL B ho(D) D
EZ52Q(VD) DERTHD. Uk [22, p.99] DEHE R TEANMND. FHHAR [22, p.75] i<
HT< % (D)t Q(VD) DIEFFHMTH DL, 2RO TER I N/ HAE o0(cf
22, p.68]) & Q(vVD) DHEAHL L iﬁﬁbm\@ FOAXLNELS D). REUKDOHFR & 21k
RO A CHEE L OHEMHGENHERZ L TV DT, ERARETH 5.

XTC, LEDHEGFDE & I2, B2 RREDS . k2 EDMEHKE U, k>4295. HI E, LA
V1 DKM A TIEREEKE S (1) &£ U, Petersson NFEICEE T 2 EMEREIE H, 2 £ 5. T
B f € Hy 7 Hecke fEFZE {T), }neny OFIEARBRBIZRD LD H, 22252 LN TE5.
nU=R2T, O T 2EAEE \(n) £ T 5:

Tof =n*=D2)\;(n) f

f € H; WU T
dxdy

o T P 2 k
s (6) == /S g SOOI

LB ZNIFEY 27—k SLy(Z)\$H EOMERHETHS. EEH (16| TF=Q 21DV
AL TIZUAEE D, [ 2] DBFEIE[17) BB TFD & 2 IR 503,

Theorem 8. [Generalized Trace Formula (F =Q, N =1)| k>4 2t 3%. ¢ % [H1]
== el 2] DED LU, ¢ WEMENTH Eisenstein %&ﬁﬂw)ﬁ#ﬂi | Re( W< k—3%2KETD. I
HDOneNIZHULT,

47
ﬁ”m g}; pi(@)Ar(n) = Jia + Junip + Jnyp + Jein
k

WKL B

ORI ¢ WEMHTH Eisenstein $EX DG 1% [16], 7 A TR RDG G [16], [17] TH:
A6NTVE. BRAIZAXDALIZHENDHIIELTD L S IZEHBR I ND:

[ ] id = 0
o ¢ DA AL L INDOIRHE Jynip = 0. ¢ = E*(2) DRFE

Tunip = 0(n'/? € N)(((z + 1)/2)n'*{G(z) + G(-2)},

2) i F(—z)2l 2 (3—2)/4 L(k+(2—1)/2) n(—2—1)/4
G = N EEE R

i 1 A . +(Voo) di+d
Toyp = Frscgronpy L(1/2:) " Zd) |, Bl ~ IO G
da)e
n—dlld§ di#d2

22T, 0(¢: cusp) i ¢ BAHATHADKZ 1, ¢ HIEMHTHY Eisenstein HEXDIGIC
5. L(s,p) 1d ¢ DEHAR Y X — I\LF;%IM% TRDL

L(s,¢) =T (s + 7) I'r ( VOO) i )\(b(n)’ Re(s) > g

2 ns

% C _LORITBIBI @ L 728 D,

S(D<0)p 2 sgn(t?—4n),(veo ) t
Jen = Z 29 p(@) Y B(unit? — 4n)O) (—=—)
2 pep teT (n,D) 5 and



Z 2T D IFEARHBARERDESTHY, §(D <0) & D <0DRFIZ1, D >0 DK
095, 7=,

T(n,D):={tcZ|3f €N, t* —4n = Df?*}
L.

Remark 9. o¢:IW@)@f“ﬁiZ@wrﬂgﬁ)Q”“ﬁpﬂtfﬂﬁf%é.
o FEHMOARD »=11251F% §5(Resz 1 Zfer pr(E*(2))Af(n) = - Z2518HETD
Z & T Eichler-Selberg B tr(T,) = -+ 292N TES. HuiltBEOE
IZIX, Res,—y E*(2) = 1 IZ1EE2
o ¢ WU ATRDKHIFHT L WARTHD. Frx DARIE SL(N)(7272U N % odd square-
free) DIGETEHNLT D.

Remark 10. F/Q 2 HRIGRFENRBA L T5. $W21F®¢fm£ﬁ%¢éaﬁé
k= (kv)ojoo, ko = 4 IXMEHDOME TS, nid F OBLER op DIEX O square-free 1 7 7 VT

(n,20p) =op 2729295, EOATT )V m= I1,, mPp” Cop & (myn) =op 2729
£ 5. F OMFHR L ITI3ERI B2, 207 if ﬁbwAﬁifmﬂ&ﬂiwﬁmﬁ
R~k TE2. OiU}MMM%/J7 BRDEEICHERT X 5. £, ARk
(Eﬂ&ﬁ@ﬁmﬁﬁm%%wfﬁ’&ofmé.mﬂ%ﬁ%*be

Remark 11. Hilbert €Y 27 —JERDGEOHIRIZDOWTIE, ¢ = E*(2) DHAITHIGT %
L DDRIATIHEN B 5.

m$(wmn]iﬁmﬁmiﬁ&%F@&%%ﬁ1@ﬁ parallel BX k, LX)V op D
Hilbert 71 A 7 RDHEIZ Zagier DARE —MAL U 72, & (1986) [18] IZ&ITHREABUA
F PEBIE 1 T, —MEOEI (ky)ven.,, — DL )V n nebentypus w A primitive DE5E
Iz Zagier@/\ﬁ%’a‘iit. B2 DRANIK nebentypus w PEFAFERETL N)bn 2FEL TN D
DT, n=o0p DHBEHIZRY, @HEOLRR L DI overlap W3d 5 .

mﬁ& mﬁﬁw ﬁtt BlzZIE 2 kK7ZE F = Q(vV2), QWb) B&EEND. Zhbd
HTIE 2 BELRSH ﬁ:pbm\@fﬁa/zm SEIEEENTHRY., —J, BREHED 1 20D
I % Jiii 72§ REUR F OSEBRAE D 2 2 &5 DI RIFIRTH 5 (Z MR IEEEE 1 05 2
KIEDIERIEDR DY, Wb DD Gauss PREMRTE D). BRLDARTIE F = QWD),
(D € Z~o, D=1 (mod 8)) 23 2 KT H ISR BIBMOMEIZMTER VDT, F & UTHE
BRIEDFIZ /S Z &N TE D Q(V33), Q(V5ET) IFRBIALD 2 TH DD THX DIFLETHA
% 2K TH 21,

Remark 12. Jacquet, Zagier (1987) [6] 1% f € C°(PGLa(Ag)) 128 U TEAF DR D3
MR %= 3247 U /2.

/ Kf,cusp(gyg)E(ng)dg =

PGLa ()\PGLa (Ay)

Z 2T E(z,9) & Eisenstein fETH 5. %5 DFETIEIRAZREIFIZ R I NG N> 72, K
Iz, s 0)”‘%@42 DIZEEINZEI 2 EOEMNEY 27 —ERDED A% Jacquet, Zagier
DARDGE AN E WEZARHTHS. ULAEN->T, 2= 1 COBBEIHETLIZ L
12 & > T Selberg B2 NAEITCAREMN £ D X A BT E TAHRIHTH > 72, Selberg B2 N
TE5Z2IZBEUTIE Wu [20] 12 & > TROEIZ R > TREBI I /2, AR ORTEIZ N F 725>
TW5.

Jacquet-Zagier RO Zagier DINA =BT TEDEZA5M) ¢
N E!
R L BB ORIRMEDIEL O EADICH Z W DN T 5.

2s = =1 OBEBEMDOEL LT s =1 TORPEERLL L THS.
3¢ = E()@% DIATIRZLNC DN TITHE [13] 13 H Y .
452 9 YR D PRI & B BIRIZ DV TR [15] 1S3l D Y .



4.1. GLy OXIFF 2R L B DOEIKE. £9 Bl 1] OHBEORERORAEZHNAL LD,
(1) =Y _ap(n)e®™™ € Si(1) — {0} I LT, 65 29K L B &

o0

2
L(s, Syn?(£)) 1= Ta(s + 22w 10(s + £~ 1) x ((29) 3 20

n=1
(Re(s) > 1) TEFKTD. ZIT, I'e(s) =202m)°T(s) &BW 2. Tr(s+ Dlc(s+k—1) D
¥ % BEBR U 72 € DI L(s, Sym?(f)) & B <. Rankin (1939), Selberg (1940) A2 Z D L
BB O % 52 - Z LIZE/THD.

Theorem 13. o L(s,Sym?(f)) & C FAFRESI I X 5.
o MR L(s, Sym?(f)) = L(1 — s, Sym?(f)) A2 § 5.
o L(1,Sym?(f)) = 25(f, f) > 0 ASRALT 5.
fOUVNUMN >1 &) KEIWVGEE L(s,Sym?(f)) ZEAT D Z LT ET, FAROMT
BRI ER R ED LTS, [2] 12k 2T, L(s,Sym?(f)) 1& GL3(Ag) LD d 3 Hecke
BAATHARDAR Y Z— R LEBIC—HT D LBM5NT NS, 0D Hecke [EH 77 AT
A% Sym?(f) LHEL LT, Sym? LWV I 3 EIE GLa(Ag) DAL AN S GL3(Ag) ~NDV 7
TAYTERBES. ZDV) T T+ v (Gelbart-Jacquet V) 77+ V) OFEME 2] IZHDB.
Rankin-Selberg theory {Z &> T,
(35 L3, Sym®(f))

pp(E(2) = L1, Sym?(1))

MDD DT, Fx DARIE L(ZR, Sym?(f)) BT 2HD N — oo & UZRDZEH % FHA
5ZLMNTED.
HXE>4%2EETS. n 2 ARME T3, HL(N) % Sp(N) OERERILE T, Hecke [EA
AN Z2EDLTEH. UTNDIREEZZZD.
(P) : L(s,Sym?(f)) = 0, (1/2 < Vs < 1,Vf € Hy(N), VN).
LD (P)HDOLV NIV N IE (N, 2n) =1 2~ THRB2ED 95, ZOREIZ—K% Riemann
FHRERTT D LPREOTENSH/OND Z LITER.
Corollary 14. ([16, Theorem 1.3] D¥¢hlR55E) k > 6 tﬂ"é. g (P) 2lkETD.
DX T, = [tp, )] C [2,2] (t, < t)) ZH&K lﬂ}’p|n ﬂa: BIZE-OTHEETS. ZOH,
M>0»H»>T, N>M aéﬁ_ﬁ@%iﬂzz\f £ 1/2 <Vs < :ﬁbf, Hecke [E A #H A
F e Sp(N)eY EIEL T, &3
(1) FEEoM)  L(s,Sym?(f)) # 0,
(2) (Hecke EAEDIAT)  (Ap(P) Jppn € [ I
FI, [ Jp = [Lppa[—2, 2] OE (P) 2AEL RS TRV.

4.2. GLg x GL3 @ L BIBDHOME. I [ 2] D5 E DFER DG %%B bot 5. ¢ DT,

B BEAE N\y(p) = p/? +p /2 (v, € C), f € Hy = Hi(1) D mlﬁm&
Ap(p) = ap+ ot (0 € CX) ERED ZLITHERULTEL. p & f 0)5@%2‘{9( ) 7 bk Sym?(f)
® Rankin-Selberg L B ZLAFD X S IZEDS.

2 o —sppr/? 2 (%

8.6 > Symi(f) 2= [T detClo =9~ (™" o] @ Sym (" o))
ZTAUSTERE L U TR BERE T E T, L(s, ¢ x Sym?(f)) = L(1 — s, ¢ x Sym?(f)) DD
HXEHFD ([5).

pr() & f, fL o D3 DDAATHADEOBA TH D, ZHF =T L IFiENn T
T, Watson (2002) DZFALERX [19] &, TDO—f&ALTH % % (2008) DFEHE 4] IZ& Y, =5FH
B LB 1/2 1281 2RkME% (i > 2 AR H SN T WD, WEIFZER L BERONRDY
2 ECEAUR LEEE AT [up(0))2 A FO LS TR TE 2L NTE 2.




Theorem 15.
s @P _ L(1/2,$)L(1/2,6 x Sym’(f))
o> L(1,Sym*(¢)) L(1, Sym?*(f))?
k=428 95, H X S(1) OIERELREETCH> I 2Bl LTEL. fe Hy
% [EET DI, ¢: SLa(Z)\$H — CITH LT

1y (6) = / o)\ f(r) 2y LY
SL2(Z)\$

LBL. fRAMaass BRE 785575V 7 VOEAE% oo IZRIEU 2R DORERBIEE 11 D
RN T R F—ET) IT— RME (Quantum Unique Ergodicity, # L T QUE) O T4
D BHS, [ REHIOBEICE k- 00 £9 52 & T QUE DEASLEEZS - L N THB,
Z D QUE OIEAPELUE (L IV 1 D412 )Holowinsky, Soundararajan (2 & - TNV 7z.

Theorem 16. (Holowinsky, Soundararajan (2010) [3]) k T& T f € Hy ZEREIC & > TH
ET L. ZOR, SPEROER TN Y 32D,

D QUE D IEHIFEMASGHERA X 2§71, QUE O 1EHIXEML D SRR AN 1 ZFEI X vz,
Theorem 17. (Luo (2003) [7]) A C SLo(Z)\$ % "JiflsEH &9 B,

P )= [ 2o
dlrnS;,C feH s AT Y2 '

o, pup D2IRE—AY D fIZBIT DHMOEI IZET % (Quantum variance DHIT
2<k<KZK<KE<2KIZESHMAZED) DFHEARNERSENTNS.

Theorem 18. ( Luo, Sarnak (2004) [8] + Sarnak, Zhao (2018) [11] )
¢ & L)V 1D even Hecke-Maass 71 ATHRNE T 5. Z DI,

1 2
dim o ST ST (@) = CO)rL/2,0) ]
ke[K,2K) fEH,

2L,
_ 1 P~ A (p)
C(¢) = @ 1;[ <1 - pl/2 4+ p=1/2
B, ZOMRMEIL Kim-Sarnak bound |\y(p)| < p™/0* + p~ /04 < 2p7/64) ZAfi > Z & TN
KT EWRED.

Luo, Sarnak ® py D 2{RE—A Y hDOWHEARDIM L UT, |MADARXPS puy D 1R
E— AV MOWBERARNEERZZDZLINTED.

Theorem 19. (Average of 1st moments [17])

1 o P_yn(d)B(vgy: —4
g 2O 3 o 2 B i )
ZIT, —4n = Df? (DIFEARHHIRT fIXERE) DI P_y,(¢) :=Pp(¢) LBV /=,
P LT,
Xy :={neN| —4n: fundamental discriminant & L(1/2,¢ ® x—4n) # 0}

SRR IZ B 5 QUE 12D\ TId, #1314, §1] I H 38 H Y .



EBLITEY, #Xy =00 EBDBIEVHONT VD, BADLIRE—AY FOHHEAR
& Luo-Sarnak D 2 {RE— A Y hDfiE AR EMAEDHLE S Z LT,

Non(K):=#{f€ |J Hxl|L(1/2,¢ x Sym>(f))As(n) # 0}

ke[K,2K)
DFREERNIIGADIENTES.

Theorem 20. (Quantitative non-vanishing of L-values [17]) L(1/2,¢) # 0 ZKET 5.
Z DK}, Vn e Xy, Ve >0, 3Ky pne >0, VK > Ky e,

NonlK) _1—¢ 1 L(1/2,68x )
K 7 T6r Vad(n)? C(6)L(1Sym’(9))

ZIZTmARIZEY
U Hk) =

K<k<2K
BOT, EOREOLDIFEIEIIE R > TOWARNT &IZE
Luo, Sarnak DARAN 5, Img 00 Ny 1 (K) = 0073‘53\75‘5735 FELOFERIE R > 212695
Af(n) 0)#12“@[‘%%%)%[/@\6 U, EEKIZHHTDAE—RDOFARE L B@éﬁ(?&t@éﬁ( i)
T—RTHZTND &I ANHREN.

Remark 21. A4 (1992) [10] ® L(1/2, ¢) D 2IRE—A ¥ hOWEEARICE Y, L(1/2,8) £ 0
=729 even Hecke-Maass 71 A T ¢ (ZBEBIGFET .

5. FEHA

DD, F=Q, N =12 LTEL. FEHEZEEIIHNTD L, k2 Rl 5005 L,
53\0)%95(‘671< XAELDZDT, HEDTA T+ 7%%&3‘6 rough sketch # ZF < IZHDD.
FEHHODRA > M AKX THNS T A M f =[], fo € C°(PGL2(Ag)) (Z& 1T 2 =
53 fo € CF(PGL2(Qy)) 1,
o foo IZET kD PGLy(R) DBEHCRIIRILDITHIREY,
e local 7% Hecke fEFIZE T, DLV VIRV MEBIE (HURB p i pin 8D EH D),
o PGLy(Z,) DFMERIEL ( i 285 RWEK).

flEn e NIEFUTEZLHBTHSD. EERI L LT, Supp(f) a2 /87 R TRV
ZEDETEND. fo, f, (pn) EHR—= IR 82 NTIEBWV. BROT, B HERAD
ISR M R NE Fe 2 S E AT DR TR SRV, 2O XS BRENRHZ — [T, V8T K
M2 TT foo E UTITAIRBE R L 2R L LT,
Ki(g,h)= > flg 'vh)
vEPGL2(Q)
MEE g, h i UT, BEXEDHATIERE 85, ZOMMPHMUEKET 272D, k> 42
MBETHD. ZZTk=20RNINb.
(A0) /N W~

(> 0).

/ Ky(g,9)dg.
PGL2(Q)\PGLz (Aq)
Z2BVICEHAETDE I THRLNAZDEN, 22Tk
K¢(g,9)¢(9)dg.
PGL2(Q)\PGL2(Ag)
Eéﬁﬁ%%ié.::?Wmem@—MC@WMRW&HW%T&&&@%ﬁT%é
ZORHDANRYT NVY A R

K(g,9) = Cz%zp (C,cy € C)
YeHy




EWD BB D ANRY MVIERE FHOVTEIRTIERY. & IZAA TR EDOTRARD T
HEMH, ZOERBRRHIZ o #ZF T THEAULZEDIXIRT 5.

‘(M:%&%ﬁﬂ’)@ﬁﬁ IDWTHRANE S, Kyp(g,h) DEHRERZ HFER L U, PGLy(Q) & HAZHT
NRETZHZLIZ&o T,

K¢(g9,9) = ®ia(9) + Punip(9) + Pryp(9) + Pen(g)
WIS KEMFEOLENDS. 2T,
0
1

®ia(g) = f([59));

Dunip(g) = > fla e 5 11¢9),
£€2(Q{[} 11N\GL2(Q)
1

Pup(9) =5 D, > flaTte g0k,

ge{[} 011\GLy(Q) a€Q* —{1}

dal =5 > X S fe ),

E=Q(v/A) £EEEX\GL2(Q) veQ*\(E*~QX)

Z O, % 0, 1T B} TR %A TNSBMERNES NS,

NI 35‘4‘( Z DRATI R B DN AT HIZE I 1X 720 new insight Z 2R L TW3. v €
PGLy(Q) 125 LT 7 ® PCLy(Q) NOHIMEREE G, T 5. $5 & SITHEBIC 51T 3
IR 2HOMEAFBEIFE AR TDO L 52T i% 5.

/ Y Sl ) el
PaL(QNPGL2(A) ceq, (@)\PaLA(Q)

- / g v9) @(g)dg
G~(Q)\PGL2(Ag)

_ / o~ 9) / o(tg)di}dg
G+(Ag)\PGL2(Ag) G~(Q\G~(Ag)

FoTeD G, ITH otnﬁﬁﬁwﬁ%o%mﬁﬁﬁﬁﬁibé B &S IREIBO HEL 1
EHEHAWCTER I DEMINRL, FHEMIT LI local REAN XHEM D % 5HHE T
SR

Remark 22. /KA, &, Jacquet, Zagier DFIEIZHMIY 1 R DFHE T unfolding D AREH
WHWONZ, U UL DOFETIEEM Y A R T unfolding % HE L LA, T IR
DEFEHIEE REK BB L EHTHS. unfolding # bBEL URWFILEZFAHLAZZ &1L,
Eisenstein §f# % A AT RIZESMZ D L WAREL K2 72DTH 5.

@ DA AT ARDORHIHRE S IFODTENHRT D, UL, B U o 2 Bisenstein $EUE S
BRESMIFER LU TUE S . unfolding % VWD DI, FEADPER L RV WS FTENE L
72DTH2. HlZIE Jig=002B>TULED. LML, Eisenstein it % smoothed Fisenstein
WA T2 Z LT, FMOMELZFET D Z tfo‘f*é B, smoothed Fisenstein AL
(EE= 8 e A 0)"C, ORI 5 FEXETEHILNTES.

Zagier DA D— 7‘5”‘4[375: HiJ & U T @ »Y Eisenstein fkE DG E DEMAE % F4T L TV /ZBRIZ,
KIRZHNTENTLOBEAIRETI DI LIZLADE, o WA ATHADGEDARDI R
MHELNZ, U U OIGERMEO B 5 RAUX, BEARIZIE o D3 A TRADBEDIF
DMV A ROFENEGTHS.

SRS B R 2 N V2RI DY — & BB D FRRTHE A I\ B 72 A4 ) P9 )LD smoothed Eisenstein $&# (cf. [12,
Lemma 2.9]) I& smoothed Eisenstein fiDE#IZHNT, M TOBEKEMAL TWSE. TD2D, AV IS
® smoothed Eisenstein fFEUIEIHA TIEZ . UM UL EIZZ D smoothed [k % £ 12 Eisenstein #kE% Sk
DEBICERTD 2L 2E X 72D T, T2 BHEER L 726 D ¥ smoothed Eisenstein f{# & FEA TV 5. BN
BB 502D & pseudo Elsensteln BT,
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AT

564 MARBEY VIRY D A (A HALKEE) TOHH, HEOKEE2 52 TT I > 2 HEEA
DERRIZZ DG 2 &) TREHHBLU £7.

BEB, AW5EIE ISPS B 18H05835 (HEEEI A & — M 34%) DBk Z2 2372t DTH Y
9. (2019 FFEN S DOFESIT N, MEROFFETE 5 1F 19K21025 IZED->TEY £77.)
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Factorization algebras in algebraic geometry

Mikhail Kapranov

January 26, 2020

This is a summary of the talk I gave at the Algebra Symposium, held at Tohoku University
in September 2019. It is based on the papers |6, 8], joint with B. Hennion and E. Vasserot.
The common theme of these papers is application of the concept of factorization algebras,
originally defined for the needs of Quantum Field Theory, to “purely algebro-geometric"
problems, i.e., problems in Algebraic Geometry which a priori do not involve this concept.

1 Factorization algebras: algebro-geometric version

The concept of factorization algebras on an algebraic curve was introduced by Beilinson
and Drinfeld in their 2004 book [1]. Their goal was to give a geometric axiomatization of
the theory of vertex algebras or, in the physical language, of 2-dimensional Conformal Field
Theory. This theory has been extended to varieties of arbitrary dimensions by Francis and
Gaitsgory [3]. The fundamental tool here is the concept of the Ran space.

Let X be a smooth algebraic variety over a field /k, char(k) = 0. The Ran space of X,
is, informally, the “space”

Ran(X) = {all finite, nonempty subsets I < X}.

In this definition a subset I < X is considered without multiplicity. So, for example, a 2-
element subset {x,y} can, if x and y merge, degenerate into a 1-element subset {z} = {x, z}.
In the opposite direction, one point can split into many, similarly to elementary particles
in physics. Combining all finite subsets together can be seen as an instance of “second
quantization of algebraic geometry" (Y.I. Manin).

There is no way of making Ran(X) into an algebraic variety in a rigorous sense of the
word. However, we can do meaningful algebraic geometry on it: consider sheaves, D-modules,
etc. This is explained in [1, 3, 6].

In particular, a factorization algebra on X is a sheaf (D-module) on Ran(X) with natural
identifications

Fror =~ Fr@F;.

where F; means the fiber of F at a point I € Ran(X), i.e., a finite subset / < X. This
corresponds to the principle of locality in Quantum Field Theory: points which are away

1



from each other are “independent”. Tensor multiplication of vector spaces can be seen a
a quantum analog of the usual multiplication of probabilities, something that happens for
independent events.

There are various versions of the notion of a factorization algebra, corresponding to
different meaning of the word “sheaf" that can be defined for Ran(X).

A factorization algebra has a global invariant, the factorization cohomology

J F = RT(Ran(X),DR(F)).

Here RI' is the derived functor of global sections, and DR is the de Rham complex of a
D-module.

Example 1.1.Let X = A! be the affine line. A translation invariant factorization algebra
F on X is the same as a vertex algebra V' which is recovered as the fiber F; of F at 0.

2 Smooth Manifold version

A different framework for factorization alebras, closer to the Quantum Field Theory intuition,
was given by Lurie [9] and Costello-Gwilliam |2].

Let M be C*-manifold. It is not assumed to be algebraic but can be (in which one can
compare with the previous setting). We consider M with the usual topology (so not Zariski
if M is in fact algebraic).

A factorization algebra on M is a datum A associating:

(1) Any open (U € M) — A(U), a cochain complex /k.
(2) Any (U u -+ u U, < Up) — multiplication

p AU ® - - ® AU, — A(Up), so that:

(3) For Uy equalling Uy 1 -+ 1 U, pis a quasi-isomorphism.

(4) The m = 1 part of data (pre-co-sheaf) is a cosheaf for a certain class of coverings,
called Weiss coverings.

The condition (3) corresponds to ocality in Quantum Field Theory. A covering V' = V;
is called a Weiss covering, if any finite subset I < V' is contained in one of the V;. This
may seem counterintuitive, but it simply means that Ran(V") is covered by the Ran(V;). So
the Weiss topology is simply a means to bring the Ran space into the consideration without
mentioning it explicitly and working on M all along.



3 Locally constant factorization algebras: topological QFT

A factorization algebra A is called locally constant, if for any two disks U; < Uy the map
4 is a quasi-isomorphism. In the physical jargon this condition means that the de Rham
differential dpr acts “trivially” (in a @Q-exact way). In other words, our quantum field theory
is “topological”.

In the flat case M = R"™ it was proved by Lurie that we have a 1:1 correspondence
Locally constant FA A «— E,, — algebras A = A(R")

Here FE, is the operad of little n-disks. It describes commutativity “up to level n”.

In the curved case (any M with G-structure in the tangent bundle, G < O(n), e.g.,
G = U(d) for d-dim C-mflds) we have the following extension of the above, also due to
Lurie:

Every E,-algebra A equipped with a homotopy G-action gives a locally constant fac-
torization algebra A,, on M. In particular, we can form the factortization homology

§ar(A) := Ay (M).

4 Nonabelian Poincaré duality (Salvatore-Lurie)

Suppose that we are given:
Y a topological space with G-action;
M: an n-manifold with G-structure;
Let Y3y — M be the fibration with fiber Y associated to T'M.
Let also A = C*(Y, k) be the cochain algebra. It is:

e “Commutative” F, for any n.
e Has a homotopy G-action.

One formulation of the Non-Abelian Poincaré duality is as follows: If YV is (n — 1)-
connected, then

JM((J‘(Y)) _ C*(Sect(Yar/M), K).

Here Sect means the space of continuous sections. Statements of such kind goback to the
work of Bott-Segal and Haefligher on cohomology of Lie algebras of vector fields (see bellow),
well before factorization algebras.

Let us explain, roughly, the meaning of this statement. Suppose G acts trivially, so
Sect(Yy /M) = Map(M,Y') is the space of maps M — Y.

Approximate statement: if A = H*(Y") has the form A = Sym*(V'), then

| @ = swrvemon)
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How is this related? In such cases typically V* = (7.(Y) ® k)*. Expecting the same for
Map(M,Y') we reduce to the known fact (Haefligher)

mMap(M,Y)®k = H* (M, k) @ m.(Y).

How is this related to the usual Poincaré duality? We have an alternative (Koszul
dual) formulation (w.r.t. Koszul self-duality of the E,-operad):

Suppose y € Y is G-fixed point. Then Y); — M has a distinguised section y corresponding
to y. Let also B = Q™(Y, %) be n-fold loop space, an E,-algebra in spaces. Then (as spaces!):

ij”(Y, y)) = Sect.(Yar/M).

Here Sect. means the space of sections with “compact support”, i.e., sections which coincide
with y outside a compact set. If Y = K(m,n), then Q"(Y) = 7. Assume G-action trivial.
Then:

§,,(m) is the space with homotopy groups being the homology H.(M,n), and we get
H;(M,7) = m;Map (M, K(7,n)) = H" (M, ).

5 Holomorphic FA: vertex algebras

On M = C, we can speak about holomorphic factorization algebras A (in which the antiholo-
morphic Dolbeault differential ¢, rather than the de Rham differential d, acts in a (Q-exact
way). As shown in [2], under appropriate assumptions,

Such A <5 Vertex Algebras V = A{|z| < 1}.

Remarks 5.1.(a) The Algebro-Geometric (AG) and and Smooth-Manifold versions are
intuitively equivalent: the important U’s are

|_| small disks ~ finite sets of points.

(b) Most “outside” applications of AG formalism have been in dim¢ = 1 case: Geometric
Langlands etc.

6 Application 1: Gelfand-Fuchs cohomology in AG

Let X /k be smooth algebraic variety. Let g = T'(X) = RI'(X,T) be the (derived, dg-) Lie
algebra of global vector fields. Usual global vector fields, if X affine. We want to find the
Lie algebra cohomology (with coefficients in k)

HE (T(X)) =7

This cohomology is important (e.g., HZ, ~ central extensions) but usually hard to find.
Already here:



Example 6.1. X = A'—{0} punctured affine line. In this case T'(X) has basis L; = z'"!d/dz,
1 € Z with the well known commutation relations

[Li, Lj] = (5 — i) Lis;
It is known: H.. = k[, B3], with B2 = being the famous Virasoro cocycle. But no direct

purely algebraic proof of this fact is known (!), the classical argument goes through the case
of C* vector fields on the circle (for k = R).

Example 6.2. An easier example is obtained for X = A!, so g = Derk[z], with basis only
L_l, Lo, Ll, ---. Note: L_l, Lo, Ll Span an 5[2.
Recall: any g acts trivially on its own H7;,. So

Crie(9) ~ Clic(@)r,  (degree 0 wedges).
But this = C7, (sly) (balanced wedges cannot involve Ls).
Hiso(0) = Hie(sh) = Hi,(SUs).
Now SU(2) = S is the 3-sphere, so we get
Hio(g) = Hiyp(S°) = k[5s].
Note: for Derk[z, z7!] the degree 0 complex is still very hard to analyze.

7 Classical Gelfand-Fuchs theory

The classical theory (explained in more detail in [4]) addresses the following question. Let
M be C'* manifold, and consider the Lie algebra Vect(M) of C* vector fields. What is its
H?..7 The theory then proceeds in two stages:

Stage 1: formal vector fields. We start with the Lie algebra
W = {Z fla/azm fz € R[[zla T 7271]]}
For this Lie algebra, Gelfand and Fuchs found that:
HI.,ie(Wn) = Ht.op(Yn)

where Y, is the fiber product
Y, EGL,(C) = Stiefel variety
GLn((C)L LGLn((C)
ska, BGL,(C) BGL,(C) = Gr(n,C®)

and sko,, BGL,(C) is the 2n-skeleton of the infinite Grassmannian in the cell decomposition
by Schubert cells.

Stage 2: general M: We form the fibration Yy, —% M, via Ty and GL,(R) ¢ GL,(C).
Then the result is:

Hf, (Vect(M)) ~ Hgop(Sect(YM/M)).

5



Example 7.1.Suppose M = S! is the circle. In this case:
Vect(S') is a completion of the (L;)iz algebra above.

BGL1((C) = (CPOO; sko BGLl((C) _ CPI _ SQ; Y, horz;eq. Sg.

So we get the statement of Example 6.2. Further, T is trivial, so Yg1 ~ St x S3,
Sect(Y1/S1) ~ Map(St, §%) % 22" 3 5 (%),

and the cohomology of this is k[f5] ® k[S2].

8 Algebro-Geometric version

Let now X /C be a smooth algebraic variety, dim¢(X) = n. We then have Yy RIND's , via
Tx and GL,(C). Note that its fibers are identified with Y;,, not Y3,, even though from the
C®-point of view, X is of dimension 2n.

Theorem 8.1 (B. Hennion-M.K.[6] ). (a) We have a canonical map X : HP (T(X)) —
He, (Sect(Yx/X)).
(b) If X is affine, \ is an isomorphism.

The proof is based on the theory of factorization algebras (both in the n-dimensional AG
and 2n-dimensional Smooth-Manifold versions). It is straightforward:

3 natural (algebro-geometric) FA C* on Ran(X) s.t.

Hi(T(X) = | &

X

The crucial tool for the next step is the Covariant Verdier Duality of Gaitsgory-Lurie [5]
which can be explained as follows.

The “space” Ran(X) is co-dimensional, union of fin-dim skeleta
X = Ran; < Rany < --- < Ran(X).

Here Ran,(X) is formed by finite subsets I < X of cardinality < p. Given a FA F on
Ran(X), there is a new FA ¢(F) with

U(F)|ran, = RBLRap, (F) (Cohomology with support)

There is always a map

AJXf—)JXw(J—:)

LConjectured by B. Feigin in the 80’s.




Its image consists of classes “supported on a finite-dimensional skeleton”.

In our case the Covariant Verdier Duality allows us to pass from algebro-geometric to
C™ FA. Here are the main points.

Main Point 1: 1(C*) is topological (locally constant) while C* itself is holomorphic, related
to the vacuum module (with ¢ = 0)

. T (Punctured formal disk)
V= Inde=T(Formal n-disk) C,

which is a vertex algebra (derived (dg), for n > 1).

Main Point 2: Factorization homology of w(é/’) are found topologically, via Sect(Yx/X).
This is done by associating to it a locally constant FA in the C* sense and applying Non-
Abelian Poincaré Duality.

9 Application 2: Cohomological Hall Algebras for sur-
faces

We recall the classical concept of the Hall Algebra in the following context. Let X be an

algebraic variety over a finite field F,. Let Coh(X) be the category of coherent sheaves on

X with proper support. Then for any two F,G € Coh(X)) all the Ext-groups Ext’(F,G) are
finite-dimensional IF -vector spaces, in particular, they are finite sets.

Let H = Fun(Coh(X) — C) be the space of isomorphism invariant functions on objects
of Coh(X). This space carries the Hall Multiplication via the Induction Diagram

(058 >&—E -0}

Ay \

Coh x Coh Coh

where on the top we have the category of short exact sequences. The multiplication is defined
by the pullback and pushforward of functions:

H® H = Fun(Coh(X) x Coh(X)) Peole )" Fun(Coh(X)) = H.
This makes H into an associative algebra known as the Hall algebra of Coh(X).

Examples 9.1. (a)Suppose that X a smooth projective curve. In this case Coh splits into:

e Vector bundles. They give rise to an algebra Hg,, formed by unramified automorphic
forms on all the GL,, (with r being the rank of the bundle). The multiplication is
given by Eisenstein series, and the resulting algebra is related/similar to quantum
affine algebras |7].



e Sheaves with 0-dimensional support. They give rise to an algebra Hj formed by classical
Hecke operators. It is commutative. Its multiplication with elements of Hp,, gives the
classical action of Hecke operators on automorphic forms.

(b) In the case dim(X) > 1, nothing interesting is known about such algebras. They
have huge size, and it is not clear what are the good questions to ask.

In higher-dimensional case one can follow a different approach, forming the so-called
cohomological Hall algebra, or COHA. For this, we consider X defined over C, not over a
finite field and consider Coh(X) as an algebraic stack. Instead of invariant functions on
objects, we consider the stack-theoretic (co)homology of this stack. (roughly, equivariant
(co)homology with respect to the stabilizer groups. Then we want to use the functoriality
of (co)homology to produce a multiplication out of the Induction Diagram. However, the
maps in the diagram are singular, so it is subtle, as we need both types of functorialities,
covariant as well as contravariant, for a single theory (say, homology).

For n = 1 and 2 it was shown in [8] and [10] that one can define the multiplication using
virtual fundamental classes to account for the singular nature of the maps. More precisely,
we work with HPM(Cohy(X)), the Borel-Moore homology of the stack of coherent sheaves
with O-dimensional support. So the resulting algebra is the analog of the classical algebra of
Hecke operators for curves over a finite field.

Remark 9.2. This construction is related to the concept of COHA for 3-dimensional Calabi-
Yau (CY?) categories, as defined by Kontsevich and Soibelman. This COHA, is defined, in-
tuitively, as the space of vanishing cycles for (holomorphic) Chern-Simons functional. Given
a surface X, one can form the CY?® manifolld Tot(Kx) (the total space of the canonical
bundle), and the two constructions should match in this case. But there is so far, no ge-
ometric treatment (for CY?® categories associated to manifolds), the examples considered
being related to quivers.

10 Factorization of COHA

Observation (M.K. - E. Vasserot, [8]): H(Cohy) is a factorization algebra on X, in the
Smooth-Manifold sense:

COho(Ul L Ug) = COho(Ul) X COho(Ug).

Further, this factorization algebra is locally constant. Therefore, H(Cohy(X)) found from
the case of the flat space Hy., = H(Cohg(A?)) by Factorization Homology. Now, a coherent
sheaf F on A? with 0-dimensional support is the same as a finite-dimensional vector space
V = HY(F) with action of C[z,y], i.e., with a pair of commuting operators z,y : V — V.
Therefore the stack Cohg(A?) is identified with a disjoint union of quotient stacks:

Cohg(A?) = |_| Cn//GL,, where

n=0



Cn = {(A,B) e gl, x gl,|[A,B] =0} is the commuting variety.

It is known (goes back to the Feit-Fine 1962 formula for |C,,(F,)|) that as a bigraded vector
space (by n above and coh. degree),

Hiar ~ Sym*(V), V = qtC[qg ™", t], deg(q) = (0,—2),deg(t) = (1,0).

Theorem 10.1 ([8]). (a) Hgaw ~ Sym®(V') as an algebra, in particular, it is commutative.

(b) (Poincaré-Birkhoff- Witt-type theorem for COHA) For any surface X, we have an
identification as bigraded vector spaces

(10.2) HPM(Cohy(X) ~ Sym*(HPM(X)® V).
Here V' =V (0,4) (shifted grading), so that for X = A% with HPM(A?) = C we have
V = V'@ HPM(A?).

(Note that Eq. (10.2) is analogous to the Non-abelian Poincaré Duality. )

This means that we can find the size (graded dimension) of H(Cohy(X)), and the answer
looks like
Ht’op(Sect(FX/X))

for a fibraton F'y — X with fiber F' s.t. H®

op(F) = Hpay. So the situation here is formally
similar to Gelfand-Fuchs!
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COMPUTATION OF AUTOMORPHISM GROUPS OF
K3 AND ENRIQUES SURFACES

ICHIRO SHIMADA

ABSTRACT. In virtue of the advances of computer, we can calculate various
geometric data of K3 surfaces and Enriques surfaces by brute-force method.
The lattice theory plays an important role in this method. We give a survey
of the lattice theory used in the computer-aided algebraic geometry of K3
surfaces and Enriques surfaces. In particular, we explain Borcherds’ method
for the calculation of automorphism groups of these surfaces. As an example,
we compute the automorphism groups of Enriques surfaces covered by a general
Jacobian Kummer surface.

1. INTRODUCTION

Machine-aided computation has now become a very strong tool in the study of
K3 surfaces and Enriques surfaces. In this survey, we show how far we can go with
computers in the algebraic geometry of these surfaces.

We mainly deal with the automorphism group of a K3 surface or an Enriques
surface. The automorphism group is calculated from the numerical Néron—Severi
lattice and the nef-and-big cone of the surface. Borcherds [2], [3] developed a
computational method to determine the shape of the nef-and-big cone by embedding
the Néron—Severi lattice into an even unimodular hyperbolic lattice II; 25 of rank
26, which is unique up to isomorphism. In this paper, we write Log for II; 25. The
lattice Log has many beautiful combinatorial properties related to the Leech lattice,
and these properties are used in the study of geometry of K3 and Enriques surfaces.

We explain Borcherds’ method and its generalization. In particular, we present
our recent result (joint work [4] with Simon Brandhorst) on Borcherds’ method
for Enriques surfaces. As an example, we compute the automorphism groups of
complex Enriques surfaces covered by a general Jacobian Kummer surface.

2. LATTICES

First we fix notation and terminologies about lattices. A lattice is a free Z-
module L of finite rank with a non-degenerate symmetric bilinear form

(,):LXL—Z

Let e1,...,e, be a basis of a lattice L of rank n. The Gram matriz of L with
respect to ei,...,e, is the n x n matrix whose (4, j)-component is (e;,e;). The
automorphism group of a lattice L is denoted by O(L). The action of O(L) on L is
from the right, and we write the action as v — v9 for v € L and g € O(L). A lattice
L is unimodular if the determinant of the Gram matrix is £1. A lattice L is even
(or of type I1) if (x,x) € 27Z holds for all z € L. A lattice L of rank n is hyperbolic

For the proceedings of Algebra Symposium, 2019 September, Tohoku University.
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2 ICHIRO SHIMADA

(resp. positive-definite, resp. negative-definite) if the signature of the real quadratic
space L® R is (1,n — 1) (resp. (n,0), resp. (0,n)).

Let L be an even hyperbolic lattice. A positive cone of L is one of the two
connected components of

{ze LR | (x,z) >0}.
Let P be a positive cone of L. We put
O(L,P):={geO(L) | PI=P}.

Then we have O(L) = O(L,P) x {£1}. For a vector v € L ® Q with (v,v) < 0, we
put

(W)t ={zeP|(v,z)=0},
which is a real hyperplane of P. Let D be a closed subset of P defined by countably
many inequalities of the form

(,0) 20 (v; € L®Q).

Suppose that D contains a non-empty open subset of P. A closed subset w of D is
a wall of D if there exists a hyperplane (v)* of P such that w is written as DN (v)=+,
that (v)1 is disjoint from the interior of D, and that DN (v) contains a non-empty
open subset of (v)1. Let w be a wall of D. We say that a vector v € L ® Q defines
the wall w if w = DN (v)* and (v,z) > 0 holds for all points x of D.

A vector r € L is called a (—2)-vector if (r,r) = —2. A (—2)-vector r € L defines
the reflection s, € O(L,P) into the mirror (r)%, which is given by

Sprx x4 (T, )

Let W(L) denote the subgroup of O(L,P) generated by all reflections s, with
respect to (—2)-vectors r. Note that W (L) is a normal subgroup in O(L,P). A

standard fundamental domain of the action of W (L) on P is the closure in P of a
connected component of
P\ U0

where 7 runs through the set of all (—2)-vectors. Then W (L) acts on the set of stan-
dard fundamental domains simple-transitively. Let N be a standard fundamental
domain. We put
O(L,N):={geO(L) | NY=N}.
Then W (L) is generated by the reflections s, with respect to the (—2)-vectors r
defining walls of N, and we have O(L,P) = W(L) x O(L, N). Therefore, for the
study of O(L), it is important to calculate the walls of a standard fundamental
domain of the action of W (L) on P.
The following is well-known. See, for example, [31, Chapter V].

Theorem 2.1. For a positive integer n with n = 2 mod 8, there exists an even
unimodular hyperbolic lattice L,, of rank n. (A more standard notation is II; ,,_1.)
For each n, the lattice L, is unique up to isomorphism.

We denote by U (instead of L) the hyperbolic plane, a Gram matrix of which is
0 1
1 0|
When n = 8m + 2, the lattice L,, is obtained as the orthogonal direct-sum of U
and m copies of the negative-definite root lattice of type Fs.
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FIGURE 2.1. Coxeter graph of W (L)

Example 2.2. Vinberg [41] proved the following. Let P19 be a positive cone of
Lyo. A standard fundamental domain of the action of W (Ljg) on Py has exactly 10
walls defined by (—2)-vectors that form the dual graph given in Figure 2.1. Hence
W (L10) is the Coxeter group whose Coxeter graph is Figure 2.1. Since this graph
has no non-trivial symmetries, we have O(L1g, P10) = W(L10).

3. GEOMETRY OF K3 SURFACES

For simplicity, we work over the complex number field C.

For a non-singular projective surface Z, we denote by Sz the lattice of numerical
equivalence classes of divisors of Z. For a divisor I" of Z, let [I'] € Sz denote the
class of I'. Note that Sz is hyperbolic by Hodge index theorem. If Z is a K3
surface, then Sz is even. If Z is an Enriques surface, then Sz is isomorphic to L.
Let Pz be the positive cone of Sz containing an ample class of Z. We put

Nz ={x€Pz|(z,[C]) >0 for all curves C on Z },
and call it the nef-and-big cone of Z.

Suppose that X is a complex K3 surface. The following is well-known.

Theorem 3.1. The nef-and-big cone Nx of X is a standard fundamental domain
of the action of W(Sx) on Px. The mapping C — [C] gives rise to a bijection from
the set of smooth rational curves C on X to the set of (—2)-vectors [C] defining the
walls of Nx.

The following is a corollary of Torelli theorem for complex algebraic K3 sur-
faces [29].

Theorem 3.2. The natural homomorphism Aut(X) — O(Sx, Nx) is an isomor-
phism up to finite kernel and finite cokernel.

Remark 3.3. The kernel and cokernel can be calculated by looking at the period
H?%(X) of X and the action of Aut(X) on the discriminant form of S, which is
canonically anti-isomorphic to the discriminant form of the transcendental lattice
of X [23].

Let a € Sx be an ample class. Note that a is an interior point of Nx. Since
(a,a) > 0, the orthogonal complement of Za in Sx is negative-definite. Therefore,
for integers ¢ and d, we can calculate the finite set

{veSx|(a,v)=c¢c, (v,v)=d}.
Then we have the following algorithms.
e A vector v € Px N Sx is nef (that is, v € Nx) if and only if the finite set
{reSx|{rr)y=-2,(r,a) >0,(r,v) <0}
is empty. See [32] for the algorithm to calculate this set.
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e Let r € Sx be a (—2)-vector such that
d = (r,ay >0,

so that r is the class of an effective divisor I'. Then T is irreducible if and
only if (r,[C’]) > 0 for all smooth rational curves C’ with ([C'],a) < d.
Hence we can determine whether r is the class of a smooth rational curve
or not by induction on d.

Example 3.4. The Fermat quartic surface
Xrqp x%—l—mé—i—mé—i—xi =0

in characteristic p is a K3 surface if p # 2. The complex Fermat quartic surface
Xrq,0 is a singular K3 surface whose transcendental lattice is

o]

whereas the Fermat quartic surface Xrq 3 in characteristic 3 is a supersingular
K3 surface with Artin invariant 1. Let hy be the class of a hyperplane section of
Xrq,p- We denote by Rg the set of smooth rational curves C' on Xgq , such that
(h4,[C]) = d. Then the sizes |Rq| of the sets R4 are given as follows:

d |1 2 3 4 5 6 7
p=0| 48 320 1152 15456 136896 743808 3851136
p=3|112 0 0 18144 0 0 2177280

See [37] and [28].

Example 3.5. Suppose that he € Sy is a nef vector with (hs, hs) = 2, and £ a line
bundle whose class is hy. By [25], the complete linear system |£]| is fixed-component
free if and only if the finite set

{ee€ Sx |{e,e) =0,(e, hg) =1}

is empty. Suppose that |£] is fixed-component free. Then |L]| is base-point free
by [30], and hence |£| defines a double covering ®: X — P2. The set of classes of
smooth rational curves contracted by ® is the fundamental root system in

{reSx|{rr)y==2,(r,h) =0}

with respect to the ample class a, and hence we can compute it explicitly. (See, for
example, [11].) The matrix representation of the action of the deck transformation
t(h2) € Aut(X) of ®: X — P2 on Sx is then calculated from this set of classes of
contracted curves. See [32] or [34]. Calculating vectors he with (he, ha) = 2 and
(h2,a) = d for small d, we can obtain many involutions ¢(hs) € Aut(X).

Remark 3.6. In [19], a generating set of the automorphism group of Xpq 3 is ob-
tained by the method above. In [34], using randomly generated involutions, we
carried out an experiment on the characteristic polynomials of automorphisms of
supersingular K3 surfaces.
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no. R N/(R) no. R N/(R)
1 244 (Z./27)** 13 3As 7./37 x 7.]9Z
2 Au+Dr+FEs 7/12Z 14 249+ Ds  7/27 x 7./10Z
3 2A5 Z/13Z 15 Dio+2E; (Z/27)?
4 A5+ Dy Z/8Z 16 2Dis (Z.)27,)*
5 A+ Er 7./67 17 D+ FEs 7/27
6 12A, (7./37.)° 18 Doy 7./27.
7T A 7/57 19 6Dy (2.)27)°
8 84; (Z/47)* 20 4Dg (2.)27)*
9 6A4 (Z./57.)3 21 3Ds (z./27,)3
10 4As+ Dy 7./27 x (Z./67)* 22 4Fs (7./37.)?
11 4 A4 (Z)77.)* 23 3PEs 0
12 2A;+2Ds ZJAZ x 7./8Z 24  none 7%

TABLE 4.1. Niemeier lattices

4. CONWAY THEORY

A positive-definite even unimodular lattice of rank 24 is called a Niemeier lat-
tice. Niemeier showed that there exist exactly 24 isomorphism classes of Niemeier
lattices, one of which is the famous Leech lattice A. See [8, Chapter 16] or [40]. The
isomorphism classes of Niemeier lattices are described in Table 4.1, where the sec-
ond column is the AD E-type of the set R of vectors r € N with (r,r) = 2, and the
third column shows the group N/(R), where (R) is the sublattice of N generated
by R. The Leech lattice A (no. 24) is characterized as the unique Niemeier lattice
that does not contain any vectors of square-norm 2.

Recall that Log is an even unimodular hyperbolic lattice of rank 26, which is
unique up to isomorphism. Note that the lattice Log is written as

Uae N,

where N is a Niemeier lattice and N~ is the negative-definite lattice obtained from
N by multiplying the intersection form by —1. We fix a positive cone Pag of Lag,
and let Py denote the closure of Pag in Log @ R. We put 9 Pag := Pag \ Pas.

Definition 4.1. A vector w € Log is called a Weyl vector if w is a non-zero
primitive vector of Log contained in @ Pag (in particular, we have (w, w) = 0 and
hence Zw C (Zw)1) such that (Zw)*/Zw is isomorphic to the negative-definite
Leech lattice A=. A (—2)-vector r € Log is called a Leech root with respect to a
Weyl vector w if (w,r) = 1.

Let {, ) denote the intersection form of the (positive-definite) Leech lattice A.
Note that every Weyl vector w is written as (1,0,0) in an orthogonal direct-sum
decomposition

L26 - U@Aia

and, under this decomposition, Leech roots with respect to w are written as

T\ = <<>\72)\>A — 17 1,)\) ; where A\ € A.
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For a Weyl vector w, we put
Nog(w) :={x € Pag | (x,7) > 0 for all Leech roots r with resepct to w }.

Definition 4.2. A standard fundamental domain of the action of W (Lag) on Pog
is called a Conway chamber.

Conway [5] proved the following.

Theorem 4.3. The mapping w +— Nag(W) gives a bijection from the set of Weyl
vectors to the set of Conway chambers.

We fix a Conway chamber Nog. Let wg be the corresponding Weyl vector, and let
Log = U@ A~ be an orthogonal direct-sum decomposition such that wy = (1,0, 0).

Corollary 4.4. The group O(Lag, Nog) = { g € O(Las) | Nyg = Nag } is the group
Con of affine isometries of A, that is, the group generated by Cog = O(A) and the
affine translations of A.

Let Nag be the closure of Nog in Lyg @ R. We investigate the rays in Nog N0 Pag.
Suppose that
v:=(a,b,z) € Log @R
be a non-zero vector in Nog N3 Pag, where (a,b) € U®R and x € A ®@R. Then we
have
(v,v) = 2ab — (z,z)p =0,

and, for every A € A, we have
(4.1) (v,7) a+b( 1) — (z,\)p > 0.

Considering the limit of (v,ry) when (A\,A)p — oo, we see that b > 0. If b = 0,
then we have x = 0 and a > 0. Hence the ray R>qv is equal to R>owq. Suppose
that b > 0. We can assume that b = 1 without changing R>ov. Then we have
a = (z,z)p/2 and hence

<)‘7 )‘>A .
2

(4.2) <v7r)\>=%<x—)\,x—)\>,\—1.

Therefore we have (x — A,z — A)p > 2 for all A € A, which means that z € A@R
is a deep hole of the Leech lattice [6]. In particular, we have z € A ® Q and
a € Q, and hence there exists a primitive vector f € Log with (f, f) = 0 such that
R>0v = R>of. Thus we obtain the following:

Proposition 4.5. The intersection NogNO Pag consists of countably many rational
rays. One of them is R>owo, and the other rays are in one-to-one correspondence
with the deep holes of A.

Let f € Log be as above, and let zy € A ® Q be the corresponding deep hole.
Since f is primitive and Log is unimodular, we have a vector z € Lyg such that
(f,z) = 1 and (z,2) = —2. Let Uy, C Log be the hyperbolic plane generated
by f and z, and let N £z be the orthogonal complement of Uy, in Log, which is
obtained from a Niemeier lattice Ny . by changing the sign of the intersection form.
By (4.2), the mapping A — 7, gives a bijection from the set of vectors A € A with
(xf — A, xy — A)a = 2 to the set

Ryp:={re€ Lo |(rr)=-2(,wo)=1(rf) =0}
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of Leech roots r with (r, f) = 0. By [6] and [7], we see that R; form a Dynkin
diagram whose ADE-type is the ADE-type of the Niemeier lattice Ny, given in
Table 4.1, and we obtain one-to-one correspondences between the following three
sets:

e the set of deep holes of A modulo the action of Cog,

e the set of rays in Nag N OPag other than R>owp modulo the action of
O(Lag, Nag) = Cono, and

e the isomorphism classes of Niemeier lattices other than the Leech lattice.

Remark 4.6. Let Xo6 be a K3 surface such that the Néron—Severi lattice of Xog is
isomorphic to Log. Of course, such a K3 surface Xog does not exist. We introduce
X6 only for heuristic purpose: Using this non-existing “K3 surface” Xog, we can
state results about the lattice Log as results about geometry of Xog. Note that the
nef-and-big cone of Xy can be identified with the Conway chamber Nyg.

“Theorem”. The smooth rational curves C'\ on Xgg are indexed by vectors A € A
in such a way that [C)] = 7y, and Aut(Xsgs) is isomorphic to Cos up to finite
kernel and finite cokernel in such a way that the action of Aut(Xys) on the set of
smooth rational curves on Xsg and the action of Cos, on A are compatible under
the correspondence C) <> A.

Using the theory of elliptic K3 surfaces (see, for example, [39]), the classical
result of Niemeier can also be regarded as a “theorem” on the elliptic fibrations of
the “K 3 surface” Xog.

“Theorem”. Modulo the action of Co,,, there exist exactly 24 elliptic fibrations
on Xos. Each of them has a zero section. The ADFE-type of singular fibers and
the Mordell-Weil group of each of these elliptic fibrations are given in Table 4.1.
In particular, the Leech lattice is realized as the Mordell-Weil lattice of a Jacobian
fibration of Xsg.

5. BORCHERDS’ METHOD
Let X be a K3 surface. Suppose that we have a primitive embedding
SX — L26.

By this embedding, we regard the positive cone Px of Sx as a subspace of a
positive cone Payg of Lag. Recall that the positive cone Pog is tessellated by Conway
chambers Nag(w).

Definition 5.1. An induced chamber is a closed subset D of Px that contains a
non-empty open subset of Py and is obtained as the intersection Px N Nag(w) of
Px with a Conway chamber Nag(w). The tessellation of Pag by Conway chambers
induces a tessellation of Px by the induced chambers, which we call the induced
tessellation of Px.

Since the nef-and-big cone Ny is bounded by hyperplanes (r)* defined by (—2)-
vectors r € Sx, and a (—2)-vector r of Sx is a (—2)-vector of Lag, the cone Nx is
also tessellated by induced chambers.

We assume the following mild assumption:

Assumption 5.2. The orthogonal complement of Sx in Log contains at least one
(—2)-vector.
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Then any induced chamber D = Px N Nog(w) of Px has only finite number of
walls, and these walls can be calculated explicitly from the Weyl vector w of the
Conway chamber Nyg(w) inducing D. See [33] for the detail. A linear programming
plays an important role in this algorithm.

Definition 5.3. We say that the induced tessellation of Py is simple if the induced
chambers are congruent to each other by the action of O(Sx, Px).

When the induced tessellation of Px is simple, we can calculate the shape of Nx
by means of this tessellation. This method was contrived by Borcherds [2], [3], and
the automorphism groups Aut(X) of many K3 surfaces X have been calculated by
this method.

Remark 5.4. Borcherds’ method is regarded as a calculation of Aut(X) by a gener-
alization of “the K3 surface” Xog to X, that is, we regard the embedding Sx < Log
as the embedding induced by a “specialization” of X to Xgg.

5.1. Jacobian Kummer surface. Let
X = Km(Jac(C))

be the Kummer surface associated with the Jacobian variety Jac(C') of a complex
general genus 2 curve
C: yP=(x—M\) - (x—Ng).
The K3 surface X has three famous projective models.
e The K3 surface X is embedded into P? as a quartic surface X4 C P? with
16 ordinary nodes corresponding to the points of the 2-torsion subgroup of
Jac(C). This quartic surface is called the Kummer quartic surface.
e The dual X} C (P3)V of the Kummer quartic surface X; C P? is also a
quartic surface with 16 ordinary nodes.
e The K3 surface X is embedded into P° as a smooth (2,2, 2)-complete in-
tersection Xy 2 o defined by
6 6 6
(5.1) Z:cf = Z \iw? = Z)\szf =0.
i=1 i=1 i=1
The surface X3 29 contains 32 lines, which are the exceptional curves over
the ordinary nodes of X4 and of X}'.

The Néron—Severi lattice Sx of X is of rank 17. Kondo [18] found a primitive
embedding Sx < Log such that Px is simply tessellated by induced chambers,
and using this embedding, he obtained the following;:

Theorem 5.5. Fvery induced chamber D has 32 + 60 4 32 + 192 walls.

There exists a unique induced chamber Dy that contains the class hg of a hyper-
plane section of X229 C P°. Then the 32 walls of Dy are defined by the classes of
the 32 lines on X322, and the group

Aut(X, Dg) :={g € Aut(X) | D = Dy }
is equal to the projective automorphism group
Aut(Xap00) ={g € Aut(X) | h =hs} = (Z/2Z)°

of X22.2. For each of the other 60+32+4-192 walls w of Dy, there exists an involution
gw € Aut(X) that maps Dg to the induced chamber adjacent to Dy across the wall



COMPUTATION OF AUTOMORPHISM GROUPS 9

w. These automorphisms g, are classically known and described geometrically as

follows.

(a) 60 involutions are obtained as Hutchinson—Gdpel involutions. See Hutchin-
son [13] and [14].

(b) 32 =16 + 16 involutions are obtained as the deck-transformation of the double
covering X — P2 given by the projection with the center being an ordinary node
of X4 or of X .

(¢) 192 involutions are obtained as Hutchinson—Weber involutions. See Hutchin-
son [15].

Corollary 5.6. The group Aut(X) is generated by Aut(Xss20) = (Z/27Z)° and
60 + 32 + 192 involutions described above.

Remark 5.7. The fact that the 192 involutions above are Hutchinson—Weber invo-
lutions was proved by Ohashi [27].

5.2. Fifteen nodal quartic surface. As is expected from Remark 5.4, Borcherds’
method is especially suitable for the analysis of the change of automorphism group
under generalization/specialization of K3 surfaces.

The surface X = Km(Jac(C)) is obtained as the minimal resolution of a quartic
surface X; C P? with 16 ordinary nodes (Kummer quartic surface), and it is clas-
sically known (see, for example, [12, Chapter 6]) that a Kummer quartic surface is
related to the line congruence of type (2,2) in Grass(P!,P3). We generalize X to a
K3 surface X' that is the minimal resolution of a general quartic surface X with
15 ordinary nodes. This surface was investigated by Dolgachev [9] in the relation to
the line congruence of type (2, 3) in Grass(P!,P?). Using this result, we determined
Aut(X’) in [10].

Compositing Kondo’s embedding Sx <+ Log with the primitive embedding
Sx < Sx induced by the specialization of X’ to X, we obtain a primitive embed-
ding Sx < Log. It turns out that this embedding also induces a simple tessellation
of Px, and we obtain the following:

Theorem 5.8. The automorphism group of X' is generated by
6+454+6+ 154120+ 72
automorphisms, each of which is described explicitly and geometrically.

Example 5.9. Let pi,...,ps be distinct ordinary nodes of the 15-nodal quartic

surface X}, no four of them are coplanar. Then we obtain a birational involution

g of X defined as follows. Let g be a general point of X). There exists a unique

twisted cubic curve I' in P3 passing through pi,...,ps and g. Let ¢’ be the point

such that T' N X}, = {p1,...,P5,4¢,¢'}. Then the involution g interchanges ¢ and
!

¢'. Choosing suitable 5-tuples py,...,ps of ordinary nodes of X}, we obtain 72
generators of Aut(X’) in Theorem 5.8.

Remark 5.10. Enumerating the faces of an induced chamber with codimension 2, we
also obtained a set of defining relations of Aut(X’) with respect to the generators
given in Theorem 5.8.

Remark 5.11. In [35], we calculated the automorphism group Aut(X'/R) of a certain
K3 surface X defined over a complete discrete valuation ring R of mixed character-

istics by comparing the automorphism groups of the special fiber and of the generic
fiber.
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5.3. Non-simple tessellation. For every complex K3 surface X, we can embed
Sx into Lgg primitively. Usually, however, the induced tessellation of Px is not
simple. In [33], Borcheds’ method is generalized for the case where the induced
tessellation of Px is not simple.

Let X be a singular K3 surface whose transcendental lattice is

2 1
1 6|
Then we have 1098 distinct types of induced chambers, and obtain a generating set
of Aut(X) consisting of 764 elements.
Recall that Xrq o is the complex Fermat quartic surface. We have observed that,

for Xrq.0, there exist more than 105 types of induced chambers, and we have not
yet obtained a generating set of Aut(Xpq,0)-

6. BORCHERDS METHOD FOR ENRIQUES SURFACES

We work over C. An involution ¢ of a K3 surface X is called an Enriques
involution if ¢ is fixed-point free, or equivalently, if the quotient surface Y := X/(e)
is an Enriques surface. Ohashi [26] showed that the set of Enriques involutions of
a K3 surface X is a union of finitely many conjugacy classes of Aut(X).

Example 6.1. The Hutchinson—Gopel involutions and the Hutchinson—Weber in-
volutions on Km(Jac(C')) are Enriques involutions.

Let m: X — Y be the universal covering of an Enriques surface ¥ = X/(¢).
Then the pull-back by 7 gives a primitive embedding
T Sy(2) = L10(2) — Sx,

where Sy (2) is the lattice with the same underlying Z-module as Sy and with the
intersection form being that of Sy multiplied by 2. The image of 7* is equal to the
invariant part {v € Sx |v® = v} of the action of the Enriques involution ¢ on Sx.
Since 7 is étale, the orthogonal complement of the image of 7* does not contain
any (—2)-vector. The following is due to Keum [16].

Theorem 6.2. An involution € of a K3 surface X is an Enriques involution if and
only if the fized sublattice {v € Sx | v¢ = v} of Sx is isomorphic to L1o(2) and its
orthogonal complement in Sx contains no (—2)-vectors.

In a joint work with S. Brandhorst [4], we have classified all primitive embeddings
of L10(2) into L26-

Theorem 6.3. Up to the action of O(L1g) and O(Lags), there ewxist exactly 17
primitive embeddings

12A, 12B, 20A, ..., 20F, 40A, ..., 40E, 96A, 96B, 96C, infty
of L1p(2) into Log.

Recall that the positive cone Pag of Log is tessellated by Conway chambers. A
primitive embedding L19(2) < Log induces a tessellation of the positive cone P
of Lyp that is mapped into Pag by Li10(2) < Laog. The following theorem is very
useful in the calculation of the automorphism group of an Enriques surface.
Theorem 6.4. Ezxcept for the embedding of type infty, the following hold.

(i) The induced tessellation on Pig is simple.
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No name rt m4 og
1 124 Dy 1376 2%9.37.53 .72
2 12B Ay 1824 223.36.52.72
3 204 Dy+Ds 1760 22°.37.52.7
4 20B 2Dy 1888 229.3%.5.7
5 20C 104, + D¢ 1632 228.36.53.7
6 200 As+ Ay 2016 2'6.36.53.7
7 20E  5A; + A5 1952 220.37.53

8 20F 24, 2080 223.3%.52

9 40A 4A; +243 2016 2%5.3%.5

10 40B 8A;+2D, 1760 230.36.5.7
11 40C 6A;+As; 2080 220.3%°.5.7
12 40D 124, + D, 1888 228.3%.52

13 40E 2A; +24, 2144 216.36.52

14  96A 8A; 2144 228.33

15  96B 164, 2016 231.35

16 96C 44, 2208 222.3°

17  infty 2272 226.32.5.7

TABLE 6.1. Primitive embeddings of L10(2) into Lag

(ii) Fach wall of every induced chamber is defined by a (—2)-vector r of Lig.
(iii) For each wall DN (r)* of an induced chamber D with (r,r) = —2, the reflection
s, maps D to the induced chamber adjacent to D across the wall D N (r)*.

Table 6.1 shows the 17 primitive embeddings of L1¢(2) into Log, and Table 6.2
shows properties of induced chambers.

e The name of the primitive embedding indicates the number of walls of an
induced chamber. For example, each induced chamber of the embedding
96A has 96 walls.

e The column rt in Table 6.1 shows the ADE-type of the set of (—2)-vectors
in the orthogonal complement ¢ of the image of the primitive embedding
t: L10(2) < Logg. For the embedding infty, the orthogonal complement
1+ contains no (—2)-vectors (that is, Assumption 5.2 is not satisfied), and
the induced chamber has infinitely many walls.

e The column m4 in Table 6.1 shows the number of vectors v with (v,v) = —4
in the orthogonal complement +*, and the column og gives the order of the
orthogonal group O(:t) of ++.

e Recall that the standard fundamental domain of the action of W (L1g) on
P1o is bounded by 10 walls defined by (—2)-vectors that form the dual graph
in Figure 2.1. Since every wall of an induced chamber is defined by a (—2)-
vector, each induced chamber is a union of standard fundamental domains.
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No name volume |aut| isom NK
1 12A 269824 22 I
2 12B 12142080 23.3 II
3 20A 64757760 23.3 Y
4 20B 145704960 26 111
5 20C 777093120 23.3. 20D  VII
6 20D 777093120 23.3. 20C  VII
7 20E 906608640 23.3.5 VI
8 20F 2039869440  26.5 v
9 40A 8159477760  27-3
10  40B 18650234880 27 - 32 40C
11 40C 18650234880 27 -32 40B
12 40D 32637911040 2°-32.5 40E
13 40E 32637911040 2°-32-5 40D
14 964 163189555200 2'3.3
15 96B 652758220800 2'2.3%  96C
16  96C 652758220800 2'2.3%  96B
17 infty oo

TABLE 6.2. Induced chambers of Pqq

The column volume in Table 6.2 shows how many standard fundamental
domains are contained in an induced chamber.
The column |aut| in Table 6.2 shows the order of the automorphism group

O(Llo,D) = {g S O(Llo) ‘ DI = D}

of an induced chamber D in O(Lyg).

Distinct embeddings can produce congruent induced chambers. The column
isom in Table 6.2 shows that, for example, two embeddings 20C and 20D
yield congruent induced chambers.

Nikulin [24] and Kondo [17] classified Enriques surfaces Y with finite au-
tomorphism group. If Aut(Y") is finite, then Y contains only finite number
of smooth rational curves. By the configuration of these smooth rational
curves, Enriques surfaces with finite automorphism group are divided into
7 classes I, 11, ..., VII. These 7 configurations appear as the configurations
of (—2)-vectors defining walls of an induced chamber of P;g. The column
NK in Table 6.2 shows this correspondence.

The induced chambers are much bigger than the standard fundamental domain A
of the action of W(Lg) on Pjg, and hence we need only small number of copies
of chambers to describe the nef-and-big cone Ny of an Enriques surface Y. For
example, let Y be a complex generic Enriques surface. We have Ny = Py. By
Barth—Peters [1], the fundamental domain F of the action of Aut(Y) on Ny = Py



COMPUTATION OF AUTOMORPHISM GROUPS 13

number € name
6 Hutchinson—Weber  20E
15 Hutchinson—-Goépel — 40A
10 in Aut(X22.2) 40C .

TABLE 7.1. Conjugacy classes of Enriques involutions

is a union of
|O(L1o ® Fy)| = 22! - 3% .52 . 7- 17 - 31 = 46998591897600

copies of A. If we use induced chambers of the embedding 96C, we can express JF

as a union of
46998591897600

652758220800
copies of induced chambers.

7. ENRIQUES SURFACES COVERED BY A JACOBIAN KUMMER SURFACE

We illustrate Borcherds’ method for Enriques surfaces by applying it to Enriques
surfaces covered by the Kummer surface

X = Km(Jac(C))

associated with the Jacobian variety Jac(C') of a general curve C' of genus 2. Re-
call that Aut(X) was calculated by Kondo [18], as was explained in Section 5.1.
Ohashi [27] gave the complete classification of conjugacy classes of Enriques invo-
lutions in Aut(X), which had been conjectured by Mukai [21].

Theorem 7.1. There exist exactly 6 4+ 154 10 conjugacy classes of Enriques invo-
lutions in Aut(X). A representative of each conjugacy class is given in Table 7.1.

Remark 7.2. A representative of the conjugacy class in the third line of Table 7.1
is given as follows. The projective automorphism group Aut(X222) & (Z/27Z)°
of the (2,2,2)-complete intersection X325 in P5 defined by (5.1) consists of the
involutions

(x1:@g i+ i xg) — (Fxy : L9 0 -+ @ £wg).
This involution is fixed-point free if and only if there exist exactly three minuses in
(x1 : 29 : -+ : £ag), and hence there exist exactly ten Enriques involutions in

Aut(XQ’Q,g).

Kondo [18] used a primitive embedding tx : Sx < Log to calculate Aut(X). Let
€ be an Enriques involution of X with the quotient morphism

m: X =Y = X/(e).

Then the composite of 7*: Sy (2) < Sx and tx: Sx <> Log gives a primitive
embedding

Ly Sy(Q) = L10(2) — L26.
The type of this primitive embedding is given in Table 7.1. We investigate the
automorphism groups of these Enriques surfaces Y = X/(e). We have a canonical
isomorphism

Aut(Y') = Cen(e)/(e),
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where Cen(e) is the centralizer of € in Aut(X). Therefore, to calculate Aut(Y), it
is enough to calculate Cen(e).

Remark 7.3. Mukai and Ohashi [22] investigated automorphisms of an Enriques
surface in the conjugacy class of of type 40A (an Enriques surface of Hutchinson—
Gopel type). See also [20].

Recall that hg € Sx is the class of a hyperplane section of X522 C P5. Let Dy
be the induced chamber in Px containing hg. (This induced chamber was denoted
by Dy in Section 5.1.) Let € and 7: X — Y = X/(e) be as above. We identify Sy
(resp. Py) with the invariant part of the action of € on Sx (resp. on Px). Then
the nef-and-big cone Ny of Y is equal to the intersection Py N Nx. Suppose that
¢/ = g7leg is a conjugate of ¢, where g € Aut(X), and let 7': X — Y’ = X/(¢') be
the corresponding covering morphism. Then we have Py+ = P}.. Recall that Ny is
tessellated by the induced chambers D%, where g runs through Aut(X). Therefore,
replacing € with a conjugate of €, we can and will assume that

DY = 'PYQDX

contains a non-empty open subset of Py, and hence Dy is an induced chamber of
the primitive embedding vy : Sy (2) < Log. We put

Cen(e, Dy) :={g € Cen(e) | D} = Dy },
which is a finite subgroup of Cen(e). We then put
Cen(e, Dy)|Py :={g|Py | g € Cen(e, Dy) },
where g|Py is the restriction of g to Py.

Definition 7.4. Let w = Dy N (r)* be a wall of Dy, and let r be the (—2)-vector
defining w. We say that w is an outer wall if the following mutually equivalent
conditions are satisfied.

e w is contained in a wall of Ny,

e the induced chamber of Py adjacent to Dy across the wall w is not con-
tained in Ny,

e the (—2)-vector r is the class of a smooth rational curve on Y, and

e there exists a smooth rational curve C' of X such that 7*(r) = [C]+ [¢(C)].

Otherwise we say that w is an inner wall.

Definition 7.5. We say that a wall Dx N (v)* of Dx is perpendicular to Dy if
the vector v € Sx ® Q defining Dx N (v)* belongs to Sy ® Q.

In the following, a configuration of (—2)-vectors in Lo is described by a pair
(T, p), where I' is a set of indexes v of (—2)-vectors r,, and pu: I' x I' — Z gives
the intersection pairing p(v,v’) = (ry, 7). The configuration of type 7 means the
configuration of (—2)-vectors defining the walls of an induced chamber obtained by
the primitive embedding L1¢(2) < Log of type 7.

7.1. An Enriques surface in the conjugacy class of type 20E. First we de-
scribe the configuration of type 20E. This configuration is isomorphic to the config-
uration of Nikulin-Kondo type VI (Fig.6.4 of [17]). The description below of this
configuration was obtained in [36]. Let A be the set of subsets a of {1,...,5} with
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la| = 3. Let A; and A be two copies of A with the natural bijection to A denoted
by a — a. We then put

I':= A1 [ AQ,
and define a symmetric function p: T' x T' — Z with p(a,a) = —2 for all a € T as
follows.

e Suppose that a,a’ € A; with a # a’. Then

(a,d) 1 ifland]|=1,
a,a’) = )
K 0 otherwise.

e Suppose that a,a’ € Ay with a # a’. Then

(a,d) 1 ifland]| =2,
a,a’) = )
K 0 otherwise.

e Suppose that a € A; and @’ € Ay. Then

e )
,u(a,a’){2 ifa=a,

0 otherwise.
Then (T, i) defines the configuration of type 20E.

Remark 7.6. The sub-configuration (A;, u|A;) of (', ) is isomorphic to the famous
Petersen graph, and the sub-configuration (As, iu|As) is isomorphic to the comple-
ment of the Petersen graph. The automorphism group of (T', u) is equal to the
automorphism group of the Petersen graph, which is isomorphic to &5.

Let € be a Hutchinson—Weber involution of X. Calculating the AD E-type of the
set of (—2)-vectors in the orthogonal complement ¢ of the image of 1y, we see that
ty is of type 20E. We assume that ¢ is the involution that maps Dx to the induced
chamber of Px adjacent to Dx, and let w := Dx N(v.)" be the wall of Dx between
Dx and D%, that is, w is the wall in Theorem 5.5 (c). Then Dy := Py N Dx is
contained in w, and Dy contains an interior point of w (as a subset of the hyperplane
(ve)1). The group Cen(e, Dy) is contained in Aut(Xz22)UAut(Xz22)e. Looking
at all 32 4+ 32 elements of this set, we see that Cen(e, Dy ) is equal to {1,e}, and
hence Cen(e, Dy )|Py is trivial.

In 20 walls of Dy, 10 are outer and 10 are inner. There exists an indexing v — 7,
of the (—2)-vectors defining the walls Dy N () of Dy by the set T' = A; U Ay
above with the following properties.

e Suppose that v € A;. Then the wall Dy N (Tny)L of Dy is outer. There
exists a unique pair of lines C, e(C') of X5 22 such that Dy N (TA,)l is equal
to Py N Dx N ([C])*+, and we have 7*(r) = [C] + [¢(C)].

e Suppose that v € A;. Then the wall Dy N (r,)* of Dy is inner. There
exists a unique wall Dy N (v,)% of Dy such that the wall Dy N(r,)* of Dy
is equal to Py N Dx N (v,)*. The wall Dx N (v,)* is perpendicular to Dy,
and corresponds to a Hutchinson-Gépel involution g, of X (Theorem 5.5
(a)). The defining vector v., is perpendicular to the defining vector v, of the
wall w. There exists exactly one element h, in Aut(Xz22) = Aut(X, Dx)
such that h,g, commutes with €. Then the restriction h,g,|Py of hyg,
to Py maps Dy to the induced chamber adjacent to Dy across the wall
Dy N (ry)*t. The automorphism h. g, is of order 2, and the eigenvalues of
h~g,|Py are 16(—1)%.
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Therefore the group Cen(e) is generated by € and 10 involutions h~ g, where 7 runs
through As,.

7.2. An Enriques surface in the conjugacy class of type 40A. We describe
the configuration of type 40A. Let C; and C_ be two copies of the cube I? C R3,
where I = [0,1] C R is the unit interval. Let o be + or —. A vertex of C, is
written as ((az,ay,a.),0), where az,ay,a. € {0,1}, and a face of C, is written
as (w = a,0), where w € {z,y,z} and a € {0,1}. Let V be the set of vertices
of C4+, and let F' be the set of faces of C+. Let P be the set of pairs of a face
f+ = (w =ay) of Cy and a face f- = (w = a_) of C_ that are parallel. Each
element of P is written as (w = a4, w = a_), where w € {z,y,z} and ax € {0,1}.
We have |V| =16, |F| = 12, |P| = 12. We put

T:=VUFUP,

and define a symmetric function p: T' x I' = Z with p(a,a) = —2 for all a € T as
follows.

e Suppose that vy,v9 € V with vy # vo. Then
0 if vyvg is an edge of Cy or C_,
(v, v2) = ¢4 if vivy is a diagonal of Cy or C_,
2 otherwise.
e Suppose that v € V and f € F. Then
2 ifvef,
umﬂZ{

0 otherwise.

e Suppose that v € V and p = (f4, f-) € P. Then
2 ifo S f+ @] f,,
(v, p) =

0 otherwise.

e Suppose that f1, fo € F with f; # fo. Let f; be (w; = a;,0;), where
w; € {z,y,2}, a; € {0,1}, and o; € {+, —}. Then

1 if o9 # 02 and wy # wo,

M(f17f2)={

0 otherwise.

e Suppose that f = (w = a,0) € F and p = (f},f") € P. Let f be the
unique face of C, that is disjoint from f. Then
2 it f=florf=f,

0 otherwise.

u@m—{

e Suppose that p;,ps € P with p; # pa. Let faces(p;) denote the set of 2
faces contained in p;, and let verts(p;) denote the set of 8 vertices contained
in the two faces of p;.

2 if verts(py) N verts(pa) = 0,

0
p(p1,p2) = 0 if faces(py) N faces(pz) # 0,
1 otherwise.

Then (T, 1) defines the configuration of type 404.
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Remark 7.7. The automorphism group Aut(T', u) is of order 768, and V, F, P are
the orbits of the action of Aut(T', ) on I'. Let V and V_ be the set of vertices of
C; and of C_, respectively. We regard each of Vi as a graph with edges being the
edges of the cube. The automorphism group Aut(V,) of the graph V. is of order
48. The stabilizer subgroup Stab(V,) of V in Aut(T, 1) is of index 2, the natural
homomorphism Stab(V}) — Aut(V,) is surjective, and its kernel is isomorphic to
(Z)27)? acting on V_ as ((az,ay,as), —) — ((£ag, a,, +a,), —).

Let € be a Hutchinson-Gé&pel involution of X. Calculating the ADE-type of
the set of (—2)-vectors in i, we see that ¢y is of type 40A. As in the previous
section, we assume that € maps Dx to the induced chamber of Px adjacent to Dx
across the wall w := Dx N (v.)*, that is, w is a wall in Theorem 5.5 (a). Then
Dy := Py NDx is an induced chamber of Py, and Dy is contained in w. Moreover
Dy contains an interior point of w (as a subspace of the hyperplane (v:)1).

The group Cen(e, Dy ), which is a subset of Aut(Xz22) U Aut(Xs 2 2)e, is iso-
morphic to (Z/27Z)*, and the group Cen(e, Dy )|Py is isomorphic to (Z/2Z)3. The
eigenvalues of a non-trivial element of Cen(e, Dy )|Py are 1°(—1)%.

Remark 7.8. In [22], it was shown that the action of Cen(e, Dy)|Py = (Z/27)3
characterizes the Enriques surfaces of Hutchinson—Gopel type.

In the 40 walls of Dy, 20 are outer and 20 are inner. There exists an indexing
v+ 1 of the (—2)-vectors defining the walls of Dy by the set I' = VU F U P above
with the following properties. Let Vp (resp. V1) be the subset of V' consisting of
((ag,ay,a.),+) such that a; + a, + a. is even (resp. odd).

e Suppose that v € Vy. Then the wall Dy N (r,)* is inner. There exists a
unique wall Dx N (v,)* of Dy such that Dy N (1)~ =Py N Dx N (vy)t.
We have (v.,v,) = 0. This wall Dx N (v,)* is perpendicular to Dy, and
corresponds to an involution g, € Aut(X) obtained by the projection from
an ordinary node of X4 or of X (Theorem 5.5 (b)). The involution g,
commutes with ¢, and its restriction g,|Py to Py maps Dy to the induced
chamber adjacent to Dy across the wall Dy N (7). The eigenvalues of
gy|Py are 19(—1)!. Hence g, € Cen(e) induces a numerically reflective
involution [21] on Y.

e Suppose that v € Vi. Then the wall Dy N (r,)’ is outer. There exists
a unique line C' of X555 such that Dy N (r,)t = Py N Dx N ([C])* and
7*(r) = [C] + [e(C)]. The curve £(C) is of degree 5 with respect to hs.

e Suppose that v € F. Then Dy N (T,Y)J‘ is outer. There exists a unique pair
of lines C, £(C) of X222 such that Dy N(r,)* is equal to Py NDx N ([C])*,
and we have 7*(r) = [C] + [e(C)].

e Suppose that v € P. Then Dy N (T‘W)J‘ is inner. There exists a unique wall
Dx N (vy)* of Dx such that Dy N (r,)* = Py N Dx N (v,)=. We have
(ve,v,) = 0. This wall Dy N(v,)~ is perpendicular to Dy, and corresponds
to a Hutchinson—-Gopel involution g, (Theorem 5.5 (a)). The involution g,
commutes with ¢, and g¢,|Py maps Dy to the induced chamber adjacent
to Dy across Dy N (r,)%. The eigenvalues of g,|Py are 16(—1)%.

Therefore Cen(e) is generated by a subgroup of Aut(Xs22) of order 24, eight in-
volutions associated with projections from ordinary nodes of X4 or of X, and 12
Hutchinson—Gopel involutions.
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7.3. An Enriques surface in the conjugacy class of type 40C. We describe
the configuration of type 40C. We put F':= {1,2,3,4}. Let P be the set F' x F' with
the projections pr;: P — F and pry: P — F, and let B be the set of bijections
f: F— F. We put

I''=PuB.
We define a symmetric function p: I' x I' = Z with p(a,a) = —2 for all @ € T as
follows.

e Suppose that p,p’ € P with p # p’. Then

1 ifpr = pry(p’) or pr = pry(p’),
(oo p) = pri(p) = pry(p) or pra(p) = pra(p')
0 otherwise.

e Suppose that p € P and f € B. Then
2 if f(pry(p)) = pra(p),
. ) = { F(pr1(p)) = pra(p)

0 otherwise.

e Suppose that f, f' € B with f # f’. Then v := ff’~! is a permutation
of F. Let 7() denote the lengths of cycles in the cycle decomposition of

v € &4. Then
2 if T('Y) (4)7
L2 i) = (2,2),
u(f, f1) = L if7(y) = (3,1),
0 if 7(v) = (2,1,1).

Remark 7.9. The group Aut(T, 1) is isomorphic to (&4 x &4) x Co, which acts on
P in the natural way.

Let ¢ be an Enriques involution belonging to Aut(X222) = Aut(X,Dx) (see
Remark 7.2). Then Dy := Py N Dx is an induced chamber of ¢y, and since
hg = hg, the class hg is an interior point of Dy . The group Cen(e, Dy) is equal
to Aut(X222), and Cen(e, Dy )|Py is isomorphic to (Z/2Z)*. The eigenvalues of 6
elements of Cen(e, Dy )|Py are 1*(—1)8, whereas the eigenvalues of 9 elements of
Cen(e, Dy )|Py are 15(—1)%.

In the 40 walls of Dy, 16 are outer and 24 are inner. There exists an indexing
v +— 7, of the (—2)-vectors defining the walls of Dy by the set I' = P U B above
with the following properties.

e Suppose that v € P. Then Dy N (r,)" is outer. There exists a unique pair
of lines C, £(C) of Xa9.2 such that Dy N (r,)t = Py N Dx N ([C])*, and
we have 7*(r) = [C] + [¢(C)].

e Suppose that v € B. Then Dy N (r,y)l- is inner. There exists a unique wall
Dx N (vy)* of Dx such that Dy N (r,)* = Py N Dx N (v,)L. This wall
D Xﬂ(%)L is perpendicular to Dy, and corresponds to a Hutchinson—Gopel
involution g, (Theorem 5.5 (a)). The involution g, commutes with e, and
g~|Py maps Dy to the induced chamber adjacent to Dy across Dy N (rv)L.

The eigenvalues of g, |Py are 1°(—1)%.

Therefore the group Cen(e) is generated by Aut(Xsz 2 2) and 24 Hutchinson-Gépel
involutions.
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Remark 7.10. In [38], we have determined conjugacy classes of Enriques involutions
of singular K3 surfaces whose transcendental lattice is of discriminant < 36.
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(8]
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(14]
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(18]
(19]

20]

21]

(22]

23]
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ULRICH MODULE & EEMOAZLE

o FH fE—

1. EA

ARARFENE, VLA — K (HARKRZ ST IR KT | IR K GREKRFE AT
B L E TS RERS) & O Tlya Smirnov K (A b 7 RV A KF) & OILFRBIZED L
HER—ZIZLEZHNAETH 5.

ZOFEHZBEL T, FHIW 672 WRD, A Z A — X — [T, FHEE p > 0
DREEEZELEIRETS. A DEE1IDOMASTT7VE m &L, TDOERK%E
k=A/m &EL.

ADPSHTBHENDOERERT F: A — A (a— a”) % Frobenius $f & FE.5. HREK
e & ANEE M IZRUT, Fe 2@ULT M % ANBEE AR U726 D% FS(M) LEE,
M @ Frobenius # LH L (pushforward) & FE5. FFIZ,

(1) EEOHERE e > 112X LT, F: A — FO(A) 1T AFGHIG & AT Z L3 T
5.

(2) EEDOERE e > 1 1T LT, FE(A) IFARER A-MEE (ie. Ak F-BIR) T
H5.

(3) A I3#EF (excellent) T, Gorenstein FFERDOUERGETH 5. K2, BAEINRE
wa b‘ﬁﬁj—é

IEEB O A ERRIZBE VT, FO(A) = AV O A L TORERMS Z & I13E
RMETH DL, TOMEZERMIZIEZAT, MDD 2ODAREEEZFARL Z D% LD
WFEEIZ & > TRINTE 7 ([AE0S, AE13, BE04, ES05, GM10, HM93, Han03, HL02,
HY02, Mon83, Sin05, Tucl2, Von12, WY00, WY01, WY04, WY05, Yao05a, Yao05b]
Y.

E# 1.1 (Hilbert-Kunz EEE, F-585). A-MEE M (26U T, pa(M) I2&D M D
WU R OIESK, franka (M) % M IZEEN 2 HEMRE A OEMETOERERT
HEDLTH ZDEE,

Fe(A
(1) enx(A) = qlggo%

% A ® Hilbert-Kunz E#E (Hilbert-Kunz multiplicity) & 5 5.

frank 4 (F¢(A))
ed

(2) s(A) = lim

q—r0 p

% A D F-58%5 (F-signature) £ 5 5.

ARSI, RIS (C)19K034030 DX HBAZ T T\ 3.
1



Hilbert-Kunz E&EE X, Kunz [Ku69] ORFEIZHGTZE FE L, [Mon83] 12 & b EF & 174E
AEHDY G Z o -ERTH S, 12, [HHI0] EAEEAE  (tight closure) DYIEEE U
THAR & OFLMEIZER LT, BRI 1h % - 7-.

—J, P-it 5% [SmVag7] 2B Twahy, ARiziE, [HLO2) itk hE@HRI iz, —
7, [WY04] (& Hilbert-Kunz EEEDZAED [H/ME] & U T, #/NMENH Hilbert-Kunz
HHE (minimal relative Hilbert-Kunz multiplicity) O#i&%ZEA L7z, 12, [Tucl?]
M F-El 5 DA E 52, 2o OBLSOBREZIAMIZ L. F-iis 28 T1Hl0]
1 77 )V ® Hilbert-Kunz EEE DAL UTRITE 20085 205 HIE, RgkH
R 159 FIERI=1R F IEH] OBENRMERZEEELRMTH L Z PO NT VWS,

AFHEHTHWV O N 5 HRERGR OE AR SR 2 BV LTEZ 5.

FE 1.2. 2 —X DB A DML A B k[[zy,. .., x4 WEABTHB L E A IXER
BFfER (regular local ring) THHEE D.

— M2, pa(m) > dim A TH B0, A BEHIEFERTHEZ 2 &, FENRIT ST
CLIFAEMETHS. 51T, EEHOEGEDELWFERLE LT, RO Kunz O EE A
LNTWVW5S.

EHE 1.3 ([Ku69]). A BIEAFEFRTHEI e TED e > 1 (£, Hde>1)
X UT FE(A) BEB AIMBETH S Z L L IXFEHETH 5.
Kunz OE# I Hilbert-Kunz BIEK HK(e) = (4(A/mld) 2 HWT, BRETZ 22T
5.
T 1.4 ([Kub9)). fFED ¢g=p° ZH LT, mld = (a?]aem) 5.
(1) La(A/mld) > ¢? TH B . KT, egx(A) > 1 B LD,
(2) A PERIBFERTH D Z L &, Ly(A/mld) = ¢t 3g=p°e>1) KL DZ &
LIXFAMETH D, F72, TOLE TED e > 112U T, 4(A/mld) = ¢ DK
DILD.
% 1.5. A BIERIEATERZL 5 1F, epx(A) =1 TH 5.

IR, ZOHOERD T, (Am) 2EBERD A — X — B (d=dimA) & U, M
EAEMRAER AL T 5.

n+1
EFE 1.6. ¢(4) = lim MZL)

n—00 n

xd & A DEBEEL WS,

(1) e(A) A RETH 5.

EE 1.7 OkH). AP FRFAERTH D Z L &, A HYEM (unmixed) T, e(A) =1 TH
5L LIFAMETHS. 72770, Ass(A) = Assh(A) DR O LD & & A XEMTH B &
W,
£ 1.8. depth M = inf{i € Z|ExtY(k, M) =0} % M @ EX (depth) &\ 5.

— %1z, depth M < dimM TH 5.



EFE 1.9. depth M = dim M = dim A KO LDE &, M 1T MCM A-EEThH s &
CRRZ, A BB MCOM A-IMEED & % A % Cohen-Macaulay J&fTER &\ 5.

=)

EF 1.10. A % Cohen-Macaulay ATEE U, wa & T DREMBEEL T 5. type(4) =
palws) 2 ADCMEBELE WS . type(A) = 1 D Cohen-Macaulay [EHTER % Gorenstein
JRFrERE N D

—f&IZ, A B Cohen-Macaulay EFTERD & &, pa(m) < e(A)+dim A —1 2L H LD
(Sally DAER). FEWHLTH L E, A BBNEREEZRD L55. THIT, 20k
&, ADEHITRITIIE, pa(wa) = e(A) — 1 BED 7D,

2. LOWER BOUND OF HILBERT-KUNZ MULTIPLICITIES

LT, ZOHTI, (Am) 23— X—/@fiB (d=dmA>1) & U, ] 2 mHEHEAS T
TIET B,

n+1
E&E 2.1. () = 1imM xd %1 DEBEELVS. (EE) e(A) = e(m) T

n—oo nd

H5.
SO, AZER p>02 L, g=p T LT, 19 =(atacl) &BXK.
A/l
T 2.2 ([Mon83)). exx(I) = limw

q—o0 q
IROARERIZDNWT, BIRTDGEITHEEEZ G X 72\,
R 2.3 (cf. [Hun96B, Han03]). XD AEXAE D D -
e()

Z I ® Hilbert-Kunz EE 2\ 5.

. e el N
ébc:,d>27xbci,%<em{(l)7’?552”)&0.

B 2.4. I BDRTRA—R—ATFTTNESIE, ep(]) =e(I) TH 5.

ROFEHIZIEFE O ERR B ORI 2 5 X % (Kunz OEH, KHOEEZI).
EHE 2.5 ((WY00]). A PEHIRFERTHZ Z L L, A BEMT, eg(A) =1 THSZ
LCRFETH 5.

EHE 2.6 ((WYO01]). (A,m) % 2{RILD Cohen-Macaulay JRFTERE U, e = e¢(A) £ BX.
I % m¥MERSTTNETDHLE,

(1) eunc(A) > L w0 0. mR, e > L
(2) enx(A) = 6;1 WE OO Z L e, gr, (A) 2 K[X,V]© Y ERETHS. 22

T, grp(A) = Bpegm™/m™ I m (ST DT S BRZ2 KT
3



ﬁﬂﬂ4ﬁE%TEHMﬁﬁwﬂﬁzg—ﬁﬁﬁﬁa

RDOEHIZZ DD EFERTH 5.
EH 2.7. (A,m) Z Cohen-Macaulay JGiEi& L, d=dimA >3 &{RET 5.
DL E ED mHERAT TV TIZHLT,

e(l)+d
d!

eHK(I) >

NS ABVASS

MR, ZOEHEGHL &>,
o EREDFEH s > 01 ULT, {(z1,...,24) €[0,1)4] L, 2 < s}
DHRBEIFIRDOATEH A 505 ([CLIL, (16), p.233)):

) (s —n)?
U= Z(_l)n(d —n)lal’

n=0
o 177 J D BEMG (tight closure) J* [XIRTH Z 545 (cf. [HHI0)):
ces & 3.c4 \ Upemin(a) P s.t. c2? € Jlal (g =1p°e>0)

eM-MEESNTTIVIIZEEFNDENRTA=RATTIV I DPHHRERER n 1IZFLT
" =Jrm #k7-42 %, J % [ OB/IVETT (minimal reduction) & L.

8 2.8. A D' Cohen-Macaulay 75 51X, e(I) = e(J) = l4(A)J) DD LD,

8 2.9 ([AE13] (cf. [WY05))). A IZIEHHD A I (reduced) L IRET S, J %
I =1 DMUNETLETELE, r>ps(l/J) T, fEED s >0 IR LT,
enx(l) > e()(vs — 1 v5-1)
NI AIRVASS
BlzIE, [s] =1 72513,
st (s—1)7 _ (s=1)

CTa T @y T Tl

o cux(l) = epx(I*) R e(l) = e(I*) DT, I % I* LESHMZ DI 2I12LD,
I=I"2LT&W F7e(l)=1%61F, IT=m, AIZEAI &2 Z EWEF TN
DT,e=e(l)>2 2 LTELW.

Case 1. I’ ¢ J (Rtiz, mI ¢ J) DGA.




pall)J*) < pa(l)J) = La(I)J +ml) < la(I/J) =1 < e(l) =2 =e—2 72105,
r=e—27MmD s:1+1 LT, LOMmELZEHATES. 20L&, |s|=174DT,
(&

d-etvy—7r-v, ) =(e+ 1) —d—(e—2) > el e +d).
e+d

W2, egx(I) > e(vs — 7 - vs_1) > i

Case 2. I’ C J DGH.
ROt %EMHT 5.

i 2.10 (cf. [AE08]). A 1% Cohen-Macaulay ERET 5. I OWUNEIG J T 12 CJ
256D HNIZE,
e(I)
2

enk({) > ——=
NI ARVASN

d>3Te(l)>2 7551, BHIT enx () > 6(21) _e)+d

i 2195, (GERIRK)
d=3 D%, £V sharp BAFEAZE5.
EI 2.11. (A, m) 233kt Cohen-Macaulay #HI7REATER7R 51X,
enx(A4) > e(gl) + 1.
X 6/&\1, A/m DMK T, p BHRBD & &, FFDVRALT DI, IRDGAEIZ
B3 A~ K[X,Y,Z,W|]/(XW-YZ). 2Ot %,
4
FE 2.12 ([WY05)). d =3, A/m DREIEAKT, p BEZEFD L &,

enx(A) = g — gr,(A) =2 K[X,Y, Z,W]/(XW -YZ).

BT, (A,m) 25 p O3 — X — R (d = dim A) & U, A/m 12K
CIRET B.

B 2.13. A BIEEAEAERD & &, epx(A) O FRRIX?

(2) dmA =2 D& Z eyx(A)

v

(3) dimA =3 D& &, eux(A)

vV
= oo|q> w|c,o
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29p2 + 15
24p? +12°

T8 2.14 ((WY05)). (A,m) Z{EMA5MAIEEREAMEE U, p = chard > 3, d =
dim A > 1 M)iﬁ@“% ;@t%,

(1) emx(A4) > 1+ E

cqg+1
d!

%5@3, CHK (APA) =

ZZT

= A=A, (d>4)

)

secr + tanx = d_oax <|x| < 5) :

&?j, Ap,d = k[[.ﬁCo,l'l, Ce ,.ZCd”/<£L'g +$% + -+ x?l)

T - HHFPEIFROEBEIZIETEENIIEIrNT WS

(1) dim A =2 O [WYOl]

(2) dim A = 3,4 DA & [WYO05]
(3) dim A = 5,6 DEE 4 [AELY
(4) A ﬁ’m%ﬁ&ﬂ@ & [ES05]

EHE 2.15 ([GM10]).
lim eHK(A ) 1 + -y

p—00 d'
oI, EER2DGEDEEZERLU T, IROTFEZH7-IZIRET 5.

Fi8 2.16. (A,m) Z{EMAREMIELEREATERT, p=charA > 2, d =dimA >1 &7
5. THIT, AT Apg IWHABITRWEARET S &,

(1) d=2m—1 DX, epg(A) > meil.

2) d=2m DL X, epx(A) > 2221.

d=10D¢ & fill=2, d:2@t%,Eiﬂ:g
I=30eE fil=;,  d=iors ==

4
3

1
d=5Dk X, EL_g T 1.5



3. MAXIMAL F-SIGNATURE
PUF, A % 1B D F AFR7%: Cohen-Macaulay EAT L 4 5.

T 3.1 ([HHYM]). [TED c £ 012 LT, qg=p% e>1 DBFHELT, A— AV (1
1) ARG e U THHT 5L &, A 358 FIERI (strongly F-regular) TH5 &
WD,

o i FIEHIERIE BRI TH 5.

e Q-Gorenstein 758 F IERIMEIE, AR (log-terminal) ff 52 /U 9 2 8E&
Ths.

o Toric FFE A, PO R AR L1308 F IEAIMEZ R D.

EF 3.2 ([HL02]). & ¢=p° T L T,
F(A) = AV = A% g M,
&% a, €7 & frankyM, =0 O MCM A-JIfE M, Behd. ZDL &,

% A O F-g8% (F-signature) &\9.
B OFIERIE, F-EL5 s(A) DX EWIZ IV FEDITons.

EIH 3.3 ([AE05)). (1) 0<s(A) <1,
(2) ADBRF-IFAITHD Z L L, 5(A) >0 THDH I L LIXHEMETH 2.
(3) ADEHITHEZL L, s(A)=1ThDILLIIFAMETHS.

F B2 RO 28& & U T, Dual F-signature £ WHOBEEAEHEI N TWVWS
(=W [San15]).
Bl 3.4 ((WY05]). A= Kz1,...,2d]6, 272U, G REREET, (|Gl.p) = 1 2H7=T o
X ABERREATHELVS. COLE, s(A) = — DD 720,

e
2D F-IERIFABRISAE NI ERERNTH DD T, A BIERTRITNIZ,
1 1
= -_— < _—
=161 =3

ThHhbd. ZDEDREBLENG, IROFWEEZ Z T2\,
M 3.5. A D d-IRTDOIEERIZR5R F IERIFFTERD & & s(A) O _ERIEa»?

Z D \WEF Z BHENZ, Ulrich IEEOE&Z2EWHLTEIZ S,

EFE 3.6. M 2 MCM A-NEEEL 5L &, pa(M) < ex(M) = e(A) - ranky M H3AL
T5. X517, FEEDVRINT S Z, M Ulrich A-IETHE 0D,
7



— %D Cohen-Macaulay J&FTE: FiZ Ulrich A- ﬂﬂﬁiﬁﬁf@‘% e S H (Ulrich DF
) IIARMRAEETH S, TOMENSEDLNS L DT, FED MCM EEAY Ulrich A
BT D DIFBRITHWHIRZ 52 5.

8 3.7 (cf. [BHUST]). (A,m) % Cohen-Macaulay JGFTEIS &L 3 5.
(1) IRD 3 FMFFETH 5
(a) A& Ulrich A-NIBETH 5.
(b) wa V& Ulrich A-IEETH 5.
() A FIEHIRMETH 5.
(2) k= A/m ® dth ¥ Y Y —EE Syz% (A/m) 5 Ulrich A-NEEZ 725 720D D b5
TR&EME, A PBNEEEZROZ L THD.

F 7o, EHED 2 DBAITIE, s(A) & enx(A) HHRVBIRICH 5.

i 3.8. A ZEHEE 2 ® Cohen-Macaulay Tk E 5. ZD& &,
(1) Ad&Efhmcd 5.
(2) Al Gorenstem, o, MUNEMEE 2R D.
(4) Fe(A) 1 A & Ulmch ATIEEO WL D DEMTRINSG.

Z DFEETIE, IROFIZDOWTHE R 72\,

B 3.9. (1) Fe(A) DPHMiaEE2E DL & s(A) & eux(A) DEREZRD X
(2) s(A) DL (L) %k &

F18 3.10. A ZIERITAUL d ¥XtD Cohen-Macaulay EATHIK L 45 & &,

(1) Ts(A) BPERZHS ] < leux(A) BTFRZHES |
(2) m ZHREHE LT,

d=2m-1 = S(A)S;::i,
2m—1
A

d=2m = s(A)<

DL, Gorenstein T\ Cohen-Macaulay R I&dD F-Ed 5D LR% 5.2 5.

i 3.11. A 32288 (F BRZR) Cohen-Macaulay JRFT#EE L 5. £ L, A
D Gorenstein TRV HIX, IROALEXNE1G5.

(1) s(A) < 1/2.
(2) enx(A) < s(A)(type(A) +1) +2-e(A) {1/2 — s(A)}.

A B e> 1 I LT, FPA= A% i M, LEITS. 20L&,
Féwy = Homa(FE(A),wa) & w @ A% @ Homy(M,,w,)

7272 U, frank M, = frank Hom4 (M, wa) =0 & FH T 5.
8
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Ca(A/ml) = s (FE(A)) = ae + b - type(A) + pa(M.)
< ae + b, - type(A) + ea(M,)
= Q¢ + be : type(A) + €(A) ' (qd — Qe — b6>'

& 512, [Sanls] DEBIC ENIL, s(A) = lim 2% = lim 22 K,
e—00 P°© e—»00 P°©
% ¢ TEl- T, limit ZENIEKRO D AERE2E5. 72, ranky M, > 0 72025,
1—2.5(A) >0 TH5. 0

£ 3.12. A & F-HRZEMEFRERET5. »5EREDMEE { My, M, ..., M,} 2
FHELUT, FEED e> 1120 L T,

F:(A) o~ Mgo,e @ Mlcl,e EB . @ Mﬁn,e

ML T 5L &, AL FFRT (finite F-representation type) TH 2 &\ 5. KT,
M; 23% 5 D RIZEBRIZE NS & &, { My, My,...,M,} & A ® FFRT system TH 5 &
AR

#l 21X, Cohen-Macaulay ARFEH X FFRT TH 5. £7-, (LEDT 7 1 > toric F#
55%H FFRT TH 5.
T, D ERDOEFSHRLE F(A) ODSETREDO T & S.

EIH 3.13. A % Gorenstein T\ Cohen-Macaulay FEHRIS 5. ZD & &, IR
WXIAMETH 5 -
(1) s(4) = 1/2.
(2) A 1358 FIERIT, {A,wa} & FFRT system \Z¥¢D FFRTT® 5.
THbH, s(A) >0 T, FED e> 1 ITHULT, F(A) IF AL wy DADAR
ERTH5.

7, ZDEE, ep(A) = % NS RVASS

MDKEHEDFML L LT, Fo(A) 20 [ 3FEH OHBEE system (ZFDOB4 b K51
TEZ. s(A)=1/2 b ZDEAICEENS.

EIE 3.14. A % Gorenstein T\ Cohen-Macaulay RIS & 3 5.
DL E, RIFFAMTH S :
(1) eux(A) = s(A)(type(A) + 1) +2-e(A) {5 — s(A)} B KDY 7=D.
(2) A WFHR FIERIT, EED e > 11T LT, FE(A) X A, wa, KCERER Ulrich
A-MEEDARIEMTE T 5.

Bl 3.15. A = k[[2°, 2%y, zy%, v°]] = k[[z,y]]® & EDOZM%E AT, LB, type(A) = 2,
s(A) =1/3, e(A) =3, KU egx(A) =2 TH 5.

A DIEERT, BUNEEE 2 H D & %, type(A) = e(A) — 1 TH 5.
9



% 3.16. A DBNEREZFFD Cohen-Macaulay JRFTERT, e(A) > 3 251X,

) _ errc(A) < (1 — s(A))e(A).
BT, s(A) = 1/2 DL & epx(A) = 6(54).

Bl 3.17. A= KI[[X,Y,Z]]® % K[X,Y,Z] ® 2IXD Veronese i ED 5L L T 5 &
2 ZHU type(A) — 3 DHUNEEE 25D CMBHRTH 5. £72, enc(A) = 6%“) _
2TH5.

A=kle"NM] % (774 ) toric R 95, 51T, A D class group CI(A) IZ
F—=2a Vit T, ZOMED p ELEWICELRDZEDNFIET D EIRET S, TDLE,
s(A)=1/2 3T oL 5KH DTz H D,

IR 3.18. A & EELD & 572 toric B& U, Gorenstein TIRWEIRET S, TDE &,
RIFAEMETH S -
(1) s(A) =1/2.
(2) 5 A-NHE M 2 ADBFLELUT, A {A M} % sytem \ZFD FFRT TH 5.
(3) A= k[[xb s >xd]](2)'
(4) A {A,wa} & FFRT system IZ% .

A % Q-Gorenstein RFFEHHIR & U, wy ZEMENBEE S5, 2oL x, o) S
A F 735 & D RIEOBBOB/MEZ index(A) LED 3.

B = A@wA@wf)---@wX_l)
IZHE Y R EREE 2 AN D% A O FRHEEE (canonical cover) &IFE.
E2E 3.19 (cf. [Vonl2]). A %5 F 1EHI72 Q-Gorenstein G & U, Gorenstein T

BWERET B. r=index(A) s.t. (r,p)=1& L, Bx2ZOEHEWREL-THL A— B
I& etale in codimension 1 TH Y,

s(B) s(B)
ro Q(B): Q(A)]

N ARVASR
EIE 3.20. A & F BIR7%Z Q-Gorenstein T E U, r = index(A) &HL & &,
(r,p)=1 ¢ IRETS. ZDOLE, RIZAMTH5:

(1) s(A) =1/2.

(2) A OIEHEYE B IXERIT, r=2 Th5.

3T DIGEX, Matlis duality 72 € %2 FHWT, & W EHELRFMAEFESND.
10



IR 3.21. A % 3IRITD Gorenstein JRHFTEEIZ L U, e >3 LRET S &,

e(4)
s(A) < —;

AN RVASS

INERANRY Y TANTHS.
Bl 3.22. A= K[[X,Y,ZW]J/(X*+ Y3+ 22+ W?) LT 5L, 5(4) =1 ="

=5= o1
Bl 3.23. A % R=K[X,Y,Z,W]/(XW —YZ) ® 2{XD Veronese s ELD H IR 5¢
fiifb & 31X, A 1 37kt Gorenstein JHFTER T,
e(A) =pm)—d+2=9-3+2=38
o,
_s(B) 1 e(4)
W= =3
FER 3.24. A 2331kt Gorenstein F 1IEHIZL 51X, e(A) = 2 OBHHE TH 52, p(m) =
e(A)+3—-2=¢€(A)+1 &HA7T.
Gorenstein case HIRD K 5 IR AFEADE D L.

P8 3.25. A &5 Gorenstein AT L T5. Z0L &,
(1) egx(A) < s(A) + (1 —s(A))e(A).
(2) s(A) >0 EIRETS. ZDEZE, (1) THESIRIL < F(A) & A & Ulrich
AMBFDOENTEHEIT 5.
e(A) =2 DEEHESH ZDORME AT,

P 3.26. A B3 3Y0UL CMIBFTERR 51, s(A) <2 (FRUX s(A) <2 ThH3).

Proof. A & F IEHI Gorenstein & UL T&W. TD& &, egk(A) >

272, enx(A) < s(A) + e(A)(1 — s(A)).

abi¥s e,
e(A)

+1 <epk(A) < s(A)+e(A)(1 - s(A)).
Wz,

atm,qm%ﬂ%. 0
B 3.27 (Schwede). s(A) = 2 72 51X, terminal FERTH 577

11
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H B35 KRB D A 7K-Gorenstein 14 & =4

I RGEYN

1 RUSHIC

BRORBGRO HEED 1 D138 Lo R GG 2 08 L, B ZHRO & T 54 ZBOMEZHO 12T 5 2
LTHD. BN L SICHEL R 2EEPBEREZ ) HawmTd 2. REMZD DL LT, INHEE DO EF iz
oo 7 ARHBG [1, 555 H] BT o5, 2008 A LTI L TModA ~ModI' &7 5 L &, A & T I3FHEMT
HHEVI)., TOLEEANLT BIFFEHOWELZLEG L, FICMBHICET 2 3mIE & O ©a C Eifilc 2 5. ft-
T AMBECBIT 204 i@z T INEFCBI§ 2R EICEH S CTEE T2 2 L3RR L & 5.

BEA L ARHFMEIC 72 2 B, AIRAERSE A MBEOMERMBE L L TR o nTws. Znzlvs &) filz i3k
K Eon XBTHER M, (K) 13 K EARHAMEE %2 2 ERELICO%. 2% ) EFE Mod M, (K) ~ Mod K 23
£ 5. ZHUT XKD M, (K) hfE e 2 oM ERBERDO3EIE K EOX7 b V2R EIEGGO S EITRE I LS.

BRORIGHRICB W THEZREL Co2EHEEZ D 9 12215, K 2REBWEAKRE L, A % K FOGRXILL IR
LB COLEANEHB A N— Q DISITE KQ ORAEE KQ/I L MG & 5 % (Gabriel O#). KQ/I M
OB Q O K $IERILD 72T Repy (Q, I) EEIFfEE 7 %728, Mod A ~ Mod KQ/T ~ Repy (Q, 1) 23 D 37D.
ZOEFMED» S K EOBIBAREEMM L 72 A M#Eof% OFHHE - FA0TIRE & %2 5 ([3] SIH).

iz S AR O H 53 FE o M D FE RS>, INEE OB E o [ o B FMiE 2 ) BRGNS 1980 FEICAEAT TN TH 5K
SLHEZZRT, BIEOROEXBGERICEB T 2 FHAEHR L > Tw 3 ([3, 2, 13, 27]). 72, BERPEGIIARE =M E &
B Lo O ERE & Do EFE 2 9 B (18] ISR S 4, #2408 L TE D, AREBCRMAP 2 7 — itk
FOME LERORBERZ OO 2 RFRZEE 2R L T»5

ZDXHICRORIGHCIIEE L BRMENI S S FET 5. 2&%& T3 1980 EIC Happel I2 k> THRRE I N
BFfEICERZ H TS, ZUdERL 5 ZAETH 5 EKIE & ZEEZ BT 2 KKCERETH D, MiFOHICH S0
2 FRIE L BIGRME 2 I CRIR S 2 2 & 2 A[RE L T 5 ([13]). A T3 Happel OREFME & GBI 2 7 L 7242, K &
DILFEPIE 23] TFF 5 117z Happel D EIFRIEDILRICEE S 2 L OWIHFERE R 2§ 5.

EERE., ARTLITREVI LER, K FOBBRRILLIUREZE®RT 20D LT 5. B EOMBHZTTHN
HEEZZTCHLHDETS.

e ARBRETZ. ZDEE ModA % ABEDEE T 5. F7 mod A ZHRARK A IFEDRE, proj A % R4S
¥ ANMBEOE ) InjA 2 A8 A MBFEOE LT 5.
o AN ZBIET L. AMBEM OEERITE pd My, ARIRIGE id My TRT. £ A OKBRILE gldim A TET.
o Bt A OB Z AP THT.
e K MM#% D :=Homg(—, K) £EET.
o NI o ICHLT, o LOERERDLTHE I E—EZ KP (o) ERT. 7T—LE B IS LT, B DOEXR
B% D(Z), HFEKER D(B) LRT. FF P E—EPERBEICOW T [19, 32) R EE2SHI 0.
o AFSTIIRBATSERMWELT 2. REATEERE V) L ERERBNGEBRZ2ERT2HDET 5.
KB EBRA = @,;50 A ISHLT, KEAMF ANMFEOE Mod” A 2R TED 5.
— RRERBASE AMBEM =Py, M



— REATE AMBEM, N 125 LT, M 55 N ~OHOEAIZRTED 3.
Hom’% (M, N) = {f € Homu(M,N) | Vi€ Z, f(M;) C N;}

S O NNEERE & RIS, mod? A, projZ A, Inj? A Z5E® 2. KENTE Artin ZICERO R B O A FIEHIZ O W» T,
Bz 13 [11, 12] 2SI iz,
o ABZTBIESBEL, k 2 BB ET . TBNTE AMBEM = @,y My ITH LT, REAE AMEEM(E) 2KT

EDD.
M(k) =M, M(k)i=Mx (i€Z)

AU & D KB shift BITF (k) : Mod” A — Mod” A 2358 % 5.
o o BNEELET S, of DEEONR M IS LT, Endy (M;) BSIRFHERCH S of DNR My, -, M, DFHEL

L% L E, o % Krull-Schmidt Bl &\ 9. Endg(M;) IZRAE 2 DT M; IZEBFINRTH D, LiloENy
fiield M OWE—D>DERER 3 # & 7% 5. Krull-Schmidt B o7 12/ L T, Z DEBERNRORARE2EOESZ
ind(#) 7.
Bl ZIE A ZHRXITEITERE T2 L & mod A 5 DP(mod A) 13 Krull-Schmidt P& b, ind(mod A) (X EEEK
A MO R EEOREZERT 5.

e P 2=fEL T 5. 2 DEMKNTTHU =AETEZ 2 O thick BB E V). M e 2120 LT, Mzad
/D thick FBs7E % thick M & .

2 Happel IE &2 =ABERE

RoEBGRTHRb 5 FEA=fME L L CRRE L ZEEPRT NS,

7 =)V o DEKE D() 1 Grothendieck & Verdier 12 & > THAI N, “ABEOHEEZ O LARINLTH
5. COERBEOHRTIE o OFERY —REEPRIEIIT) 2 EWTE D, ZDROBR EOMBEDOENE D(Mod A) &
Horen Y —RENHRICBCTRNZER > T0 3,

—J57C 1980 414, Happel 1 Frobenius B DZERE I H A & =M BREDS A %5 2 & %2R L 7. Frobenius [& o B8
7B H AR ICE A OIMEFE mod A TH D, Z DLEB mod A IZ=MBEE 4%, ZHick ) HOARS LR Z
=B O—#Gmz TS 2 2 LSRR E oo 7e.

FRF11C Happel (ZERIE & LB ORICEOGBRD S 2 2 L 2R L7z, %oul Ak U<, AWIERERZ & 2 BfE
T D REMN EACARSICE T(A) BRI NS, 20 L SREAMNE T(A) MEEDOZERE mod” A Z=FBE LKk 3.
Happel 13588 7> 5 25E B~ D = fAETF F : DP(mod A) — mod” A % BAKIITREIR L, & 2 4&4F T Cl3 F 3= &
fHIZ72 %5 2 EZEEH L 7.

ARECTIE, 2OZABEFEE S 27 Happel DEHZMFML, BT 2552 I1ZAOPD L EFEL T 5. 2.1 ficHBAE
KEDOEREZBEEHL, T(A) 2EET 2. ZLTA L T(A) OEIOBERFEGEBIERIVNIG 249 5. 2.2 fiTld Happel
DEHZIBAR, 2.1 BiTHRNT S A & T(A) DREGHIAIG2S Happel OB FE D & FIIVICEIZETE 5 2 L 23T
% . 2.3 fiiTi Happel DBEFEMEOIERICENT T, 2 L O #21T .

2.1 HBRIEKER
AT FAWMERBROE R @H L, 2 0RBERICHT 2 EMAMNT 5.

EH 2.1, BA & ATHAEEC ISR LT, ERE A=A C 2522, ADIE (M, c1), (A, c2) DRi%

(M,c1) - (A2, c2) == (M A2, Az + c1A2)



EEDD. UKD ARBBRLES. COBRBAZADCICEZEWBEREE VY. HENIZ AR ADESERTH 5.
¥ CIE AWML TT7LTHY A~ A/CTHED 6, AT ADFIRMEARTILEDTES.

HEHIARER 2 L 2 B 13 H DA uBR 2 e IR T 2 k2 5t 4 5.
W 2.1. A 2SIEELE T 5. A O DA IS X2 ABHERE T(A) := A® DA BEHCAHSITLETH 5.

COREREFIA L 7 H O AR LB OMEIEZL {fTbhiTw 3 ([29). Z20HT A & T(A) OERBIGHIIG 2§~
% Lo Wf%Eh e T 3 ([13, Chapter 111, V], [30, X. 7]). Bl ZIEROEHEIBH SN T 5.

EE 2.2. [31, Proposition 1.3, Theorem 1.4] A Z KIHEXITT 1 LT DL uERE T 5.
(1) SHENTROERER T(A) MBEORBBEOE2RIIRTEZ 6N 5.
ind(modA) U {Q;"(M) | M € ind(mod A) — ind(injA) }

(2) (1) X OXDOADIRILT 5.
#ind(mod T'(A)) = 2 x # ind(mod A)

ki
ADPHREBN < T(A) BAREBI
Th5.
EHL2.2 (1) 2P THERL TH L 9.
Bl 21. AZRDIAN—QICEDELEZELIUERA=KQ £ 7T 5.
0=1->2-"3
Q DHATARITNIGL T 3 DOHM A MEEBHEL, ZNZNRD Q D K MIERBITEINS.
(K—-0—=0), (0K-=0), (0=0—K)

NSRRI 1, 2, 3 ERL, D AM#EEZ Loewy JIIC X > TET. TDE E modA D Auslander-Reiten 7 A
N—FRD LI 2% 5.

e Qs
RICT(A) BRD 7 AN—LBIRATEE 240 E % 5.
¥
1?2?3 afy = pPya=~vaB =0

mod A @ Auslander-Reiten 7 4 N—I3RXRTH 5.

W
N =W
=N

NN N

SN\

rrrrrrrrrr 2 o ] e 3



EPRISEE A MEHE—H/ LOfTIcH 2 MEETH D, Zhzbritd 2 &

NN N
LNLNLN,

Ehs. Chzells LEM22 (1) @D ICE>TWwS I LZ2BIETE .

{QY(M) | M € mod A —injA}

SN N
/NN

TERL 2.2 (1) 13 T(A) MBEO LRI Z FMICHHR 2 Z LIk DAFHEI N TV 2, BHERBL L1, G2 50k T(A) M
BEOME % A MBEOMEFBIGRZ\WTRRT 2 HEDZ L ThH 5. fili)s, T8 2.2 (1) 13 Happel I & 2 BEFED RS
ELTHBETES., DI EEZXEITHHAT 5.

2.2 Happel DERE
AHiTlx Happel OREFfEZIERS5. 20z HwCER 2.2 (1) O3z 52 5.

EE 2.2, AZBREL, C 2 AL §2. AR A=Aa CIton»T

A (i=0)
A=@4, A={C (=1
i20 0 (otherwise)

9%, CDEEARRRBUNEERELS.
ANFADREMNSHRETH 2006, AMBEEIRBNS S ANMBEE ARSI ENTE S, U & b BEFEI 2T

mod A — mod” T'(A)

WEE 5.
EE 2.3. AZLIURETE. ZDEE mod A DETE mod A ZRTED 5.

o HIEULAIRAIR A BEE T 5,
o KHNFE ANBE M, N 1H LT
Hom 4 (M, N) = Hom (M, N)/{ $HEIBE% 087 35 )

EEDD.

%52 mod A 1% Krull-Schmidt BT h

ind(mod A) = ind(mod A) — ind(proj A) (2.1)

N A RYASN



S APHEARS IR TH S LTS, ZDE E modA IZ Frobenius Bl & 7 D, ZZEE mod A 1IZIZ = ABEENA S
[13, Chapter 1.2.]. =f8 mod A O shift BITF [1] 1& cosyzygy BIF Q' TH 3.

[1]=Q,": mod A — mod A

ADREAS ESITEBIO L &, | EHABEIC mod” A DZ25EE mod? A WEHRI NS, 7 A MBREA & HOAHSL TB
DL E, mod” A ICIEEMBEORSENRAS.

KRS S ITB AT LT T(A) EREA & S AL TLBITH b, 25 mod” T(A) BEABEE RS, 2O L ETLO%
TEEE A DK DP(mod A) & mod” T(A) & DBIRBRDERIC L > TEHA 5N te.

EHE 2.3 (Happel [13]). A 2% TtBiE T 5. DIFDTRPIRILY 5.
(1) & % BEF 2 =MABT F : DP(mod A) — mod” T(A) T, ROMAZ IS 2 b DRFEET 5.

mod A———— mod” T'(A)

inc. \( \Lnat

D*(mod A) > mod” T'(A)

¥ 7e RO AR AT 5.
DP(mod A) —Z—= mod” T'(A)
—cLaADA[l]l J/(l)

D" (mod A) —— mod” T'(A)
(2) F 2SI & 75 2 3553501 gl.dim A < 0o TH 5.
AR 2.1 ZARBFE F oBBRIZERNICEGZ 6N T A, PREMETH L0, T2 TIREKT S, BiclloEtF
5.2 % (B 3.1).

R 2.3 2 VTR 2.2 (1) 23T 5. A 2 KBKE 1 U FO%EBE L, G = — o DAL E5<. (2.1) &b

SERL2.2 (1) oI

ind(mod T'(A)) = ind(mod A) U {Q;"(M) | M € ind(mod A) — ind(injA) }

EBVWHZ 2L TE L. ZOXEHOTAHALT.
F9[31] o T, TRTO T(A) MELERENE TA) MHETHZ 2 EMNRINTVS. 5T modT(A) ~
mod”T(A)/(1) TH 2. THEEH 23 X h XD ZE 2.

].'

D®(mod A) ———> mod” T'(A)

nat.l J{forgct

DP(mod A)/G —=—> mod T'(A)

o Tind(modT(A)) ZdH~R2% Z &£ 1d ind(DP(mod A)/G) ZF~R2 Z LICiEEH D 5. DP(mod A) DI R (N
5N TED, DP(modA) IZ mod A @ shift ® “RHEDLE” 12> Tw23 2 EDHIS LTS ([13, Chapter 1] ).
Rz

ind(D”(mod A)) = {M|[n] | M € ind(mod A), n € Z}

THH, 2D G HEORIGRIZ

ind(D”(mod A)/G) = ind(mod A) U {M][1] | M € ind(mod A) — ind(inj A)}



IKEDEA5N2. CoRE F2ELT mod T(A) DIFHRICHEEMA S &
ind(mod T'(A)) = ind(mod” T(A)/(1)) = ind(mod A) U {Q;*(M) | M € ind(mod A) — ind(injA)}
THB I EbhS. 2T mod” A @ shift BT [1] = QL TH 2 LRV, BLETER 2.2 (1) B S k.

B 2.2. #5 2.1 % Happel OREFfED 5 BTA X 9. DP(mod A) @ Auslander-Reiten 7 4 N—IZRD K HI1Z7% 5.

2[-1 1[-1] % ,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, - é[Q]
Nt NN SN N N
3 1]/ ,,,,, \ / \ /\ / \5[]/ 7777777 \ { 7777777 \ -

T(A) DREMFIE 7 A4 N— LR L 2RRICB W Tdega =degaB =0, degy =1 & L TEE 241 & —3
T %. mod? T(A) ® Auslander-Reiten 7 4 N—1ZRXD & 9127k 3.

P i< < O [ R TO R ()
\/\/\/\{xm\g ,,,,,, ,,,,,, ,,,,,,
NS NN N N N

DP(mod A) & mod”T(A) @ Auslander-Reiten 27 4 /N—(3—8 L TH Y, B 2.3 DMEFEE DP(mod A) ~ mod” T'(A)
DEIICHERTE 5. DP(mod A) D Auslander-Reiten 7 A N—D G WEDORERZ L 2 ERD X ) IC74 5.

DL E XY, Happel DEFMEZ 8 LTHl 2.1 & A UBZENME S 7.

D) ITEM 2.3 D =MAEFMECHERNTH 2 8RB OMEZ T, EH 22 2B L RSHET 2 2 L3 TE 5.
LR & BB O g iZe 2 AT\, 8 2.3 L HOBREZ RN T 3 2 T E L, BBoRERICB W TEH R EE
E% %, ZOMMD o EM 2.3 DI E 7 2 HFROMEIEE LHETH 3 L BbN s, KiiTIEEK-Gorenstein B &
Cohen-Macaulay M#FDOEZRZ Y L, EH 2.3 OILRICEHT 2 MEEZ BN,

2.3 #&K-Gorenstein B8, Cohen-Macaulay HNE¥

ZOFITIZAC ARSI D ML TH 5 EK-Gorensetin BRDEHE &, FHK-Gorenstein BRORIEMICE T EH 4
AR TH % Cohen-Macaulay MEFDEFEZ B3 .



EE 2.4. [16] Mifl] Noether Bt A 2%
idAs <oco 2 id 44 < o0

Ziire§ & &, A Zi5K-Gorenstein BR & W 9 .

Bl 2.3. (1) HCAHZILE A 13 id Ay = id 4 A = 0 DF57K-Gorenstein ZITLERTH 5.
(2) A Gorenstein B35 7K-Gorenstein B TH 5.
(3) KigxIun3E R <H 2 ifll Noether B 345 7K-Gorenstein B TH 5.

$112.3 (1) (2) 255 K 912, FHK-Gorenstein Bl H AR L ICER & Wt Gorenstein BRD MDAl TH %.
K12 Cohen-Macaulay IEEDERZ B3,

EE 2.5. A ZK-Gorenstein B2 $5. M € modA 78 Ext)y(M,A) =0 (i > 0) Zi#izz=§ & %, M % Cohen-
Macaulay JN#E & > 9 . Cohen-Macaulay MEED 723 mod A DFEiER T B %

CMA:={M cmodA |Vi>0, Exty(M,A) =0}
LET. £ A DBREA E HK-Gorenstein BID & &, XM E Cohen-Macaulay MEED 729 mod” A D AW B %
CM%Z A := {M € mod” A | Vi >0, Extly(M,A) =0}
LFY. Ths DI Frobenius B TH D, ZEE CM A, CM% A 1213 = fABEOREEAA 2 [13, Chapter 1.2.].
EE 2.2 APHCARSLTTHROLEE, CMA=mod A TH 5.
LR CMP A ERICER T Lok & = AR 3.

E& 2.6. [7, 25| A Z XA Wl Noether B & 2. DP(mod” A) 13 KP(proj” A) % thick #r/E & L Tais.
DP(mod” A) @ KP(proj” A) I2 X % Verdier i

Sing”(A) := D"(mod” A)/ K (proj” A)
ZLOEERE (73R RERE) L) HALZRBET2
Q : DP(mod” A) — Sing”(A)
LERT.

FE 2.4. [7, 14, 28] A %K ZHK-Gorenstein BEE T 5. Z0 & FROMAZ AT 2 [ A4 = ABRE 3 25
RS 5.
CM?% A2 mod? A2 pb(mod” A)

] -

~

CMPA T Sing™(4)

EH 2.3 DIRIC OV TRDOMEBZET 5 5.

FIRE 2.1. @ 2.3 1308 A 1o LT, A-MfnEE DA I X 2 HHIEARBRZE 2 T3, 20 DA %30 A-miflnet
WD B2 L &, FROFIRVBKD D725 9 0. THbEHAWEIEKRER A = A @ C 355 7K-Gorenstein %GB & 742 %
L9, A-MHANEE C M. 20k Y RED T T, DP(mod A) & CM% A DI BEREANL D 37> 7 £ D BIR
WH D125 9 .



FIRE 2.2. ©H 23 BLIUBH A »SRAY—F LT, KB EHDAFLILER T(A) 2/ L, =MBEFE{E DP(mod A) ~
CMZ A %R LT3, ZHENEF %2 L CTREAS E 5K-Gorenstien B A 525 A% — b L, =14 P& R fid

CM”% A ~ DP(modT)

PRI DE)RIRT ZHR T2 LB TERLAID. ZOBVBICKHLTEZLYES TH3 (£/1ENO TH3)
REAT EHK-Gorentein BRD 7 7 AL LT, EALRDDOBH L7259 Do,

REETIIITE 2.1 1ICBIT 2 AR5 R 2 BT 2. [ 2.2 BROKRIGHICR & TREGEMEP S 7 —Wtks L%
D S FRAPMTHOINTE D, EHICL L ORI ME I N TV S, 22V TR [17] 22 Sk v,

3 &HK-Gorenstein lE&E=H

KBTI & O—HOILFFFE [21, 22, 23] 12 & > THE SN, EH 2.3 ORI THET 2. ZOETIHNS
HWRD A ZHRXIGSLILEE L, C ZERXIC A-MHIMEEE T2, TADCICLZ2HHIEAREZ A=ADC T
T, ABERRTLTTHRTH 5.

A D¥EK-Gorenstein % TEBRD & ¥ | B DP(mod A) 70 5 ZEE CM” A ~D =BT H SHICHRTE 3.

EE 3.1. Ald AOXEAERRERTH D, MIEFW % = MBTF
DP(mod A) — DP(mod” A)
PHAELT. 2k Q DA X h ZARF
@ : DP(mod A) — DP(mod” A) -2 SingZ(A)
Zf$%. A DEK-Gorenstient B & F, @ 2.4 12 X h =ZMBF
# : D*(mod A) < DP(mod” A) 2 Sing”(A4) =» CM”? A
H

PRoNs. SITA=TA)DLEHBEH 23D F LAMTHLDT, HIFFO—BILERIAONS. ZZTH

% Happel AF EMERZ LI T 5.

H #MWL T DP(modA) & CM? A DREIEZIHE 2C T 2 L HBARED ABCH 5. 2 D712 FOHiClER D RE
ZEICEZ 5.

fIRE 3.1.

(A) 2525 id Ay < 00 0 id 4A < 00 & 75 % 728 DR S RLER TR 2 5 B

(B) A 23 K-Gorenstein %GB TH 2 & &, WML KED T T H PERMICZ27E 592, HBwid CMPA
DP(mod A) @ =7 E%> Verdier i & DEFfEZ H HEEEL 2\ 725 9 b,

Bobh 2 2 LR [ 31 (A) T A MEDTE 3.1 (B) OB CBIRL TS 3.
£S5, WHn>0IHLT, ROTHEED S,

RHomy (C, —) o --- o RHomu (C,—) (n-times) (n>1)

RHomy (C", —) := {RHomA(A, 0 (n=0)

~—

L L L
on = JC @A C @)@y C  (n-times) (n>1
A (n=0)



3.1 FHGRE (A)

AENCRD A Z2—OBE L, C Z2—MD A-WIMEEE T2, F7- A=A C BHHERKE TS, ZOREDT,
fE 3.1 (A) IZ2WTHRZ. BRI id Ay < oo &2 CICAHTZ T TEL.

EE 3.2. idAy <oo THBLE, C %4 asid ML LV, [ARICiIdAA <00 THBEE, C &/ asid JIFEE VT .
¥ 7 C D4 asid MEED DL asid MEETH 2 L &, C 1T asid MEETH S £\ ).

EE 3.1, ADKREMNEHEZHVE L 1dAs <o %0l idCh <o THB I LDWHATES. K> TidCy DER
P13 C 235 asid MBETH B 72D DML TH .

asid JIEEDHI %2 2817 5 .

fl 3.1.

(1) A 2¥5K-Gorenstein BRD & & A 1T asid MFFTH 5.

(2) (R,m) ZAHRFTERE §%. 2D L E E(R/m) & asid JIRETH % [26, (5) Proposition).
(3) R %[ Cohen-Macaulay WFiBt & § 2. 20 & SEAHENFEIL asid IFETH 2 [10, 26].
(4) A DKREBRIGOHERTH 2 LT 5. 2D L ERDED 2D [9, Theorem 4.14].

)
)
)
)
gldimA<oco < In>0; C"=0.
FHZZDEE C I asid MFETH 5.
Lo L2l (1) (2) 3) EXROMBEICEENS.
EE 3.1. [9, Theorem 4.34) A 2B L L, C ZXD5M%N7-3 A-mHMEE L § 5.

(FGR1) Ext’ (C,C) =0 (i > 0).
(FGR2) A MEEDHERT X, : A — Homy (C,C), A (a)(c) = ac ZFAKTH 2.

ZDEEZEiIdAYy =idCp DD, FIZidCp < 0o D E E, C IXH asid MFETH 5.
OB, (FGRL), (FGR2) 2 R5ET 5 &, C O AN S A O NHIMEMRTE 5. C O M5
0—5Cy—E"5E'>» ... 5 E" >

XL C Homa (4, ) 23 5 &, A o Hifk

0 — Homy (A, C)4 — Homy (A, E°) — Homy (A, EY) — -+« — Homy (A, E™) — - - (3.1)
AE5 %, 2T Homa(A, BY) M ANEEL 72 5. (FGRL) 205 (3.1) B55451Ch % = L 4%ES. %7 (FGR2)
5 A MPEOHERTIGH

Or: Ag — Homp (A, C)a, @r(a)(c) = ac

DA THE ZLddbrd. ko>T(3.1)I1F ADARDRETH L. ZOWELS idAs =idCy TH 5. O

DTFCTIEA & CIbIERT, idAs DERMEEZTANS. id As DHREZARS & ZIZERETE 2 3 LAAED
B, A% D(ModA) DR E AT L

idAs <oco & AeKP(InjA)

Th5.

*1 asid 13 attaching self-injective dimension DWETH % « + -



BLEDIRHZ WO 57 DIEB 3.1 AN D Cy DA RS Ay DSR2 02 HEL, 2h 28
KEDOSEICHEL T4 5. £ 3BT Homy (A, —) : Mod A — Mod A Ol & LT Homp (A, —) : InjA — Inj A %1%
%. KXo TEREF RHomy (4, —) : D(Mod A) — D(Mod A) DHllR & LT Homp (4, —) : K72 (InjA) — K™P(Inj A)
DRSNS, RICRE (FGR1) & (FGR2) O F Tl KD &

o A 25 Homy (A, C) 22 RHomy (A, C) (~ Homy (A, E*))

DYERE D(Mod A) ICBWTHALL 22 D, RHomp(A,C) ¥ A D AR FRELEZ 5. ZOXHICERI NG, K
idCy <00 D& E A~TRHomy(A,C) e KP(InjA) &% 5.

b5 A—MDOBAIC o, IFFAMTIEA L, A & RHomp(A,C) ORICRALDEL 3. ZORLE RS DI ¢, DE
Geff cn(p,) ICHEHT 5. 4 D(Mod A) D=

A ¥ RHomy (4, C) — en(p,) — A[l]

ZHA. N ZRTEE 5 D(ModA) DE LT 5

At A 25 Homy (C,C) 225 RHomy (C, C)

2o & E AR
C —== RHom, (A, C) 0 C1

|

]
A 2" RHomy (A, C) — cn(p,) — A[]
]

h

¢ i S

A — RHomy (C,C) —=cn(\,) —= A]

T

1

DT 5. 772 L, IADEITIE D(Mod A) D=1, BINIHR L THTERINTH 5. > Ten(p,) ~ en(N,) TH
h, D(Mod A) ®=f
A £75 RHomy (4, C) — en(\,) — A[1]

DEET S, CO=METERE3L XD
idAjs <o & AeKP(InNjA) & idCy <oo 22 cn()\,.) € KP(Inj A)

DL T 5. ko> Ten(\) € D(ModA) 238 en(\,) € KP(InjA) &R 2 BB FRENRTPIVERY. 22T
M € D(Mod A) 28 M € KP(InjA) & 7 2 85tz AFOSETES T L

(1) Vm >0, RHoma(C™, X) € KP(InjA).
(2) 3n>0; RHomy(C™, X) =0.

L% (GEBNCIE A ORE E ABIIRED B OREE [21) %V 3).
U EOFE2E 02 L, ME 31 (A) O L 2 2ROEME 5.

T 3.2. 2] A ZBIE L, C % AL T 2.

(1) C 235 asid IFETH 2 BDEH25ME C IRD 3 D052 T L THS.
(4i ASID1) id C) < oo.
(4 ASID2) ¥V'm > 0, RHom (C™, cn(A,)) € KP(proj A).
(47 ASID3) dn > 0; RHomy(C™,cn(A,)) = 0.
(2) A°P IIBEDHERIRL X, : A — Hompor (C, C), Ae(a)(c) = ca ZH\>T DP(mod A°P) DI Ny XKD X I ICED 2.

At A 25 Hompen (C, C) 225 RHomper (C, C)

DL EC W asid MEETH 2 HEA 5 C BSRD 3 DDEM 2l T ETH 5.

10



(/2 ASID1) id ,C < oo.
(/i ASID2) ¥'m > 0, RHomper (C™,cn(Ag)) € KP(proj A°P).
(/& ASID3) dn > 0; RHomper (C™, cn(A)) = 0.
(3) A BERXILLILERTH D, C WHRKIG AN TH2 LT3, DL E AWHEK-Gorenstein LITLERTH 5
BFA-5y 5013, C 5% (oA ASID 1) (245 ASID 2) (JiAi ASID 3) 73 2 & T 5.

EE 3.3. O W asid MFch 2 L &
oy :=min{n > 0 | RHomu (C", cn(\,)) = 0}

% C OAiasid BE VS, ap =0 E\25 Z E1E, O 25 (FGRL), (FGR2) Zili ¥ L \29 = L Th 5.
FEIRRIC/E asid MIEEICR LT/ asid B oy €T 5.

3.2 [4RE (B)

ARHiTI3 Happel BT H OTEH Il 2255, [ 3.1 (B) #5252 %. ZOMTREHDZDIZ, % DEHIC
BOLTADKBRILWERTHZZERZKRET B2, ZORED FTIERD I EDBRLT 5.

e DP(mod A) = KP(projA) TH 5.
o C DIERT v VBT L DP(mod A) D BT #EL .
L
— ® C: DP(mod A) — D(mod A)

o C 13 (45 ASID1) & (Jefi ASID2) ZilizF. X 5T C 1% asid MEETH 2 I 13401, C 23 (fedi ASID3)
il T IETHB.

F IR M ASIITH, % o MR & 2 BT T At 2B B
T 3.3. [22] A 2%I0BE L, C 2 HWIKOE AT L 3%, T O&FEEAETS 5.

(a) HIZEEATDH 5.

(b) Ker H=0Tb5%.

(c) Clda,=a,=0%H7F asid MBETH 2. Thbd CIIROEHZHT.
(1) idCh < 00 222 id zC < o0.
(2) A & A RABTH 2.

Z DIFREGAHIR D 320 & &, H HEIFMEIC 7% 2 BB A35AF 1R gl.dim A < 0o TH 3.

FHOTEHENRTEIIICKerH =0DE ERZRVRIICAR>TWS, 2D ED5 KerH BEETII R W EED
N2, LIATKerH IF—REABNRTHRINT VLD 5 9 . Ker Q = KP(proj” A) TH 2025

Ker H = D"(mod A) N KP(proj” A)

TH%. TITMeDP(modA) A3 M e KP(proj” A) TH 2 B-435M% A MO SHECHETT L

~—

L
VYvm>0, M cm b jA
M € KP(proj” A) < =t “a € K>(projA)

5B GEFICIE A ORBA X SR OMRE [21) 2V 2). L Y ROEHES.

*2 A ORIBRIEOERTH 3 LI REE, A VEK-Gorenstein ZTEEITH 2 L W REICE S T, Z OHITBRNR 2 FH & [AREOR R
Honz. 2L, EMOTRICHY) AEESBIEE 42 5. 2EHIE 23] 22BNk

11



TE 3.4. [21] A 2 RBIOTHRAS TR E L, C 2 HRKGE AR L T2, 20 L S RO D 175,

KerH = U Ker (— (%A C’").
n>0

AR 3.4 TR Ker H DRl T3 DP(mod A) D =ATk5ED RS
L L L
Ker (— QA C’) C Ker (— QA CZ) C -+ C Ker (— A C”) C - (3.2)
DEPPEHN TS, 2% L LT DP(mod A°P) D5 E D T
thickAC' D thick(C?) D -+ D thick,(C™) D - (3.3)
bEZOND. HLFEMNDOTT, TN6D EAB LUV TRERIEE .
& 3.5. [23] A 2 RIBIOUHRALILE & L, C 2 HRKIT A-mIneEE 2.

(1) C #% (47 ASID3) Zii7=F & %, n > a, 186 L TRAYK D 1o,
(i) thick A(C™) = thick A (C+1).
(i) Ker (= ®a C") = Ker (= ©5 C™H).
(iii) Ker H = Ker (— él\ cm).
(2) C %% (J ASID3) 27T & %, n > ap I3 L TRA D 7.
(i) thick(C™) s = thick(C™1).
(ii) Ker (C™ (%A —) = Ker (C™*! (%A -).

COMEL D, C 12 (Jeti ASID3) 2L T a = max{ar, o, } L5 &, (3.2) DV Ker (— 9y C°) TILE D, (3.3) ©
FifEJIlAS thick (C), TIEE 2. 2D 2 MO Ker H = Ker (— é/\ C®) & thick (C*), 1& DP(mod A) DIy
% 5T

EE34. 5| 22 -AMELTS.
o JD=MEE T IR T, Z0HERE T %
I+ :={M € 2 | Homg (T, M) =0}

LEDD.
o DDZMIRIE T, U OO TROEMEDPRDIDEE, QBIPERIMRE D =T LU b2,
1) gt=u.

VM e, 3=ZT->M—->U—-T[1]; Te T »2Ue%.
LDEE T % 9 DHEHNEEHIE, U %2 2 DIEFFEWITEE T .
o 2 D= T BETFEITEPOEIFERTETH D L E, T & 9 DFFETTEE ).

EE 3.6. 23] A Z RIRIGAM AL LB E L, C ZHRRIC asid MEEL §5. £ a = max{ay,a,} EBE,
Ti—thickC® £ 5%, DL X T (2 D> (mod A) DFABATETH b, Ko LR

DP(modA) =T L KerH
DHET S, 22 TTH=KerH Th 5. X5 HERDRIIROME 2T
(1) — @Y CETICEFfEE LTEMAT2. 20 — % C O T ~DHlBR I [
(—@%0)|;: T=T
ZHERIT.

12



(2) —@% C I TH CHEBERNTS. 2%) — ok 0 0 T ~oflRiz A CETE
( ®AC)|TL T =T
ERIEEC L, 7 (TL) G CO = 0 4IK D 1o,
CDOEBDHEZ TG, GBI NG K ) ITROEHIR D 7D,

EE 3.7. 23] A Z RERIGAR AL LB E L, C ZHRKRIC asid MEELE § 5. 7 a = max{ay,a,} £ BE,
T:=thickC® £9%. 2D E H:DP(modA) — CM” A DHIRIC & h R = EFREE S 2.

Hit:T = cM*4

1€ > TLEE CM” A 13H K8 DP(mod A) DFFATHIE & LCHEHEIN G, RO MBKANFET 2.

" oM A

T
P ¥
T——

CcMZ A

|
B EGHIE 3.1 (B) OfEED S A b7

3.3 &K-Gorenstein & =ZAEBE (BUME (A))

B 3.6 DHT A DEK-Gorenstein PE4S DP(mod A) DHER IRz E L 2 & 272, I DP(mod A) Db 5
ERTRDIFIEDS A DG K-Gorenstein 1% &< .

EE 3.8. [23] A Z KIOUARAELIGER E§ 5. ARIKoL A-mRINEE C 123 LT, ROFMFFAMETH 2.

—~

a) C I asid I#FTH 5.

(b) DP(mod A) DFFFFLIE T <, LN 27T b ODEET 2.
(1) —@% C 13 T IcARLERT 5.

(2) —@% C 3 THICHEFIEMNT 2.

NS DELEDHIIT B £ X, T = thick(C) AR D 170
ZOEMEIGAT % L, & 545 K-Gorenstein BRD 7 7 A DEDIARE L 72 5.
$ll 3.2. XKD AN—Q DEREE A=KQ £8X.
Q=152

CDEEgldimA=1TH%. UTFTIEADasid EFZIHEL, A OHBHIEAEL L L TRL X 415 5 7K-Gorenstein Bt
DR EZ LS. asid MO THIL 2 DORE» 4% 5.

Step 1. DP(modA) DFAEWZB T 20T 5. Q DIER 1,2 IMIET %2 A DFRRFESETE ZNZiie,ea L, A

IEE M Z2RD 7 A N—FBITHKT.
M€1 i) M€2

TELEERT A IO [A RIE o 5E 2R ER 13

My=(0>K), My=(K>SK), M=(K-=0)

13



TdH 3. DP(mod A) ® Auslander-Reiten 7 4 W—I3XTHZ 515,

Ml[f].] < Mg[*” """"" MQ e M1 [].] SRR Mg[l] e MQ[?} T
NSNS NN N
e Mg[—1]< """"" M1< R M3< """"" M2[1]< """" M1[2]< """" M3[2]

DP(mod A) @ thick #TEIZTEITE D ([6, Theorem 5.1], [15, Theorem 1.1]), ZNz v 3 LA TE T 13

RDBHDTHDHI Wb,

I I I S
(i) DP(mod A) 0
(ii) thick M, thick M3
(iii) thick My thick M,
(iv) || thick M; thick Mo
(v) 0 DP(mod A)

Step 2. DP(mod A) DFFEGRSE T 12X LT, &8 3.8 (b) D (1)(2) &7 3 A-MIINEE C 2084 2. A-miflm
MO ZRDI A N—RBTERT.

jes
61061 I 61062

Q.T TQ.

e2Ce; —> eaCey

() 26 (v) OFABIBICK LT, C OB T TE 2 505, HMlAFEAEE 23] 22H I hile.

G || (1) K—K (2) K- >0
AR
0 """ > K K‘>K

i || 1) 0 >K
]
0 ————— > K

(i) || 1) K—K
0. »0

(v) || (1) 0 >0
K om0

(v) || (1) 0= K" 2) 00 3) K" >0
i 8 4 A T A
0 """""" >0 K" s K" K" >_0

BicZ 7 A-TEIMBED Y 2 v D asid MEEC DYV A TH S, TNEICICA D CIZXZ2EWAIRERE L TR
N3 EK-Gorenstein Z B A=ABC DY A +MHFSNS.

(1) ADIAN—EBIRREUTTH2. DL CM? A~ DP(modA) TH 3.

(1) 6@1—a>237 Ba=ay, B2=0,~2=0. (2) 162 afa =0, Baf =0.
B

14



(i) A D274 A= EBFAIZULTTHZ. k¥ CMP A ~ thick My ~ DP(mod K) TH 5.

(1) 1$235 B2 =0.

(iii) A D7 A N—ELBFERIILTTHS. ZDL E CM* A ~ thick My ~ DP(mod K) TH 3.

(1) 5@1#2 8% =0.

(iv) ADZ A N— LRGN TTHS. ZDE & CM? A ~ thick M3 ~ DP(mod K) Th 5.

(1) 5@1#2 B2 =0, Ba=0.

(v) ADI A A= LBIRRIBLTTH2. Z0LF gldimA< oo THY, CMZA~0TH 2.

1) 1 = 2
\5\4//’/
5
(2) 1@2 aBi =0 (1<i<n). (3) 1@2 Bia=0(1<i<n)
b 5

BIEE. A MRBEAL v RY Y LT, lHOBARTHEF L2 2 EIE# w2 L ET.
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AHFDONEE FDIRHIZDWT

&6 BRI

R (X, E) 1%, Fano 28k X £ ZD EORZ MVHR E OXTH - T, — Chern FICHT 5, H 5%
HEHEZTEODHEESS. ZOX54H (X,E) 1% 1988 FEIZ[fHIZ & 5T, Fano ZRAD H 2 D — %1k
EUTHEAINTW [13]. 22T, REBUEY VYRV ATOBEIZIA - T, Ao HEME e 2 O H
ZOWTHET 5. FEHXRHIEBIZ O WTIE, #i [5-7) 22M U TW27Z E 720, A T3 3 12 Bff ) o
CHM K FES OB E UM HI L 72\, 2 2T, AR TR E T, Bl oEEE S5 2 2%, [
Hxt o JEME % AL 05 E 2 Fcik S . FORITGHE LT, Duo Li (2 &k > THEA X /- Hfl K
B &\ S & & Bifda st & ORIz DO W TR S .

1 |

Fano £HK X &%, W5 » B RBEHAE X THo> T, TOREHRERNT —Kx = (X)) BEFETH S
LODIE%EWVWD. ZIT, —Kx = ¢1(X) 1ZERDOTHNNE det(Tx) IZHIGT2HFTHD. SRV EET
HBILDEHRBITEHL2VD, ZOMRIIRT PVHRICE — I 5. AFETIE, Hartshorne 12 & 58
MOEHEZHND: T4bL, X7 MVKENEETH S LI, TOHEL P(E) O LOYEMEHHE Op g (1)
NEETHDLEEED.

AN (X, ) DERIFIRTEZ SN D:

T 1.1 ([13]). AHFM (X,€) &iE, Fano ZHE X 22D EOBERT MVKR E DN TH->T, ¢1(X) =
(&) 2l DDI L TH5.
HHFORTLIE dmMX OZ L2 UTED, ZOBEE X rankE DI LTEDS.

SWHZ L, MFEN & X, ZDH— Chern $H ¢ (X) DWEERZ MLH E DF— Chern HTRINT WD
£ 957 Fano ZRMAD Z L THB. —fiZ, BEXRI MVENPEZ SN & ZDORT MVHOPER rank £
MREWVIZE, TS T, ZOITFIAR, H5WIEEH— Chern i ¢1 () B REL 8B, Lo T, [AHXN
DR rank(E) 1%, TORKIEHERDKEIENZ —~DDALEREEZ DI LNTES.

ER 1.2, REMHZ AL I, SRR ZD EOBEERZ MVROK (X, ) DZ & &2\, Z0O 1 JIEHE K
Tl Kx +c() D2 %483, 75&, M, —BEHZEAE (X,£) TH->T, B2 Calabi-Yau
G Kx + (&) =02 DEZVNADIENTES.

FHT ORI, Uh LEARKTH 5H01%, Fano AL T DOEAR T LIFENS D2 HVTEZ 5N5:

%64 BNREFY VRY Y L R,
The author is a JSPS Research Fellow and supported by the Grant-in-Aid for JSPS fellows (JSPS KAKENHI Grant
Number 18J00681).

* G K F I FIZER}, kanemituOmath.kyoto-u.ac. jp



5 1.3. Fano ZHkR M D, ¥ 88 ryy 21X, PicM NT —Ky 2Z 0 ]2 EOBBORAMEDZ L TH 5:
rv={a€Zs | H% Cartier ¥ H »H>T —Kpy =aH }.

T & D, HBHRT Hyy 7537??1_:‘[/(, —Kpy=rpy - Hy L EIF 5. Fano ZHAAD Picard BEIZIZERNDI 7000
e, TOESRATF Hy T—FBWIZEES. ZORF Hyr % Fano ZRkME M OEXREF & FEXK.

XT M ZHEFED n YT Fano SR L 32 & (M, O(Har )™ ) IGEH n TR riy T b B[R %
5z2%.

LFEDH] 1.3 TiE, 88 ryy D Fano ZRkME M 56 BE ryy ORIFHNAFE SN T Wz, Uzdi> THHAN
1% Fano ZHAD —ffb & A2 AT E, “BEEC 13 950 O —fLIZHY T 5.

ST, M 1.3 TERAZAARORY FIVE EFEHMROENTH > 7. —BOAANIZOVWTIE, BBAA
ZHIKIE U 2\ IRV B TH 5

5l 1.4. JZEH P L ZDEHR Tpr DX (P, Tpn) IZMHANDO—DTH S, EEE, HiE2EM LD Euler 58

2%
0 — Opn(—1) = Opft — Tpa(—1) =0

(IZO0pn(1) 2T YYNLTEHIE)IZLD, Tprn FEETHDZ DD, 75— Chern FHIZBI T 5 &l
“a(X) = (&) FEHICMA SN, n > 2D L & Tpn &, FEROEHNITIZHHL 2.

Bl 1.4 122 =ML, AROBEICE W THT 2 8il K FES & S EWBHRIZH 5. T DEEFD =Dz
(P™, Tpn) DFMEHSDULH LR LD:
P? i3, 57 PLVZEMW = C*H 2k b 2, TOBEHEZ/NTA—X—DIFELIKTH 5.

P = {V, C W |V, & n YoLHs4 720 .

7z, Bk D Euler 5825 DB IE, /8T A — & —22[] P L0 R w0 Kz 5 X 5 5%Ee R8T
H5.

IR PR E DHALIE, FRITLICX E DBFEHED NI A —R—2Efl2 525, Lizh>T,
P(Tpn) 1&, —IRIGEBZEM] Vi & n RoTH 221 V,, D (Vi C V,) DT A — X —ZE/|IT725:

P(Tp:) = FI(1,n; W) = { (Vi C V,,) | Vi & —IRGEEBAZER, Vi, 13 o iRTC 4220 ).

72, WAL P(Tpn) 25 DEREIY pr: P(Tpn) > P, HE (Vi C V,) % [V, e PR ici%(3 Z L THZ
5h5.
ZZETTE, P 2EFHIDNT A =R —2EHEFZEZ TV, JTHDRT MIVER OB WY D4 %E
ZEZNE, —IRIEHDEIDNT A — R —EHEPFL5N5:
P ={V, cWY |V, l&n REHAEm} = {Vi C W | V] & 1 Roe#H 220 }.
SFRMED 5 FARIZ Ppn (Tpn) ~ FI(1,n; W) ~ P, (Tpn) TH Y, MOMAIEF SN 5:

Pp. (Tpn) = FI(1,n; W) = P, (T ) (1.1)

/ \
P pn



B ULBNE po 1, ARBEE po: Ppn(Tpn) — P TH 5. L72h > T P(Tpn) & Picard 7% 2 @
Fano ZHKTH v, 2 D DRI EMIRDOEE p1 & py 2RO,

D& S ITHHALAD 2 D DR A MR OREE & B DI 2 BT & W, 2O E Z 2 TIREE
IR, ERECIE, RTEHS N D:

EH 1.5 (RS & 45).

o BB r OBMEFAHN LI, B r DN (X,E) TH-T, ATOFKMEZE-ZTEODILEES:
(1) px =1
(2) P(€) 3AD P~ iM% FD.

o % (F3C [5] Tl roof LIFATWS) LIFHMIAIHNDHHEALL LTHRONDIEHEW DL THS.

B 1.6, EHNS, (X1,6) & BN E T2 &, ZOSGIL W = P(&) 255 TH Y, Hlo Pr— Kok
ﬁpg: W—)Xz HD:
PE&) =W
(X1751) XQ.
Lo T, Wik

(R1) Picard #4742 ® Fano ZHATH 1 ;
(R2) 2 50 P! HOME py & p 2RO,

—HT, 202 DDFRMEDPEEREOT 205 0E, RIFRTH 5. BRTIE, LEREOIT2DI2E5—D
RDEMEDVBETH S [5, Proposition 1.5]:

(R3) rw =7.

ST, WHWETHZLEITE, ry =7 THY, T W OEARKT Hy 3% p; 7 71 5— P71 LD
FEFHRE NG, 0L X & = ().O(Hw) THA. £72, & = (o). O(Hy) £ B &, (Xo, E) W
Hxt & 725 [16, Proposition 3.3]. & <12 (X, &) b HMFHM &2 5.

2 RAHNDODE

Fano ZEHMERIIZED — DD EMBHEIX, TOHETHEH, BN TORERSFEIZLED R V. ThTH,
B DK E W Fano A ISR EZ > TWA 2 M oNTHE D, BB M % Fano ik L
7L &, RDBHSNT WS

(1) rar > dim M THIE, M ~P" 30k Q" 2745 [9].

(2) FEEIE 7y = dim M — 1 725 Fano 8% 2L Tz [2,3].

(3) 7z, MHE ryy = dimM — 2 &7 % Fano ZHikZ 28 L T\ [14]. EREZ I AHIZIEARK 712
B3 252 —2REL, TOREDTTHEEEZTWVWS. BIZ, TORERIBFIZRD IO &N
[1,11]] TRENT WS,



TTIZRA X102, WX DOREEBUL Fano ZHED IO —BIL L AL THNTE 5D TH 7. M LOB
8REH LI, AT BEEROKRE VRSO S HEME” 2R LU TW 2, XD IEMIZIE rank € > dim X %7z
FlAHNOFM RS EHE FEL TV [13]. Z0FI, RO S EEEIZ B 2/ - 6 DOEH DG
Yicd b, #EH, Peternell, Ye-Zhang 512 & » TR I N TV 5

EIE 2.1 ([4,21,22,26]). MHN (X,€) TH->T rankE > dim X %7235 DITIRIZRS:

(1) (P, 01"+

(2) (P, Tpn);

(3) (P™,0(2) ® O(1)*"1);
(4) (Q", 0)*m).

ER 2.2, BH 2 1ICHEHNEZHDS B, (1) & (2) EHEMAHANTH 0, IZhLEHMTIEAR .

T, LHONFEETTOT, BEAHE I TIUNIWEEICENFELEZVWEEZ LD, T LSROFEM
T, BEETIZrankE > dim X — 2 2295812, DEPEZ SN T WS, ZOHMOED TIX, Zhsn
DHEEEBA U WD, ZORHZWL DFEREZ BRI 0,

WPicard BICEIT 2358 [N (X,6) 2 HT A2 L 222301, TOMTE px = 1 OBAE
px > 1 DEALT, KERS, LRICE A, Picard BAAEWF L, EEM X P PE) 13%< 0
ARG B 5, T D70 E L B HIED SHEZIGE LR TV, ZOBAICIE, SEE LTHN SN0
HIEZ VW EDD, TN 5 OHIELENIIETH . 15T px = 1 OEAITIE, TOMEEHRZBIT LY
AR A T BEL B D, £ENBR (X,E) 72 b bix BB, & <ICBEERPE D EOBE
2 M VRO EL BT 5 D% < KERIKE . ARORKD T, BENEIHED>BATHS,
px = 1 DEAITERERS T LIZT 3. px > 1 DEAIEDOWTIE, K TEELIER T2 IZHD 5.

BRY MUVERADHT ZHAICETZEE EH 211280V T, X7 MVE £ PEMRHEOBEFIZ /ML 720
DX, (2) DEHAEDATH S Z LITIEEI NV, —fRIZ, [N (X, &) BEZ o5, px =1 13K
ELES. T35, Pie(X) BEART Hy ISHIET 2 EHE Ox (1) 12 &> TERIATWS. <7 LK E
HEMEDERN T 258 (DARIFIFH LIER) 121 € ~ @ O(a;) & EOBE a; 2FINTE,
Sai=rx ZhizTEPDNRL. LizhoT, rx =Y a; >rankE 725,

FIZIE rank & = dim X — 2 & B pHAMEANE2EZXZ L, rx >dimX —2 &5, ULizh > CTEZEM
X 3B DK E WV Fano ZRMAD DL S KL< a0 5. £2R27 MVREHARMIZETITWEDT, ZOHE
W DHEIFE T L TWA. DFE D EHROKE WA OSEMEIZ B WT, REW 2O IXIES AR O M Hx %
NETLHIETHD. ZIZT, UTFTR EVPALBVEEIZEILENEKS.

BREH 2 0oAHAN rank€ =dim X — 1 &R 5 mHNIE, 1990 FEHE TIZHHEIN TV S:

EIE 2.3 (Wisniewski [25]; Peternell-Szurek-Wisniewski [23] (cf. Occhetta [17])). FHx (X,€) TH->T
rankE = dimX — 1 2{ii7z b DDZERBRAEDVH D, ZD 5B py = 1 »OEPARTH BB DIF, IRIT
IR

(1) (P3,N(2)), 22T N & null correlation & IFEN 5 P3 ED~RZ bV [18].
(2) (Q*,Sg(1) @ Oq(1)). TIT Sq E=widdhi L2/ VR [19].



(3) (Q°%,Sg(1)).

SEE 2.4, (1) & (3) BMMAHNTH S, EVHLL, MEETOHBAEELTHEVCEMELTSHD,
Pps(N(2)) = Pqs(Sg(1)) AHD 55, Lihi> TROBERAD 5:

Pps (M(2)) = Pgs (S5 (1)
3 / \ Q3

ZIT, p1, pp BENTNOHEMLIIHIET 2 P RTHZ. 72, TOLHRIK Pps(N(2)) ~ Pqs(Sq(1))
1%, Dynkin KD By = Co &7 5 BHAREEHE G © Borel #12 X 5% G/B Th 5.

P

Ié]‘-:l‘%"%lS DOEHFN T, KIZHA L7200, B rankE A dim X — 2 L 22N OHHETH 5.

ez, Novelli-Occhetta [16] 1I2& > T, dim X =4 5D px > 2 DEEVFTARSNT Wz, KD DB EIT
DWTIE [6,7] ICBWTHERICHHI N, T2 TIREI, BAANICEREZKD 221275, ZhlANDE;
IOV TEHITOMX BRI 0.

EH 2.5. rank & = dim X — 2 25729 WHS O REBIHIFZERITPRETE, IRVBK D 32 D:

e rankf =dimX — 2 2D py = 1 27 THEFHEMAHTIE, Br5E9Hlb 5.
o D5 HHEHIFIRD 2 D:

(1) (Q%,84(1)), 22T Sq WAE JIVHK;

(2) (Q%. Gq(1)), 2 I T Gq i, Ottaviani HLIFIEFNZE T FIVRTH 5.

FELWHE® 2 O RMEX, [8,19,20] FIZHED D, Gq EMEE 3 DLERT, (c1,c2,c3) = (2,2,2) Zii/=d
0L LT, BTSN T WS, £/, 20 2 DORMEHNIZZ DREIAE %2 52 50, ZOHLEITIRD
XD B:

9 (QS, Syl ) EEZLS. BKAlDZDIZ, ZOKER QS & Xy b#HL. 4z W &L,
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Px/(Gq(1)) = W' =Px;(Gq(1
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TOWARD CRITERIA FOR K-STABILITY OF LOG
FANO PAIRS

KENTO FUJITA

ABSTRACT. This is my proceedings of “64th Algebra Symposium”
at Tohoku university. In the proceedings, we give a simplification
for the proof of “a valuative criterion” for the uniform K-stability
of log Fano pairs.
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1. K-STABILITY OF LOG FANO PAIRS

We work over an arbitrary algebraically closed field k of characteristic
zero. Throughout this proceedings, we always assume that (X, A) is an
n-dimensional log Fano pair, that is, X is a normal projective variety
over k and A is an effective Q-Weil divisor with (X, A) a kit pair and
L := —(Kx+A) an ample Q-divisor. (For the theory of minimal model
program, we refer the readers to [KM98].) We recall the K-semistability
and the uniform K-stability of (X, A).

Definition 1.1 (see, e.g., [Tia97, Don02]). (1) The following data
e a normal projective variety X and a surjective morphism
p: X — P
e a p-semiample Q-line bundle £ on X,
e a G-action G,, ~ (X, L) commuting with the action
Gy ~ P} with (a,t) — at,
Date: December 24, 2019.
2010 Mathematics Subject Classification. Primary 14J45; Secondary 14E30.

Key words and phrases. Fano varieties, K-stability, Minimal model program.
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2 KENTO FUJITA

e a G,,-equivariant isomorphism
(X\ X0, Llanay) = (X x (PP {0}),piL),

where A} is the fiber of p at 0 € P!,
is said to be a test configuration of (X,L). We simply say
that “(X,L£)/P! is a test configuration of (X, L)”. For a test
configuration (X, £)/P* of (X, L), let Ay be the Q-Weil divisor
on X defined by the closure of A x (P \ {0}).

(2) A test configuration (X, L)/P! of (X, L) is said to be trivial if
the ample model of £ over P! is G,,-equivariantly isomorphic
to (X x P\, piL).

(3) (see [LX14]) A test configuration (X, £)/P! of (X, L) is said to
be special if £ is ample over P! and the pair (X, Ay + Xp) is a
plt pair.

(4) (see [Wanl12, Odal3]) For a test configuration (X,L)/P! of
(X, L), the Donaldson-Futaki invariant DFA(X, L) of (X, L) /P!
is defined as follows:

n ' (L‘"+1)+(£'n'(KX/P1+AX))
n+1 (L™ (L) '
where Ky/p1 := Ky — p"Kp1.

DFA(X, L) :=

In the paper [Fujl9al, the Ding invariant, introduced by [Ber16] (see
also [Fuj18]), plays an important role.

Definition 1.2 (see [Ber16, Fuj18]). For a test configuration (X, £)/P*
of (X, L), the Ding invariant Dinga (X, L) of (X, L)/P! is defined as
follows:

(£m)
(n+1)(L™)
where D(x ay),c) is the Q-Weil divisor on X" supported on & with

Dix.ax)0) ~o —(Kxpr + Ax) = L,
and lct is the log canonical threshold, that is,
lct (X, Ay + D((X,AX),Q; XO)
= max{c € R| (X, Ax + D(x.ax)c) + ¢Xo) is a sub-lc pair}.

Ding, (X, L) := — —1+1ct (X, Ax + Dix.an).0); Xo)

Definition 1.3. A log Fano pair (X, A) is said to be K-semistable
(resp., Ding semistable) if DFA(X, L) > 0 (resp., Dinga (X, L) > 0)
holds for any test configuration (X, L)/P! of (X, L).

In the papers [Derl6, BHJ17], they systematically treat the norm of
test configurations.
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Definition 1.4 (see [Der16, BHJ17]). For a test configuration (X, £) /P!
of (X, L), let us consider the normalization of the graph

N
N
X x P! X
of the rational map X x P! --» X. The minimal norm (resp., the
non-archimedean J-norm) |[(X,L)|lm (resp., JN*(X, L)) of (X, L)/P!
is defined as follows:

(I'piL-©°L")  n(L™)

Il = THEEED HET)
. _rpLm-etn) (e
PR = TG ey

Remark 1.5. (1) The definition of test configurations in [Fuj19a]
and the above definition differs. In [Fuj19a], we consider (X, £)
over A'. If we canonically compactify (X, L£)/A' over P!, then
we get the same notion.

(2) In [Fuj19a] and [BBJ15], we focused on JN*(X, £). Recently, I
recognized that considering ||(X, £)||,, is more natural in order
to prove a “valuative criterion” for K-stability of log Fano pairs.
It is the purpose of the proceedings explaining this observation.

Definition 1.6. A log Fano pair (X, A) is said to be uniformly K-
stable (resp., unifomrly Ding stable) if there exists 6 € (0,1) such that
DFA(X, L) > 6+ JNA X, L) (resp., Dings (X, L) > §- JNA(X, L)) holds
for any test configuration (X, £)/P! of (X, L).

We recall basic results:

Proposition 1.7. Let (X, L)/P! be a test configuration of (X, L) with
L ample over P!,

(1) We have the inequalities
1
— X L) < (X, L)l < 1 TR, L),

(2) We have ||[(X,L)||m > 0, and equality holds if and only if
(X, L)/P! is trivial.

(3) We have DFEA(X, L) > Dinga (X, L), and equality holds if and
only if L ~gp1 —(Kxp + Ax) and the pair (X, Ax + Xy) is
an le pair. (In particular, we have DEA(X, L) = Dinga (X, £)
for any special test configuration.)
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Proof. (1) See [BHJ17, Proposition 7.8 and Remark 7.12].
(2) See [BHJ17] or [Derl16].
(3) See [Ber16] or [Fuj18]. O

2. A VALUATIVE CRITERION AND THE PURPOSE OF THIS
PROCEEDINGS

We recall “a valuative criterion” for the K-stability of log Fano pairs
introduced in [Lil7] and [Fuj19a] independently.

Definition 2.1. Let I’ be a prime divisor over X, that is, there exists
a log resolution o: X — X of (X, A) such that F'is a prime divisor on

X. (The following definitions does not depend on the choice of ¢.)

(1) Let A(F) be the log discrepancy of (X,A) along F, that is,
A(F) =1+ ordp(Kg — 0" (Kx + A)).
(2) The divisor F' is said to be dreamy if the graded k-algebra

P H(X,o*(krL) — jF)
k,j>0

is finitely generated, where r is some (hence, any) positive in-
teger with L Cartier.
(3) For any = € Rx, let us set

vol(L — zF) :=volg(c"L — xF)
(see [Laz04a, Laz04b]). We define
7(F) :=min{T € Ry | vol(L — 7F) = 0}.
(4) (see [BJ17]) We set

BEF) = (L")(A(F) = S(F)),
JF) = (L") (7(F) = S(F)).
(6) (see [Fuj19b]) We set
sy B (AT
)= e =1~ (5t7)

More generally, for a divisorial valuation v = ¢-ordg with ¢ € Q+¢, we
naturally define A(v) := ¢ A(F), 7(v) :=c-7(F) S(v) := ¢- S(F), etc.
See [Fujl9a] for detail.
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In [Fuj19a], I proved the following “valuative criterion” for the uni-
form K-stability of (X,A). For the K-semistability, the result was
proved by [Lil7] and [Fuj19a] independently.

Theorem 2.2 (see [Fujl9a)). The following are equivalent:
(1) (X, A) is uniformly K-stable.
(2) There exists 6 € (0,1) such that S(F) > 0 - j(F) holds for any
prime divisor F over X.
(3) There exists § € (0,1) such that B(F) > ¢ - j(F') holds for any

prime divisor F' over X which is dreamy.

Nowadays, it has been known that the invariant B (F'), more precisely,
the invariant
A(F)
S(F)’
is more important than 5(F') and j(F). See, for example, [FO18, BJ17].
Actually, I proved the following result in [Fuj19b]:

Theorem 2.3 (see [Fujl9b]). The following are equivalent:
(1) (X, A) is uniformly K-stable.
(2) There exists € € (0,1) such that B(F) > & holds for any prime
divisor F' over X. R
(3) There exists € € (0,1) such that B(F) > € holds for any prime
divisor F over X which is dreamy.

The purpose of this proceedings is to prove Theorem 2.3 directly, by
changing the original proof of Theorem 2.2 a bit.

Remark 2.4. It is more convenient in many situations that considering
not only divisorial valuations but also all valuations in order to consider
K-stability of (X, A). Actually, in [BJ17], they showed that the uniform
K-stability of (X, A) is equivalent to
A(v)

inf > 1,

% S()
where v runs through all valuations on X with A(v) < +o00. See [BJ17]
in detail.

3. FROM TEST CONFIGURATIONS TO ﬁ

Let (X, L)/P! be a test configuration of (X, L) with £ ample over
P! and A&, integral. As we have seen in [Fuj19a, Proposition 2.10], we
can naturally get the divisorial valuation vy, on X obtained by the

restriction of the valuation ordy,. The following theorem is important
in [Fujl9a].
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Theorem 3.1 (see [Fujl9a, Theorem 5.1]). We have
DFA(X, L) = A(vx,) - Blvx,) = A(va,) — S(va,)-
The following theorem is important in this proceedings.

Theorem 3.2. We have
1%, L)l = Alva) - (1= Bloma) ) = S(oa).

Proof. The proof is similar to the proof of [Fujl9a, Theorem 5.1]. Since
Xy is integral, we may assume that £ = —(Kxy/p1 + Ay). Let

/\

X x P!
be the normalization of the graph. Set
B = Ky/]pl +A:)7_H*(KX><IP’1/]P’1 +AXXP1)

— (Kyp + Ay — 0" (Kypr + Ax)),

where Ay and Axyp1 are the strict transforms of Ay. By [BHJ17,
Proposition 4.11], we get

OI‘dg(0 B = Ol"dXO (Ky/]pl —f- Ay — H*(KXle’l/IP’l —|— AXX]P’l))
= A(UX()).

Therefore, we have

1 1 41 * pon ¥ %
06Ol = = s (@) + (@ (rpiL - 0°0))
= —DFA(X.£)+ 5 (£70.5)
= —Al) - Aun) + s (67 Alv) %)

= A(UXO < UXO >
by Theorem 3.1. U
Remark 3.3. In [Fuj19a], I showed the equality
1
JNNX L) = —— (v
( ) ) (Ln) J (UXO)

Thanks to Theorem 3.2, it is more natural to focus on [|(&X, £)||,, than
to focus on JNA(X, £) in order to evaluate 3(F).



K-STABILITY OF LOG FANO PAIRS 7

4. THE UNIFORM K-STABILITY AND THE UNIFORM DING STABILITY

Let (X, L)/P! be a test configuration of (X, L) with £ ample over
P!. In [Fuj19a, Section 3], I considered the behavior of the invariant

Dinga (X, L) — & - JNMX, L),

under the processes of certain minimal model programs (MMP, in
short) achieved in the important paper [LX14]. In the proceedings,
we consider the behavior of the invariant

Actually, the invariant also non-increases under the processes of certain
MMP in [LX14]. We briefly see the proof. The proof is more or less
same as the argument in [Fujl9a, Section 3].

Theorem 4.1 (cf., [Fuj19a, Theorem 3.1]). Let m: X' — X be the log
canonical modification of (X, Ax+Xy), that is, the pair (X', A ye+2X))
is lc and Kyiepr + Ayie + X} is m-ample. Let E be the Q-divisor
supported on X with

E ~Q KXIC/IE” + Axlc + 7T*£.

(Of course, E is m-ample.) For any 0 < t < 1 with t € Q, let us set
the ample Q-line bundle

Ly =7n"L+tE.
Then, for any 6 € [0, 1/n], we have
Dinga (X, £) — 5+ (4, £)ll, > Dinga (X, £2) — 6 | (X, £5)]).
Proof. From the definition of E, we have
Dy = Dyaie a0y = —(1+ 1) E.

Let X)° = >0 | E; be the irreducible decomposition and let us set
E =3  eE;. We may assume that e; < --- < ¢e,. Under the setting,
we have

let (X', Ayic + Di; X)°) = 1+ (1 + t)ey.
Let
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be the normalization of the graph. Moreover, let us set ¢; := ©*Ll°
and ¢y = II*pi L. Then we have

Dinga(dr) = —% + (1 +t)es,

1

o = s (07— =600

Thus we get

(n+1)(L™) (Dinga(¢o) — 0 - [|dollm) — (Dinga(¢r) — 6 - [|d¢[|m))
= (65" + (n+ Der(L™) = 6(n + 1) (duiv - 65") + on(dg™)
(=& + (n+ DA+ t)er(L™) = 6(n + 1)(uiv - ¢/") + 0n(d)"))
~ (16w << ) = (@) — tn + Des (L7)
o(n + 1)(¢tm (6" — ¢5"))

= (1—dn) Z (&7 dg™) = (67 - &g ) — tea(L™))

7=0
n—1
+ 6(” + )Z (((btrlv (bt JH (bn . ]) (¢triv ' (btj : 6n7j> - tel(Ln))
7=0
= (L=dn)t)y (¢ 077 - O (E — 1))
7=0
n—1

> 0.
This completes the proof. 0

Theorem 4.2 (cf. [Fujl9a, Theorem 3.2]). Assume that (X, Ax+2Xp) is
le. Leto: X° — X be a G,,-equivariant small Q-factorial modification.
Fix 1 > 0 such that

HO .= 1

I+1

is semiample and big over P1, where L° := o*L. As in [LX14, Theorem
3], let us consider a (Kxop1 + Axo)-MMP

XO N Xl N Xk
over P with scaling H®. Set \g := 1+ 1 and
Ajrr r=min{ A | Kyjpr + Ays + AH? is nef over P!},

(lﬁ - (KXO/Pl + AXO)>
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where H? is the strict transform of H° on X7. Then we get
[+1=X>M2Z 2> =1

(see [LX14, Theorem 3]). For any0 < j <k—1 and X € [A\j+1,\;]NQ,
let us set

Ez\ = m (Kxj/]}nl + AXj + )\Hj) .

Moreover, let (X, £>)/P" be the ample model of (X* L% ) over P'.
Then, for any 6 € [0, 1/n], we have

Dinga (&, £) =0 - [[(X, L) [l = Dinga (A, L%) — 6 - [[ (X, L%) ||

Proof. Let E be the Q-divisor on X supported on X such that F ~q
Kxo/pr + Ayo +H°. Then we have

A
Dxi=Diasaeh) = ~3 1

E,
where E7 is the strict transform of £ on X7. In order to prove Theorem
4.2, it is enough to show the inequality
Dinga (X7, £3)=0-(X7, £3 )llsn = Dinga (X7, L3, )=0-((X7, L5 )l
forany 0 < j <k —1. Let

Yy

>N
X x P! X7

be the normalization of the graph. Let EV = Y% | E; be the irreducible
decomposition and let us set E/ = Y7  ¢;E;. We may assume that
ep < --- < ep. Moreover, let us set ¢y = @*Ei and ¢y, = [I*p]L.
Then we have

Ding A (¢y) = — (TH) + A
N O § 2D B S
Note that
N1 s ,
Prj1 — O = =Dy +Dj_( . -1 )E]'
At P M TN T AN -1 A =1
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Thus we have

(n+1)(L™) ((Dinga(¢,) = 6+ [|6a, [lm) — (Dinga(dr,.1) = 0+ 163,4.1lm))

= () + T+ Dea(L7) — 60+ (6o 652) + n(65

)

= (O ek Dea(L?) Bk D 0,,) + Ol )

)\j+1 —1
Aj

= (=an (lep - ep™) - (722 - 52 ) (o D)

+ 0(n+ 1) (Puiv - (X, — Ox.))

— >\j+1 . /\J N . j ‘n—j « _ ¥
N <)\j+1 —1 )\J — 1) <(1 6”) Z <¢)‘j+l ¢)\j © <E elXO)

=0

n—1
+ dn+1)) (cbmv S A C OO elxg))>
=0
> 0.
This completes the proof. O
Theorem 4.3 (cf. [Fujl9a, Theorem 3.3]). Assume that (X, Ax + Xp)
is lc and L = —(Kyp+Ay). Assume also that there exists a birational
map
X --» X°

over P' such that (X°, —(Kasp1 + Axs)) /Pt is a special test configura-
tion and the discrepancy of (X,Ax) along X§ is equal to zero. (By
[LX14, Theorem 4], such birational map always exists after a base
change of X over PL.) Then, for any ¢ € [0, 1/n], we have

Dings (X, £) = 6 - (X, L) [m = Dinga (X7, L%) =6 - [[(X%, L)[|m-
Proof. There exists the extraction 7: &’ — X of A} and we have

KX’/[P’I + AX’ = 7T*<KX/IP’1 -+ A/\{) Let

XxpPrd—y—=. xs
lo
X/
be a common resolution of the base locus of birational maps. Set ¢q :=

@*(_<KX’/IP1 + A){/)), gzﬁl = E*(—(sz/pl + AXS)) and d)triv = H*pTL
Let E be the Q-divisor on Y supported on ), with E ~g ¢1 —¢y. Since

)
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—F is Z-nef and =-exceptional, F is effective by negativity lemma.
Therefore, we have

(n+1)(L™) ((Dinga(¢o) — 0 - [|dollm) — (Dinga(¢1) — 6 - [[d1]lm))
= —(¢g") = 8(n + 1)(duiv - 95') + on(dg )
— (= (") = 0(n 4 1) (Puiv - ¢1) + n(¢7"1))
= (L=0n) ((67"") — (¢5"")) +0(n + 1)(duiv - (6" — 5"))

n n—1

= (1=0n) ) (¢7 057 E) +(n+1) Y (bun- 67 07 - E)
j=0 Jj=0
> 0.
This completes the proof. O

Corollary 4.4 (cf. [Fujl9a, Corollary 3.4]). Take any § € [0, 1/n].
The following are equivalent:

(1) For any test configuration (X,L)/P', we have the inequality

(2) For any test configuration (X,L)/P', we have the inequality
Ding (X, £) > 6 - (X, L)[m-

(3) For any special test configuration (X,L)/P', we have the in-

Proof. Follows immediately from Theorems 4.1, 4.2 and 4.3. U

5. A SIMPLIFIED PROOF
We recall the following theorem:

Theorem 5.1 ([Fujl9a, Theorem 4.1]). Assume that there exists § €
0, 1) such that, for any test configuration (X, L)/P of (X, L), the in-
equality Ding, (X, L) > 6 - JNA(X, L) holds. Then, for any prime
divisor F over X, we have B(F) > § - j(F).

Remark 5.2. One of the idea of the proof of Theorem 5.1, which was
already appeared in [Fuj18], is to consider a sequence of test configura-
tions and taking a kind of limit. The proof is technical and complicated.
It is an interesting problem to simplify the proof of the Theorem 5.1. In
particular, I want to rephrase Theorem 5.1 without using the language
of JNA(X, L) and j(F). More precisely, I want to get a direct proof of
Corollary 5.4.

We also recall the following easy lemma, proven by the log-concavity
of the volume function (and the restricted volume function).
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Lemma 5.3 (see [FO18, Lemma 1.2] and [Fuj19b, Theorem 2.3]). For
any prime divisor F' over X, we have

1 J(F) n
s o) = 1

As a consequence, we have the following corollary.

Corollary 5.4. If there exists 0 € [0,1) such that, for any test configu-
ration (X, L) /P of (X, L), the inequality Ding, (X, L) > 5-||(X, L)||m
holds. Then, for any prime divisor F' over X, we have

B(F) > nn 1)

Proof. By Proposition 1.7 (1) and Theorem 5.1, we have 5(F) > (6/n)j(F).
If 7(F) < A(F), then we have

n+1

by Lemma 5.3. Thus we may assume that 7(F") > A(F'). In this case,
by Lemma 5.3, we have

. 0 J(F) ) T(F) )
> . > : :
BE) 2 0 I Z a1 AG) - nm 1)
Thus the assertion follows. O

As a consequence, although there is an unsatisfactory point (the
proof of Corollary 5.4), we can get a simple proof of Theorem 2.3.

Simplified proof of Theorem 2.3. By Corollary 4.4, we have already seen
that the following three conditions are equivalent:
(i) (X, A) is uniformly K-stable.
(ii) (X, A) is uniformly Ding stable.
(iii) There exists 6 € (0,1) such that, for any special test configura-
tion (X, L)/P! of (X, L), we have DFA(X, L) >4 - ||(X, L) ||m-

By Corollary 5.4, the condition (ii) implies that the condition (2) in
Theorem 2.3. Obviously, the condition (2) in Theorem 2.3 implies the
condition (3) in Theorem 2.3. By Theorems 3.1 and 3.2, the condition
(3) in Theorem 2.3 implies that the condition (iii). O
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MOVABLE BEND AND BREAK
FOR SECTIONS OF DEL PEZZO FIBRATIONS

SHO TANIMOTO

ABSTRACT. This is a report of the author’s talk at Algebra Symposium 2019 held at Tohoku
University. We discuss some improvements of Mori’s Bend and Break for sections of del
Pezzo fibrations over P*.

1. INTRODUCTION

One of the main objects in diophantine geometry is a del Pezzo surface S defined over a
number field £, i.e., a smooth geometrically integral projective surface such that the anti-
canonical divisor —Kg is ample. One can show that the degree d = (—Kg)? takes an integer
value between 1 and 9, and we have the following classification of del Pezzo surfaces over an
algebraic closure k: let S = S ®; k and we have

e when d =9, S is isomorphic to P?;
when d = 8, S is isomorphic to P! x P! or the blow up of the plane at one point;
when d = 7, S is isomorphic to the blow up of the plane at two distinct points;
when d = 6, S is isomorphic to the blow up of the plane at three non-colinear points;
when d = 5, S is isomorphic to the blow up of the plane at four points such that any
three points are not colinear;
e when d = 4, S is isomorphic to a complete intersection of two quadrics in P*;
e when d = 3, S is isomorphic to a smooth cubic surface in P3;
e when d = 2, S is isomorphic to a double cover of the plane ramified along a smooth
quartic;
e when d = 1, S is isomorphic to a double cover of a quadric cone ramified along a
degree 6 curve.

Moreover even when 1 < d < 4, the surface S is also realized as the blow up of the plane
at 9 — d general points. Thus del Pezzo surfaces are geometrically rather well-understood
objects.

However their arithmetic aspects remain mysterious and there are a lots of arithmetic
questions one can ask for these surfaces. Among them the most important problems focus
on the set S(k) of rational points. Some of the natural questions on S(k) are:

(1) Existence of rational points;
(2) Density of rational points;
(3) Asymptotic formulas for the counting functions of rational points.

It is a well-known fact that any smooth conic satisfies the Hasse principle, i.e., the existence
of raitonal points is equivalent to the existence of local points at every place of k. However
this feature fails for del Pezzo surfaces and so far all failures of the Hasse principle have been

Date: December 9, 2019.



explained using the machinery of Brauer-Manin obstructions initiated in [Man86]. Moreover
Colliot-Thélene conjecture predicts that the set of rational points is dense in the Brauer-
Manin set and there are extensive studies on this subject. Readers interested in this story
should consult [VA13].

The Zariski density of the set of rational points on a del Pezzo surface has been well
studied too. Indeed if Colliot-Thélene conjecture is correct then this implies that S(k) is
Zariski dense as soon as it is non-empty. This prediction suggests that the set S(k) is always
Zariski dense for any degree 1 del Pezzo surface as the base locus of the anticanonical linear
system always contains a unique rational point. However, this prediction is also out of reach
to be proved at this moment.

The third question is about the asymptotic formula for the counting function of rational
points of bounded height on a del Pezzo surface after removing the contribution from the
exceptional set and Manin’s Conjecture formulated in a series of papers [BM90], [Pey95],
[BT98], [Pey03], [Peyl7], and [LST18] predicts an explicit asymptotic formula in terms of
geometric invariants of the underlying variety. There are extensive studies of this conjecture
for del Pezzo surfaces, but so far there is no single smooth cubic surface defined over a number
field which Manin’s Conjecture has been established. We recommend interested readers to
take a look at a survey paper on this subject [Bro07].

In this survey paper we would like to consider a del Pezzo surface over a different field,
e.g., over C(¢). In this setting, Graber-Harris-Starr established the following vastly general
theorem:

Theorem 1.1. [GHS03] Let B be a smooth projective curve defined over an algebraically
closed field k of characteristic 0. Let X be a smooth projective geometrically rationally
connected variety defined over the function field k(B). Then X admits a k(B)-rational
point.

Thus any del Pezzo surface defined over C(¢) admits a rational point. Proving this theorem
for del Pezzo surfaces is not so hard and one can appeal to the classification of minimal
rational surfaces over non-closed fields. See [Has09] for more details. Weak approximation
also has been studied in great details attested by [HT06], [HT08], [Xul2b], [Xul2a], [Tial5].
The situation for del Pezzo surfaces seems to be almost complete, but there are still some
open cases of del Pezzo surfaces of degree 1 and 2.

However, the situation on Manin’s Conjecture in the settings of function fields is not
satisfactory, and there seem to be few results in this direction compared to the situation over
number fields. Over C(¢), using Batyrev’s heuristics, Manin’s Conjecture can be interpreted
as the following geometric problems:

Suppose we have a del Pezzo surface X defined over C(¢) and we fix an integral model
7w : X — PL. We denote the space of sections for © by Sec(X /P!). By valuative criterion
there is a bijection between Sec(X' /P')(C) and X (C(¢)). Then we ask

(1) What are the dimension and the number of components of bounded height for
Sec(X /P)?
(2) Does the space Sec(X /P') enjoy some cohomological stablity when it is ordered by
height?
2



In [LT19c| and [LT19¢|, Brian Lehmann and I have started a systematic study of Question
(1) in the settings of trivial families of smooth Fano varieties using the geometry of the in-
variants appearing in Manin’s Conjecture, which is developed in a series of papers [HTT15],
[LTT18], [HJ17], [LT17], [Senl7], [LST18], and [LT19d]. We obtained a satisfactory an-
swer for the dimension of components of Sec(X /P') and classify irreducible components of
Sec(X /P') for most Fano 3-folds of Picard rank 1.

In [LT19a] we take one step further and analyze sections of del Pezzo fibrations over P*. We
obtain a satisfactory answer for a question about the dimension of Sec(X /P') (Theorem 2.2)
and we establish Movable Bend and Break which is an improvement of Mori’s Bend and
Break (Theorem 3.3).

Mori invented a technique called Bend and Break lemma in [Mor82], and this shows that
if we deform a rational curve while fixing two points, then it breaks into the union of rational
curves. However, it is very difficult to control Bend and Break, i.e., a resulting curve may
have more than two components and the corresponding point in the moduli space may not
be a smooth point. Lehmann and I conjecture that for a Fano fibration, if the anticanonical
height of section is sufficiently large, then it can break into the union of two free rational
curves. We call this conjectural technique to be Movable Bend and Break and establish this
for sections of del Pezzo fibrations over P! in [LT19a].

In this survey paper we discuss results in [LL.T19a] as well as the following applications:

(1) Batyrev’s conjecture for sections of del Pezzo fibrations;

(2) Irreducibility of the space of sections for certain del Pezzo fibrations;
(3) Stabilization of Abel-Jacobi maps;

(4) Geometric Manin’s Conjecture

Here is the plan of the paper: In Section 2 we discuss the dimension of components of
Sec(X /P'). The main theorem is Theorem 2.2 which claims that outside of a proper closed
subset on X', the dimension of the space of sections coincides with the expected dimension. In
Section 3, we discuss our Movable Bend and Break lemma for sections of del Pezzo fibrations
(Theorem 3.3) and demonstrate its proof in the case of surfaces. In Section 4 we discuss
several applications of Movable Bend and Break as listed above.

Acknowledgements: The author would like to thank Brian Lehmann for collaborations
helping to shape his perspective on moduli of rational curves. The author also would like
to thank Brian for comments on an early draft of this paper. The author would like to
thank the organizers of Algebra Symposium 2019 for an opportunity to give a talk. Sho
Tanimoto is partially supported by Inamori Foundation, by JSPS KAKENHI Early-Career
Scientists Grant numbers 19K14512, and by MEXT Japan, Leading Initiative for Excellent
Young Researchers (LEADER).

2. EXPECTED DIMENSION

In this paper we adopt the following definition:

Definition 2.1. An algebraic fiber space 7 : X — P! is a del Pezzo fibration if

(1) X is a smooth projective 3-fold;
(2) the relative anticanonical divisor —Ky p1 = —Kx + 7" Kp1 is relatively ample.
3



Corti showed the existence of a model with the ample anticanonical divisor with mild
singularities in [Cor96].

A central object in this paper is the space of sections Sec(X' /P'). It is an open subscheme
of the Hilbert scheme and it consists of countably many irreducible components.

For each C' € Sec(X /P), we define the height of C' by
h(C) = —KX/PLC.

This height satisfies the Northcott property, i.e., the number of components of Sec(X/P!)
parametrizing sections of bounded height is finite.
Here are the main questions we ask for the space of sections:

(1) for each component M C Sec(X /P'), what is the dimension of M? Does it coincide
with the expected dimension?
(2) What is the number of components parametrizing sections of height < d?

Understanding these questions is one of key assumptions of Batyrev’s heuristics for Manin’s
Conjecture for trivial Fano families over finite fields, and we further apply this heuristics
to del Pezzo fibrations in [LT19a], leading to a conjectural solution to Geometric Manin’s
Conjecture formulated in [LT19a].

In [LT19a], we obtain a satisfactory answer for Question (1). To understand this result, we
recall some deformation theory of rational sections: we fix a del Pezzo fibration 7 : X — P!,
We say a section f: C' — X is free if we have

f*Tx = O(a1) ® O(az) ® O(as)

with 0 < a; < ap < a3. If a section C is free, then it is a smooth point of Sec(X /P!) and
the unique component containing C' has dimension equal to the expected dimension, i.e.,

—Kgg/[pl.c + 2.

Let M C Sec(X/P') be a component and p : Y — M be the universal family. We say
that M is dominant if the evaluation map s : Y — X is dominant. It is known that if a
component M is dominant, then a general member of M is free. Hence one can conclude
that M has the expected dimension.

Keeping these facts in mind, now we state one of our main results from [LT19al:

Theorem 2.2. [LT19a, Theorem 1.1] Let 7 : X — P! be a del Pezzo fibration. Then there
exists a proper closed subset V. C X such that any component of Sec(X /P') parametrizing a
non-dominant family of sections will parametrize sections in V. In other words any section
not contained in V will deform to cover X.

Thus we can understand the dimension of each component inductively on dimension of
the locus which sections sweep out.

Remark 2.3. In [LT19c], we prove a similar statement for any smooth weak Fano variety
replacing the space of sections by Mor(P!, X), and the main ingredient is the proper closed-
ness of the exceptional set for Fujita invariants developed in [LTT18], [HJ17], [LT19¢|. These
results are based on the boundedness of singular Fano varieties proved by Birkar in [Birl6a]
and [Bir16b].
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In the above theorem, the set V' is also related to the Fujita invariant though the actual
construction is more involved compared to trivial family cases.

3. MOVABLE BEND AND BREAK LEMMA

In this section we discuss Movable Bend and Break for sections of del Pezzo fibrations
which is established in [LLT19a]. First of all we recall Mori’'s Bend and Break lemma from
[KMO8|:

Lemma 3.1 (Mori’s Bend and Break). [KM98, Corollary 1.7] Let X be a projective variety
and f : PY — X be a stable map. Suppose that we deform f while fiving two distinct points
on X so that the image sweeps out a surface. Then f degenerates to a stable map g : C — X
in the moduli space of stable maps such that

(1) C is a tree of rational curves;
(2) C consists of at least two non-contracted components;
(3) g(C) contains two points we fiz.

This lemma has vast applications to problems in algebraic geometry. Here are samples of
applications:
e Cone theorem for smooth projective varieties ([Mor82]);
e Rationally connectedness of smooth Fano varieties ([KMM92] and [Cam92]);
e Boundedness of smooth Fano varieties ([KMM92]);
e Irreducibility of the space of rational curves on general Fano hypersurfaces ([HRS04],
[RY19]).

However, as mentioned in the introduction, there are certain difficulties in controlling
Bend and Break:
e a resulting curve may have more than two components;
e a resulting stable map may be a singular point of the moduli space of stable maps.

To overcome these issues we propose the following conjecture in [LT19a]:

Conjecture 3.2 (Movable Bend and Break). [LT19a, Conjecture 7.1] Let 7 : X — P! be a
Fano fibration, i.e, it is an algebraic fiber space such that the generic fiber is a smooth Fano
variety and X is smooth. Then there exists a constant Q(X’) with the following property:
suppose that C' is a movable section such that —Ky/p1.C' > Q(X). Then C deforms as a
stable map to the union of two free curves.

Note that a tree of free rational curves is a smooth point of the moduli space M (X) of
stable maps, so in particular there is the unique component containing it. Here is the main
theorem of [LT19a]:

Theorem 3.3. [LT19a, Theorem 8.1] Conjecture 3.2 holds when 7 : X — P is a del Pezzo
fibration, i.e., the relative dimension is 2 and —Kxp is relatively ample.

Moreover we explicitly give a bound for Q(X). Let us describe this bound: we define the
minimum height of sections by
neg(X/P') = min{— Ky p1.C| C € Sec(X/P")}.

Note that this is well-defined due to the Northcott property of the height. For an integer

d € Z, we let maxdef(d) to be the maximum dimension of any component M C Sec(X /P!)
5



parametrizing sections of height d. When there is no section of height d we formally set
maxdef(d) = —oo. Then we define

maxdef(X') = max{maxdef(d)}.

d<0

Here is our bound:
Q(X) = sup{3, —2neg(X /P') — 5, —neg(X /P') + 3,
2maxdef (X) — 5neg(X'/P') — 5,
2maxdef(X) — neg(X /P') — 3,
2maxdef(X) + 2 + 2sup{0, —neg(X /P")}}.

Furthermore, when maxdef(d) — d < 2 holds for all d < 0 and there is no rational —Ky, -
conic on the generic fiber X, defined over C(P'), then Conjecture 3.2 holds with Q(X') = 3.
([LT19a, Lemma 8.1])

3.1. In dimension 2. Let us demonstrate a proof of Conjecture 3.2 for surfaces:

Proposition 3.4. [LT19b] Let Y be a smooth projective surface with a morphismm :Y — P!
such that a general fiber of T is isomorphic to PL. Let C be a section of m such that

—Ky/p > max{2, —neg(Y/P') + 1}.

Then one has
C~Cy+ F

where Cy is a free section and F' is a general fiber of .
We will need the following lemma to prove Proposition 3.4:

Lemma 3.5. [LT19b] Let F' = ). m;E; be a singular fiber of m such that my = my =1 and
E;’s are smooth rational curves. Let () = Zl a; E; > 0 be an effective Q-divisor such that we
have

1 ifj=1
QE; =-1 ifj=2
0 otherwise .

Then —Ky.QQ > 0.

This lemma can be proved using the induction on the number of components of F' and
the MMP for surfaces. Now let us explain a proof of Proposition 3.4:

A proof of Proposition 3.4: Since we have
—KY/Pl.C =N Z 2

there exists a one-parameter family of deformations of C' passing through n general points.
By Mori’s Bend and Break we conclude that

CNCO+mF+T,

where Cj is a section, F' a general fiber and 1" is an effective divisor supported on singular

fibers such that T' does not contain any full fiber. Mori’s Bend and Break actually shows
6



that one can find a degeneration with at least two components going through general points
([LT19a, Lemma 4.1]), and this means that we can assume that m > 1.

Let Fy be a singular fiber and 7T be the sum of terms in 7" supported on Fy. If T} is
non-zero, then the negativity lemma implies that there exists some component of Fy with
non-vanishing intersection with 7y. Hence we conclude that T, satisfies the intersection
property in Lemma 3.5, and this implies that —Ky.Ty > 0. The upshot is that we have
b=—Ky.T >0unless T = 0.

Now our assumption on the height implies that —Ky.Cy > 0. Thus Cj can contain at
most n — 2m — b+ 1 general points. Each general fiber can contain at most 1 general point.
Thus we obtain

n—2m-—b+1+m>n.

This is only possible when m = 1 and b = 0. Thus our assertion follows. U

An idea of our proof in dimension 3 is similar to the above proof. In dimension 3, we
separate analysis into two cases based on whether the normal bundle of a free section is
balanced or not. When it is balanced, a similar but more complicated proof as above
works fine. When it is not balanced, a free section will sweep out a surface after fixing
an appropriate number of general points. Then we may reduce our analysis to the case of a
surface.

4. APPLICATIONS

In this section we discuss multiple applications of Movable Bend and Break lemma (The-
orem 3.3).

4.1. Batyrev’s conjecture. First of all we would like to introduce the following conjecture
of Batyrev:

Conjecture 4.1 (Batyrev’s conjecture). Let X be a smooth projective weak Fano variety
and L be an ample divisor on X. Then there exists a polynomial P(d) in d such that the
number of components of Mor(P!, X) parametrizing rational curves of L-degree < d is at
most P(d).

This conjecture should be contrasted with known exponential upper bounds for the num-
ber of irreducible components of Chow varieties/Hilbert schemes. See, e.g., [Kol96, 1.3.28
Exercise].

In [LT19¢], Lehmann and I took the first step towards proving the above conjecture:

Theorem 4.2. [LT19¢, Theorem 1.4] Let X be a smooth projective uniruled variety and L a
big and nef divisor on X. Fiz a positive integer ¢ and let M C MO,O(X) be the union of all
components which contain a chain of free curves whose components have L-degree at most q.
Then there exists a polynomial P(d) which is an upper bound for the number of components
of M of L-degree at most d.

Thus essentially this theorem means that Movable Bend and Break for rational curves will
imply Batyrev’s conjecture for dominant components. Combining the above theorem with

Theorem 3.3 (+ Proposition 3.4) we obtain:
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Theorem 4.3. [LT19a, Corollary 1.5] Let w : X — P! be a del Pezzo fibration. Then there
exists a polynomial P(d) such that the number of components of Sec(X /P') parametrizing
sections of height < d is bounded by P(d).

4.2. Irreducibility of the space of sections. Movable Bend and Break (Theorem 3.3)
can be used to prove the irreducibility of the space of sections of fixed height using induction
on height:

Example 4.4. [LT19a, Section 8.2] Let Y be a smooth Fano 3-fold with Pic(Y') = ZH and
—Ky = 2H. The degree H® takes an integer value between 1 and 5, and for each degree,
there is exactly one deformation type of Fano 3-folds. Here is the list of deformation types
for 3 < H? < 5:

e When H? =5, Y is a codimension 3 linear section of Gr(2,5) C P?.
e When H3 =4, Y is a complete intersection of two quadrics in P,
e When H? = 3, Y is a cubic smooth hypersurface in P*.

Assume that d = H? is in this range. Let 8 : X — Y be the blow up of the base locus
Z of a general pencil of hyperplane sections. Then X comes with 7 : X — P! induced by
the pencil and 7 is a del Pezzo fibration of degree d. We denote the exceptional divisor by
E — Z and the space of sections of height h by Mj,.

Claim: M, is irreducible.

Indeed, first of all one can prove the following facts:

e The minimum height is —1 and sections of the minimum height are fibers of £ — Z.
Note that Z is an elliptic curve so there is no rational curve in E other than fibers.

e The exceptional set in Theorem 2.2 is £. Thus the only non-dominant family of
sections are the family of sections of height —1.

e By [LT19a, Lemma 8.1], Movable Bend and Break works for sections of height > 3.

e One can check by hands that for h = —1,0, 1,2, M, is irreducible.

Assume that & > 3. Suppose that M; is irreducible for any i < h. Let M, C MQO(X ) be
the Zariski closure of Mj, in the moduli space of stable maps Mgo(X). By Movable Bend
and Break, one can conclude that Cy + F € M), where Cy is a free section and F is a free
vertical curve. By [LT19a, Theorem 8.2], one can assume that Cj is a section of height h — 2
and I is a vertical free conic.

Let N be the space of vertical free conics — this is irreducible because the monodromy on
N'(X;) is the full Weyl group. For any component M C Mg ,(X), we denote, by MY C
My 1(X), the family above M. We thus already proved that

Co+ F GMhﬂ (M}(Ll_)Q X x N(l))

Due to the maximal monodromy M ,517)2 X x NO is also irreducible. On the other hand we
have Cy + F € Myo(X)*™. Thus we conclude that

MY, xxy N c I,

It follows that M), is unique.



4.3. Stabilization of the Abel-Jacobi maps. Let 7 : X — P! be a del Pezzo fibration.
Since A is rationally connected, the intermediate Jacobian

1J(X) = H*Y(X)Y/H(X,7Z)

is a principally polarized abelian variety. For any component M C Sec(X) we have the
Abel-Jacobi map
Ay - M --5 1J(X).

When this map is dominant, we take a resolution 5 : M — M of a projective compactification
M of M such that AJy o 8 : M — 1J(X) is a morphism. We take the Stein factorization
Zy — 1J(X) of AJys o 8 and call it as the Stein factorization of AJy,.

Next theorem establishes the stabilization of the Abel-Jacobi maps when they are ordered
by height.

Theorem 4.5. [LT19a, Theorem 1.6] Let 7 : X — P! be a del Pezzo fibration of degree > 3.
Let
F ={M C Sec(X/P') a component | AJy, is dominant.}.
Then the set
{Zy — LJ(X)|M € F}/up to iso
s finite.

A key lemma to prove the above theorem is the following:

Lemma 4.6. [LT19a, Proposition 10.1] In the settings of Theorem 4.5, let M € F. Let
M' C Sec(X/P) be a component parametrizing smoothings of C + F where C € M is a free
section and F is a free vertical conic or cubic. Then M’ € F.

Moreover let Zyy — 1J(X) and Zyy — 1J(X) be the Stein factorizations of AJy and AJyy
respetively. Then Zy — 1J(X) factors through as Z — Z' — 1J(X).

Combining the above lemma with Theorem 3.3, one can deduce Theorem 4.5. Let us
illustrate this proof for Example 4.4:

Example 4.7. [LT19a, Example 10.4] Let Y be a smooth Fano 3-fold with Pic(Y) = ZH,
—Ky = 2H and H? = 5. We define 8 : X — Y as the blow up of the base locus of a general
pencil of hyperplane sections on Y. Then X comes with a del Pezzo fibration 7 : X — P!
of degree 5. Let Z be the base locus of our pencil — this is an elliptic curve. Since the
intermediate Jacobian of Y is trivial, we conclude that

LJ(X) = Jac(2).

Let M, be the space of sections of height h > 0 — we proved that this is irreducible. Then
the Abel Jacobi map AJy, : M), --+ Jac(Z) is described as follows: For a general C' € M,
its pushforward (,.C is a rational curve of degree h+ 1 meeting Z at h distinct points. Then
the Abel-Jacobi map is described as

My, --» Sym"(Z) — Jac(Z),C +— B,.C N Z s [3,C N Z] - [B.CoN Z].

Using this description one may prove that AlJ,, is a MRC fibration for ¢« = 1,2. Thus
Lemma 4.6 implies that AJy;, has connected fibers for any ¢ > 1.
It is natural to speculate the following questions:

Question 4.8. Is AJ,,, a MRC fibration for any ¢ > 17
9



Question 4.9. Can we conduct a similar analysis for H® = 3,47

4.4. Geometric Manin’s Conjecture. Finally we discuss a conjectural solution to Geo-
metric Manin’s Conjecture from [LT19a]. Let m : X — P! be a del Pezzo fibration. Due
to smoothness of X every section intersects with a component of a m-vertical divisor with
multiplicity 1. Conversely Weak Approximation conjecture predicts that every possible in-
tersection pattern of this type can be realized by some section. We call this intersection
pattern as an intersection profile and we let I'y be the set of all possible intersection profiles,
i.e., the set parametrizing the ways of choosing one component of multiplicity one for each
fiber. Note that this is a finite set.

Let Ni(X) be the space of R-cycles of dimension 1 modulo numerical equivalence and
N1(X)z C N1(X) be the lattice generated by integral cycles. Let Nef;(X) C Ni(X) be the
nef cone of curves. Let A € 'y and we denote, by N, C N;i(X), the set of classes of a
given intersection profile A — this is an affine linear space of Ni(X'). Finally we denote the
Brauer group of X by Br(&X'). The following conjecture is a key to our conjectural solution
to Geometric Manin’s Conjecture:

Conjecture 4.10. [LT19a, Conjecture 9.3] For each intersection profile A € I'y. we let
Nefy = Nef;(X) N Ny. Then there is some translate 7 of Nef in NV, such that every integral
class in T is represented by exactly |Br(X)| dominant families of sections.

We now formulate Geometric Manin’s Conjecture discussed in [LT19¢| and [LT19a]. We
assume that a general fiber of 7 : X — P! is not isomorphic to P? nor P* x P!. First let us
define the notion of Manin components:

Definition 4.11. We say a component M C Sec(X/P') a Manin component if for the
universal family p : Y4 — M, the evaluation map s : U — X does not factor through a
proper subvariety ¥ C X such that the generic curve Y, is geometrically integral and has
the anticanonical degree < 2. We let Maniny, be the set of Manin components parametrizing
sections of height h.

Using this we define the counting function which counts the number of Manin components
of bounded height:

Definition 4.12. Fix a real number ¢ > 1. For any positive integer d we define the counting
function

d
N(X, ~Kyp,qd) =Y Y ¢"™M
h=1 M &Maniny,

This function is closely related to the counting function over function fields of curves defined
over F,.

Geometric Manin’s Conjecture predicts an asymptotic formula for N(X, =Ky /p1, q, d) as
d — oo. To demonstrate this formula let us define a few invariants of X which will be used
to formulate the leading constant of the asymptotic formula:

Definition 4.13. We fix the Lebesgue measure p on N; (X)) normalized so that the funda-
mental domain for N;(&})z has volume 1. We define the alpha constant of X, by

O{(Xn, —Kx/]pl) = dlm Nl(Xn),u(Nef(Xn) N {’Y € Nl(‘)(n” — K)(n.”)/ S 1})
10



We also define the following invariant:

Txy = |FX| . [Nl(X)Z N Nl(Xn) . N1<X77)Z]

Now let us state Geometric Manin’s Conjecture for del Pezzo fibrations:

Theorem 4.14. [LT19a, Theorem 9.10] Let 7w : X — P! be a del Pezzo fibration of degree
> 2. Assume that Conjecture 4.10 holds for every intersection profile A € I'y. Then

X, —K Br(X
N(Xa_KX/P1>Q7d)dN a( - X/Pl)TX| r( )

| d 4 n -1
(I d (X) .

The proof of this theorem is inspired by Batyrev’s heuristics for Manin’s conjecture over
finite fields for trivial Fano families and uses Movable Bend and Break in an essential way.

[Bir16al
[Birl6b]

[BMO0]
[Bro07]
[BT98]
[Cam92]

[Cor96]
[GHS03]

[Has09]
[HJ17]
[HRS04]
[HTO6]

[HTO08]

[HTT15]

[KMOS]

[KMM92]

[Kol96]

[LST18]

REFERENCES

C. Birkar. Anti-pluricanonical systems on Fano varieties, 2016. arXiv:1603.05765 [math.AG].
C. Birkar. Singularities of linear systems and boundedness of Fano varieties, 2016.
arXiv:1609.05543 [math.AG].
V. V. Batyrev and Yu. I. Manin. Sur le nombre des points rationnels de hauteur borné des variétés
algébriques. Math. Ann., 286(1-3):27-43, 1990.
T. D. Browning. An overview of Manin’s conjecture for del Pezzo surfaces. In Analytic number
theory, volume 7 of Clay Math. Proc., pages 39-55. Amer. Math. Soc., Providence, RI, 2007.
V. V. Batyrev and Y. Tschinkel. Tamagawa numbers of polarized algebraic varieties. Number 251,
pages 299-340. 1998. Nombre et répartition de points de hauteur bornée (Paris, 1996).
F. Campana. Connexité rationnelle des variétés de Fano. Ann. Sci. Ecole Norm. Sup. (4),
25(5):539-545, 1992.
A. Corti. Del Pezzo surfaces over Dedekind schemes. Ann. of Math. (2), 144(3):641-683, 1996.
T. Graber, J. Harris, and J. Starr. Families of rationally connected varieties. J. Amer. Math. Soc.,
16(1):57-67, 2003.
B. Hassett. Rational surfaces over nonclosed fields. In Arithmetic geometry, volume 8 of Clay
Math. Proc., pages 155-209. Amer. Math. Soc., Providence, RI, 2009.
Chr. D. Hacon and C. Jiang. On Fujita invariants of subvarieties of a uniruled variety. Algebr.
Geom., 4(3):304-310, 2017.
J. Harris, M. Roth, and J. Starr. Rational curves on hypersurfaces of low degree. J. Reine Angew.
Math., 571:73-106, 2004.
B. Hassett and Y. Tschinkel. Weak approximation over function fields. Invent. Math., 163(1):171—
190, 2006.
B. Hassett and Y. Tschinkel. Approximation at places of bad reduction for rationally connected
varieties. Pure Appl. Math. @., 4(3, Special Issue: In honor of Fedor Bogomolov. Part 2):743-766,
2008.
B. Hassett, S. Tanimoto, and Y. Tschinkel. Balanced line bundles and equivariant compactifica-
tions of homogeneous spaces. Int. Math. Res. Not. IMRN, (15):6375-6410, 2015.
J. Kollar and Sh. Mori. Birational geometry of algebraic varieties, volume 134 of Cambridge Tracts
in Mathematics. Cambridge University Press, Cambridge, 1998. With the collaboration of C. H.
Clemens and A. Corti, Translated from the 1998 Japanese original.
J. Kollar, Y. Miyaoka, and Sh. Mori. Rational connectedness and boundedness of Fano manifolds.
J. Differential Geom., 36(3):765-779, 1992.
J. Kollar. Rational curves on algebraic varieties, volume 32 of Ergebnisse der Mathematik und ihrer
Grenzgebiete. 3. Folge. A Series of Modern Surveys in Mathematics [Results in Mathematics and
Related Areas. 3rd Series. A Series of Modern Surveys in Mathematics]. Springer-Verlag, Berlin,
1996.
B. Lehmann, A. K. Sengupta, and S. Tanimoto. Geometric consistency of Manin’s Conjecture.
submited, 2018.

11



[LT17]

[LT19a]
[LT19D)
[LT19¢]
[LT19d]
[LT19¢]
[LTT18]

[Man86]

[Mor82]
[Pey95)
[Pey03]

[Peyl7]
[RY19]

[Senl7]

[Tialb)
[VA13]

[Xul2a]
[Xul2b)

B. Lehmann and S. Tanimoto. On the geometry of thin exceptional sets in Manin’s conjecture.
Duke Math. J., 166(15):2815-2869, 2017.

B. Lehmann and S. Tanimoto. Classifying sections of del Pezzo fibrations, I. preprint, 2019.

B. Lehmann and S. Tanimoto. Classifying sections of del Pezzo fibrations, II. in preparation, 2019.
B. Lehmann and S. Tanimoto. Geometric Manin’s Conjecture and rational curves. Compos. Math.,
155(5):833-862, 2019.

B. Lehmann and S. Tanimoto. On exceptional sets in Manin’s Conjecture. Res. Math. Sci., 6(1):Art
12, 2019.

B. Lehmann and S. Tanimoto. Rational curves on prime Fano threefolds of index 1. J. Algebraic
Geom., 2019. to appear.

B. Lehmann, S. Tanimoto, and Y. Tschinkel. Balanced line bundles on Fano varieties. J. Reine
Angew. Math., 743:91-131, 2018.

Yu. I. Manin. Cubic forms, volume 4 of North-Holland Mathematical Library. North-Holland
Publishing Co., Amsterdam, second edition, 1986. Algebra, geometry, arithmetic, Translated
from the Russian by M. Hazewinkel.

Sh. Mori. Threefolds whose canonical bundles are not numerically effective. Ann. of Math. (2),
116(1):133-176, 1982.

E. Peyre. Hauteurs et mesures de Tamagawa sur les variétés de Fano. Duke Math. J., 79(1):101—
218, 1995.

E. Peyre. Points de hauteur bornée, topologie adélique et mesures de Tamagawa. J. Théor. Nom-
bres Bordeauz, 15(1):319-349, 2003.

E. Peyre. Liberté et accumulation. Doc. Math., 22:1615-1659, 2017.

E. Riedl and D. Yang. Kontsevich spaces of rational curves on Fano hypersurfaces. J. Reine
Angew. Math., 748:207-225, 2019.

A. K. Sengupta. Manin’s conjecture and the Fujita invariant of finite covers. arXiv:1712.07780,
2017.

Z. Tian. Weak approximation for cubic hypersurfaces. Duke Math. J., 164(7):1401-1435, 2015.
A. Virilly-Alvarado. Arithmetic of del Pezzo surfaces. In Birational geometry, rational curves,
and arithmetic, Simons Symp., pages 293-319. Springer, Cham, 2013.

C. Xu. Strong rational connectedness of surfaces. J. Reine Angew. Math., 665:189-205, 2012.

C. Xu. Weak approximation for low degree del Pezzo surfaces. J. Algebraic Geom., 21(4):753-767,
2012.

DEPARTMENT OF MATHEMATICS, FACULTY OF SCIENCE, KUMAMOTO UNIVERSITY, KUROKAMI 2-39-1
KumaMoTo 860-8555 JAPAN

PRIORITY ORGANIZATION FOR INNOVATION AND EXCELLENCE, KUMAMOTO UNIVERSITY
E-mail address: stanimoto@kumamoto-u.ac.jp

12



BV algebra structures on Hochschild cohomology

of self-injective Nakayama algebras

R CREERRS) *

i
AfE T lX self-injective Nakayama algebra @ » A )Lk 3 KE 1 Y — kO Batalin-Vilkovisky #i&
ERET 5,
1 IEL®IC

Ry ARV IFED Y —F Hochschild [5] IZ& > THAZI N, BRAEOAZEE LTHISNTWS, £
T A D n WAy ALk IRED YR HH(A) Ay RS b MERD n kI hED Y —RETEES N,
HH*(A) = @, HH'(A) i34 v 7B 757 v M2 & 5T Gerstenhaber algebra & 725 ([3]).

Tradler [7] 12 & > T, WL ITLERD K v R )L b IHRE R Y — EIZ Batalin-Vilkovisky(BV) algebra #i&
DEET DI EAREN, Ay RV b aFERY— ED BV algebra i OFEMEIC BT 28280700 C
W5, HiETld. Volkov [8] ¥ Lambre-Zhou-Zimmermann [6] 12 & > CTHILIE SR A{LalgETH 5 7
OR=ZY 2L RO B Y RV b AkREB Y — EIZ BV algebra fiEnRFET 5 Z DRIz, LA LARD
5, FILEHCREIAIARETRN I OR=Z T ZL RO Ky KRV b I FRER Y — EIZ BV algebra fi&
DPIFAET B Z CIFREZMPAS N TE ST, BAGEHE 2 <1330,

ARETIE, self-injective Nakayama algebra A @7 v R L b akEBT Y — HH*(A) ED BV algebra #§i&
ZOVWTRARD, ARzl T, K ZRBNERE L, 2R AD n D K EOT >V IV EE A% TERT,
7z, M EIHE VY = @, o V™ ® homogeneous 27t a IR LT, a DIREE |a| TET,

2 Batalin-Vilkovisky algebra
Z Z Tl%. Gerstenhaber algebra & Batalin-Vilkovisky algebra (Z DWW TEiHT 5,

E# 1. Gerstenhaber algebra & &, KN E K-HIEEV: =@, o, V' 7y THRU: VI xV™ = Vtm,
P —1DV—=7F7y M, ] :Vrx V™ 5 Vim=l g 358 (V¥ U, [, |) TREEEZTEDENS :

(i) (V*,U) 13 0 WIC BT % B DRI R IREA & % GBI TH .
(i) (V*,[, ]) DB E ) — ¥k TH B,
(iii) f£7® homogeneous 77t a,b,c € V* {24 L T,

[a,bUd] = [a,b] Uc+ (=1)Uel=DPlpy [a,
%?ﬁf:j—o

7. ZDT7Z7 v k|, ]| % Gerstenhaber bracket ¥ \»5,
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ARRFSLIERIE £ TFHEZE B(17TK14175) OEI%Z I T2,



E% 2. Batalin-Vilkovisky algebra (BV algebra) & i%. 0 ¥ICHAL T % $ DIREUT & A% o8
(H* = @,,c, H",U) LIRDZM %73 0E —1 @ operator A : H* — H* : ® 3 Offl (H*,U,A) DIt %
W9 e

(i) FEDr e ZIZNHULT, A1A, =0 DD LD,
(i) Ag(1) =0 DE Y VLD,
(iii) =D homogeneous %It a,b,c € H* IZx L T,

Al@UbUc)=AlaUb)Uc+ (-DaUABUe) + (-1)PeD3UA(aU )
~Ala)UbUc— (=Dllaua@)uc— (—D)ld*Htlaubu A(e)

729,
£7-. A % BV differential &\ 5,
FR 3. BV algebra (H*,U,A) &7 77 v b [, ] % homogeneous 727t a,b € H* IZx LT,
[a,b] = (=1)I*(A(aUb) — A(a) Ub— (=1)!la U A(b))

EHFEIT DL, (H* U, [, ]) & Gerstenhaber algebra & 722 [4, Proposition 1.2], Z® Gerstenhaber algebra
OEELEOT (H*,U, [, |,A) % BV algebra £\5,

3 AyARVILNIOREOY—

ZTCI, Ay RV MIKRETY—DESE., H v T, Gerstenhaber bracket IZDWTEBH L, 7uX=
7 A% TLEDFR Y RV IRET Y —0 BV algebra fEIZDOWTIRAR S,

-
—

EFE 4. K-%708 AU T, OB (CF(A) = @,50C"(A),8.) & ADF YR MEFE NS « &
BEE

C°(A) = Homg (K, A) = A
C"(A) = Homg (A®", A)

TEREEN, §,:C" 5 O™ E fe C"(A), a1 ® - @ apgs € ASH TR LT,
(a1 @ ®apt1) = a1 flag ® -+ @ any1)
+ i(—l)if(al ®- ®aiait1 ® - ® ny1)
=1
+ (1) a1 @ ® an)ans

TEHIND, £z, ADKYKIV MEE (C*(A),8,) DnROIARERI—% AD nRKvEIIL kI
REOYV—EL W\, HH"(A) TKT,

TR 5. K-%0E A TR LT, HH"(A) = Ext". (A, A) D %0,

Ry BRIV MEER (C*(A),6,) LAy TRU K feC™(A). ge C™(A) Iz LT fUge C™(A) %
a1 @+ ® Ay € AT LT

(ng)(al ®"'®an+m) = f(al ® "'®an)g(an+1 ®"'®an+m)

TEDDZLIZE>TEHIND, THFFy RV hakEnY—Eohy 7B U: HH"(A) x HH™(A) —
HH""(A) 24T 5,



Gerstenhaber [3] IZ& > TEAIN/AZEB Y FVIL hIFREB Y — LD Gerstenhaber bracket (2 2W TN
%, feC(A),geC™(A) (n+m>1) ITHLT, [f,g] € CP™ L(A) ZIRTEET S :
nm>1DeE, 1<i<nTHIHAREIZHLT, fo,ge CPT™ 1 (A) %

(f 04 g)(al Q- Q® an-‘rm—l)
=fla1® - ®a1®9(a; @ @ Arm—1) @ Qi @+ Q Gppm—1)

TEHTD. n>1, m=0THBLE, 1<i<nTHIEREMn ITHLT, foge C"1(A) %
(foigla1 ®  ®@apim—1) =fla1 @ R 10gRaA R Rap_1)

TEHT D, ZZTglEADITEABRLTWVWS, FT-,

n

fog=> (-1 Do g

i=1

[fo9] = fog—(=1)"" D Vgo f e Cmimi(A)

LEETHE. [, ]: C"(A) x C™(A) = Cn+m=1(A) i [, | : HH"(A) x HH™(A) — HH""™1(A) %
L. (HH*(A),U,[, ]) & Gerstenhaber algebra & 722,

Z @ Gerstenhaber algebra % #5832 BV algebra M@ M HEET 2D h e \nS Z &k, —RiIZiFHM SN T
WV, W DRDETERD 2 T AUZDWTIEA v R IL b3 KREB Y —0 Gerstenhaber algebra #3& 124
LT, BV algebra #@E2»FET 2 Z EAVRINT WS, Z 2 TlE, Volkov [8] DM SGEIZI> T, 7N
= AL FEROF Y BRIV IRER Y — ED BV algebra fEEICDOWTIRRS, A 2 7R AL ILERE
U. (, ) % bilinear form, v ZHIIHCHEME T 5, G ¢, : C"(A) - C"(A) & fe C"(A) L a, € AT
PPN

(Gu(Fa1 @ @an) = v (fv(ar) ® - @ v(an)))

CiED B, OM(A) = {f € CMA) | ¢,(f) = f} FBE. 6, 1267 : CM(A) — C"1(A)” 2HEL.
K (C*(A)7,67) 2518 515, HHM(A)PT = HY(CHA),6%) L5 &, Ay AYl b IhEDY— L0
Gerstenhaber algebra Offi&ix HH" (A)"T E® Gerstenhaber algebra D&% A5 T 5, L. v H3%A1L
ARETHIIE. (HE (AT, U, [, ]) & (HH(A),U,[, |) ZAATH 5,

EH 6 ([8, Theorem 2.2]). A% 7BR=Y A% iR, (, ) % bilinear form, v ZIACHRE L5, 0
LE . n>1, feC(A)ITHLT, AjfeCmH(A)i(l<i<n) %

(Aifla1 ® - @ap—1),an) = (fla; ® - Qa, ®va; ® - Qra;,_1),1)

CEoTEHL. A=Y 0" (-1)YA; 1 C"(A) - C"Y(A) £ F 5 &, A i Gerstenhaber algebra
(HH*(A)*T,U,[, ]) Eo BV differential % i#E 3 5,

ERT. 7uR=ZURL50R A ORILECEE v AL RETH S & &, LD A I Gerstenhaber algebra
(HH*(A),u,[, ]) £® BV differential 2543 %,

4  Self-injective Nakayama algebra @Ry R )L b REOD —

Z Z T, self-injective Nakayama algebra A (22 WTEAH L, A OFLE S v DA ord v 1IZDWT,
char K tordv @& &, Ay Rl h a3 REBY— HH"(A) ED BV algebra #iti % Y€ U, char K | ordv ®
L&, HH*(A)"T E® BV algebra fii % e d 5,



Self-injective Nakayama algebra (% bound quiver algebra & LT, A = KT,/JN THz 613,
L 3L FD & 5 2 5Ah s D quiver 2R U, N > 2, J k%R KI'y, DRATTIVERT,

(
(
o}

Qg (€3]
. /> 1\
Qs—1 / 2
Qo
s—1 \
Qs_2 \ 3
$-2

IO trivial path & v, BRI TREIVBn OEE 4 TKY, TDL &, bilinear form (, ): Ax A — K
F1<I<s&0<j<N-—1itLT,

e
Oy =1

ZkoThHERONE, £/, ADhLECFEE v i

vio) =vien-1, v(W)=Yin1

s
——— T o A% = N-—-1 & o
wcd (N —1.9) HB, DM go = ged( ,8) &35

Bardzell [1] IZ & 5 T monomial algebra OMIH 3 i DHERIEN G Z 5N TE D A OWMIHE S fE P
WBIRD &S5 2605, &g P, &

WZ&oTEZ6NS, FZ, ordy =

P, = @Avl Q@ vppinA for i =0,1,2,...
=1

Pi1 = @A’UZ (29 UH_“\].HA fori=0,1,2,...
=1
ThHEzo6n, %& differential d,, : P, — P,_1 1%,

doi 2 Po; — Py
N—1

ko  N—k—1
v @ VN — vi( Z m e ’Vl+k+(i71)N+1)vl+iN
k=0
doit1 : Pojp1 — Py

v @viying1 — v(Y ©1 =17 in)viging
THAONS,

z,y € ATHUT, ¢, € Hompe(Poi, A) & (v @ vipng) = vzvgen; &2 TED B, FHBKIZ ¢, €
Hompe (Paiq1,A) 2 oy (01 @ Uiy Nit1) = 0iyvigNit1 (& & o> TED %, Bardzell-Locateli-Marcos [2] 1Z& >
T ADFYy RV FaFRERY—BEHH (A) P5HHEINTWED, ZZTlEcharK fordy DEGED A D
Ty RYIVharERY—# HH"(A) 2 H*(Hompe(P,A)) DFREZBNT 2,

@ 8 ([2, Proposition 5.1]). N >2®& &, HH’(A) ® K-basis IFIXTH X 5015,

N -2

B:{@Zflvfs“)ﬁaﬁ{ H if N#1 (mod s),
BU{(p%N_1|O§l§s} if N=1 (mod s).

#78 9 (]2, Proposition 5.2, Proposition 5.3]). i > 124 L T, HH*(A) ® K-basis IR THZ 5N 5,

B:{Wzlsﬂ%f‘ |0<j<N-2and j=Ni (mods)}
if char Kt Nor NiZN —1 (mod s),
BU{(pElil,le—1}if char K | N and Ni=N -1 (mod s)}.



7. HH*"'(A) ® K-basis IZIRTH 2 515,

B= {(pz(ordu) 1 i1 |0<j<N-2and j=N(i—1) (mod s)}
V+kgg
if char Kt Nor Nt ZN —1 (mod s),
BU{pss o tifchar K [N and Ni=N -1 (mod s)}.
ordv < oo *D char K fordv D& &, v IZNAMATRETH D, LizhioT, AyvFRTILbakeEny—i&
BV algebra figiz ® 2, BARMIZEHET S 22X 5T, ROKERPFLND,

EIH 10. char K tordv £ 95, 2D &, R —1 @ BV differential A : HH*(A) — HH*(A) 13IRTE X
CY 23
i>0&%%, A(HH*(A)=0THb, Py~oman-1 s € HH?T1(A) 128 L T,

1+kgg

Ni—j—1
A((pz(ordu) 1+ ) T@Zle 'Yzj

1+kgg

7%, £, char K [N »D Ni=N -1 (mod 5) D& &, oy, € HH* 1 (A) 2L T,
Ay, w) =0

L5,

% 11. char K tordv £ 9%, ZD& &, HH"(A) LD Gerstenhaber bracket [, | IFIXRTHEAN LGNS :
Pym(ordu)=1_ g1+ € HH221+1(A) » Py(erd )=t a1 € HH212+1(A),§0215:1 o € HHQl(A) IZX LT,

1+kgg 1+kgg
N(iy —i2) — j1 + Ja e jitjatl .
SDZS Jji1+iz2+1 if 'Yl]l+j2+ # 0in IX7
[(pz(mdu) 1 {1:1 ,902<ordu) 1 iztl ] = 90 =1
90 o 0 otherwise,

90 (lezl "

[@Zfﬂ v Sozgg R I= 0 otherwise

1+kgg

Ni_ i o
{ o, it if T 2L 0 i A,

%7z, char K | N 72 Nig=N -1 (mod s) D& &, oy, € HE*H(A) 12 LT,

[gozleq,mnggu)fl a1 ] = (Nig —j1)9021<:zgu>717j1 ) [9027:11;“@2;:1%7] =0

1+kgg 1+kgg

AN

char K |ordv D& &, v I ETAMAAEETH 2 LIERS W, FEEE charK =2, A =T,/JV 220w <T
s=2,N=40r &, ordv=2Td»3H v INAfLaRETlEAR\V, TI T, IFERY—HH* (AT BV
HH*(A)"" E® BV algebra i 2 HET 5,

Witk Homp. (P, A) DB 3 MAEAO I FED Y — %715 2 212 &> HH (AT i 2 n 3,

88 12. char K |ordv £ $5%, 20X E, > 1zxLT, HH* ?(A)"T © K-basis 1%
{fsi 4y |0<j<N—2andj=Ni (mods)}
THEZ 5N, HH* (AT @ K-basis I3

{p |[0<j<N-2and j=N(i—1) (mod s)}

=-1
PO ’Yi(N 1)
THEzZLN 5,

@8 13. char K |ordv &35, ZOr &, YA EA#HMASE LT HHE (AT =2 HH"(A) TH 5,



EHE 14. charK |ordv &5, ZOL &, K —1 ® BV differential A : HH*(A)"T — HH*(A)"T i3k T
Fzong
i>0&9%, AHH(A)) =0THY. ¢_ o | e HH*T1(A) 1zxf L T,

k=0 Yi(N-1)

N -1
Alp_zr )= Ps~e g
Z;fgo ’Yi(N—l) 90 Zzzl’nj

Y5, Bz, [, ]=0Tbh5,
Bl 15. char K =2, A= KD, /J* &35, ZorE, hiliEolM v Eaabmiecizn<.
HH*(A)"T = Klx,y,2]/(2*,y°)

THod, TIT,
degx =0, degy =1, degz = 2.

THb, £7-. BV-differential A IZ

>
~

il
=

I

A(z) = Azo) = Azz) = A(2%) =0,
1, A(yx) = z, A(yz) = z.

>
<
~—

I

THEZRLN, [, ]|=0Ths,
—H. FyFRIIhareETY— HH"(A) LD Gertenhaber bracket [, ] &

[x,x] = [y,y] = [Z‘,Z} = [sz] =0, [x,y] =, [y,z] =z

ThHZ S5, HH*(A) & HH*(A)"T 1% Gerstenhaber algebra & U CHEITIXZR,

A

SEOHMHOBRE G X TV EE UhMETRER S CICBRED 410 & W E#WZL 7,

& 3R
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ZABDARY NS LEZFDEABRERADIGH
(CONSTRUCTION OF SPECTRA OF TRIANGULATED
CATEGORIES AND ITS APPLICATIONS TO COMMUTATIVE
ALGEBRA)

MAFE#ER (HIROKI MATSUI)

=P T O thick BB ODREE 1, T O thick lOBOEET &, H5AAHZERM X O

MOEEDEELSS & OO 4 HEt

T=S

ZHDIT5Z & Thb. Devinatz-Hopkins-Smith [8, 11] 12 K 2 HRARZ T LD thick
B D KELARE, = A D thick H85 B O 4 M E X AT HERGR, RBC%ME, TV T —
FH, FHEERSEST2MOTHEERMED DL k->TW5 4, 5,7, 10, 15, 18].
INSONFEIIBWTABMNCEERKREZ2R-ZTOR=ZABLEOT VY IVEETH D.
JEAE Balmer [1] 137 2 VIV EAEMAFEEFENS 582 AL, Zho OSBITH 1
BN E 5 Z 1.

Ezontz7 oV IVEMET (KOWHFRE /1 ZOUiEE %R = AE) 1Zxf LT, Balmer
134 H Balmer A2 b+ 7 A LIFIEN B AAHZER] Spec, T KL, TOT VY IVATT
W (TFUINEIZOWTA TTIN LIRS T WS & 573 thick #i2B) D HMEDY Specg, T
DREGEMITICIRE I ND Z 2R U, ZORERIZ EIZ 7 thick 2038 0 5 FER &I
— R E R 5 A, EICB T O —REiHE 5 272, X 51T, Specy, T DG
fgtr 238 L T T v VIV =M E O RMER B 2R D T RE & 7 o 72, 2010 4ED ICM
(EBBUEEH &) DIZBWT Balmer [3] 237 ¥ VOV = A1 D W THAFRREZ 7 -
7= &1, FUVIVEABARIIERIIZND, EFICEVDFICBWTHEEHZED T WS,

— /T, BT UL ITRTO=ZABENPENT VY LEEZF O LIRSS, TUYIL=/A
BAIZ DX S R ZAEIZT CISHATE SR ED TR, 51, ZO LS HR=AEIC
LEEREDOIFRILD Y, FIZIETHHE — X —E RIZH LT, ZDAFENRE DP(mod R)
5P Dy (R) := D*(mod R) /KP(proj R) 7 EMMZ DMBFITH 5. AMELIZENT
1%, B4 EREEY VR LIZBEWTiIFo - E2 H I, TUVAMEER-LW=
AT 5, Wb B “tensor-free” 78 =AM A DOWTHREHT 5. BARMIZITEZ 5
N7=ZABICT LT, TTORBIR SR ORMA A ME 2 & < KIS 25 X 5 7] e AH2E
M (BARARZ v T 4) ZERKT 55T Balmer O T > Y )L = M 55 O KEL O FELL D B
mEEETAHEEHIET.

DB, SEETRNZRIREZ B 5 72 DB & W ZUXFITARBEMIZNS W O, DF b AR
NELSEZRTEDET .

1. TV = A

ZIZTlE, KFEDEFR—2arind T o) IV =ABAZICDOWTBIZEST 5.
PTRIZEBRTAT VYL =MENT VY I =B BIT 5 12 S,
Definition 1.1. TV VIL=AB XX, =ABT, TV YILBLFIENS T LD exact

bifunctor @ : T x T — T, BAXNREFIINEINR1 € T 26745 = (T,®,1)
T, “ABEMNEEBEEERRONRE /A ZVEEZ>TWEEDTHS. FFLLIE[12,



Appendix A] 22D Z &, KT, TV VIVE @ KOBANR 1 IZLAF O BRFER Z A
-9 .
o (FiaM) LOM)®N=L®(M®N),
(r#atE) M@ N = N = M,
o (HAIME) M®1x=M.

IR 227 ) IV =HBOHITH 5.

Example 1.2. (1) ARARY b5 LD T LZERE PE—BE SH™ ZAT Yy Y af Az
EOTFUVIIV=ME (SHIY AS) 2729, 22T, SIFIKHARY b TF A,

(2) X Z2Ax—RX—AFX—LLTD. ZOLE, X LOGEEEERDLTENRE Drt(X) 13E
kT VIR ITE DT VIV EME (DP(X), @6, Ox) 277 FHT, Wit —
RA—ERIZDWVWT X =SpecR2EZ5Z&TT vV V=, (K’ (proj R), ®r, R) %
55.

(3) k&K, GEHAREELTS. T &, HIRAERK LG IEEOZENMFEE mod kG B LT
A FUESEE DP(mod kG) 1& k DTV Y ILREIZ L D 5V VIV =M (mod kG, @y, k)
(DP(mod kG), @, k) & 727

(4) Rewiir—X—BRE 95, ZDr&E, AAFEXRED (modR) IFEET VYV IV
L IZEk DTV =ME (D™ (mod R), ®%, R) %727,

Balmer D7 A T 71%, T ¥V IV =% Al ORPL & A7 U T Zariski AR b T L&
[FDR 21T Z & TH L. HBE, AHERE 137 —~NVEER, BHIEER - : RxR — R,
ZUTHAIL L D=/ (R,-,1) TH OGN, wT#lE, ZLUC1OoRMNEEZHZTHDT
HoT=.

Definition 1.3. [1, Definitions 1.2 and 2.1] (7, ®,1) 27 VY VIVL=fAE L T 5.

(1) T DFRFEIEB B X A thick TH 2 LIFLATNORM 22 TRIZES.

e TDREZML - M — N — LA IZDWT, L, M, NOHN2DOW X IZABR
51, D12 X IZAS.
e TDXMHEM, NIZDOWT, MONecX7%olX, M, N cX.
(2) T @ (thick) 7>V ILA T F7IL &%, T O thick BT T

MeT NeIT=M@NEeT
2T HDTH 5.
BYTDTYINATTNPWBRTVYIINATTINTHD LI, PAT PD
M@NeP=MecPorNecP
27~ TEDTHD. TOERTVINATTNVDOESL% Specy, T £RT ZLIZT 5.
WHERDR T >V VA T 7 IV DERIZ Zariski fiAH L BHIN B A A > Tz L 5 1L,
Specy T IZHMMEEATHI LNTES.
Definition 1.4. [1, Definition 2.1] 7 DX M 1Zx L T, % ® Balmer support %
Suppg (M) := {P € Specy, T | M ¢ P}

TREDD. BAHIZH15 K D12 Suppg (M) U Suppg (N) = Suppg (M & N) D3EILT 5D
T, Specg T LEIZiE {Suppe(M) | M € T} ZHEADEEK L T 5 XS RAMHNAS. D
$b, ZoMHEIZBET ZHESR

Z(€&):= ﬂ Suppg (M) ={P € Specy, T | ENP =0} (ECT)

MeE



BAHRDEAETHS. TDXSITUTEE DAMZERM Specy, T 2 T O Balmer X7 b
S L ETER,

Remark 1.5. Spec R _E® Zariski fifHIZ BN T,

V(f):={p€SpecR| fep} (f€R)

5 DEEVHESGDEEZ KL TWFE 2B W d &, Balmer support Suppg (M)
DEFIT
Suppg (M) = {P € Spec, T | M “€” P}

EIRETRIFVALEASE L, SEEE ED X 512 Balmer support Z €& L TH %
NOIFMAEAGOREZRL, NHEZEDDZHNGNE. RFXZDLSITEHLEI NS 2DD
NEAEZERTIE HANZ Hochster AU & IHEN B BRZ KR L TH D, — A ofiidsEeicfn
NG, Lo TEE S ThHZER L THEAENZMEIXBE N V. #l21E Hochster
RFZ &0, MAHZEEORES & BRIZEHT 5 Thomason HAEGVANEDS.

T >V )V = A PE D Balmer support 1&LA N OMWE % 727,

Lemma 1.6. [1, Lemma 2.6]

(1) Suppg(0) = 0.

(2) = 0) M e T B niZ2WT Suppg (Mn]) = Suppg (M).

(B) TITEFSmE= @ L - M — N — L[1] iZx U T Suppgy (M) C Suppg(L) U
Suppg (V) 238 0 3L

(4) FEED M,N € TIZ2WT Suppgy (M & N) = Suppg (M) U Suppg (N).

(5) FEED M,N € TIZ2WT Suppgy(M @ N) = Suppg (M) N Suppg (N).

InoDOWEIZFEFIZHEARNTH D, RABRSFIZEWTE NS~ D support S
[FRROME Z w729, £72, BHO=MAEO thick B DO HOFERE AL L, LD
support ENEERGEZRZLTWE I b 005, £ T, =AED “support” Z LA
TOEIITELRT S.

Definition 1.7. [1, Definition 3.1] 7 Z =f4E & 9 5. T O support data &I, fitH%E

[ X &t
c:T>Mwro(M)C X : closed

Difl (X,0) T Lemma 1.6(1)-(4) LAKOMEZHEZTHDENDS. 512, THT VY
V=M O L E, T O support data (X, o) A3 tensorial TH 5 & 1&, Lemma 1.6(1)-(4)
IZINAT (5) 7= g & EITWVWS.

Example 1.8. (1) T 7 vV )IV=MEE 35, 9 TIZHZ K S IZ Balmer support 1& T
L tensorial support data (Specg, T, Suppg) ZED 5.
(2) X&Ax—X—AF—Ltd5. ZDLE, X LDO5EEMEAR M D homological support

Suppn(M) :={x € X | M, #0in DP*{(Ox,)} C X

i& DPerf (X)) E D tensorial support data (X, Suppy) ZEH 5.
(3) k&K, GEARM LTS, ZoeE, FRAERKLG INFER M O support variety

Va(M) ==V, (anng g0 Ext*(M, M)) C Spec™ H*(G; k)

IZ DP(mod R) @ tensorial support data (Spec" H*(G;k),Vg) B X Z DHIRIZ X b
mod kG @ tensorial support data (ProjH*(G;k),Vg) ZED 5.



(4) REAA —R—ERE$ 5. ZDLE, KEE Dy (R) DXE M @ singular support
Suppsg (M) := {p € Sing R | M, # 0 in Dy (R,)}
1 Dge(R) @ support data (Sing R, Supps,) ZE D 5.
(X,0) Z =/ T @ support data &3 5. TD&E, HHITONE LT,

o X e TW(T) IZH LT o(X) :=Uper (M) € Spel(X),

o W e Spe(X)IZHUTo t(W):={MeT|o(M)ZW}eTh(T).
ZZT, Th(T), Spcl(X) ixZNZN T, X O thick ¥ H, FRLEAEEOESE LT,
L7 T, ThoDMISTERDM

o:Th(T) = Spcl(X) : 07!
2135, X610, THTYYIV=MET (X,0) D tensorial D & &,
M e o *(W) < o(M)=c(M®)CW & Mo H(W).
ZIT, UToOMaszELT 5.
Definition 1.9. [1, Definition 4.1] (7,®,1) 27 VIV =fHE L § 5.
(1) TOWREF VY ILATFTTIVEE, TOATTIVIT
VI :={McT| M €T for somen > 1}
Zii72 95 D. Radg(T) TRET VYA TTVOEEGERT.
(2) FiMHZEM X OEDES W 2 Thomason AEETH 5 L (3,
W=\J2 (Zhiadea 5o NEES)
i€l
LEIFB L EIZES. Thom(X) T X @ Thomason R EASDESE KT, KT,
Thomason #2E G X RIKMHAE S TH S: Thom(X) C Spel(X) = {W
X ORIRALPHES }.
INSDRIZONWT, —DOffiEzHET 5.
Lemma 1.10. (1) [1, Lemma 4.2] T D1 T 7V ZIZX LT,
vVi= () P

ICPeSpecT
ANDAVAE IR
(2) [1, Proposition 2.14] Specy T ® Thomason &3 #&E& 1%
W = | JSupp, (M)
iel
ANGY S
ZOMEIZLD, MIGZ— o(Z), W = o Y (W) IX
o : Radg(7T) = Thom(X) : 0"

WZHIR X5 Z &3 h 5. ST Balmer support & 13 Z DML %2 EHHIZT 5 L 5%
tensorial support data T universal R DTHB. DF 0, UTFDOT > VIV =MAEMAFIZ
BB EAREHEDE D 7.

Theorem 1.11. [1, Theorems 4.10 and 5.2] (7,®,1) 27T ¥ VIV =AEL T 5.



(1) WIBZ — Suppg(Z) := Upsezr Suppe (M), W = Suppg, (W) 12 & b 2 i
Suppg, : Radg(T) 2 Thom(Specg T) : Suppy, ™

135,

(2) (X, ) % T @ tensorial support data TUARND 25 %2 fil-3 L3 5.
X T3 — X — sober fitHZEMTH 5.
° ﬁff:\
o : Radg(T) = Spel(X) : 07!
(TR HL
ZDeE, FHEX = Specy T WFAET 5.

:@i@ﬁib,%vazﬁﬁwﬁﬁ%ﬁﬁ%én&H@T®&m%ﬁ@%mnﬁ
EINBLZ W hb
Balmer % 120550 BERIDH 4 B O 28 [5, 6, 18] 155 LTI DR 1372

Theorem 1.12. [1, 2]
(1) X 23 —X—AF—L,T5. ZOLE, [FAM
Specg, DP™(X) = X

DFAET 5.
(2) kZ2iK, GE2HERBHELTS. ZoLZ, HHMEF

Specg, DP(mod kG) = Spec” H*(G; k)
Specg (mod kG) = Proj H*(G; k)

DT 5.

Remark 1.13. —f%iZ, 7> VIV =MAE® Balmer A7 b T A FIZA[HERDOEIEFHE X
N, RFRAEEEE 5. RIZ EORBUINMAHER E LToAR ST, Rl & 2=
CUTORMTHB.

2. “TENSOR-FREE’” 7% = ff #{a] %

BifiC Balmer ®F > VL =R AIFIZ DO W T RIZIES L 7=, AEfilcBVWTlET vV
WS 2 Rz W= MBI BT 5 T VYV V=A% O ML B X, %@Xmﬁb7A@
BRO—2DRAZ G 25, TYYNLZABICBWCET VY IV T T IVINEEL R E %
B-LU T\, —RO=ZABIZEVWTIIIFOM&Z2E R 5.

Definition 2.1. (1) ZABE T BEM=ABTH 5 L%, 727Z—2D 0 TR thick #5
BERDO L STV,

(2) =M T @ thick #77 P 23R thick BB TH % & 1%, Verdier i T /P DR =14
BThHdEEITWS. T DR thick B OES%Z Spec T XTI &IZT 5.

Example 2.2. (1) X 2% —X—AF—L e 5. XDHzIT{LT,
S(z) :={M € D**"(X) | M, = 0 in D**{(Ox,)}
1 DPerf (X)) D thick MAETH 5. EBE, =MFMMA
DP(X)/S(x) = DP(Ox ) = K°(proj Ox )



PFAET 503, [15, Theorem 1.4] 12 & % & KP(proj Ox ) 1£7272—2®D 0 TR\ thick
5 thick(K(my ) 28D, 22T, K(mx,) & Ox, OMKA T 7V mx, DAL
R D Koszul IR, thick(K(mx,)) & K(mx,) 2 &L /D thick H7E %2 K.

(2) R &2 BEIE RS (DX b R~ S/(f), SIZEARHE) &35, 20L& ROKR
#ubh Sing R DIt p 12 LT,

S(p) :=={M € Dg(R) | M, = 0 in Dg(R,)}
1Z Dy (R) D3 thick HiRETH 5. FEEE, =MFE{HE
Dsg(R>/8<p) = Dsg(RP)

AAFAEL, [17, Theorem 5.10] 12 & D Dy(R,) 7272 —D D 0 T thick #4)
thick(R,/pRy) % 2.

RIZ, Balmer A7 ~J LDRERIZAH > T Spec T EIZhifHZE AT S, ZDOAHDE
50 U — MR B G [14) 2BV THE A SN T WA,

Definition 2.3. [14, Definition 2.1] T DX M IZX LT, £ triangulated support %
Supp(M) :={P € SpecT | M ¢ P}

TEDD. BHIZHD5 X512 Supp(M) U Supp(N) = Supp(M @& N) DKL 5 DT,
Spec T EIZIE {Supp(M) | M € T} 2AEGDOHEEK L $5 &5 LAiMHPAS. 2%, Z
DAIZE T 2 PHEA X

Z(&) := () Supp(M) = {P € SpecT | ENP =0} (ECT)

Me&

BHRDEGTHS. ZOXSIZUTEE SMMEM Spec T &2 T DARY T L LIS,
Z DA ZE NI Z ZLAN O ME % %727
Proposition 2.4. [14, Proposition 2.3] T D3 thick {4537 P IZx L T,
W:: {Q € SpecT | Q C P}.
Kz, SpecT & T, ZEMTH 5.

Iz, Balmer OFESH: Theorem 1.11 LA F % D AR T L Spec T 12X LU TH AL
VTEILERS. TOREOIZUTOMEEEAT 5.

Definition 2.5. (1) 7 @ thick #77 & X 2 RE thick OB TH 5 & 13,
X =VXx .= ﬂ P

XCPeSpecT

MDD E EIZE D, Rad(T) TT OE thick Mo EOHESE 2 KT
(2) T @ parameter set Param T C 257 %

Supp(X) = | J Supp(M) (X C T : thick)

Mex
7% SpecT DR EENSRDELELT 5.
TR MERICBITIHE—-DFEEHTH 5.
Theorem 2.6. (cf. [14, Theorem 2.9] and [13, Theorem 2.3])



(1) X% X — Supp(X), W — Supp ' (W) I&2 H4F
Supp : Rad(7) = Param(7) : Supp "

&L,
(2) (X a) % T D support data TEAND 25k &2 fil=9 & 5.
X FH — X — sober fifHZEETH 5.
. ﬁfﬁ
o:Th(T) =2 Spel(X) : 07!
(T HL

ZorE, fHHEFAR X = Spec T WHEET 5.

Remark 2.7. [13] IZBWT EDOEH (2) LEKRDO FRARINTWDEH, £TZITHWS
NTWVBNAHERIE—MRIZ Spec T LIZER L EEDTHS.

Theorem 1.12 L [ARRICUTCATD T > VIVEEZ AW WETTEH 219 5.
Corollary 2.8. (1) X 2#¥7 7 4 YV AFX—L 2T 5. ZDOLE, [AHf
SpecT = X

DIEET 5.
(2) k 2B p DIk, GEARpBLTS. COLE, FM

Specg, DP(mod kG) = Spec” H*(G; k)
Specg (mod kG) = Proj H* (G k)

MHIES 5.
(3) RzMihHBRARE TS, 2oL E, FHM

Spec Dy (R) = Sing R
WAFES 5.

3. APPLICATIONS TO COMMUTATIVE ALGEBRA

ZOHiTIFAMH AR — X —BR RICHNEL CTHRICE NS ZMBETH 2 HERERMEEDE
FOESEE DP(mod R) K& R Dy (R) D AR b T LIZDNWTHERT 5.

L, R=S/(x1,...,2.) ZRELERAER, S%TUNEIE 2,... 1. % SEHFIE
5. KRB

A= Sty ... t. Z:ct (degt; = 1,dega =0 for a € S)

EEZDL. TDL ELLHERR
Slt1,...,t] » A— A/(z) = R[ty,..., 1,
LD AF— LA
P le—L Y = Proj A P
pi lq
Spec R¢ 4 Spec S.
2155, ZOAH#MAIZDOWT, Stevenson [16] (12 XD LA FOBEIZHEHT 5.




Lemma 3.1. (1) SingY C i(SingP$ ).
(2) SingP%; ! = p~*(Sing R).

ZOMEIZ LD, G

¢ : SingY < i(Sing P; 1) ~ Sing P! 2 Sing R
2185, FEH»S P e SingY 12X LT,

p(P) = (P/(z))o
Kfiz,
PC Q= p(P)C Q).

—7, Theorem 2.6 & [16, Corollary 10.5] (Z & D [A#H Spec Dy (R) = Sing Y DMFET 5.
ZDEMEER ¢ : SingY — Sing R ZHAWS Z & TUTOHiEE2E5.

Lemma 3.2. P % Dy (R) D& thick# B E 35, D& & Pl [14] DEKRTD prime
Y75, DFE0 {peSingR|R/p &P} RIE—DDBAILEFD.

Lemma 3.3. KP(projR) € P C DP(modR) % thick#inE L35, ZDLE, {p e
Spec R | K(p) & P} B2 —D DMKt >Z & & P A DP(mod R) D34 thick #77
TH5Z LILFETHE.

D2 DOMBIFAREFITH T D3R thick B LR 4] ITBWTERI Nz
70 B RIK T DR thick FiE DR DOBIRZEEZ 56D TH LS. KT, [14] D EEHITH
IS BT ORREGS.

Theorem 3.4. (cf. [14, Theorems 3.17 and 4.21)) R % IERIGIEROPETH 5 & 5 w52
RARFERE T 5.

(1) H1Z dim Spec Dy (R) > dim Sing R A3EAL L, IRIEFIME.

(a) Spec Dy (R) = Sing R.

(b) dim Spec Dgy(R) = dim Sing R.

(c) R \ZiEHHMH.

#1Z dim Spec DP(mod R) > dim R A3E%AE L, I [FfH.

(2)
(a) Spec D”(mod R) = Spec R.
(b) dim Spec D”(mod R) = dim R.
(c) RIXIEAL

4. bz

REIZ, ZABDOART NI AIZETAMEEZ WS DOPRRTKDLDIZT 5.
TUVIVEHET DAY NT L SpecT & AH#ER R D Zariski AR N7 LZIHET
H2HEBEE UTCLA YOI D 5

e WEO VNI MNP DT, TH5.

o MOV XY NHESD BRI HEADREIEZ LT,

o HIRMHDUE D L X7 NHESOILBEEH D IFHOHET XD K,

e sober ZE[E]TH 5.
DR XD BMMEERIZARY NZIVERBEIFEIENS.

Question 4.1. =M T I LT, SpecT IFART b T IOVZERI»?



FDEHNS, FFLEHER D E S Thomason ¥R ES &£ D, ParamT DD b
AR YV T IEEZ 5N TWZAW. Lemma 1.10(2) &R 2 &, BIN AR HRZR”
BEREN .

Question 4.2. =M T2 LT, Param(7) = Thom(7T) »*?
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TILTING THEORY OF PREPROJECTIVE ALGEBRAS

YUYA MIZUNO

ABSTRACT. In this report, we explain recent developments about the representation
theory of preprojective algebras, and its connection to path algebras and the Coxeter
groups. In particular, we discuss our recent results based on joint work with Hugh
Thomas [MT].

1. INTRODUCTION

Let A be a simply laced Dynkin diagram and @ a quiver whose underlying graph is A. In
[G], Gabriel gave a close relationship between the representation theory of @ and the root
system of A. More precisely, he proved a bijection between indecomposable representations
of () and positive roots of A. This result is one of the most fundamental connections
between the quiver representation theory and the root system. Recently, it has turned out
that preprojective algebras (Definition 2.3) allow us to give a stronger and more direct
connection. Indeed, the preprojective algebra, which unifies all the path algebras of quivers
whose underlying graph is A, gives a representation-theoretical interpretation of the Weyl
group W of A (Theorem 2.7). This fact leads to the extensive study of connections
between representation theory of algebras and combinatorics of W (for example [AM,
AIRT, BIRS, GLS, IR1, IRRT, IRTT, L, ORT]). We also remark that the preprojective
algebra naturally appears in many branch of mathematics such as simple singularities,
quantum groups, quiver varieties and cluster algebras.

In this report, we explain some relationships between the representation theory of pre-
projective algebras, path algebras and the Coxeter groups. One of the key ingredients
is the notion of c-sortable elements (Definition 2.16), which are some elements of W. c¢-
sortable elements were originally defined in [R2] from the viewpoint of Cambrian lattices
[R1]. In particular, an explicit map 7¢ : W — {c-sortable elements of W}, where ¢ de-
notes the Coxeter element, plays a quite important role to relate c-sortable elements with
generalized associahedra and cluster algebras [FR, R3, RS1].

On the other hand, it is also shown that c-sortable elements are quite natural from
the viewpoint of quiver representations [IT, AIRT] (Theorem 2.21, Corollary 2.23). One
of the aims is to give a categorical interpretation of the above map 7n¢ in terms of the
representation theory of preprojective algebras and path algebras. Another aim is, using
this map, to give answers to questions proposed by Oppermann—Reiten—Thomas [ORT]
(Question 3.1). In [ORT], they gave a very fundamental bijection between the elements of
W and quotient-closed subcategories of the path algebra of Q (Theorem 2.14). Then it is
natural to ask a characterization of quotient-closed subcategories being extension-closed
(that is, torsion classes) and indeed they proposed conjectures about the problems [ORT,
Conjecture 11.1,11.2].

In this report, we will explain the background about these problems including necessary
definitions, examples and results, and we discuss methods of our proofs of conjectures.

1
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2. PRELIMINARY

Notation. Throughout the report, let K be an algebraically closed field. For a K-
algebra A, we denote by modA the category of finite dimensional right A-modules.
In this section, we collect some basic definitions and results.

2.1. Path algebras and preprojective algebras.

Definition 2.1. A quiver @Q = (Qo, @1, s,t) is a quadruple consisting of two sets : Qo
(whose elements are called vertices) and @1 (whose elements are called arrows), and two
maps s,t : Q1 — Qo which associate to each arrow a € @ its source s(a) € Qo and its
target t(a) € Qo, respectively. Thus, a quiver is nothing but an oriented graph without
any restriction as to the number of arrows. A path of @) is a sequence

Qy...a20a1,

where a; € Q) for all 1 < k < ¢ and t(ar) = s(ag+1) for each 1 < k < £. Moreover, we
define e; the path of length 0 which corresponds to each vertex i € Q.

Let @ be a quiver. The path algebra K@Q of @ is the K-algebra whose underlying K-
vector space has as its basis the set of all paths of @), and define the product for two paths
G, -+ - a1 and by, -+ - by of KQ by

am"‘albn"’bl (S(al) :t(bn))
0 (s(ar) # t(bn))-

In particular, we have 612 = ¢; for any ¢ € (g, that is, it is an idempotent and we have

We give some examples of path algebras.

A Q1 by -+ by ;_{

Example 2.2. (a) Let @ be the following quiver

0= C
Then we have KQ ~ K]|x].
(b) Let @ be the following quiver

Then we have

K 0 0
KQ~| K K 0
K K K
Moreover, we have
K 0 0
KQ/(ba)~| K K 0 |,
0 K K

where (ba) denotes the ideal of K@Q generated by ba.

Next we give a definition of preprojective algebras.
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Definition 2.3. Let Q) be an acyclic quiver. The preprojective algebra of () is the algebra
A=EKQ/()  (aa* —a*a))
ac@Q
where @ is the double quiver of @, which is obtained from @ by adding for each arrow
a:1— jin Q1 an arrow a* : i < j pointing in the opposite direction.
The following lemma is well-known (see [Ri] for example).
Lemma 2.4. Let QQ be an acyclic quiver and A the preprojective algebra of Q.

(a) A does not depend on the orientation of Q (namely it is determined by the under-

lying graph of Q).
(b) A is finite dimensional if and only if Q is a Dynkin (A,D,E) quiver.

Notation. Fix a vertex ¢ € Q9. Then we can define 1-dimensional simple module .S; by
K (i
Si-ej = (Z. j.)
0 (@#7)
Example 2.5. Let @ be the following quiver
Q= (14%2-%3).
Then we have

— a b
Q= (1=2=—=3).
a* b*

In this case, e;A has K-basis {e1,a*,a*b*} and, as a A-module, e; A has the following
composition series

0CM3CM2CM1:€1A,
S
where M3 = S3, My/Msz ~ Sy and My /My ~ S;. Therefore we denote e; A by g;
3

For simplicity, we denote S; by i. Then we can write e;A as 2. In this notation, we
have

w

12
e1A @ esA ez = 2 o 3l o 2.
2.2. A connection between preprojective algebras and the Coxeter groups. Let
@ be a finite connected acyclic quiver with vertices Qo = {1,...,n}. We always assume
for simplicity that we have an arrow j — ¢, then j < i. Next we discuss an important
relationship between preprojective algebras and the Coxeter groups.

Definition 2.6. The Cozxeter group W associated to @ is defined by the generators S :=
{s1,...,8,} and relations

° 512 =1,

e s5;5; = s;s; if there is no arrow between 7 and j in @,

e s5;5;8; = 5;8;5; if there is precisely one arrow between ¢ and j in Q.

We denote by w a word, that is, an expression in the free monoid generated by s; for

1 € Qo and w its equivalence class in the Coxeter group W. We regard W as a poset
defined by the (right) weak order. An element ¢ = s;...s, is called a Cozeter element
(Note that we require that the order of the product of simple generators of ¢ is compatible
with the orientation of the quiver).
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Let A the preprojective algebra of (). We denote by I; the two-sided ideal of A generated
by 1 — e;, where e; (i € Qo) is the path of length 0 (= a primitive idempotent) of A. We
denote by (Iy,...,I,) the set of ideals of A which can be written as I, --- I, for some
[ >0and ui,...,u € Qo. Then we have the following result (see also [Mi, Theorem 2.14]
in the case of Dynkin).

Theorem 2.7. [BIRS, Theorem I11.1.9] There exists a bijection W — (Iy,...,I,). It is

gwen by w s Iy, = Iy, - - I, for any reduced expression w = sy, - - Sy,

Note that the product of ideals is taken in the opposite order to the product of expression
of w. This is just because we follow the convention of [ORT, AIRT].

The following result shows that the object I, is quite natural and important from the
viewpoint of tilting theory (we refer to [IR2] and its literature for tilting and support
7-tilting theory).

Theorem 2.8. [BIRS, Theorem III.1.6][Mi, Theorem 2.2].

(a) Let A be the preprojective algebra of a non-Dynkin quiver Q@ and tiltA the set
of isoclasses of basic tilting A-modules. Then the map w — I, gives an order-
reversing injection from W to tilt A.

(b) Let A be the preprojective algebra of a Dynkin quiver QQ and sT-tiltA the set of
isoclasses of basic support T-tilting A-modules. Then the map w — I, gives an
order-reversing bijection from W to st-tilt A.

Example 2.9. Take i € Q9. Then, for X € modA, XI; is the minimum amongst sub-
module Y of X such that any composition factor of X/Y has the form S; (that is, the
action of I; delete i-top of X). Note that the Hasse quiver of s7-tilt A coincides with the
mutation quiver of s7-tilt A [AIR, Corollary 2.34].

(a) Let A be the preprojective algebra of type As. In this case, the Hasse quiver of
sT-tilt A is given as follows.

N
N

Here we write a direct sum X &Y by X Y. Note that I; denotes a left multi-
plication (not right multiplication).
(b) Let A be the preprojective algebra of type As. In this case, the Hasse quiver of
sT-tilt A is given as follows

12
21
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12
/ .
1 \
212 1
321\ 21
1
21
/321 \
12 1
2312 2 31 2% 1
3921 372 /
2
1

W=
w
[
=W
W

oE
W
wn
—
NN

/
X
X
N\

2 3 3 9
2132 312 2, 3
3921 321 /
23
" /
3 \
232 3
321\ /432
3
32
321

Remark 2.10. There is some generalization of Theorem 2.8 to non-simply laced Dynkin
cases by Fu-Geng [FG] and Murakami [Mu].

Remark 2.11. A relationship with the construction of quiver varieties are explained in
[ST].

2.3. Results by Oppermann—Reiten—Thomas. Next we briefly explain a main result
of [ORT], which gives a fundamental connection between path algebras, preprojective
algebras and the Coxeter groups.

Definition 2.12. Let A be the preprojective algebra of Q). For a A-module X, we denote
by Xk¢g the KQ-module by the restriction, that is, we forget the action of the arrows
a* € Q. We denote by add X k¢ the full subcategories of mod K Q whose objects are direct
summands of finite direct sums of copies of Xxg. Moreover we associate the subcategory

resX = addXgq ﬂ mod K Q.

In the case of non-Dynkin quiver, we denote by resX the additive category generated by
resX together with all non-preprojective indecomposable K @-modules (Note that in the
case of Dynkin quiver, all modules are preprojective modules. We refer to [ASS, VIII] for
the notion of preprojective modules).



6 YUYA MIZUNO

Example 2.13. Let @ be the following quiver

l1—2—3.

Then KQ = |, @& ? @2 (Note that our convention is different from [ASS] but the

=W

same as [ORT, AIRT]) and the preprojective algebra A = é @ 321 @ % . Then res(A) =

add{1,2,3, %, 3, %} (in this way, we always obtain all preprojective K Q-modules as res(A):
this is why we call A preprojective algebras).

For example, I113 = 2 @ 321 © 2 and res(/1[3) = add{2, 3, 2 3%

Consider the infinite word ¢ =ccc..., where ¢ = s1...s,. For w, we take the lexi-
cographically first reduced expression for w in ¢ (or equivalently, among all the reduced
eXPressions sy, . .. Sy, for w in ¢®, we choose the one such that s, is as far to the left as pos-
sible in ¢*, and, among such expressions, s, is as far to the left as possible, and so on for
each s,;). It is uniquely determined and we denote it by w. Then we can identify c¢> with
indecomposable preprojective K@-modules Py,...,P,, 7 Pi,..., 7 P,, 7 2P,..., drop-
ping any Tin if it is zero, where P; := ¢; KQ.

We call a subcategory A in modKQ cofinite if there are only finitely many indecompos-
able K @-modules which are not in A4 (in the case of Dynkin quiver, cofinite is automatic).
Note that any cofinite quotient closed subcategory contains all the non-preprojective K Q-
modules [ORT, Proposition 2.2]. Then we have the following result.

Theorem 2.14. [ORT] Let Q be an acyclic quiver and W the Cozeter group of Q. There
s a bijection
W — {cofinite quotient-closed subcategories of mod KQ}.

(a) This bijection is obtained by removing from indecomposable preprojective KQ-
modules corresponding to w (via the above identification)
(b) This bijection is also obtained by the map w — resly,,.

Thus we have two maps : (a) uses combinatorics of the Auslander-Reiten quiver and
(b) uses the representation theory of preprojective algebras.

Example 2.15. (a) Let @ = (1 — 2 — 3). Then the AR quiver of modK (@ is given
by

3
i
/TN
i 3
VAN
1 2 3.
For example, take w = s1s3 = s3s1. Then w = s1s3 and hence the correspond-
3

ing indecomposable modules are {1, %} Thus the subcategory add{2,3, 2,3},

which was obtained by removing {1, ?} from all KQ-modules, is quotient-closed
(Theorem 2.14 (a)). On the other hand, one can obtain the same category as
resl,, (Theorem 2.14 (b) and Example 2.13). For example, if w = s9s351592, then
resl,, = add{1, 3} is quotient-closed.
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(b) Let @ be the following quiver

2

7N

1 3.

We identify the infinite word ¢®™ = s15953515253515953 ... with infinitely many
preprojective modules Py, Py, P3, 7 Py, 7 Py, 77 Py, 77 2P, 7 2Py, 7 2P5, - - - .

For example, take w = s1s3s9s351. Then the left most word w is s;s9535951.
Hence the corresponding indecomposable modules are {P;, Py, P3,7 ‘P, 7 2P}
and hence the subcategory consists of modules of modK () by removing these mod-
ules is quotient-closed, which is also obtained as resl,,.

2.4. c-sortable elements.

Definition 2.16. Let ¢ be a Coxeter element. Fix a reduced expression of ¢ and regard ¢
as a reduced word. For w € W, we denote the support of W by supp(w), that is, the set
of generators occurring in a reduced expression of w.

We call an element w € W c-sortable if there exists a reduced expression of w of the
form w = c¢@c® . M where all ¢ are subwords of ¢ whose supports satisfy

supp(c™) € supp(c™ V) C ... C supp(cM) C supp(c®) € Qo.

For the generators S = {s1,...,8,}, we let (s) := S\ {s} and denote W, by the
subgroup of W generated by (s). For any w € W, there is a unique factorization w =
W) - w'® maximizing U(wsy) for wigy € Wiy and £ wg ) + f(w')) = f(w).

Then we give the following map introduced by Reading [R2].

Definition 2.17. Let ¢ be a Coxeter element and let s be initial in ¢. Then, define
7m¢(id) = id and, for each w € W, we define

. s (sw)  if U(sw) < L(w)
m(w) == { Wsc(w@) if £(sw) > £(w).

Then we have the following property.

Theorem 2.18. [R3, Proposition 3.2][RS2, Corollary 6.2] For any w € W, n¢(w) is the
unique mazrimal c-sortable element below w in the weak order.

Example 2.19. Let @ be the following quiver
1—2—3.

Then ¢ = s15983. For example 51595359 is a c-sortable element, and s;s2535957 is not.
Let w = s1s59535251. Then one can check that 7¢(w) = s1s283s52 and it is a unique
maximal c-sortable element below w.

2.5. c-sortable elements and finite torsion-free classes. Next we discuss a relation-
ship between sortable elements and the notion of torsion(-free) classes.

Definition 2.20. (a) We call a subcategory of modKQ torsion class (respectively,
torsion-free class) if it is closed under factor modules (respectively, submodules)
and extension-closed.

(b) We call a torsion class (or torsion-free class) finite if it has finitely many indecom-
posable modules.
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For a given torsion class 7, we have the corresponding torsion-free class F as T+ :=
{X € modKQ | Homgq(T,X) = 0}, and dually for a given torsion-free class F, we have
the corresponding torsion class ~F. We call such a pair of torsion class and torsion-free
class a torsion pair.

Next we recall layers following [AIRT]. For any reduced word w = sy, ... s,,, we have
the chain of ideals

ADI’Ml DIUQI’lLl O... DIU["'IUQIul :IW
For j =1,...,1, we define the layer

, . Ly, ... 1,
) =e, [J = 9zt 7H1
W T,

Note that the layer LI, is an indecomposable A-module for any j = 1,...,l [AIRT].
Then, for a c-sortable word, we can give a torsion-free class, which is explicitly described
by layers, as follows.

Theorem 2.21. [AIRT, Theorems 3.3, 3.11 and Corollary 3.10] Let ¢ be a Cozeter element
of Q and w = V) (m) = Suy - -+ Sy, @ c-sortable word.

(a) L‘ZV 18 a non-zero indecomposable KQ-module for all j =1,...,1.

(b) We have add{LL ..., L.} = res(A/I,) and it is finite torsion-free class.

Example 2.22. Let @) be the following quiver

/2\
1 3.
Then s1s9s3 is a Coxeter element of (). Let w = s15253515251. Then we have
3
1 _ 2 _ 2 73 _ .3 4 _ 2.3 5 1 9 6 _ 3
Ly, =1,L, =1, Ly =1 21,LW_ 1 21,LW_ 13y 5 Ly =1

1
Hence we have
add{LL,, ..., LL} = res(A/I,).

Therefore, Theorem 2.21 implies that a c-sortable element gives a finite torsion-free
class. Conversely, any finite torsion-free classes of mod K@) is given by a c-sortable element
[AIRT, Theorem 3.16].

Thus, we provide the following correspondence, which is also shown in [T].

Corollary 2.23. The map w +— res(A/1,,) gives a bijection
{c-sortable elements} — {finite torsion-free classes of mod KQ}.
Remark 2.24. Many other interesting relationship with sortable elements are discussed
in [IT, AIRT].
3. OUR RESULTS

Let @Q be a finite acyclic quiver, A the preprojective algebra of @), W the Coxeter group
of @ and ¢ the Coxeter element of W (which depends on the orientation of Q).

In this section, we explain our main results of [MT|. Our investigation has one of its
primary origins in the following natural questions and the related conjectures posed in
[ORT, Conjecture 11.1,11.2].

Question 3.1. (a) When is resl,, a torsion class of modKQ forw e W ¢
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(b) When resl,, is a torsion class, how can we relate w to a c-sortable element x which
provides the corresponding finite torsion-free class res(A/I,) ¢

With regard to this question, we note that, for a given finite torsion-free class, the
corresponding torsion class is not necessary cofinite in the case of non-Dynkin quivers,
and hence it is not necessary the form resl,, in general. It is easy check that a finite
torsion-free class consists of preprojective modules if and only if the corresponding torsion
class is cofinite. Therefore, it is natural to give a characterization of a c-sortable element x
when res(A/I,) consists of preprojective modules. For this purpose, we give the following
definition.

Definition 3.2. Let @ is a non-Dynkin quiver. A c-sortable element z is called bounded
if there exists a positive integer N such that z < ¢V. If Q is a Dynkin quiver, then we
regard any c-sortable element as bounded. We denote by be-sort W the set of bounded
c-sortable elements.

Example 3.3. (a) Let @ be the following quiver
1—2=x3.
Because

C — 85159535159535152S3
= S5152535152515352S3

= 5185283525152535253,

we have $1595350 < ¢® and hence s;595359 is bounded c-sortable.
(b) Let @ be the following quiver

2
N
s
Then one can check that s1s95359 is not bounded c-sortable.
Then we give the following lemma.

Lemma 3.4. Let x be a c-sortable element. Then the following are equivalent.

(a) x is bounded c-sortable.
(b) Any module of res(A/1,) is a preprojective module.
(c) The corresponding torsion class (res(A/I,))*" is cofinite.

Thus, bounded c-sortable elements are essential objects from the viewpoint of Question
3.1. To give a complete answer to the question, we also introduce the following terminology.

Definition 3.5. Let x be a c-sortable element. If there exists a maximum element amongst
{we W | 7¢(w) = x}, then we denote it by ¢ = 7 and call it c-antisortable, following the
definition from [RS1]. We denote by c-antisort W the set of c-antisortable elements of W.

Example 3.6. (a) Let @ be the following quiver
1—2—=3.

Take a c-sortable element x = s18953582. Then one can check that T = s159535957.
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(b) Let @ be the following quiver
2
PN
11— 3.
Take a c-sortable element x = s1528382. Consider the following infinite word
51595359515352515352518382 -+ .

Then from the word, we can take an arbitrary large element w such that 7¢(w) = x.
Thus, Z does not exist.

Using the above terminology, we obatin the following consequences and give an answer
to Question 3.1.

Theorem 3.7. We have the following commutative diagram of bijections:

{cofinite torsion pairs of mod KQ}
(reslz, res(A/I,))

be-sort W c-antisort W
x ™) z

In particular, a c-sortable element x is bouded if and only if it admits a mazrimum element
in{weW | m¢(w) = z}.
Thus, the answer of Question 3.1 is given by the notion of c-antisortable elements and

the map 7¢(—) and (—). Note that each category of (reslz, res(A/I;)) can be explicitly
described in terms of the Coxeter group (Theorem 2.14 and 2.21). As a consequence of
the above results, we establish a proof of [ORT, Conjecture 11.1,11.2].

Example 3.8. (a) Let @ = (1 — 2 — 3). Then the AR quiver of modK (@ is given by

3
2

1\3
N
O 2| (@

2
1

For example, we take a c-sortable element x = s1s3. Then we have the torsion-
free class res(A/I,) = add{ 1, 3} whose modules are circled above. Then one can
check that the corresponding torsion class is add{ ?, 2 } whose modules are squared
above. By Theorem 2.14, the torsion class is given as resl,, for w = s1s3s9s1 and
the theorem implies that this element is .

(b) Let @ = (1 —=2=3). Then the preprojective component of the AR quiver of
modK () is given as the translation quiver. Thus it is given as the form
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o
CHROERCEINE

For example, we take a c-sortable element x = s1S95352, which is bounded c-
sortable. Then res(A/I,) consists of the modules which are circled above. The
corresponding torsion class consists of the modules which are squared above and
all the rest. It is given as resl,, for w = s1s253525; and our theorem implies that
we have T = 5152535957.

/®\ /J\f : =

Finally we explain our strategy for a proof of the theorem. The first step is a parametriza-
tion of torsion pairs of modA.

Proposition 3.9. For any w € W,
(Fac(Iy),Sub(A/I))

is a torsion pair of modA. In particular, (Fac(I,) N modK@,Sub(A/I,) N modKQ) is a
torsion pair of mod K ().

We denote by torfA (respectively, torf K@) the set of torsion-free classes of modA
(respectively, modK@). Then, there is a natural map from torfA to torf K@, by tak-
ing the intersection to modK Q. The following result recognizes a categorical map of
¢ : W — c-sort W, where c-sort W denotes c-sortable elements.

Theorem 3.10. We have the following commutative diagram :

(=)

w c-sort W
Sub(A/I-) res(A/1_)
torfA ——"KC oK Q

Then Question 3.1 can be explained in this way: Assume that resI,, is a torsion class.
Then we can show that it is given as Fac(l,) N modK Q. Therefore the corresponding
torsion-free class is Sub(A/I,) N modK @ by Proposition 3.9. Thus Theorem 3.10 shows
that it is res(A/lrc(y)), that is, we can relate w by 7¢ to the c-sortable element which
provides the corresponding torsion-free class. Moreover, assume that there exists u € W
with v > w and 7¢(u) = 7(w). Then by Theorem 2.14 and the above argument, we have

res(I,) D Facl, NmodKQ = L(res/\7rc(w)) = resly,.

Because res(I,,) (respectively, resl,,) consists of the category which is obtained by removing
0(u) (respectively, ¢(w)) indecomposable K Q-modules from the preprojective modules by
Theorem 2.14, this is impossible. In this way, we can show that w is of maximal length
in {fw € W | 7¢(w) = z}, and indeed maximum element (but it is non-trivial). Thus we

conclude w = 7¢(w), that is, w is a c-antisortable element.
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