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Mabuchi solitons and Mabuchi constants

on Fano admissible manifolds

By Shotaro Murayama and Yasufumi Nitta

Abstract. In this paper, we study the existence of Mabuchi solitons

on admissible manifolds as defined by Apostolov–Calderbank–Gauduchon–
Tønnesen-Friedman. We prove that a Fano admissible manifold admits a

Mabuchi soliton if and only if the Mabuchi constant is less than 1. We also

provide an explicit formula for the Mabuchi constant on Fano admissible man-
ifolds, which generalizes that of Mabuchi. Using this formula, we completely

determine the existence and non-existence of Mabuchi solitons on Fano admis-

sible manifolds over the complex projective space Pn.

1. Introduction

1.1. Background

A Mabuchi soliton, introduced by Mabuchi in [8], is a generalization of a Kähler–

Einstein metric. Let X be an n-dimensional Fano manifold, and let G be a maximal

compact subgroup of Aut0(X). Let ω be a G-invariant Kähler metric on X representing

2πc1(X). By the ddc-lemma, there exists a unique function hω ∈ C∞(X,R)G satisfying

Ric(ω)− ω =
1

2
ddchω,

∫
X

(1− ehω )
ωn

n!
= 0.

This function hω is called the Ricci potential of ω.

A Kähler metric ω ∈ 2πc1(X)G is called a Mabuchi soliton if the gradient

gradω(1− ehω )

with respect to ω is a real holomorphic vector field on X. It is immediate that any G-

invariant Kähler–Einstein metric is a Mabuchi soliton. Moreover, a Mabuchi soliton is a

Kähler–Einstein metric if and only if the Futaki invariant of X vanishes (see [8, Section

1]).

One motivation for studying Mabuchi solitons comes from the moment map inter-

pretation of the Ding functional. Let H(X)G be the space of all G-invariant Kähler

metrics representing 2πc1(X). Then, Donaldson showed in [4] that the map

H(X)G ∋ ω 7→ 1− ehω ∈ C∞(X,R)

may be viewed as a moment map, whose zeros are precisely Kähler–Einstein metrics. In

analogy with the Calabi energy in the scalar curvature moment map picture, one can

consider the Ding energy
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Ding(ω) :=
1

V

∫
X

(1− ehω )2
ωn

n!
, V :=

∫
X

ωn

n!
.

Yao showed that the critical points of this functional are precisely Mabuchi solitons

([14, Theorem 2.6]). Thus, in the Ding-theoretic setting, Mabuchi solitons play a role

analogous to that of Calabi’s extremal Kähler metrics ([3]) in the scalar curvature setting.

Moreover, the existence of Mabuchi solitons is related to relative Ding stability through a

Yau–Tian–Donaldson type correspondence ([6]). These features make Mabuchi solitons

natural canonical metrics on Fano manifolds for which the Futaki invariant does not

necessarily vanish.

An obstruction to the existence of Mabuchi solitons is given by theMabuchi constant.

Let Pω be the space of Killing potentials with respect to ω, and let ΠG
ω : C∞(X,R) → Pω

be the L2-projection. Then Mabuchi showed that the constant

MX := max
X

ΠG
ω (1− ehω )

is independent of the choice of ω ([8, Section 2]). This MX is called the Mabuchi constant

of X. The Mabuchi constant satisfies MX < 1 if X admits a Mabuchi soliton. In this

paper, we study a special class of manifolds, called admissible manifolds ([1, Section 1]),

and prove that the converse holds for Fano admissible manifolds. (We also point out that

a similar equivalence holds for toric Fano manifolds; see [14] for details) Moreover, we give

an explicit formula for the Mabuchi constant of Fano admissible manifolds, generalizing

[8, Theorem 6.5]. Using this, we completely determine the existence and non-existence

of Mabuchi solitons on admissible manifolds over a complex projective space Pn.

1.2. Main results

An admissible manifold is a projective bundle PY (E0 ⊕ E∞) → Y satisfying the

following conditions:

• Y is covered by a product Ỹ :=
∏

a∈A Ya (A ⊂ Z>0,#A < ∞) of simply-connected

compact Kähler manifolds (Ya, ga, ωa) of real dimension 2da, with (ga, ωa) being

pullbacks of tensors on Y .

• E0 and E∞ are holomorphic projectively-flat Hermitian vector bundles over Y of

ranks d0 + 1 and d∞ + 1, respectively, satisfying

c1(E∞)

d∞ + 1
− c1(E0)

d0 + 1
=
[ωY

2π

]
, ωY :=

∑
a∈A

εaωa,

where εa ∈ {−1, 1} (a ∈ A).

Assume further that each ωa is a Ricci positive Kähler–Einstein metric with Ric(ωa) =

εasaωa for sa ∈ R. Then X = PY (E0 ⊕ E∞) is a Fano manifold if and only if{
sa > d0 + 1 (if εa = 1),

sa < −(d∞ + 1) (if εa = −1)

for any a ∈ A ([2, Theorem 3.1]). Such an X is called a Fano admissible manifold.
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Our first result shows that, in Fano admissible manifolds, the existence of a Mabuchi

soliton can be completely determined by the Mabuchi constant.

Theorem 1.1 (cf. Corollary 5.11). A Fano admissible manifold X admits a

Mabuchi soliton if and only if MX < 1.

The proof of Theorem 1.1 is obtained as a consequence of a more general existence

theory for v-solitons, and will be given in Section 5.2. In general, the existence of

a v-soliton is obstructed by the v-Futaki invariant (cf. Proposition 5.6). For Fano

admissible manifolds, however, we show that the existence of an admissible v-soliton

is in fact equivalent to the vanishing of the v-Futaki invariant (see Theorem 5.8). On the

other hand, the v-Futaki invariant corresponding to Mabuchi solitons always vanishes.

Therefore, 1.1 follows immediately from Theorem 5.8.

By Theorem 1.1, we can determine the existence of Mabuchi solitons on Fano ad-

missible manifolds in terms of the Mabuchi constant. We next compute the Mabuchi

constant for Fano admissible manifolds. Let

Ω := 2πc1(X), xa :=
d0 + d∞ + 2

2sa + d∞ − d0
(a ∈ A),

and define the characteristic polynomial pΩ of Ω by

pΩ(x) := (1 + x)d0(1− x)d∞
∏
a∈A

(
εa
xa

+ εax

)da

(cf. Section 3.3). For i ∈ {0, 1, 2}, set

bi :=

∫ 1

−1

xipΩ(x) dx.

In the case d0 = d∞ = 0, Mabuchi obtained an explicit formula for MX in terms

of b0, b1, b2 ([8, Theorem 6.5]). We extend this to general Fano admissible manifolds as

follows.

Theorem 1.2 (cf. Theorem 6.1). Let w :=
d0 − d∞

d0 + d∞ + 2
. Then

MX =
b0|b1 − wb0| − b1(b1 − wb0)

b0b2 − b21
= 1 +

b0(|b1 − wb0| − (b2 − wb1))

b0b2 − b21
.

Finally, we consider admissible manifolds over the complex projective space Pn and

discuss the existence of Mabuchi solitons on them. Any Fano admissible manifold X over

Pn can be written as

X = PPn(O⊕(d0+1) ⊕O(k)⊕(d∞+1))

for some k ∈ Z satisfying k ≥ 1 and n + 1 > k(d0 + 1). Moreover, the existence of a

Mabuchi soliton on X is equivalent to the condition MX < 1 (see Corollary 5.11). Using

Theorem 1.2, we prove the following theorem.
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Theorem 1.3 (cf. Theorem 7.1). The Fano admissible manifold X admits a

Mabuchi soliton if and only if

(k, d∞) = (1, 0) or (n, k, d0, d∞) = (1, 1, 0, 1).

In all other cases, MX > 1.

Theorem 1.3 can also be interpreted from the viewpoint of stability. By the Yau–

Tian–Donaldson type correspondence for Mabuchi solitons, established by Han and Li

[6], the existence of a Mabuchi soliton on a Fano manifold is equivalent to uniform

relative Ding stability (see also [14, 12, 13, 7]). Moreover, by [13, Theorem 1], the

Mabuchi constant of any relatively Ding semistable Fano manifold is bounded above by

1. Combining these results with Theorem 1.3, we obtain the following.

Corollary 1.4. X is uniformly relatively Ding stable if and only if

(k, d∞) = (1, 0) or (n, k, d0, d∞) = (1, 1, 0, 1).

Otherwise, X is relatively Ding unstable.

1.3. Organization of the paper

We start by reviewing basic notions on Mabuchi solitons in Section 2. The Mabuchi

constant is also introduced. In Section 3, following [1], we introduce the notion of

admissible manifolds. After introducing admissible manifolds, we discuss admissible

Kähler classes and admissible Kähler metrics, which are the main tools of this paper,

as well as the characteristic polynomial associated with an admissible Kähler class. In

Section 4, we focus on those admissible manifolds that are Fano. We give an explicit

formula for the Ricci potential of admissible Kähler metrics on Fano admissible manifolds

in Section 4.2 (cf. Proposition 4.4). This is a refinement of the result of Maschler and

Tønnesen-Friedman [10, Corollary 3.3]. Using Proposition 4.4, we obtain Proposition

4.7 for the normalization of the moment map, which plays an important role in the

proof of Theorem 1.2. In Section 5, we introduce the notion of v-solitons on general

Fano manifolds and explain that Mabuchi solitons form a special class of v-solitons.

We also describe the v-Futaki invariant, which is an obstruction to the existence of v-

solitons, and show that, for Fano admissible manifolds, the existence of an admissible

v-soliton is equivalent to the vanishing of the v-Futaki invariant (cf. Theorem 5.8). From

Theorem 5.8 and the fact that the v-Futaki invariant corresponding to Mabuchi solitons

always vanishes (see Remark 5.7), we obtain Theorem 1.1. In Section 6, we study the

Mabuchi constant for Fano admissible manifolds and give its explicit formula (Theorem

1.2). Finally, in Section 7, we prove Theorem 1.3. The proof proceeds by computing

the Mabuchi constant for Fano admissible manifolds over Pn using Theorem 1.2, and

applying Theorem 1.1 to determine the existence of Mabuchi solitons.

Acknowledgments. The authors would like to thank the anonymous referee for

careful reading of the manuscript and valuable suggestions.
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2. Mabuchi solitons and the Mabuchi constant

We first recall the definitions of Mabuchi solitons and the Mabuchi constant. Let

X be an n-dimensional Fano manifold, and let G be a maximal compact subgroup of

Aut0(X). Let ω be a G-invariant Kähler metric on X representing 2πc1(X), and denote

by hω the Ricci potential of ω.

Definition 2.1. Let ω ∈ 2πc1(X)G be a G-invariant Kähler metric on X. We say

that ω is a Mabuchi soliton if the gradient

gradω(1− ehω )

with respect to ω is a real holomorphic vector field on X.

Example 2.2. Let ω ∈ 2πc1(X)G be a G-invariant Kähler–Einstein metric on X:

Ric(ω) = ω. Then hω = 0 and hence

gradω(1− ehω ) = gradω0 = 0.

Therefore, ω is a Mabuchi soliton.

Example 2.3 ([8, Example 5.8]). Let X := PPn(OPn ⊕ OPn(1)) be the Fano

manifold obtained by blowing up Pn+1 at a point. Then X admits a Mabuchi soliton

but does not admit a Kähler–Einstein metric.

Next, we explain the Mabuchi constant, which is known as an obstruction to the

existence of Mabuchi solitons. Let Pω denote the space of Killing potentials with respect

to ω, i.e., the space of real-valued smooth functions f ∈ C∞(X,R) such that gradω f is

a real holomorphic vector field on X. Let ΠG
ω : C∞(X,R)G → Pω be the L2-projection

with respect to ω. Then a G-invariant Kähler metric ω ∈ 2πc1(X)G is a Mabuchi soliton

if and only if ΠG
ω (1− ehω ) = 1− ehω . Moreover, Mabuchi showed in [8] that the constant

max
X

ΠG
ω (1− ehω )

is independent of the choice of ω ∈ 2πc1(X)G.

Definition 2.4. We define MX := maxX ΠG
ω (1 − ehω ) and call it the Mabuchi

constant of the Fano manifold X.

The following examples show that the Mabuchi constant serves as an obstruction to

the existence of Kähler–Einstein metrics and Mabuchi solitons.

Example 2.5. Assume that 2πc1(X)G contains a Kähler–Einstein metric ω. Then

hω = 0, and hence

ΠG
ω (1− ehω ) = ΠG

ω 0 = 0.

Therefore, we have MX = max
X

ΠG
ω (1− ehω ) = 0.
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Example 2.6 ([8, Theorem 3.1]). Assume that 2πc1(X)G contains a Mabuchi

soliton ω. Then

ΠG
ω (1− ehω ) = 1− ehω < 1

holds on X. Hence, MX = max
X

ΠG
ω (1− ehω ) < 1.

3. Admissible manifolds

3.1. Definition of admissible manifolds

In this section, following the description in [1], we explain the definition of admissible

manifolds. For details, we refer the reader to [1].

Definition 3.1. An admissible manifold is a projective bundle PY (E0⊕E∞) → Y

satisfying the following conditions:

• Y is covered by a product Ỹ :=
∏

a∈A Ya (A ⊂ Z>0,#A < ∞) of simply-connected

compact Kähler manifolds (Ya, ga, ωa) of real dimension 2da, with (ga, ωa) being

pullbacks of tensors on Y .

• E0 and E∞ are holomorphic projectively-flat Hermitian vector bundles over Y of

ranks d0 + 1 and d∞ + 1, respectively, satisfying

c1(E∞)

d∞ + 1
− c1(E0)

d0 + 1
=
[ωY

2π

]
, ωY :=

∑
a∈A

εaωa, (3.1)

where εa ∈ {−1, 1} (a ∈ A).

Let X = PY (E0 ⊕ E∞) be an admissible manifold. By the condition (3.1) above,

there exist Hermitian metrics on E0 and E∞ such that the curvatures of their Chern

connections are given by Ω0 ⊗ idE0 , Ω∞ ⊗ idE∞ , and satisfy Ω∞ − Ω0 = ωY . Let

(g0, ω0) and (g∞, ω∞) denote the fiberwise Fubini–Study metrics of P(E0) and P(E∞).

We normalize them so that their scalar curvatures are 2d0(d0 + 1) and 2d∞(d∞ + 1),

respectively. We also set ε0 := 1 and ε∞ := −1.

We summarize below the notation for admissible manifolds used in this paper:

(1) We set Â := {a ∈ A ∪ {0,∞} | da > 0}.

(2) Let Ẽ0 and Ẽ∞ be the pullbacks of E0 and E∞ to Ỹ , respectively. Since Ỹ is

simply-connected, they can be written as

Ẽ0 = E0 ⊗O⊕(d0+1), Ẽ∞ = E∞ ⊗O⊕(d∞+1)

for some holomorphic line bundles E0 and E∞ over Ỹ . Let L := E−1
0 ⊗ E∞. Then L

is a holomorphic line bundle on Ỹ , and can be written as

L =
⊗
a∈A

La,
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where each La is a holomorphic line bundle over Ya satisfying

c1(La) =
[εaωa

2π

]
.

(3) Let e0 := PY (E0 ⊕ 0), e∞ := PY (0⊕ E∞). Their universal covers are, respectively,

Y0 × Ỹ := Pd0 × Ỹ and Ỹ × Y∞ := Ỹ ×Pd∞ .

(4) The blow-up of X along e0 ∪ e∞ is given by X̂ := PŶ (O ⊕ L̂) → Ŷ , where Ŷ :=

PY (E0) ×Y PY (E∞) → Y and L̂ := OE0(1) ⊗ OE∞(−1). In this case, for ωŶ
:=∑

a∈Â εaωa we have c1(L̂) = [ωŶ /2π]. We say a blow-down occurs if d0 > 0 or

d∞ > 0.

(5) Let ê0 and ê∞ denote the zero and infinity sections of X̂, respectively.

3.2. Admissible Kähler classes and metrics

In this section, we explain a special class of Kähler metrics on admissible manifolds,

called admissible Kähler metrics. As in the previous section, we refer the reader to [1]

for further details.

We begin by describing admissible Kähler classes, which serve as the natural setting

for admissible Kähler metrics. Let X = PY (E0 ⊕ E∞) be an admissible manifold.

Definition 3.2. A Kähler class Ω on X is called an admissible Kähler class if

its pullback to X̂ can be written as

c

∑
a∈Â

[εaωa]

xa
+ Ξ̂

 (3.2)

for some c ∈ R, xa ∈ R \ {0} with x0 = 1, x∞ = −1, where Ξ̂ is the Poincaré dual of

2π[ê0 + ê∞]. If c = 1, the admissible Kähler class is said to be normalized, or is called a

normalized admissible Kähler class.

Let Ξ be a 2-form on X whose pullback to X̂ is [ω0]− [ω∞]+ Ξ̂. Then a Kähler class

Ω is admissible if and only if

Ω = c

(∑
a∈A

[εaωa]

xa
+ Ξ

)

for some c ∈ R and xa ∈ R \ {0}.

Proposition 3.3 ([1, p.557] by the discussion therein). Let c ∈ R and

xa ∈ R \ {0}. Let a cohomology class Ω ∈ H1,1(X,R) be given by (3.2). Then the

following two conditions are equivalent:

(1) Ω is an admissible Kähler class of X.

(2) c ∈ R>0 and 0 < εaxa < 1 for any a ∈ A.
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Let Ω be an admissible Kähler class ofX given by (3.2). By Proposition 3.3, c ∈ R>0

and 0 < εaxa < 1 for any a ∈ A. The scalar multiplication on the fiber of E0 induces a

C∗-action on X. By identifying X0 := X \ (e0∪e∞) ∼= X̂ \ (ê0∪ ê∞) with an open subset

of X̂, X0 is a principal C∗-bundle over Ŷ associated to the holomorphic line bundle L̂.
We now consider the S1-action on X obtained by restricting the C∗-action. The

Hermitian metrics on E0 and E∞ induce a fiberwise moment map z : X → [−1, 1]. The

critical submanifolds of z are given by

z−1({1}) = e0, z−1({−1}) = e∞.

(A concrete construction of z can be found in [1, Section 2.1]) Let T denote the infini-

tesimal generator of the S1-action on X. Let θ be a connection form on X0 satisfying

dθ =
∑
a∈Â

εaωa. (3.3)

Definition 3.4. A Kähler metric ω ∈ Ω on X is called an admissible Kähler

metric if

g = c

∑
a∈Â

1 + xaz

xa
εaga +

dz2

Θ(z)
+ Θ(z)θ2

 ,

ω = c

∑
a∈Â

1 + xaz

xa
εaωa + dz ∧ θ

 (3.4)

on X0, where g is the Riemannian metric associated to ω, and Θ is a smooth function

on [−1, 1] satisfying

(1) Θ(x) > 0 (x ∈ (−1, 1)),

(2) Θ(±1) = 0, Θ′(±1) = ∓2.

If c = 1, the admissible Kähler metric ω is said to be normalized.

Let ω ∈ Ω be an admissible Kähler metric in the class Ω defined by (3.4). It is

immediate that z is a moment map for 1
cω:

−dz = ιT
1

c
ω.

Moreover, the complex structure on X corresponding to this Kähler structure is obtained

by taking the pullback of the complex structures on each Ya (a ∈ A), together with the

condition dcz = Θ(z)θ.

Remark 3.5. Let ω be a Kähler metric on X, and suppose that it can be written in

the form (3.4) on X0. Then, using (3.3), one can show that ω belongs to Ω. Furthermore,

the 2-form d(zθ), regarded as a differential form on X0 ⊂ X̂, extends to the whole of X̂,

and its de Rham cohomology class coincides with Ξ̂. For details, see [1, pp. 556–557].
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3.3. Characteristic polynomials

In this section, we explain the characteristic polynomial associated with an admis-

sible Kähler class. As will be stated in Proposition 3.7 below, this polynomial coincides,

up to a constant multiple, with the Duistermaat–Heckman polynomial associated with

the S1-action on X.

Let X = PY (E0 ⊕ E∞) be a d-dimensional admissible manifold, and let Ω be an

admissible Kähler class on X given by (3.2).

Definition 3.6. Let λa := εa/xa for each a ∈ Â (note that λ0 = λ∞ = 1), and

define

pΩ(x) :=
∏
a∈Â

(λa + εax)
da = (1 + x)d0(1− x)d∞

∏
a∈A

(λa + εax)
da .

We call pΩ the characteristic polynomial of the admissible Kähler class Ω.

The following proposition can be deduced from a careful reading of the proof of [1,

Proposition 6], but we include a short proof for the reader’s convenience.

Proposition 3.7. Let ω ∈ Ω be an admissible Kähler metric on X given by (3.4).

Then ∫
X

f(z)
ωd

d!
= 2πcd

∏
a∈Â

vol(Ya, ωa)

∫ 1

−1

f(x)pΩ(x) dx

for any integrable function f on the closed interval [−1, 1].

Proof. By the well-known multinomial theorem, we have

ωd

d!
=

cd

d!

∑
a∈Â

1 + xaz

xa
εaωa + dz ∧ θ

d

=
cd

(d− 1)!

∑
a∈Â

1 + xaz

xa
εaωa

d−1

∧ dz ∧ θ

= cdpΩ(z)

∧
a∈Â

ωda
a

da!

 ∧ dz ∧ θ.

Then, integration along the fibers yields

∫
X

f(z)
ωd

d!
= cd

∫
X

f(z)pΩ(z)

∧
a∈Â

ωda
a

da!

 ∧ dz ∧ θ

= 2πcd

∏
a∈Â

vol(Ya, ωa)

∫ 1

−1

f(x)pΩ(x) dx,
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as required. □

4. Fano admissible manifolds

4.1. Definition of Fano admissible manifolds

In this section we explain a necessary and sufficient condition for an admissible

manifold to be Fano, following [2]. We here assume that Y = Ỹ =
∏

a∈A Ya and each ωa

is a Ricci positive Kähler–Einstein metric on Ya: Ric(ωa) = εasaωa (a ∈ A). Let X be

an admissible manifold over Y . Since Y is simply-connected, X can be written as

X = PY (O⊕(d0+1) ⊕ (L ⊗O⊕(d∞+1))),

where L is a holomorphic line bundle over Y satisfying L = ⊗a∈ALa with each La a

holomorphic line bundles over Ya satisfying c1(La) = [εaωa/2π].

Theorem 4.1 ([2, Theorem 3.1]). For X, the following conditions are equivalent:

(1) X is a Fano manifold.

(2) For each a ∈ A, {
sa > d0 + 1 (if εa = 1),

sa < −(d∞ + 1) (if εa = −1).

Moreover, if X satisfies these conditions, then 2πc1(X) is an admissible Kähler class, and

satisfies

2πc1(X) = c

[(∑
a∈A

[εaωa]

xa

)
+ Ξ

]
(4.1)

for

c =
d0 + d∞ + 2

2
, xa =

d0 + d∞ + 2

2sa + d∞ − d0
(a ∈ A). (4.2)

Definition 4.2. If X satisfies the conditions of Theorem 4.1, X is called a Fano

admissible manifold.

Here we note that it is shown in [2] that any such X admits a Kähler–Ricci soliton.

4.2. Ricci potentials

Let X = PY (O⊕(d0+1) ⊕ (L ⊗ O⊕(d∞+1))) be a Fano admissible manifold. Let

Ω := 2πc1(X), and let ω ∈ Ω be an admissible Kähler metric given by (3.4). The goal of

this section is to compute explicitly the Ricci potential of ω. First, by [2, (3.2)] we have

Ric(ω) = Ric
(ω
c

)
=
∑
a∈Â

Ric(ωa)−
1

2
ddc log(pΩ(z)Θ(z))

on X \ (e0 ∪ e∞). On the other hand,
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ω = c

∑
a∈Â

1 + xaz

xa
εaωa + dz ∧ θ


=
∑
a∈Â

c

xa
εaωa + cz

∑
a∈Â

εaωa + c(dz ∧ θ),

which can be written as

ω =
∑
a∈Â

saεaωa +

(
d∞ − d0

2
+ cz

)∑
a∈Â

εaωa + c(dz ∧ θ)

since for any a ∈ Â

c

xa
= sa +

d∞ − d0
2

.

Hence we have

Ric(ω)− ω =
∑
a∈Â

Ric(ωa)−
1

2
ddc log(pΩ(z)Θ(z))

−
∑
a∈Â

saεaωa −
(
d∞ − d0

2
+ cz

)∑
a∈Â

εaωa − c(dz ∧ θ).

Using Ric(ωa) = εasaωa, this simplifies to

Ric(ω)− ω = −1

2
ddc log(pΩ(z)Θ(z))−

(
d∞ − d0

2
+ cz

)∑
a∈Â

εaωa − c(dz ∧ θ).

Since dcz = Θ(z)θ, we have

dz ∧ θ = d(zθ)− zdθ = d

(
z

Θ(z)
dcz

)
− zdθ,

and using dθ =
∑
a∈Â

εaωa, we obtain

Ric(ω)− ω = −1

2
ddc log(pΩ(z)Θ(z))−

(
d∞ − d0

2

)
dθ − cd

(
z

Θ(z)
dcz

)
.

Define functions on (−1, 1) by

aΘ(x) :=
1

Θ(x)
, bΘ(x) :=

x

Θ(x)
,

and let AΘ, BΘ be their primitives. Then

dθ = d (aΘ(z)d
cz) = d (A′

Θ(z)d
cz) = ddcAΘ(z),
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cd

(
z

Θ(z)
dcz

)
= cd (bΘ(z)d

cz) = cd (B′
Θ(z)d

cz) = ddc(cBΘ(z)),

and hence

Ric(ω)− ω =
1

2
ddc (−(d∞ − d0)AΘ(z)− 2cBΘ(z)− log(pΩ(z)Θ(z))) .

Lemma 4.3. Define a smooth function h : (−1, 1) → R by

h(x) := −(d∞ − d0)AΘ(x)− 2cBΘ(x)− log(pΩ(x)Θ(x)).

Then h extends uniquely to a smooth function on the closed interval [−1, 1].

Proof. It suffices to show that the derivative of h

h′(x) = (−(d∞ − d0)AΘ(x)− 2cBΘ(x)− log(pΩ(x)Θ(x)))′

=
−(d∞ − d0)− 2cx−Θ′(x)

Θ(x)
− p′Ω(x)

pΩ(x)

extends smoothly to the closed interval [−1, 1]. We first consider a neighborhood of

x = 1. Since Θ(1) = 0 and Θ′(1) = −2, we can write

Θ(x) = −2(x− 1) + Θ1(x)(x− 1)2

for some smooth function Θ1 defined near x = 1. Therefore, we have

Θ′(x) = −2 + 2Θ1(x)(x− 1) + Θ′
1(x)(x− 1)2,

and hence

−(d∞ − d0)− 2cx−Θ′(x) = −2d∞ − (d0 + d∞ + 2)(x− 1)

− 2Θ1(x)(x− 1)−Θ′
1(x)(x− 1)2

and

−(d∞ − d0)− 2cx−Θ′(x)

Θ(x)
=

−2d∞
(−2 + Θ1(x)(x− 1))(x− 1)

+
−(d0 + d∞ + 2)− 2Θ1(x)−Θ′

1(x)(x− 1)

−2 + Θ1(x)(x− 1)

=
d∞
x− 1

+ Θ2(x),

where Θ2 is a smooth function defined near x = 1. On the other hand, writing pΩ(x)

near x = 1 as

pΩ(x) = (1− x)d∞p1(x),

where p1 is a polynomial function satisfying p1(1) ̸= 0, we have
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p′Ω(x) = −d∞(1− x)d∞−1p1(x) + (1− x)d∞p′1(x).

Thus,

−p′Ω(x)

pΩ(x)
=

d∞(1− x)d∞−1p1(x)

(1− x)d∞p1(x)
− (1− x)d∞p′1(x)

(1− x)d∞p1(x)

=
d∞

(1− x)
+ p2(x),

where p2 is a smooth function defined near x = 1. Combining the above expressions, we

obtain

h′(x) =
−(d∞ − d0)− 2cx−Θ′(x)

Θ(x)
− p′Ω(x)

pΩ(x)

=
d∞
x− 1

+ Θ2(x) +
d∞

(1− x)
+ p2(x)

= Θ2(x) + p2(x)

which shows that h′ extends smoothly near x = 1. The argument near x = −1 is similar.

Therefore, h′ extends smoothly to the closed interval [−1, 1], and so does h. □

We still denote this extension by h, and define hω ∈ C∞(X,R) by

hω := h(z).

Noting that AΘ and BΘ are defined only up to additive constants, we obtain the following

proposition.

Proposition 4.4. By choosing AΘ and BΘ so that∫
X

(1− ehω )
ωd

d!
= 0,

the function hω = h(z) is the Ricci potential of ω.

Remark 4.5. It is shown that the Ricci potential is a function of z in [10, Corollary

3.3]. Proposition 4.4 provides an explicit expression of this function.

By Proposition 4.4, we see that 1 − ehω is a function of z. In fact the following

stronger statement is also known. This fact plays a very important role in Sections 5.2

and 6.

Proposition 4.6 ([1, Proposition 6], [9, Theorem 9.1]). There exist constants

α, β ∈ R such that

ΠG
ω (1− ehω ) = αz + β.

Finally, we show the following proposition, which is crucial for proving Theorem 1.2

in the introduction.
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Proposition 4.7. Let w :=
d0 − d∞

d0 + d∞ + 2
. Then

∫
X

(z − w)ehω
ωd

d!
= 0.

Proof. We first apply Proposition 3.7 to obtain

∫
X

zehω
ωd

d!
= 2πcd

∏
a∈Â

vol(Ya, ωa)

∫ 1

−1

e−(d∞−d0)AΘ(x)−2cBΘ(x) x

Θ(x)
dx.

We next compute the integral on the right-hand side. Observe that∫ 1

−1

e−(d∞−d0)AΘ(x)−2cBΘ(x) x

Θ(x)
dx =

∫ 1

−1

e−(d∞−d0)AΘ(x)

(
− 1

2c
e−2cBΘ

)′

(x) dx.

Integrating by parts, we obtain∫ 1

−1

e−(d∞−d0)AΘ(x)−2cBΘ(x) x

Θ(x)
dx

=

[
− 1

2c
e−(d∞−d0)AΘ(x)−2cBΘ(x)

]1
−1

+ w

∫ 1

−1

e−(d∞−d0)AΘ(x)−2cBΘ(x) 1

Θ(x)
dx.

By Lemma 4.3, we have

lim
x→1

(−(d∞ − d0)AΘ(x)− 2cBΘ(x)) = h(1) + lim
x→1

log(pΩ(x)Θ(x)) = −∞,

lim
x→−1

(−(d∞ − d0)AΘ(x)− 2cBΘ(x)) = h(−1) + lim
x→−1

log(pΩ(x)Θ(x)) = −∞.

Hence the boundary term vanishes:[
− 1

2c
e−(d∞−d0)AΘ(x)−2cBΘ(x)

]1
−1

= 0.

Therefore, we obtain∫ 1

−1

e−(d∞−d0)AΘ(x)−2cBΘ(x) x

Θ(x)
dx = w

∫ 1

−1

e−(d∞−d0)AΘ(x)−2cBΘ(x) 1

Θ(x)
dx.

Substituting this into the expression for the integral over X, we have

∫
X

zehω
ωd

d!
= 2πcdw

∏
a∈Â

vol(Ya, ωa)

∫ 1

−1

e−(d∞−d0)AΘ(x)−2cBΘ(x) 1

Θ(x)
dx

= w

∫
X

ehω
ωd

d!
.

□
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5. v-solitons on Fano admissible manifolds

5.1. v-solitons

We now temporarily leave the setting of admissible manifolds and consider a general

Fano manifold. Let X be a d-dimensional Fano manifold, and let T ⊂ Aut0(X) be a

compact torus. Let Ω := 2πc1(X), and let ω ∈ Ω be a T -invariant Kähler metric. Denote

by µω : X → t∗ the moment map associated with the T -action. We normalize µω so that

for every ξ ∈ t, ∫
X

⟨µω, ξ⟩ehω
ωd

d!
= 0,

where ⟨·, ·⟩ : t∗ × t → R denotes the natural pairing. With this normalization, the image

P := µω(X) is independent of the choice of T -invariant Kähler metric ω ∈ Ω.

Definition 5.1. Let v ∈ C∞(P,R>0). A T -invariant Kähler metric ω ∈ Ω is

called a v-soliton if it satisfies

Ric(ω)− ω =
1

2
ddc log(v(µω)). (5.1)

Example 5.2. If v(x) = 1 for all x ∈ P , then the equation (5.1) becomes

Ric(ω)− ω = 0,

so a v-soliton reduces to a Kähler–Einstein metric.

Example 5.3. Let ξ ∈ t, and set v(x) = e⟨x,ξ⟩ for each x ∈ P . Then the equation

(5.1) becomes

Ric(ω)− ω =
1

2
ddc⟨µω, ξ⟩,

and such a metric is known to be a Kähler–Ricci soliton.

Example 5.4. Mabuchi showed in [9] that Mabuchi solitons are a special case

of v-solitons as follows. Let X be a Fano manifold and assume MX < 1. Fix a max-

imal compact subgroup G ⊂ Aut0(X). For a Kähler metric ω ∈ Ω, the vector field

gradω ΠG
ω (1− ehω ) is real holomorphic on X, and in fact induces an S1-action on X (see

[5] and [9]). For a suitable constant a ∈ R, define µω := ΠG
ω (1 − ehω ) − a : X → R.

Then µω is a normalized moment map for this S1-action. Define a function v : P → R

by v(x) := 1− a− x. Since MX < 1, we have v > 0 on P . A direct computation shows

that ω is a Mabuchi soliton if and only if

Ric(ω)− ω =
1

2
ddc log(v(µω)).

Thus, Mabuchi solitons are v-solitons for this choice of v.

Next, we introduce an obstruction to the existence of v-solitons, analogous to the
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Futaki invariant for Kähler–Einstein metrics. Let ω ∈ Ω be a T -invariant Kähler metric,

and let µω : X → t∗ be the normalized moment map. Let µDH denote the Borel mea-

sure on P obtained as the pushforward of the Liouville measure ωd/d! under µω. It is

known that µDH is independent of the choice of ω ∈ Ω. This measure is known as the

Duistermaat–Heckman measure on P associated with the T -action on X.

Definition 5.5. Let v ∈ C∞(P,R>0) be a weight function and define a linear

map Futv : t → R by

Futv(ξ) :=

∫
P

⟨x, ξ⟩v(x) dµDH.

This is called the v-Futaki invariant of X.

Proposition 5.6. If Ω contains a v-soliton, then Futv = 0.

Proof. Let ω ∈ Ω be a v-soliton on X. Then by (5.1) there exists a constant

a ∈ R such that

log(v(µω)) = a+ hω,

hence v(µω) = ea+hω . Therefore, for any ξ ∈ t we have

Futv(ξ) =

∫
X

⟨µω, ξ⟩v(µω)
ωd

d!
=

∫
X

⟨µω, ξ⟩ea+hω
ωd

d!

= ea
∫
X

⟨µω, ξ⟩ehω
ωd

d!
= 0

by the normalization of µω. □

Remark 5.7. It is known that the v-Futaki invariant associated with Mabuchi

solitons always vanishes. In fact, using the notation of Example 5.4, this follows from

Futv(ξ) =

∫
X

⟨µω, ξ⟩v(µω)
ωd

d!

=

∫
X

⟨µω, ξ⟩
ωd

d!
−
∫
X

⟨µω, ξ⟩ΠG
ω (1− ehω )

ωd

d!

=

∫
X

⟨µω, ξ⟩
ωd

d!
−
∫
X

⟨µω, ξ⟩(1− ehω )
ωd

d!

=

∫
X

⟨µω, ξ⟩
ωd

d!
−
∫
X

⟨µω, ξ⟩
ωd

d!

= 0.

5.2. Existence result for Fano admissible manifolds

In this section, we study the existence problem of v-solitons on Fano admissible

manifolds. Let X = P(O⊕(d0+1) ⊕ (L⊗O⊕(d∞+1))) be a Fano admissible manifold, and

let Ω := 2πc1(X) be the admissible Kähler class given by (3.2). Consider the S1-action
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on X induced by scalar multiplication on O⊕(d0+1), and let T , z and θ be as defined

in Section 3.2. If ω ∈ Ω is an admissible Kähler metric, then by Proposition 4.7, the

normalized moment map is given by

µω := c(z − w),

where w = (d0−d∞)/(d0+d∞+2). Let P := µω(X), and let v ∈ C∞(P,R>0). Define a

function u ∈ C∞([−1, 1],R>0) by u(x) := v(c(x−w)). Then ω is a v-soliton if and only

if it satisfies

Ric(ω)− ω =
1

2
ddc log(u(z)).

The goal of this section is to prove the following theorem.

Theorem 5.8. For a Fano admissible manifold X, the following three conditions

are equivalent:

(1) X admits an admissible v-soliton.

(2) The v-Futaki invariant of X vanishes.

(3)

∫ 1

−1

(x− w)u(x)pΩ(x) dx = 0.

Remark 5.9. The equivalence in Theorem 5.8 is likely known to experts (see

[11, Theorem 1.2] for a related result). However, since no explicit proof appears in the

literature, we include one here for the reader’s convenience.

Before proving Theorem 5.8, we present some corollaries. From Example 5.2, we

immediately obtain the following, which was obtained in [2].

Corollary 5.10 ([2, Corollary 3.1]). For a Fano admissible manifold X, the

following three conditions are equivalent:

(1) X admits a G-invariant Kähler–Einstein metric.

(2) The Futaki invariant of X vanishes.

(3)

∫ 1

−1

(x− w)pΩ(x) dx = 0.

Noting that the v-Futaki invariant corresponding to Mabuchi solitons always van-

ishes (cf. Proposition 4.6 and Remark 5.7), Theorem 5.8 yields the following corollary.

Corollary 5.11. A Fano admissible manifold X admits a Mabuchi soliton if and

only if MX < 1.

Now we shall prove Theorem 5.8. The following proof proceeds largely along the

lines of [2, Theorem 3.1]. The implication (1) ⇒ (2) follows from Proposition 5.6. The

equivalence of (2) and (3) is clear. Thus, it remains to prove (3) ⇒ (1). Let ω ∈ Ω be an
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admissible Kähler metric given by (3.4), and define F := pΩΘ ∈ C∞([−1, 1],R). Then

F satisfies

F (x) > 0 (x ∈ (−1, 1)), (5.2)

F (±1) = 0, F ′(±1) = ∓2pΩ(±1). (5.3)

Proposition 5.12. The following conditions are equivalent:

(1) ω is a v-soliton.

(2) F satisfies

(uF )′(z)

(upΩ)(z)
= −(d0 + d∞ + 2)(z − w). (5.4)

Proof. From the computation in Section 4.2, on X \ (e0 ∪ e∞),

Ric(ω)− ω =
∑
a∈Â

Ric(ωa)−
∑
a∈Â

c

(
1

xa
+ z

)
εaωa −

1

2
ddc log(F (z))− c(dz ∧ θ).

Thus, ω is a v-soliton if and only if∑
a∈Â

Ric(ωa)−
∑
a∈Â

c

(
1

xa
+ z

)
εaωa −

1

2
ddc log(u(z)F (z))− c(dz ∧ θ) = 0. (5.5)

Computing ddc log(u(z)F (z)), we obtain

ddc log(u(z)F (z)) = d

(
(uF )′(z)

(uF )(z)
dcz

)
= d

(
(uF )′(z)

(upΩ)(z)
θ

)
=

(
(uF )′

upΩ

)′

(z)dz ∧ θ +
(uF )′(z)

(upΩ)(z)
dθ

=

(
(uF )′

upΩ

)′

(z)dz ∧ θ +
(uF )′(z)

(upΩ)(z)

∑
a∈Â

εaωa.

Thus, the equation (5.5) is equivalent to∑
a∈Â

[
Ric(ωa)−

{
1

2

(uF )′(z)

(upΩ)(z)
+ c

(
1

xa
+ z

)}
εaωa

]

− 1

2

{(
(uF )′

upΩ

)′

(z) + 2c

}
dz ∧ θ = 0,

in other words,

Ric(ωa)−
{
1

2

(uF )′(z)

(upΩ)(z)
+ c

(
1

xa
+ z

)}
εaωa = 0 (a ∈ Â), (5.6)
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(uF )′

upΩ

)′

(z) + 2c = 0. (5.7)

Furthermore, since each ωa is a Kähler–Einstein metric the equation (5.6) reduces to

1

2

(uF )′(z)

(upΩ)(z)
+ c

(
1

xa
+ z

)
= sa (a ∈ Â). (5.8)

The equation (5.7) is obtained by the derivative of (5.8). Thus, ω is a v-soliton if and

only if F satisfies (5.8). As in (4.2), we have

sa − c

(
1

xa
+ z

)
=

1

2
[(d0 + 1)(1− z)− (d∞ + 1)(1 + z)]

= −1

2
(d0 + d∞ + 2)(z − w),

and hence (5.8) reduces to a single equation (5.4). □

We are now ready to prove the implication (3) ⇒ (1). Assume X satisfies (3), and

consider the boundary value problem

(uF )′(x)

(upΩ)(x)
= −(d0 + d∞ + 2)(x− w), (5.9)

F (±1) = 0. (5.10)

The solution of (5.9) satisfying F (−1) = 0 is given by

F (x) = −d0 + d∞ + 2

u(x)

∫ x

−1

(t− w)u(t)pΩ(t) dt.

This function F is smooth on the closed interval [−1, 1]. Moreover, by assumption (3),

we also have F (1) = 0.

Next, we compute the derivatives at the endpoints. We obtain

F ′(±1) = −(d0 + d∞ + 2)(±1− w)pΩ(±1)

=

{
2(d0 + 1)pΩ(−1) if x = −1,

−2(d∞ + 1)pΩ(1) if x = 1.

In particular, if d0 > 0, then pΩ(−1) = 0 and hence F ′(−1) = 2pΩ(−1) = 0. If d0 = 0,

then clearly F ′(−1) = 2pΩ(−1). Thus, in all cases, we have F ′(−1) = 2pΩ(−1). A similar

argument shows that F ′(1) = −2pΩ(1). Therefore, F satisfies the condition (5.3).

We now verify that F satisfies the condition (5.2). It suffices to show that uF > 0

on the open interval (−1, 1). First note that w ∈ (−1, 1) because

w =
d0 − d∞

d0 + d∞ + 2
≥ − d∞

d0 + d∞ + 2
> −1,

and
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w =
d0 − d∞

d0 + d∞ + 2
≤ d0

d0 + d∞ + 2
< 1.

Let x ∈ (−1, 1) arbitrarily. If x ≤ w, then t− w < 0 on [−1, x), and hence

(uF )(x) = −(d0 + d∞ + 2)

∫ x

−1

(t− w)u(t)pΩ(t) dt > 0.

If x > w, then t− w > 0 on [x, 1), and we obtain

(uF )(x) = −(d0 + d∞ + 2)

[∫ 1

−1

(t− w)u(t)pΩ(t) dt−
∫ 1

x

(t− w)u(t)pΩ(t) dt

]
= (d0 + d∞ + 2)

∫ 1

x

(t− w)u(t)pΩ(t) dt

> 0.

Thus, uF > 0 holds for all x ∈ (−1, 1).

Finally, define Θ: (−1, 1) → R by Θ := F/pΩ. It is clear that Θ is a positive smooth

function on the open interval (−1, 1), and from the expression

Θ(x) = −d0 + d∞ + 2

u(x)pΩ(x)

∫ x

−1

(t− w)u(t)pΩ(t) dt,

we analyze its behavior near x = −1. Since u(x) ̸= 0 and x − w ̸= 0 near x = −1, we

can write

u(x)pΩ(x) = (1 + x)d0g−(x),

∫ x

−1

(t− w)u(t)pΩ(t) dt = (1 + x)d0+1h−(x),

where g−, h− are smooth around x = −1 and nonvanishing at x = −1. Then, we have

(1 + x)d0(x− w)g−(x) = (x− w)u(x)pΩ(x)

=

(∫ x

−1

(t− w)u(t)pΩ(t) dt

)′

= (d0 + 1)(1 + x)d0h−(x) + (1 + x)d0+1h′
−(x)

= (1 + x)d0
[
(d0 + 1)h−(x) + (1 + x)h′

−(x)
]

and

(x− w)g−(x) = (d0 + 1)h−(x) + (1 + x)h′
−(x).

This shows that

Θ(x) = − (d0 + d∞ + 2)(1 + x)d0+1h−(x)

(1 + x)d0g−(x)

= −(1 + x)
(d0 + d∞ + 2)h−(x)

g−(x)
,
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and hence Θ extends smoothly to x = −1 with

Θ(−1) = 0, Θ′(−1) = 2.

A similar argument shows that Θ extends smoothly to x = 1 with

Θ(1) = 0, Θ′(1) = −2.

Therefore, Θ satisfies all the required conditions, and hence defines an admissible Kähler

metric ω ∈ Ω. By construction, this metric is a v-soliton. This completes the proof of

Theorem 5.8.

6. The Mabuchi constant of Fano admissible manifolds

The purpose of this section is to prove Theorem 1.2. Let X = P(O⊕(d0+1) ⊕ (L ⊗
O⊕(d∞+1))) be a Fano admissible manifold, and let Ω := 2πc1(X). For i ∈ {0, 1, 2}, set

bi :=

∫ 1

−1

xipΩ(x) dx.

Since pΩ > 0 on (−1, 1), we have b0, b2 > 0. Moreover, by the Cauchy–Schwarz inequality,

b0b2 − b21 > 0.

Using Propositions 4.6 and 4.7 in Section 4.2, we obtain the following.

Theorem 6.1 ([8, Theorem 6.5] for cases d0 = d∞ = 0). Define w := d0−d∞
d0+d∞+2 .

Then

MX =
b0|b1 − wb0| − b1(b1 − wb0)

b0b2 − b21
= 1 +

b0(|b1 − wb0| − (b2 − wb1))

b0b2 − b21
.

Proof. Let ω ∈ Ω be an admissible Kähler metric given by (3.4). Since constant

functions and z are Killing potentials of (X,ω), Propositions 3.7 and 4.6 imply that

0 =

∫
X

(1− ehω )
ωd

d!
=

∫
X

ΠG
ω (1− ehω )

ωd

d!

=

∫
X

(αz + β)
ωd

d!
= 2πcd

∏
a∈Â

vol(Ya, ωa)

 (αb1 + βb0).

Hence we obtain

αb1 + βb0 = 0. (6.1)

Furthermore, ∫
X

z(1− ehω )
ωd

d!
=

∫
X

zΠG
ω (1− ehω )

ωd

d!
=

∫
X

(αz2 + βz)
ωd

d!
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= 2πcd

∏
a∈Â

vol(Ya, ωa)

 (αb2 + βb1).

On the other hand, by Proposition 4.7, we have∫
X

z(1− ehω )
ωd

d!
=

∫
X

z
ωd

d!
− w

∫
X

ehω
ωd

d!
=

∫
X

z
ωd

d!
− w

∫
X

ωd

d!

= 2πcd

∏
a∈Â

vol(Ya, ωa)

 (b1 − wb0).

These give us that

αb2 + βb1 = b1 − wb0. (6.2)

By solving (6.1) and (6.2), we obtain

α =
b0b1 − wb20
b0b2 − b21

, β = −b21 − wb0b1
b0b2 − b21

,

and

MX = max
x∈[−1,1]

(αz + β) = |α|+ β

=
b0|b1 − wb0| − b1(b1 − wb0)

b0b2 − b21

= 1 +
b0(|b1 − wb0| − (b2 − wb1))

b0b2 − b21
,

as required. □

7. Mabuchi solitons on Fano admissible manifolds over Pn

In the final section, we concern the existence and non-existence of Mabuchi solitons

on Fano admissible manifolds over Pn. Let X be a Fano admissible manifold over Pn.

Then X can be written as

X = PPn(O⊕(d0+1) ⊕O(k)⊕(d∞+1)) (7.1)

for some k ∈ Z \ {0} and d0, d∞ ∈ Z≥0. In that case,

PPn(O⊕(d0+1) ⊕O(k)⊕(d∞+1)) ∼= PPn(O⊕(d∞+1) ⊕O(−k)⊕(d0+1))

and so we may assume k ∈ Z≥1. By Theorem 4.1, X is Fano if and only if k(d0+1) < n+1.

In what follows, we assume these conditions. Moreover, by Corollary 5.11, the existence

of a Mabuchi soliton on X is equivalent to MX < 1. The purpose of this section is to

prove the following theorem.
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Theorem 7.1. The Fano admissible manifold X admits a Mabuchi soliton if and

only if

(k, d∞) = (1, 0) or (n, k, d0, d∞) = (1, 1, 0, 1).

In all other cases, MX > 1.

To prove Theorem 7.1, we compute MX by using Theorem 6.1. Let

λ :=
2(n+ 1) + k(d∞ − d0)

k(d0 + d∞ + 2)
.

Then, for each i ∈ {0, 1, 2},

bi =

∫ 1

−1

(λ+ x)n(1 + x)d0(1− x)d∞xidx.

Proposition 7.2. b1 − wb0 > 0. In particular, we have

MX = 1 +
b0(b1 − wb0 + wb1 − b2)

b0b2 − b21
.

Proof. Define a ∈ R by

a :=
n+ 1− k(d0 + 1)

k(d0 + d∞ + 2)
.

By assumption, a > 0 and

λ− 1 =
2[n+ 1− k(d0 + 1)]

k(d0 + d∞ + 2)
= 2a.

Therefore,

b1 − wb0 =

∫ 1

−1

(λ+ x)n(1 + x)d0(1− x)d∞(x− w) dx

=

∫ 1

0

(λ+ 2u− 1)n(2u)d0(2− 2u)d∞(2u− 1− w) du

= 2d0+d∞+n+2

∫ 1

0

(a+ u)nud0(1− u)d∞

(
u− d0 + 1

d0 + d∞ + 2

)
du.

On the other hand,

(d0 + d∞ + 2)ud0(1− u)d∞

(
u− d0 + 1

d0 + d∞ + 2

)
= (d0 + d∞ + 2)ud0+1(1− u)d∞ − (d0 + 1)ud0(1− u)d∞

= ud0(1− u)d∞ [(d0 + d∞ + 2)u− (d0 + 1)]

= ud0(1− u)d∞ [(d0 + 1)(u− 1) + (d∞ + 1)u]
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= −(ud0+1(1− u)d∞+1)′.

Hence, integration by parts yields

b1 − wb0 = −2d0+d∞+n+2

d0 + d∞ + 2

∫ 1

0

(a+ u)n(ud0+1(1− u)d∞+1)′ du

=
n2d0+d∞+n+2

d0 + d∞ + 2

∫ 1

0

(a+ u)n−1ud0+1(1− u)d∞+1 du

=
n2d0+d∞+n+2

d0 + d∞ + 2

n−1∑
j=0

(
n− 1

j

)
an−1−jB(j + d0 + 2, d∞ + 2),

where B(x, y) is the beta function. Therefore, b1 − wb0 > 0 follows from a > 0. The

second assertion follows immediately from Theorem 6.1. □

Using Corollary 5.10, we obtain the following corollary.

Corollary 7.3. For any k ∈ Z≥1 and d0, d∞ ∈ Z≥0, X = PPn(O⊕(d0+1) ⊕
O(k)⊕(d∞+1)) does not admit a Kähler–Einstein metric.

Now, set

I := b1 − wb0 + wb1 − b2.

Then

I =

∫ 1

−1

(λ+ x)n(1 + x)d0(1− x)d∞+1(x− w)dx

holds. Moreover, the condition MX ≤ 1 (respectively MX = 1) is equivalent to I ≤ 0

(respectively I = 0).

Lemma 7.4. If the following inequality holds, then MX > 1 holds:

n(d∞ + 1)− (d0 + 1)

d0 + d∞ + 4
≥ n+ 1− k(d0 + 1)

k(d0 + d∞ + 2)
. (7.2)

In particular, in that case X does not admit a Mabuchi soliton.

Proof. Define b ∈ R by

b :=
d0 + 1

d0 + d∞ + 2
.

Then b > 0, and

w + 1 =
2(d0 + 1)

d0 + d∞ + 2
= 2b.

Moreover,
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I =

∫ 1

0

(λ+ 2u− 1)n(2u)d0(2− 2u)d∞+1(2u− (w + 1))2 du

= 2d0+d∞+n+3

∫ 1

0

(a+ u)nud0(1− u)d∞+1(u− b) du

(7.3)

holds, where a is defined in the proof of Proposition 7.2. Since∫ 1

0

(a+ u)nud0(1− u)d∞+1(u− b)du

=

n∑
j=0

(
n

j

)
an−j

[∫ 1

0

uj+d0+1(1− u)d∞+1du− b

∫ 1

0

uj+d0(1− u)d∞+1du

]

=

n∑
j=0

(
n

j

)
an−j [B(j + d0 + 2, d∞ + 2)− bB(j + d0 + 1, d∞ + 2)]

and

B(j + d0 + 2, d∞ + 2)− bB(j + d0 + 1, d∞ + 2)

=

[
j + d0 + 1

(j + d0 + 1) + (d∞ + 2)
− d0 + 1

d0 + d∞ + 2

]
B(j + d0 + 1, d∞ + 2)

=
(d∞ + 1)j − (d0 + 1)

d0 + d∞ + 2

B(j + d0 + 1, d∞ + 2)

j + d0 + d∞ + 3

=
(d∞ + 1)j − (d0 + 1)

d0 + d∞ + 2

B(j + d0 + 1, d∞ + 3)

d∞ + 2
,

we have

I =
2d0+d∞+n+3

(d0 + 2)(d0 + d∞ + 2)

n∑
j=0

(
n

j

)
an−j [(d∞ + 1)j − (d0 + 1)]B(j + d0 + 1, d∞ + 3).

Therefore, if we set

S0 :=

n∑
j=0

(
n

j

)
an−jB(d0 + 1 + j, d∞ + 3), S1 :=

n∑
j=0

j

(
n

j

)
an−jB(d0 + 1 + j, d∞ + 3),

then, since

I =
2d0+d∞+n+3

(d0 + 2)(d0 + d∞ + 2)
[(d∞ + 1)S1 − (d0 + 1)S0]

and S0 > 0, the condition I ≥ 0 (respectively, I = 0) is equivalent to

S1

S0
≥ d0 + 1

d∞ + 1

(
respectively,

S1

S0
=

d0 + 1

d∞ + 1

)
. (7.4)

Since
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S0 =

n∑
j=0

(
n

j

)
an−j

∫ 1

0

tj+d0(1− t)d∞+2dt

=

∫ 1

0

td0(1− t)d∞+2(a+ t)ndt

= a

∫ 1

0

td0(1− t)d∞+2(a+ t)n−1dt+

∫ 1

0

td0+1(1− t)d∞+2(a+ t)n−1dt,

using

nx(x+ y)n−1 = x
∂

∂x
(x+ y)n =

n∑
j=0

j

(
n

j

)
xjyn−j ,

we obtain

S1 =

n∑
j=0

j

(
n

j

)
an−j

∫ 1

0

td0+j(1− t)d∞+2dt

=

∫ 1

0

td0(1− t)d∞+2nt(a+ t)n−1dt

= n

∫ 1

0

td0+1(1− t)d∞+2(a+ t)n−1dt.

Now let us set

K :=

∫ 1

0

td0+1(1− t)d∞+2(a+ t)n−1dt, L :=

∫ 1

0

td0(1− t)d∞+2(a+ t)n−1dt.

Then K,L > 0, and

S1

S0
=

nK

aL+K
.

Define f : (0,+∞) → R by

f(t) :=
nt

aL+ t
.

Then, since aL > 0, f is a strictly increasing function. Next, if we set

g(t) := td0(1− t)d∞+2, h(t) := (a+ t)n−1,

then

K =

∫ 1

0

tg(t)h(t) dt, L =

∫ 1

0

g(t)h(t) dt,∫ 1

0

g(t) dt = B(d0 + 1, d∞ + 3),

∫ 1

0

tg(t) dt = B(d0 + 2, d∞ + 3)

hold. Here, we investigate the sign of
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B(d0 + 1, d∞ + 3)K −B(d0 + 2, d∞ + 3)L.

• In the case n = 1.

Since h(t) = 1, we have K = B(d0 + 2, d∞ + 3), L = B(d0 + 1, d∞ + 3) and hence

B(d0 + 1, d∞ + 3)K −B(d0 + 2, d∞ + 3)L = 0.

• In the case n ≥ 2.

Since h′(t) = (n− 1)(a+ t)n−2 > 0, h is strictly increasing on [0, 1], and

B(d0 + 1, d∞ + 3)K −B(d0 + 2, d∞ + 3)L

=

∫ 1

0

tg(t)h(t) dt

∫ 1

0

g(t) dt−
∫ 1

0

g(t)h(t)dt

∫ 1

0

tg(t) dt

=

∫ 1

0

tg(t)h(t) dt

∫ 1

0

g(s) ds−
∫ 1

0

g(t)h(t) dt

∫ 1

0

sg(s) ds

=

∫ 1

0

∫ 1

0

(t− s)h(t)g(s)g(t) dsdt

holds. By a change of variables, we have∫ 1

0

∫ 1

0

(t− s)h(t)g(s)g(t) dsdt =

∫ 1

0

∫ 1

0

(s− t)h(s)g(t)g(s) dsdt

and

B(d0 + 1, d∞ + 3)K −B(d0 + 2, d∞ + 3)L

=
1

2

∫ 1

0

∫ 1

0

((t− s)h(t) + (s− t)h(s))g(s)g(t) dsdt

=
1

2

∫ 1

0

∫ 1

0

(h(s)− h(t))(s− t)g(s)g(t) dsdt.

Therefore, since (h(s) − h(t))(s − t) ≥ 0, we have B(d0 + 1, d∞ + 3)K − B(d0 +

2, d∞ + 3)L ≥ 0.

From the above,

K ≥ B(d0 + 2, d∞ + 3)

B(d0 + 1, d∞ + 3)
L =

d0 + 1

d0 + d∞ + 4
L

holds, and so, by the monotonicity of f ,

S1

S0
=

nK

aL+K
≥ n(d0 + 1)

a(d0 + d∞ + 4) + d0 + 1

follows. Therefore, if (7.2) holds, then

n(d0 + 1)

a(d0 + d∞ + 4) + (d0 + 1)
≥ d0 + 1

d∞ + 1
,
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and so (7.4) follows. In particular, since I ≥ 0, we have MX ≥ 1. Furthermore, the

following holds.

(1) In the case n = 1.

Since k(d0 + 1) < n+ 1, we have n = k = 1 and d0 = 0. Hence, it holds

a =
n+ 1− k(d0 + 1)

k(d0 + d∞ + 2)
=

1

d∞ + 2

and B(d0 + 1, d∞ + 3)K −B(d0 + 2, d∞ + 3)L = 0. In particular, we have

K =
d0 + 1

d0 + d∞ + 4
L.

Here, if we assume MX = 1, then I = 0, and so by (7.4) we obtain

d0 + 1

d∞ + 1
=

S1

S0
=

nK

aL+K
=

n(d0 + 1)

a(d0 + d∞ + 4) + (d0 + 1)
.

Rearrangement of this gives us

d2∞ + d∞ − 4 = 0,

which contradicts d∞ ∈ Z≥0. Therefore, MX > 1.

(2) In the case n ≥ 2.

Since h is a strictly increasing function, s = t is the only possibility for s, t ∈ [0, 1]

satisfying (h(s) − h(t))(s − t) = 0. Hence the set on which the integrand vanishes

has measure zero in [0, 1]× [0, 1], and therefore

B(d0 + 1, d∞ + 3)K −B(d0 + 2, d∞ + 3)L

=
1

2

∫ 1

0

∫ 1

0

(h(s)− h(t))(s− t)g(s)g(t)dsdt > 0

and hence

S1

S0
=

nK

aL+K
>

n(d0 + 1)

a(d0 + d∞ + 4) + (d0 + 1)
≥ d0 + 1

d∞ + 1
.

This and the equivalence in (7.4) gives us that MX > 1.

From the above, we see that MX > 1 holds in either case. □

7.1. The case k ≥ 2 or d∞ ≥ 1

We first show a non-existence result for Mabuchi solitons.

Proposition 7.5. If k ≥ 2, or k = 1 and d∞ ≥ 1, then MX > 1 holds, except in

the cases (n, k, d0, d∞) = (1, 1, 0, 1) and (n, k, d0, d∞) = (2, 1, 0, 1). In particular, X does

not admit a Mabuchi soliton.
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Proof. First note that the inequality (7.2) in Lemma 7.4 is equivalent to[
(d∞ + 1)(d0 + d∞ + 2)− d0 + d∞ + 4

k

]
n− d0 + d∞ + 4

k
+ 2(d0 + 1) ≥ 0. (7.5)

Define f : [1,+∞) → R by

f(t) :=

[
(d∞ + 1)(d0 + d∞ + 2)− d0 + d∞ + 4

k

]
t− d0 + d∞ + 4

k
+ 2(d0 + 1).

(1) The case k ≥ 2.

In this case, we have

(d∞ + 1)(d0 + d∞ + 2)− d0 + d∞ + 4

k

≥ (d∞ + 1)(d0 + d∞ + 2)− d0 + d∞ + 4

2

=

(
d∞ +

1

2

)
(d0 + d∞ + 2)− 1

≥ 0.

Moreover, equality holds if and only if (k, d0, d∞) = (2, 0, 0).

(a) The case (k, d0, d∞) = (2, 0, 0).

Since

f(t) =

(
1 · 2− 4

2

)
t− 4

2
+ 2 = 0,

the inequality (7.2) holds for any n ∈ Z≥1.

(b) Cases other than (a).

Since k ≥ 2, we have

f(1) = (d∞ + 1)(d0 + d∞ + 2)− 2(d0 + d∞ + 4)

k
+ 2(d0 + 1)

≥ (d∞ + 1)(d0 + d∞ + 2)− (d0 + d∞ + 4) + 2(d0 + 1)

= d∞(d0 + d∞ + 2) + 2d0

≥ 0.

Therefore, since n ≥ 2 and f is monotonically increasing, the inequality (7.2) is

maintained by f(n) ≥ f(1) ≥ 0.

(2) The case k = 1.

First note that

(d∞ + 1)(d0 + d∞ + 2)− (d0 + d∞ + 4) = d∞(d0 + d∞ + 2)− 2 > 0

and hence f is a monotonically increasing function.
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(a) The case d0 ≥ 1.

Since

f(n) > f(1) = (d∞ + 1)(d0 + d∞ + 2)− 2(d0 + d∞ + 4) + 2(d0 + 1)

= (d∞ − 1)(d0 + d∞ + 2) + 2(d0 − 1) ≥ 0,

the inequality (7.2) holds.

(b) The case d0 = 0.

If d∞ ≥ 2, then the inequality (7.2) holds from f(1) ≥ 3 · (0 + 2 + 2)− 2 > 0. If

d∞ = 1, then

f(3) = 3

(
(1 + 1)(0 + 1 + 2)− 0 + 1 + 4

1

)
− 0 + 1 + 4

1
+ 2(0 + 1) = 0,

and so, except in the cases (n, d0, d∞) = (1, 0, 1) and (n, d0, d∞) = (2, 0, 1), the

inequality (7.2) holds.

Therefore, if k ≥ 2, or k = 1 and d∞ ≥ 1, then MX > 1 holds, except in the cases

(n, k, d0, d∞) = (1, 1, 0, 1) and (n, k, d0, d∞) = (2, 1, 0, 1). In particular, X does not

admit a Mabuchi soliton. □

Proposition 7.6. If (n, k, d0, d∞) = (1, 1, 0, 1), then X admits a Mabuchi soliton.

On the other hand, when (n, k, d0, d∞) = (2, 1, 0, 1), MX > 1 and hence X does not

admit a Mabuchi soliton.

Proof. First, assume that (n, k, d0, d∞) = (1, 1, 0, 1). Then, since

λ =
2(1 + 1)/1 + 1− 0

0 + 1 + 2
=

5

3
, w =

0− 1

0 + 1 + 2
= −1

3
,

we have

I =

∫ 1

−1

(
5

3
+ x

)
(1− x)2

(
x+

1

3

)
dx =

∫ 1

−1

(
x4 − 22

9
x2 +

8

9
x+

5

9

)
dx

=

[
1

5
x5 − 22

27
x3 +

5

9
x

]1
−1

= − 16

135
< 0.

In particular, MX < 1 and X admits a Mabuchi soliton by Corollary 5.11. Next, if

(n, k, d0, d∞) = (2, 1, 0, 1), then, since

λ =
2(2 + 1)/1 + 1− 0

0 + 1 + 2
=

7

3
, w =

0− 1

0 + 1 + 2
= −1

3
,

we have

I =

∫ 1

−1

(
7

3
+ x

)2

(1− x)2
(
x+

1

3

)
dx
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=

∫ 1

−1

(
x5 + 3x4 − 2x3 − 194

27
x2 +

91

27
x+

49

27

)
dx

=

[
3

5
x5 − 194

81
x3 +

49

27
x

]1
−1

=
16

405
> 0.

This shows MX > 1 and that X does not admit a Mabuchi soliton. □

7.2. The case k = 1 and d∞ = 0

Next we show a result of existence for Mabuchi solitons. The following proposition

completes the proof of Theorem 7.1.

Proposition 7.7. If k = 1 and d∞ = 0, then X admits a Mabuchi soliton.

Proof. Let a and b be real numbers defined in the proofs of Proposition 7.2 and

Lemma 7.4, respectively. Then, by (7.3) in Lemma 7.4, we have

I = 2d0+d∞+n+3

∫ 1

0

(a+ u)nud0(1− u)d∞+1(u− b)du

= 2d0+n+3

∫ 1

0

(a+ u)nud0(1− u)(u− b)du,

a =
(n+ 1)− (d0 + 1)

d0 + 2
=

n− d0
d0 + 2

, b =
d0 + 1

d0 + 2
.

Here, by setting

α := − 1

2(d0 + 2)
, β := − d0 + 1

2(d0 + 2)
,

we obtain

ud0(1− u)(u− b) = α

(
d

du
ud0+1(1− u)2

)
+ βud0(1− u)2.

Therefore, by integration by parts,

I = 2d0+n+3

∫ 1

0

(a+ u)n
[
α
( d

du
ud0+1(1− u)2

)
+ βud0(1− u)2

]
du

= 2d0+n+3

{[
α(a+ u)nud0+1(1− u)2

]1
0
−
∫ 1

0

αn(a+ u)n−1ud0+1(1− u)2du

}
+ 2d0+n+3

∫ 1

0

β(a+ u)nud0(1− u)2du

= 2d0+n+3

∫ 1

0

(a+ u)n−1ud0(1− u)2(−αnu+ β(a+ u))du
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=
2d0+n+2

d0 + 2

∫ 1

0

(a+ u)n−1ud0(1− u)2[(n− d0 − 1)u− a(d0 + 1)]du.

Thus, when n− d0 − 1 = 0, we have

I = −2d0+n+2

d0 + 2

∫ 1

0

(a+ u)n−1ud0(1− u)2a(d0 + 1)du < 0

and hence MX < 1, which shows that X admits a Mabuchi soliton. From now on, assume

n− d0 − 1 > 0. If we set

c :=
a(d0 + 1)

n− d0 − 1
=

(n− d0)(d0 + 1)

(n− d0 − 1)(d0 + 2)
,

we have c > 0 and

I =
2d0+n+2(n− d0 − 1)

d0 + 2

∫ 1

0

(a+ u)n−1ud0(1− u)2(u− c) du.

Hence, by setting

J :=

∫ 1

0

(a+ u)n−1ud0+1(1− u)2du, K :=

∫ 1

0

(a+ u)n−1ud0(1− u)2du,

we have I = J − cK, and I ≤ 0 (respectively, I = 0) if and only if

J

K
≤ c

(
respectively,

J

K
= c

)
. (7.6)

In what follows, we show that
J

K
< c. First,

J =

n−1∑
j=0

(
n− 1

j

)
an−1−j

∫ 1

0

uj+d0+1(1− u)2du

=

n−1∑
j=0

(
n− 1

j

)
an−1−jB(j + d0 + 2, 3)

=

n−1∑
j=0

(
n− 1

j

)
an−1−j 2

(j + d0 + 2)(j + d0 + 3)(j + d0 + 4)
,

K =

n−1∑
j=0

(
n− 1

j

)
an−1−j

∫ 1

0

uj+d0(1− u)2du

=

n−1∑
j=0

(
n− 1

j

)
an−1−jB(j + d0 + 1, 3)

=

n−1∑
j=0

(
n− 1

j

)
an−1−j 2

(j + d0 + 1)(j + d0 + 2)(j + d0 + 3)
.
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Hence, by setting

pj :=

n−1∑
j=0

(
n− 1

j

)
an−1−j , qj :=

2

(j + d0 + 1)(j + d0 + 2)(j + d0 + 3)

we have

J =

n−1∑
j=0

pjqj
j + d0 + 1

j + d0 + 4
, K =

n−1∑
i=0

piqi.

Next, if we set rj :=
1

K
pjqj , then

n−1∑
j=0

rj = 1 and

J

K
=

n−1∑
j=0

rj
j + d0 + 1

j + d0 + 4
.

Define f : [0,+∞) → R by f(t) :=
t+ d0 + 1

t+ d0 + 4
. Then f is a strictly increasing concave

function. Hence we have

J

K
=

n−1∑
j=0

rjf(j) ≤ f

n−1∑
j=0

rjj

 .

Here, we point out that

n−1∑
j=0

rjj ≤

n−1∑
j=0

pjj

n−1∑
i=0

pi

holds. In fact, since pj ≥ 0 and qj is monotonically decreasing in j, we have

n−1∑
j=0

pjqjj

n−1∑
i=0

pi −
n−1∑
j=0

pjj

n−1∑
i=0

piqi =

n−1∑
j=0

n−1∑
i=0

j(qj − qi)pjpi

=
∑
i<j

j(qj − qi)pjpi +
∑
j<i

j(qj − qi)pjpi

=
∑
i<j

j(qj − qi)pjpi +
∑
i<j

i(qi − qj)pipj

=
∑
i<j

(j − i)(qj − qi)pjpi ≤ 0.

Hence,



34 Shotaro Murayama and Yasufumi Nitta

n−1∑
j=0

rjj =

n−1∑
j=0

pjqjj

n−1∑
i=0

piqi

≤

n−1∑
j=0

pjj

n−1∑
i=0

pi

.

Furthermore, since

n−1∑
i=0

pi =

n−1∑
i=0

(
n− 1

j

)
an−1−i = (1 + a)n−1,

n−1∑
j=0

pjj =

n−1∑
j=0

(
n− 1

j

)
j · an−1−j = (n− 1)(1 + a)n−2

and f is monotonically increasing,

J

K
≤ f

n−1∑
j=0

rjj

 ≤ f


n−1∑
j=0

pjj

n−1∑
i=0

pi

 = f

(
n− 1

1 + a

)
.

Thus, we obtain

f

(
n− 1

1 + a

)
= f

(
(d0 + 2)(n− 1)

n+ 2

)
=

(2d0 + 3)n+ d0
2(d0 + 3)n+ d0 + 6

and

J

K
≤ (2d0 + 3)n+ d0

2(d0 + 3)n+ d0 + 6
. (7.7)

Finally, let us show

(2d0 + 3)n+ d0
2(d0 + 3)n+ (d0 + 6)

< c. (7.8)

First, by a direct computation, the condition (7.8) is equivalent to

d0n
2 + (d20 + 12d0 + 12)n− 4d0(d0 + 1) > 0.

Moreover, since d0 + 1 < n, we have in fact

d0n
2 + (d20 + 12d0 + 12)n− 4d0(d0 + 1) > d0n

2 + (d20 + 12d0 + 12)n− 4d0n

= n(d0n+ d20 + 8d0 + 12)

> 0.

Therefore, by (7.8) and (7.7) we obtain
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J

K
≤ (2d0 + 3)n+ d0

2(d0 + 3)n+ (d0 + 6)
< c.

Hence, by (7.6), we obtain I < 0, namely MX < 1. □

Remark 7.8. We note that the manifold of the form

PPn(O⊕(d0+1) ⊕O(k)⊕(d∞+1))

considered in this section is toric. Yao gave a formula for the Mabuchi constant of

toric Fano manifolds in [14, Section 5.1] as follows. Let P be its anticanonical moment

polytope, and let θP denote the affine function on P characterized by

−f(0) +
1

VP

∫
P

f(x) dx =
1

VP

∫
P

f(x)θP (x) dx

for every affine function f on P , where VP is the volume of P . The Mabuchi constant is

then given by

MX = max
P

θP .

Concerning the relation between Yao’s formula and Theorem 6.1, a key ingredient is the

identity

θP (µω) =
1

2
ΠG

ω (Scal(ω)− 2n),

which holds for the normalized moment map µω described in Section 5.1 (see also [14,

Section 2.1]). Then, it follows from Mabuchi’s result ([9, Theorem 9.1]) that

θP (µω) = ΠG
ω (1− ehω ) = αz + β.

Therefore,

max
P

θP = max
X

θP (µω) = max
X

(αz + β),

which clarifies the relation between them. Using Proposition 3.7 and 4.7, the explicit

formula for the Mabuchi constant can then be recovered.

However, we emphasize that Theorem 6.1 itself applies to arbitrary Fano admissible

manifolds, which are not necessarily toric. Thus the theorem, in its full generality, is not

a direct consequence of Yao’s result.
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