TILTING THEORY FOR
HYPERSURFACE SINGULARITIES OF DIMENSION ONE

OSAMU IYAMA AND JUNYANG LIU

ABSTRACT. Any N-graded commutative Gorenstein ring R of Krull dimension one with
Ry a field admits a standard silting object V' in the stable category CiM%R, and the object
V' is tilting if and only if the a-invariant a is nonnegative, as shown by Buchweitz, the
first author, and Yamaura. In this article, under the additional assumption that R is
a hypersurface singularity, we prove that the endomorphism algebra of V' is Iwanaga—
Gorenstein of self-injective dimension at most 2, and we give its explicit presentation in
terms of a quiver with relation. In the case where a is negative, we prove that the dg
endomorphism algebra of V' is Gorenstein, and we give its explicit presentation in terms
of a dg path algebra. We illustrate our results with several examples including numerical
semigroup algebras generated by two elements. Moreover, for each singularity of finite or
countable Cohen—Macaulay representation type, we include the Auslander—Reiten quiver
of the category CM%R with the position of the standard silting object. As a step in the
proof of our results, we give a characterization of Gorensteinness of homologically finite
dg algebras in terms of Serre functors.
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1. INTRODUCTION

The study of (maximal) Cohen—Macaulay modules is one of the central subjects in com-
mutative algebra and representation theory, cf. [3, 6, 35, 33, 28]. It has strong connections
with algebraic geometry, singularity theory, and mathematical physics. Tilting theory is
one of the central tools in modern representation theory, including Cohen—-Macaulay rep-
resentations, and a number of important results are obtained by applying tilting theory to
singularity categories associated with commutative and noncommutative Gorenstein rings,
cf. 20,9, 27, 13, 30, 29, 5, 16, 15, 11, 26, 17]. For example, a milestone of Cohen—Macaulay
representation theory is Buchweitz—Greuel-Schreyer’s classification of commutative com-
plete local Gorenstein rings of finite Cohen—Macaulay representation type as ADFE sin-
gularities, see [35, 28]. This result gives a commutative counterpart of Gabriel’s famous
classification of quivers of finite representation type as Dynkin quivers, and the connec-
tion between these two classifications is given by tilting theory, see, e.g. , [10, 19, 5] and
Section 6 below.

For a commutative Gorenstein ring R, the category CM R of Cohen—Macaulay modules
is a Frobenius category. Its stable category is triangle equivalent to the singularity category
associated with R introduced by Buchweitz [4] and Orlov [31]. For a Z-graded commutative
Gorenstein ring R, we consider the Z-graded version CM%R and its subcategory CM%R,
both of which are Frobenius categories. The latter enjoys Auslander—Reiten—Serre duality
[3]. Buchweitz—Iyama—Yamaura proved [5] that, when R is N-graded and of Krull dimension
one such that Ry is a field, the stable category CM%R admits a silting object

N
P R(i)=o
i=1

for N > 0, whose basic part V is called the standard silting object. Moreover, it is tilting
if and only if either R is regular or the a-invariant of R is nonnegative. Since we have a
triangle equivalence
CM%R = per’

for T the dg(=differential graded) endomorphism algebra of V, it is important to study
I'. The aim of this article is to study I' for hypersurface singularities R = k[z,y]/(f).
The case of the standard grading degx = degy = 1 over algebraically closed fields k was
discussed in [5]. In this article, we study the case of arbitrary gradings and arbitrary fields
k as follows.

Assumption 1.1. Let k be a field and klz,y] a Z-graded polynomial algebra such that
x and y have positive degrees m and n, respectively. Let f be a homogeneous element of
klx,y] with deg f > 0 and set R = k[x,y|/(f). Let a = deg f —m —n be the a-invariant of
R.

In this case, we prove some homological properties of the endomorphism algebra of V'
and describe it in terms of a quiver. We divide our results into two cases: Theorem A
(nonnegative a-invariant) and Theorem C (negative a-invariant).

Theorem A (see Theorem 4.4 for details). Under Assumption 1.1, suppose that we have
a > 0. Denote the endomorphism algebra of the standard tilting object V' in MOZR by T.

a) The algebra T' is finite-dimensional and Iwanaga—Gorenstein of self-injective di-
mension less than or equal to 2. Moreover, its global dimension is finite if and only
if it is less than or equal to 2 if and only if R is reduced.

b) The algebra I' admits a presentation by a quiver with relations given in Defini-
tion 4.3.
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The generality of Theorem A for arbitrary grading is important because it includes many
notable examples, e.g. , the ADFE singularities, the T}, singularities and the numerical
semigroup algebras generated by two elements as follows.

Corollary B (=Corollary 4.6). Let S C N be a cofinite proper submonoid which is gener-
ated by two elements. Let k[S] C k[x] be the numerical semigroup algebra. Then the global
dimension of the endomorphism algebra T's of the standard tilting object Vg in CMZk[S] is
less than or equal to 2.

When the a-invariant is negative, the dg endomorphism algebra of V' is described in
Theorem C.

Theorem C (see Theorem 4.14 for details). Under Assumption 1.1, suppose that we have
a < 0 and that R is not regular. Denote the dg endomorphism algebra of the standard
silting object V in CMAR by T.

a) The dg algebra T is proper and Gorenstein (see Section 3 for the definitions).

b) The dg algebra I admits a presentation by a dg path algebra given in Definition 4.13.

The article is organized as follows: In Section 2, we recall Z-graded commutative Goren-
stein rings and the category CMZR.

In Section 3, we recall homologically finite and Gorenstein dg algebras and prove the
following results.

Proposition D (=Proposition 3.1 and Corollary 3.2). Let A be a homologically finite dg
algebra (see Section 3 for the definition).

a) We have a canonical isomorphism

L
DRHom4(X,Y) —~— RHomu (Y, X &4 DA)

bifunctorial in X € per A and Y € D(A).
b) The dg algebra A is Gorenstein if and only if the triangulated category per A has a
Serre functor.

In Section 4, we consider hypersurface singularities with arbitrary positive grading. In
Section 4.1, we introduce a quiver with relations and state the main results in the case
where the a-invariant of R is nonnegative. In Section 4.2, we study the case of numerical
semigroup algebras and state the results. We then give examples involving nonstandard
gradings, nonreduced rings, and fields that are not algebraically closed to illustrate the
construction of the quivers with relations, cf. Section 4.3. In Section 4.4, we introduce
a dg path algebra and state the main results in the case where the a-invariant of R is
negative. Then we give an example to illustrate the construction of the dg path algebras,
cf. Section 4.5.

In Section 5, we prove our results. In Section 5.1, we discuss the structures of the
morphism spaces, radical morphism spaces, and the square of radical morphism spaces
between direct summands of V. In Section 5.2, we use them to prove Theorem A. In
Section 5.3, we prove Theorem C.

In Section 6, we draw the Auslander—Reiten quivers of the categories CMOZR for finite
and countable Cohen—Macaulay representation types in the Z-graded case. Our Auslander—
Reiten quivers of CM%R are displayed in a standard way following the theory of translation
quivers due to Gabriel and Riedtmann, e.g. , [32, 2]. Then we illustrate the explicit positions
of the standard silting objects V' in the Auslander—Reiten quivers.

In Appendix A, we give cofibrant dg replacements of self-injective Nakayama algebras.
In Section A.1, we recall Ay.-algebras. In Section A.2, we prove our result.
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Notation 1.2. The following notation is used throughout the article: We let k be a field.
For a k-vector space V', we denote its k-dual space Homy(V, k) by DV. Algebras have units
and morphisms of algebras preserve the units. Modules are unital right modules. For a
ring R, we denote the category of finitely generated R-modules by mod R. The degree of
a homogeneous element a in a Z-graded vector space is denoted by dega. We denote the
shift functor of Z-graded vector spaces by (1) so that we have V (1), = Vp41. We denote
the truncation of a Z-graded vector space V' in nonnegative degrees by V>q.

Acknowledgments. The authors are indebted to an anonymous referee for a very careful
reading of the manuscript and many helpful comments and suggestions.

The first-named author is supported by JSPS Grant-in-Aid for Scientific Research (B)
23K22384. The second-named author is supported by Grant-in-Aid for JSPS Fellows
25KF0130.

2. PRELIMINARIES

A commutative noetherian ring of finite Krull dimension is Gorenstein if it has finite
injective dimension as a module over itself. For a Gorenstein ring R, a finitely gener-
ated R-module M is (mazimal) Cohen-Macaulay if Ext’ (M, R) vanishes for all positive
integers i. For a Z-graded Gorenstein ring R, we write CM%R for the category whose
objects are Z-graded R-modules which are Cohen—Macaulay and whose morphisms are
R-homomorphisms which are homogeneous of degree 0. The category CMZ R is defined to
be the full subcategory of CM%R whose objects are the Z-graded R-modules M such that
the Rp-module M, is projective for every nonmaximal prime ideal p of R. Both categories
CMZR and CM%R are Frobenius. They coincide if and only if R has at worst isolated
singularities. If R is an N-graded Gorenstein ring of Krull dimension one with Ry = k a
field, then there exists a unique integer a such that the Z-graded R-module Exth(k, R(a))
is isomorphic to k. We call a the a-invariant of R.

3. HOMOLOGICALLY FINITE DG ALGEBRAS AND SERRE FUNCTORS

Let A be a dg algebra. We write D(A) for the (unbounded) derived category of A. Its
thick subcategory generated by the free dg A-module of rank one is the perfect derived
category per A. It consists of compact objects in D(A). Recall that A is proper if its un-
derlying complex is perfect over k. Equivalently, its homology HP(A) is finite-dimensional
for all integers p and vanishes for all |p| > 0. The dg algebra A is homologically finite if its
homology HP(A) is finite-dimensional for all integers p. Following Section 0 of [18], a dg
algebra A is Gorenstein if A and DA generate the same thick subcategory of D(A). The
following proposition is stated in Section 1.4.6 of [12] and Section 10.4 of [23], and the Serre
duality in Lemma 4.1 of [25] is its dual version. We include our proof for the convenience
of the reader.

Proposition 3.1. Let A be a homologically finite dg algebra. Then we have a canonical
isomorphism

L
DRHomx(X,Y) ——— RHomyu (Y, X ®4 DA)
bifunctorial in X € per A and Y € D(A).

Proof. Since the dg A-module X is perfect, we have the isomorphism

L
Y ®4 RHomy (X, A) —— RHomu4(X,Y).
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It follows that we have the composite isomorphism
(3.1)
L
DRHomy(X,Y) —=— D(Y ®4 RHom4(X, A)) —— RHom4 (Y, DRHom4 (X, A)) .

Since the dg algebra A is homologically finite, we have the isomorphism A = DDA in
D(A). It follows that we have the composite isomorphism

L
D(X ®4 DA) —— RHomyu(X,DDA) «—— RHomu (X, A).
If we apply the functor D to it, we obtain the isomorphism

L
(3.2) X ®4 DA = DRHom (X, A) .

Combining the isomorphisms (3.1) and (3.2), we obtain the desired isomorphism. Its
bifunctoriality follows from that of the above isomorphisms. Vv

Corollary 3.2. Let A be a homologically finite dg algebra. Then it is Gorenstein if and
only if the triangulated category per A has a Serre functor.

L
Proof. For the necessity, by Proposition 3.1, the functor 7 ® 4 DA is a Serre functor of the
triangulated category per A. We now prove the sufficiency. By Proposition 3.1, we have
the natural isomorphism

Homper a(A,?) —— DHompe, (7, DA) .
On the other hand, let S be a Serre functor on per A. Then we have a natural isomorphism
HomperA(A, ?) —— DHOHlperA(?, SA) .

By the Yoneda Lemma, we deduce that DA = SA lies in per A and hence the thick
subcategory of D(A) generated by DA is contained in per A. Since the dg algebra A is
homologically finite, by applying duality we deduce that per A is also contained in the thick
subcategory of D(A) generated by DA. Vv

4. OUR RESULTS FOR HYPERSURFACE SINGULARITIES

We use the following setting throughout this section. Let k be a field and k[x,y] a Z-
graded polynomial algebra such that = and y are of positive degrees m and n, respectively.
Without loss of generality, we may and will assume that m and n are coprime and that we
have m < n. Let f be a homogeneous element of k[x,y] of positive degree. Without loss
of generality, we may and will assume that it is monic. Then we decompose f as

q
f=amym [157

Jj=1
where n,, n, and n; are nonnegative integers and f; are distinct monic irreducible poly-
nomials which are distinct from z and y. The N-graded commutative ring

R = k[z,y]/(f)

is Gorenstein with a-invariant ¢ = deg f — m — n. Denote the stable category CMOZR by
T.

Proposition 4.1. Let X be an object in T such that the thick subcategory generated by it
coincides with T. Then the dg algebra RHom (X, X) is a proper Gorenstein dg algebra.
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Proof. The Gorensteinness of the dg algebra A = RHomy (X, X) follows from Proposi-
tion 4.6 of [5] and the sufficiency in Corollary 3.2. We now prove that the dg algebra
A is proper. Since each homogeneous component of R is finite-dimensional, the category
of finitely generated graded R-modules is Hom-finite and hence so is 7. It follows that
A is homologically finite. So it suffices to show its homology is concentrated in bounded
degrees. Denote the shift functor of 7 by ¥ and the object X & XX by Y. Since the
graded R-module Y is finitely generated, the morphism space Hompg(Y,Y (p))o vanishes
for all p < 0 and hence so does Hom7(Y,Y (p)). By Proposition 4.6 of [5], the morphism
space Hom7 (Y, Y (p)) also vanishes for all p > 0. Since R is a hypersurface, by the graded
version of the sufficiency in part (ii) of Theorem 6.1 of [8], we have ©? ~ (deg f). There-
fore, the morphism space Hom7 (Y, X?PY") vanishes for all [p| > 0. Then the statement
follows. vV

4.1. The structure theorem for nonnegative a-invariants. Suppose that a is non-
negative. For any positive integer i, we define graded R-modules

Vi = R(i)zo s V[l’a] = @ Vl .

Let K be the graded total quotient algebra of R. It decomposes as K = K% x KY x H?zl K
where we set K% = k[z,y*!]/(z"), KY = k[z*',y]/(y™), and K7 = k[xil,yil]/(ffj).
Denote by 1., 1, and 1; the corresponding central idempotents of K. If we have i > a + 1,
then V' is a graded K-module and we define graded R-modules

a+n
Vi =1, VS K (i), V= D) VI
i=a+1

at+m
Vi =1, VI 5 KY(i)s, VY= @ VY,
i=a+1

Vidi =1,V 2 Ki(i)so, VI = VWi for 1 <j <gq.

Set V=Vildgvrevie Di_, Vi, By parts (a) and (b) of Lemma 4.11 of [5], we have
add V' = add @fil R(7)>¢ for all integers N > a + n. From Theorem 1.4 of [5], we deduce

that V is a tilting object in the stable category 7 = CM%R. We call it the standard tilting
object.

Lemma 4.2. We have an isomorphism

T r(VEA), 0 0 0 0

r(VIL VE)  g(VE) 0 0 0

N r(VI YY), 0 r(V¥)o 0 0

EndT(V> — EndR(V)O ~ R(V[l,a]’ Vfl)o 0 0 R(Vfl)o 0
| p(V Il Ve, 0 0 0 - r(VI9)l
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of algebras, where we write r(?,—)o (respectively, r(?)o) for Hompg(?,—)o (respectively,
Endg(?)o). The entries are described via the bijections

Homp(V?, v )o Ry foralll<i,i <a,
HomR(sz V’L , T
Homp (VY V'Y 5Ky, foralla+1<i,4 <a+m,

Jo = foralla+1<i,i <a+n,
Jo =

End (V“Hff) KD forall1<j<gq,
Jo =
)
)

z—i

Homp(V?, Vi®
Homp (V% V¥, 5K

Homp(V,Verhhiyg S K7

foralll<i<a,a+1<i<a+n,

7, —i

_; foralll<i<a, a+1<i<a+m,
foralll1<i<a,1<j<gq.

Proof. The statements follow from Lemma 5.2 and the proof of Lemma 5.3. Vv

To describe the endomorphism algebra Ends(V'), we introduce the following quiver with
relations (@, Ir.s).

Definition 4.3. The set )y of the vertices of () is the union
{i|1<i<a}
U{(i,2) |0 < i < mymg # 0} U{(i,) | 0 < i < mymy # 0} U{(0,) | 1< < q}.

Note that the power of x in each term of f; must be a multiple of n. Put g;(t;) = f; (t” 1).
The set Q1 of the arrows of () is the union
{z=z:i—i4+m|1<i<a—m}
Wy=yiri—i+n|l<i<a-—n}
U{az =aiz:a—n+1+i— (i,z) | max{n —a,0} <i < n}
Uf{ay =ajy:a—m+1+i— (i,y) | max{m —a,0} < i < m}
U{aj =a;j:a—m+14+7—(0,5) | max{m —a,0} <i<m, 1<j<gq}
U{by = biz: (4,2) = (i+m,z) | 0<i<n}
U{by =biy: (i,y) = (i +n,y) | 0 <i<m}
U{b;j = boj: (0,5) = (0,4) [ 1 <j <4},
where (i,z) and (i,y) denote (i — | |n,2) and (i — |- |m, y), respectively, for all integers
i. We define I to be the ideal of k@) generated by

. i+m
ng s bny s gj(b )nj y LY — Yo, bi,xai,xyL n

J L)
= Gjtmz , bi,yai,y‘r m = = QitnyY -

To define other ideals, let us introduce the following notation. We choose integers r and s
satisfying rm+sn = 1. For any 1 < j < ¢, set N7 = k[bo j]/(gj(bo,;)""). Let F” be the free
klx,y] @ N7-module with the basis (ai;)max{m—a,0}<i<m, Where N acts on the left and

klx,y] acts on the right. Let Fiy be its localization with respect to the multiplicative set
{(zy)? | i € N} C k[z,9]. Let (Fiy),s be the k[z*! y*1] @) Ni-submodule of F}, generated
by

n

bo,jAm—1,j — Qm—1,j—

r,,S
J oy and  a;; — aj41,;7Y° .

Denote the intersection of FJ and (ng)r,s by Fﬂ s Let Q be the infinite quiver obtained
from @ by adding vertices ¢ for ¢ < 0 and arrows x = x;: 1 — i+m, y = y;: ¢ — i +n for
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i < 0. The vector space

@ 6(o,j)(k@/(xy —yx,g;(boj)"))e;

i<a
admits a natural k[z, y] ®x N7-module structure such that there is a canonical isomorphism
7 s from FY to it which maps a;; to a;j. Set 77]"75 =Pl s(Fls) > % e;. We define I} 5 to

be the preimage of Ti ¢ under the canonical surjection
Diz1 €0, (kQ)ei —— Diy e, (kQ/(wy — yz, g (bo.;)"))ei -

We define I, s to be the ideal of kQ generated by I and Iﬂ,s for 1 <j<gq.

Recall that a (not necessarily commutative) noetherian ring is Iwanaga—Gorenstein if it
has finite injective dimension as both a left and a right module over itself.

Theorem 4.4. Let R and (Q, I, 5) be as above. Denote the endomorphism algebra of the
standard tilting object V in CM2R by T.

a) The algebra T is finite-dimensional and Iwanaga—Gorenstein of self-injective di-
mension less than or equal to 2. Moreover, its global dimension is finite if and only
if it is less than or equal to 2 if and only if R is reduced.

b) The algebra T is isomorphic to kQ/I,s. In particular, the stable category CM%R
is triangle equivalent to per (kQ/I, ).

The isomorphism in part b) of Theorem 4.4 is induced by the surjective morphism
¢r,s: kQ — I of algebras given as follows. The images of the idempotents corresponding
to the vertices 4, (i, ), (i,y), and (0, j) under ¢, s are the idempotents of I" corresponding
to the indecomposable direct summands V¢, Vetltiz yatltiy and Vethfi respectively.
The images of the elements x;, yi, @iz, @iy, @i j, biz, biy, and by ; under ¢, , are given as
follows. The elements ¢, ¢(x;) are the morphisms

R(i)>0 — R(i+ m)>o
given by multiplication by x. The elements ¢, ¢(y;) are the morphisms
R(i)>0 — R(i+n)>o
given by multiplication by y. The elements ¢, s(a; ) are the morphisms
Rla+1+4+i—n)>g — K*(a+1+1)>0
given by multiplication by y. The elements ¢, s(a;i,) are the morphisms
Rla+1+i—m)>g —— KY(a+1+1)>0
given by multiplication by z. The elements ¢, (a; ;) are the morphisms
Rla+1+i—m)sg —— K/(a+1)>0
given by multiplication by (z"y*)™~%. The elements ¢, s(b; ;) are the morphisms
K*(a+1+1i)s) — K%a+1+i+m—["E2]|n)>g

given by multiplication by ﬁ The elements ¢, 4(b; ;) are the morphisms
y n

K¥(a+1+41i)>0 — KY(a+1+i4+n—|22]m)sg
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Y

T .
Zm’nJ

given by multiplication by The elements ¢, s(bo ;) are the morphisms

L
x

Kj(a + 1)20 — Kj(a + 1)20
xn
y”n'

given by multiplication by Then the kernel of ¢, ¢ coincides with I, ;.

Remark 4.5. The quiver @ is uniquely determined by R up to isomorphism. But the ideal
I, s and the morphism ¢, s depend on choices of the pair (r,s) in general.

4.2. Numerical semigroup algebras. For a cofinite submonoid S C N, the stable cat-
egory T = CM?E[S] contains a standard tilting object Vg = @1 k[S](i)>0 given in
Theorem 1.2 of [5]. The following result is an application of Theorem 4.4.

Corollary 4.6. Let S C N be a cofinite proper submonoid which is generated by two
elements. Let k[S] C k[z]| be the numerical semigroup algebra. Then the global dimension
of the endomorphism algebra I's of the standard tilting object Vg in Cﬂzk[S] is less than
or equal to 2.

Proof. Assume that S is generated by m and n. Since m and n are greater than 1, the
a-invariant ¢ = mn — m — n is nonnegative. The standard tilting object Vg is isomorphic
to the object V defined in Section 4.1. Then the statement follows by applying part a) of
Theorem 4.4 to f = ™ — y™. Vv

We give a family of examples to illustrate quivers with relations (@, I, ) in this case.
For simplicity, if we have n, = 1, ny, = 1, or njdegg; = 1, then we omit loops b., b, or
bj, respectively.

Example 4.7. Let k be an arbitrary field. For R = k[x,y]/(z™ ! —y™) with degz = m > 2
and degy = m + 1, we have a = m? — m — 1. The quiver Q is shown in Figure 1.

m—2=—5 9m m2—3m —=—— m2—2m
X)
11— m+1 o2m+1 m2—3m+1—2- m?—2m+ 1\ %1

ai,1

om—2 —%— 3m — 2
Yy

m—1—52m—-1—253m—1 m2—2m—-1—2-sm2—-m-—1

FIGURE 1. The quiver Q for R = k[z,y]/(z™*! — y™) with degx = m and
degy =m + 1.

The ideal I is generated by xy — yx. For a choice of the pair (r, s), the module (Fa}y)r,s
+1 yil]

. m+1_,m . —=1 .
®y k is generated by am_leyimy and a;1 —a;1,12"y®. The ideal I, , is

generated by a; 12 — aj+1,1y. Therefore, for any choice of (r,s), the ideal I, ; is generated
by xy — yr and a;17 — a;y1,1Y-

The surjective morphism ¢, s: k@ — I's of algebras is given as follows. The images
of the idempotents corresponding to the vertices i (respectively, (0,1)) under ¢, 5 are the

over k[z
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idempotents of I'g corresponding to the indecomposable direct summands V? (respectively,
ym?—m.f 1). The images of the elements z;, y;, and a; 1 under ¢, ¢ are given as follows. The
elements ¢, ¢(z;) are the morphisms

R(i)zg — R(Z + m)zo
given by multiplication by x. The elements ¢, s(y;) are the morphisms
R(i)>0 — R(i+m+1)>0

given by multiplication by y. The elements ¢, s(a; 1) are the morphisms
R(m? = 2m + i)50 — (k2™ g™ ]/ (@™ —y™))(m® — m)>0

given by multiplication by (z"y*)™~%. Then the kernel of ¢rs coincides with I, .

It is natural to ask whether, if a cofinite submonoid S C N is not generated by two
elements, the global dimension of the endomorphism algebra I'g of the standard tilting
object Vg is also less than or equal to 2. The following counterexample in the case where
S is generated by three elements shows that this is not the case.

Example 4.8. Let k£ be an arbitrary field and S C N the submonoid generated by 15, 21,
and 35. Let k[S] C k[z] be the numerical semigroup algebra. We have a = 139. Denote
the Gabriel quiver of I's by Q. The set Qg of its vertices is {i | 1 < i < 140}. The set Q1
of its arrows is the union
{r=z:i—i+15|1<i<124}
U{y=witi—i+21|1<i<118}
Wez==2:1—1i+35|1<:<104}
UWa=ua;:i+125—140| 0 <i < 15}.
The arrows of Q make Qg into a poset, and the algebra I'g is isomorphic to the incidence
algebra of QQg. We have the minimal projective resolution

zyt 0 26 26
—az? az? yz222 0 0
0 —2ax xz 0 0 22 =22
a;c aoa: 00 =z —y —y
2 0 a 2 2 L0z -y y 2
0 > PSO Pr @Pf‘;l @Pf‘;7 > P37 ® Py @P57EBPIE(B)6
y —2 0 28 0
—x 0 z —y* y*
0 =z —y 0 —22 [y 2]
Pig ® Pas @ Psg Py S1 0

of the simple I'g’-module Si. The global dimension of T'g is 4.

More generally, fix an integer n > 2 and consider cofinite submonoids S C N whose
minimal number of generators is n, and the endomorphism algebra I'g of the standard
tilting object Vg. We believe that the global dimension of I'g can be arbitrarily large as S
varies.

4.3. Examples of Theorem 4.4. The following examples illustrate the construction of
the quivers with relations (@, I, s) in settings involving nonstandard gradings, nonreduced
rings R, and fields k£ that are not algebraically closed.
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L3 =" (0
ao,1
£ (0,1)
ai, 1
z / aly
2 4 > (1,y)

FiGURE 2. The quiver @ for the type F; example with degx = 2 and
degy = 3.

Example 4.9. The classification of ADFE singularities R = k[z,y]/(f) is given in Section 6.
It shows that almost all ADF singularities have nonstandard gradings. In the case of type
E7, we have f = y(2® — %) with degxz = 2 and degy = 3. So we have a = 4. The quiver
Q@ is shown in Figure 2.

The ideal I is generated by a1 ,y. For a choice of the pair (7, s), the module (Fa}y)r,s over
klx®! y*1) @ k is generated by aj 1 xi/}yQ
by ap,12 — a1,1y. Therefore, for any choice of (r, s), the ideal I, ; is generated by a4y and
ap,1T — ai1y.

The surjective morphism ¢, s: k() — I' of algebras is given as follows. The images
of the idempotents corresponding to the vertices 4, (4,y), and (0,1) under ¢, ; are the
idempotents of I' corresponding to the indecomposable direct summands V¢, Vi+5Y  and
V51 respectively. The images of the elements x;, y1, aiy, and a; 1 under ¢, s are given as
follows. The elements ¢, ¢(x;) are the morphisms

and ag1 — a112"y®. The ideal 771»,3 is generated

R(i)>0 — R(i + 2)>0
given by multiplication by x. The element ¢, s(y1) is the morphism
R(1)z0 — R(4)>0
given by multiplication by y. The elements ¢, s(a;,) are the morphisms
R(i+3)>0 — klz'](i + 5)0

given by multiplication by x. The elements ¢, s(a;1) are the morphisms
R(i+3)>0 — (klz', 5™/ (z® — 4))(5)>0

given by multiplication by (2"y*)*~*. Then the kernel of ¢, s coincides with I,. .
For other ADFE singularities, the corresponding quivers with relations can be illustrated
similarly.

Example 4.10. We give a family of examples in the case where R is not reduced. Let
k be an arbitrary field and n, > 2 an integer. For R = k[z,y]/(y™) with degz = 2 and
degy = 3, we have a = 3n, — 5. If n, is even, then the quiver @ is shown in Figure 3.

If n, is odd, then the quiver @ is shown in Figure 4.

In both cases, the ideal I is generated by be, Yy —yx, by yap T — a1y, and b17ya17ya:2 —
ap,yy. Since we have ¢ = 0 in this case, the ideal I, ; coincides with I for every choice of
the pair (r,s).

The surjective morphism ¢, ,: kQ — I' of algebras is given as follows. The images of
the idempotents corresponding to the vertices i (respectively, (¢,y)) under ¢, are the
idempotents of I' corresponding to the indecomposable direct summands V* (respectively,
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3n, — 10 —2— 3n, — 8 —%— 3n, — 6 —% (0,y)

M bl,yHbO,y

17253255 3y, —9 —2 3n, —7 —2 3n, — 5 —2% (1,y)

FIGURE 3. The quiver @ for R = k[z,y]|/(y"™) with degx = 2, degy = 3,
and n, even.

1—2*53-"55 3n, — 10 —2— 3n, — 8 —— 3n, — 6 —% (0,y)
Yy y M bl,yﬂbo,y
27254256 3y, —9 —2 3n, —7 —2 3n, — 5 —2% (1,y)

FIGURE 4. The quiver @ for R = k[z,y|/(y™) with degz = 2, degy = 3,
and n, odd.

V?’”y*‘”"’y). The images of the elements x;, y;, a;y, and b; , under ¢, , are given as follows.
The elements ¢, s(z;) are the morphisms

R(i)>0 — R(i + 2)>0
given by multiplication by z. The elements ¢, 4(y;) are the morphisms

R(i)>0 — R(i+3)>0

given by multiplication by y. The elements ¢, s(a;,) are the morphisms
R(3ny — 6 +1)>0 — (klz™', 4]/ (y™))(Bny — 4+ i)>0
given by multiplication by x. The element ¢, ¢(bo,) is the morphism

(k[z*,y]/(y™) (Bny — 4)z0 —— (k[z™,y]/(y™))(3ny — 3)=0

given by multiplication by £. The element ¢ s(b1 ) is the morphism

(K[, y]/ (™) (Bny — 8)z0 —— (K[z™,y]/(y™))(3ny — 4)0
given by multiplication by % Then the kernel of ¢, s coincides with I, ;.

Example 4.11. To give an example in the case where k is not algebraically closed, we
consider R = Qlxz,y]/(z% + y*) with degz = 2 and degy = 3. Then we have a = 7.
The quiver @ is shown in Figure 5. The ideal I is generated by xy — yx and b(2),1 +eo1-
For a choice of the pair (7, s), the module (F;y)ns over Q[z*!, ¥y ®¢ (@[17071]/([)371 +1)is

generated by by 1a1,1 — al,lg—z and ag; — a1,12"y®. The pair (r, s) is in one of the following
four cases.

If we have (r,s) = (12t — 1,—8t + 1) for an integer ¢, then the ideal 77135
by bo,lal,lyz — a171x3 and a1z — a1,1y. Therefore, the ideal I, s is generated by zy — yz,

b%,1 +eo,1, bo,lal,ly2 — a1,1x3, and ap,1T — a11y-
If we have (r,s) = (12t + 2,8t — 1) for an integer ¢, then the ideal T
by bo,1a1,1y2 — a171x3 and ap1y — a1,1$2. Therefore, the ideal I, 5 is generated by xzy — yz,

b 2 3 2
bo1 + €01, bo1ar 1y — ar12°, and ag1y — ai12°.

is generated

1

rs 18 generated
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2 4 6 (0,1) bo,1

FIGURE 5. The quiver Q for R = Q[z,y]/(2% + y*) with degz = 2 and

degy = 3.
If we have (r,s) = (12t — 4, —8¢ 4 3) for an integer ¢, then the ideal Ti’s is generated
by bo71a171y2 — a171x3 and ag 1y + a171:1:2. Therefore, the ideal I, 5 is generated by zy — yz,
b?),l + €01, bo,1a1,1y? — a1123, and ag 1y + a1,12°.

If we have (r,s) = (12t + 5, —8t — 3) for an integer ¢, then the ideal ﬁ,s
by b0,1a1,1y2 — a171x3 and ag,1x + a1,1y. Therefore, the ideal I, 5 is generated by zy — yz,
b1 + €01, borar1y® — ar1a®, and ag1x + a11y.

The surjective morphism ¢, : kQ — I' of Q-algebras is given as follows. The images
of the idempotents corresponding to the vertices i (respectively, (0,1)) under ¢, 5 are the
idempotents of I' corresponding to the indecomposable direct summands V' (respectively,
Va.f 1). The images of the elements z;, y;, a;,1, and by 1 under ¢, s are given as follows. The
elements ¢, s(z;) are the morphisms

R(’i)zo — R(Z + 2)20

is generated

given by multiplication by x. The elements ¢, s(y;) are the morphisms
R(’L')zo — R(Z + 3)20
given by multiplication by y. The element ¢, s(ap,1) is the morphism
R(6)>0 — (Q[z*",y™']/(2% +y*))(8)>0

given by multiplication by (z"y*)?. The element ¢, s(a1,1) is the morphism

R(7)>0 — (Qa™", 4™/ (2° +y1)(8)>0

given by multiplication by z"y®. The element ¢, s(bg 1) is the morphism
Q=+, 1/ (2% + y"))(8)>0 —— (Qla™!, y™/(2° +y*))(8)>0

given by multiplication by g—z Then the kernel of ¢, s coincides with I, 5.

4.4. The structure theorem for negative a-invariants. Recall that we write

q
— Ny U
f=amym £,
=1
where f; are monic irreducible polynomials. We assume that m = degz and n = degy are
coprime with m <n.

Lemma 4.12. The a-invariant of R is negative if and only if either the N-graded commu-
tative ring R is regular, or f equals ™ with ny > 1 and (n, — 1)m < n.
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Proof. We first prove the sufficiency. If R is regular, then the polynomial f does not lie in
the ideal (z,y)? of k[z,y]. Therefore, the degree of f is m or n and hence the a-invariant
a = deg f —m — n is negative. If f equals ™ with n, > 1 and (n, — 1)m < n, then a is
also negative.

We now prove the necessity. Since the a-invariant ¢ = deg f — m — n of R is negative,
we have deg f < m + n. If n, is positive, then we must have n, =n; =0forall 1 <j <gq
and f =y. If n; is positive for some 1 < j < ¢, then we must have n, = n, = n; = 0 for
all 7/ # j and f = az™ + By for a, B # 0 since m must equal 1. If we have ny, = n; = 0 for
all 1 < j <qand n, =1, then we have f = x. In these cases, the N-graded commutative
ring R is regular. Otherwise, we have f = 2™ with n, > 1 and (ny; — 1)m < n. Vv

We now suppose that the a-invariant of R is negative and the stable category T = CMOZR
does not vanish. For any positive integer i, we define graded R-modules

V= (k[z,y™]/(@"))(i)0 -
atnyi,

By Theorem 1.6 of [5], the category 7 contains a standard silting object V' = @]
Since the triangulated category CM?R is enhanced by the dg category Cac,dg(pronR) of
acyclic complexes of finitely generated graded projective R-modules, we can define the dg
endomorphism algebra of any object X € T ¢ CMZR. To describe the dg endomorphism
algebra of V| we introduce the following dg path algebra (kQ',d).

Definition 4.13. The set Qy of the vertices of @ is Z/nZ. For a positive even integer p
and i € Z/nZ, we define v,(i) =i + En,m. For a positive odd integer p and i € Z/nZ, we
define v, (i) =i + (%n;E + 1)m. The set @ of the arrows of @ is

{Bpi:i—1p(i) |p>0,i€Z/nL},

where 3, ; is of degree 1 — p. Let (kQ,d) be the dg path algebra kQ with the differential
determined by

d(ﬁp,i) = Z (_1)p2+1ﬂp2,yp1 (i)ﬁphi

p1+p2=p,2|p1p2

ng (ng—1)
——+1 .
+ Z (*1) 2 ﬁpnw(Vpnz,lO'"OVpl)(i) cee /Bpl,l .
P+ +Png =p+ne—2,2p1...Png

Let Q' be the graded quiver obtained from @ by removing the vertices 0, ..., —a — 1 and
the arrows incident with them. The differential d induced by that of (kQ,d) makes kQ’
into a dg algebra.

Theorem 4.14. Let R and (kQ',d) be as above. Denote the dg endomorphism algebra of
the standard silting object V' in CM%R by I.

a) The dg algebra T is proper and Gorenstein.
b) The dg algebra T is quasi-isomorphic to (kQ',d). In particular, the stable category
CM%R is triangle equivalent to per (kQ',d).

4.5. An example of Theorem 4.14. The following example serves to illustrate the con-
struction of dg path algebras (kQ’,d). Let k be an arbitrary field. For R = k[z,y]/(z%)
with degz = 2 and degy = 9, we have a = —5. The graded quiver ) is shown in Figure 6.
In Figure 6, each displayed arrow represents a family of arrows parameterized by N\ {0}.
The six families are distinguished by the line styles and loops shown in the legend. The
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_— 66p75,i: 1= 14+2  ————= > ﬁ6p74’i:’i—>i+6
TR 6613—3,1'3 1t —>1+8 — > /86;0—2,1': 1 —>1+3
——m > ﬂﬁp_Li: t—=1+5 Q ,Bﬁpﬂ‘:i—)i

FIGURE 6. The graded quiver Q for R = k[z,y]/(23) with degz = 2 and
degy = 9. In the legend, p > 1, i € Qp, and vertex indices are taken modulo
9.

differentials of 3, ; for small p are given by

d(f1:) =0,

d(B2,i) =P1,i+4P1,i+281 ,

d(B3,i) = — Ba,iv2Bri + PriveBe,i

d(Bai) = — B2,iv602,i + B3i+aB1iv281i + Br,i+1003,i+201,i + Bi,i+1061,i+803.i

d(Bsi) = — Ba,iraBr,i + BsiveBo,i — Boivsf3i + Priv12B4i

d(Bsi) = — Bua,i+602,i — B2i+12B4,i + Bsivalbiiv2b1i + Br,i+1605,i+201,i + Bl,i+1601,i+1405,

+ 3,i+1003,i+2051,i + B3,i+1061,i+803,i + B1,i+1653,i+8053,i -

Let @' be the graded quiver obtained from ) by removing the vertices 0, 1, 2, 3, and 4 and
the arrows which are adjacent to them. The differential d induced by that of (kQ, d) makes
k@' into a dg algebra. The dg endomorphism algebra I' of the standard silting object V'
in CMZR is quasi-isomorphic to (kQ’,d).

5. PROOF OF OUR RESULTS

5.1. Structures of the morphism spaces. In this section, we suppose that the a-
invariant of R is nonnegative. In the following lemmas, we analyze the morphism spaces
between direct summands of V', together with the corresponding components of the radical
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and its square. They will be used to prove Theorem 4.4. We denote the morphism spaces
and the radical morphism spaces in the full subcategory add V' C CMZR by Homg(?, —)o
and rady (7, —)o, respectively. For 1 < u < a, we also set

Ve — K:p(u)zo ) VWY — Ky(u)ZO , Vu,fj — Kj(u)ZO .
Lemma 5.1. For all sufficiently large integers N, the subcategory add (EBZ.ALGH V)
CM2R coincides with add (V@ VY @ @?:1 VIi). In particular, we have add (@f;l Vi) =
add V.

Proof. By part (a) of Lemma 4.11 of [5] and part (c) of Theorem 2.1 of [5], the object Ve
is isomorphic to V»* & V*Y @ @?:1 Vifi for all i > a4 1. Since N is large enough, by
part (b) of Lemma 4.11 of [5], we have

N q q
add (P (V@ e V¥e PVih) =add (V' eV ePVh).
i=a+1 j=1 J=1
Then the statements follow. V

Lemma 5.2. We have the isomorphism Endg(V)o = End7 (V) of algebras.

Proof. The statement follows from Lemma 5.1 and part (b) of Lemma 4.13 of [5]. Vv

Consider the full subquivers Q%, Q¥, and @’ C Q with vertex sets {(i,x) | 0 < i < n},
{(i,y) | 0 <i < m}, and {(0, )}, respectively.

Lemma 5.3.

a) For any 1 <1, i < a, we have a bijection Hompg(V?, Vi = Ry
b) We have an isomorphism

Endr(V*)o = kEQ*/(b}")

of algebras. For any a+ 1 <1 < a+n and positive integer t satisfying i —tn > 1,
the morphism -yt: V=" — V4% induces the bijection

Homp (V4 V*)y —~— Hompg (Vi Vo).
¢) We have an isomorphism
Endg(V¥)o = kQY/(b,")

of algebras. For any a+1<1i<a+m and positive integer t satisfying i —tm > 1,
the morphism -xt: V=" — VY induces the bijection

Homp(VH¥, VY)g — Hompg(Vi=i™m VY),.
d) For any 1 < j < q, we have an isomorphism
Endg(V/7)o = k@’ /(g;(b;)™)

of algebras. For any 1 < j < q and 1 <t < a, the morphism -(x"y*)t: Vati=t
V1 induces the bijection

Endgz(V7)g —~— Hompg(Vet=t, V1), .
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e) We have

q
Homp(V®, VI e vye P Vi =0 and
j=1

q
Homp(VY, VM & Ve PV =0.
j=1
For any 1 < j <gq, we have
Homp(VH, VT o vrevye v, =0.
J'#i
f) For any 1 < i < a, all morphisms in radV(Vi,V)g factor through the morphism

x: VO VI or the morphism -y: Vi — Vitn,

Proof. a) This follows from part (c) of Theorem 1.4 of [5].
b) In the definition

a+n atn
vi= @ V¥ = B (k™ @) ()20,
1=a+1 i=a+1

the index ¢ runs from a + 1 to a + n. Since the invertible element y is of degree n, the
morphism space Homp(V%*, V%) is spanned by the morphisms given by multiplication by
nonnegative powers of  times the uniquely determined nonnegative powers of y~!. So the
algebra Endg(V*)g is isomorphic to kQ*/(b2*). We now prove the second statement. By
the universal properties of localizations and quotients, we have the bijection

Homp (V" V®)y —— Hompg(V " V¥),.
Since the morphism
.yt: Viftn,:v o~ Vz',w
is an isomorphism, we have the bijection
Homp(V5*, V*)y —~— Homp(V'"1"™* V).

Then the statement follows from the above bijections.

c¢) Similar to part b).

d) Since the morphism space Endgr(V /i)y is spanned by the morphisms given by
multiplication by nonnegative powers of ;—Z, the algebra Endg(V7%i)g is isomorphic to
kQ’/(gj(b;)™). We now prove the second statement. By the universal properties of
localizations and quotients, we have the bijection

HomR(V“H_t’fﬂ', ij)() —— HOInR(Va—H_t, ij)o .

Since the morphism
‘(:L,rys)t: Va-‘rl—t,fj oy Va+1»fj
is an isomorphism, we have the bijection

Endp (V7)o = Homp(VeT =5, Vi), .

Then the statement follows from the above bijections.
e) Since V7 is annihilated by z"* but V¥ and V/i do not contain a nonzero element
annihilated by 2"+, we have Hompg(V?*, VY @ @?:1 V/i)g = 0. By Lemma 5.1 and part (a)
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of Lemma 4.13 of [5], we have Homp(V*, VIb@)y = 0. So the first statement follows. The
proofs of the other statements are similar.
f) This is a consequence of parts a), b), ¢), and d). Vv

Lemma 5.4.

a) The radical of Endr(VI9)g is generated by the morphisms in Homp(V?, VILal),
given by multiplication by x or y.

b) The radical of Endg(V?®)g is generated by the morphisms in Hompg(V4* V®) given
by multiplication by x times the uniquely determined nonnegative powers of y~".
c¢) The radical of Endr(V¥)g is generated by the morphisms in Hompg(V4Y, VY)q given
by multiplication by y times the uniquely determined nonnegative powers of x ™.

d) For any 1 < j < q, the radical of Endg(V7%i)q is generated by the morphism given

by multiplication by f; times the uniquely determined positive power of y~ L.
e) The object V is basic. In particular, all morphisms between different indecomposable

direct summands of V are radical morphisms.

Proof. a) This follows from part a) of Lemma 5.3.

b) The ideal of Endr(V®)g, generated by the morphisms in Hompg (V%% V%), given by
multiplication by x times the uniquely determined nonnegative powers of 4y, is nilpotent.
The quotient of Endr(V*)g by this ideal is isomorphic to the direct product of n copies of
k. Therefore, this ideal equals the radical of Endr(V?)o.

c¢) Similar to part b).

d) Similar to part b).

e) The statement follows from parts a), b), ¢), d) and e) of Lemma 5.3. Vv

Lemma 5.5.

a) The square of the radical of Endp(VI9)g is generated by the morphisms in
Hompz (V% VIbal)y given by multiplication by z2, xy, or y>.

b) The square of the radical of Endr(V®)y is generated by the morphisms in
Homp(V5® V®)y given by multiplication by x* times the uniquely determined
nonnegative powers of y~*.

¢) The square of the radical of Endr(VV)y is generated by the morphisms in
Hompg(V*¥,V¥)y given by multiplication by y* times the uniquely determined
nonnegative powers of x~ 1.

d) For any 1 < j < q, the square of the radical of Endg(V7i)g is generated by the mor-
phism given by multiplication by fj2 times the uniquely determined positive power
of y . , 4

e) For any a+ 1+ max{n —a,0} <i < a+n, the morphism -y: V=" — V"* induces
the bijection

rady (V57,V*)g —=— rad, (Vi7" Vo), .

For any a +1 < i < a+n and integer ¢ satisfying t > 2 and i —tn > 1, the
morphism -yt: Vi7" — V5T induces the bijection

Homp (V¥ V) —— rad (V7" V®),.

f) For any a+1+max{m—a,0} <i < a+m, the morphism -x: Vi=™ — V¥ induces
the bijection

rady (VA V¥)y —~— rad? (V=™ V¥), .
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For any a +1 < i < a+ m and integer t satisfying t > 2 and i —tm > 1, the
morphism -zt: V= — VWY induces the bijection

Homp (V¥ VY)y —— rad? (V=1 VY),.
g) Fiz j with 1 < j <gq. For any a+ 1+ max{m — a,0} < i < a+ m, the morphism
(a"yP)atmHl= iy
induces the bijection
rady (V715,V7Fi)g —=— rad? (V=™ Vi), .

For any a+1 < i < a+ m and integer t satisfying t > 2 and i —tm > 1, the
morphism
'xtfl(wrys)aerJrlfi: Viftm — ij

induces the bijection
Endg(V7%)) — rad} (Vi=tm, V/i), .

Proof. a) This follows from part a) of Lemma 5.4.
b) This follows from part b) of Lemma 5.4.
c¢) This follows from part ¢) of Lemma 5.4.
d) This follows from part d) of Lemma 5.4.
e) We first prove the first bijection. Since we have a — (i — n) < n, for any i —n <

i/ < a, the morphism space Homp (V=™ V#)y is spanned by the morphisms given by

multiplication by nonnegative powers of x. For any a +1 < ¢’ < a + n, we have the

commutative diagram
Vi-n Vi’
. 1 =11
Ve n+v’'—v,x Ve ,m,

where the two horizontal morphisms are given by multiplication by the same element of
R, and the two vertical morphisms are given by multiplication by the same element of K?.
This implies that

Homp(V*, V"%)q - rady (V™" V)
is contained in
ra,dv(vi—n-‘ri”—’ilw’ Vi",x)o . HomR(Vi_", Vi—n—i—i”—i',z)o
Therefore, by part e) of Lemma 5.3, we have
radi, (V=" V7)o =rady (VIM, V7)o - rady (Vi7" V),
+rady (V*, V7)o - rady (V" V5
=rady (VZ, V¥ - rady (V" V).
Then the statement follows from part e) of Lemma 5.4 and part b) of Lemma 5.3.
We now prove the second bijection. By the universal properties of localizations and
quotients, any morphism ¢: yitin e factors uniquely through the canonical morphism
yimtn y yimtng - The induced morphism V% — V® factors uniquely through the

isomorphism
'ytil: sztn,x ~ T
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Then by the commutative diagram

t—1
yi—tn Yy yi-n

Lo

-1
i—tn,x Y i—n,x
\% —V ,

in which the vertical morphisms are canonical, we deduce that ¢ factors through Vi—n, By
part e) of Lemma 5.4, this implies that ¢ lies in rad%—(V’_t”, V%)o. So we have

rady (V™" V*)g = Hompg(V", V), .
Then the statement follows from part b) of Lemma 5.3.
f) Similar to part e).
g) We first prove the first bijection. Since we have a—(i—m) < m, for any i—m < i’ < a,

the morphism space Hompg (V™™ Vi/)o vanishes. Therefore, by part e) of Lemma 5.3, we
have

radd (V=™ Vi) =rady (V™™ V7)o - rady (VIT™, V7™,

+ rady (Vi Vi) - rady (ViT™, Vi), .
Then the statement follows from parts a) and e) of Lemma 5.4 and part d) of Lemma 5.3.
We now prove the second bijection. By the universal properties of localizations and quo-
tients, any morphism ¢: yittm vl factors uniquely through the canonical morphism
yi—tm _, yi=tmfi  The induced morphism Vi=?"fi — Vi factors uniquely through the

isomorphism
'.fL’t_ll V’i—tm,fj AN Vi—m,fj )

Then by the commutative diagram

i—tm wtl i—m
Vv — 'V

| |

) t—1 .
Vi—tm.f; @ Vi-m.fs
i—tm, f; AN i—m,f; ’

in which the vertical morphisms are canonical, we deduce that ¢ factors through yimm,
By part e) of Lemma 5.4, this implies that ¢ lies in rad?, (V=% Vfi),. So we have

rad? (V=im V7i)g = Homp (VT V1), .

Then the statement follows from part d) of Lemma 5.3.

vV

5.2. Proof of Theorem 4.4. By Lemma 5.2, we may and will assume that we have
End R(V)O =TI\

a) Since the category CiMOZR is Hom-finite, the algebra I' is finite-dimensional. To prove
it is Iwanaga—Gorenstein, we first claim that the projective dimension of the simple I'°P-
module S; is less than or equal to 2 for all 1 < i < a. In fact, we have the short exact
sequence

[y] [y —x)

. y . . y —x .
0 —— R(i)>0 —— R(i+m)>0® R(i +n)>o —— R(i+m+n)>g —— 0
in CMZR. If we apply the functor Hompg(?,V)g to it, we obtain the exact sequence

y
0 —— Homp (V™ V), ﬂ Hompg (V™ @ Vitn V) M Homp (V% V)
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of I'P-modules. By Lemma 5.1, the T'°P-module Hompg(V+™*" V), is projective. By
part f) of Lemma 5.3, the image of the last morphism is rady (V?,V)g. So the cokernel of
the last morphism is the simple I'°’?-module S;. This implies that its projective dimension
is less than or equal to 2.

We now prove that the projective dimension of any indecomposable injective ['°’-module
is less than or equal to 2. For any 1 <14 < a, by part e) of Lemma 5.3, we have

Homp(V%, V%)o = Homp(V¥, Vi)o = Homp(V%, Ve =0.

So the indecomposable injective I'P-module I; is filtered by the simple I'’-modules Sy,
1 < ¢ < a. So the projective dimension of I; is less than or equal to 2. For any 0 < i < n,
since we have

Hompg(V¥, Vi®)g = Hompg(V%, Vi®)g = Hompg(V5®, VI =0,
we have the short exact sequence

0 y M >I(i7$)*>N*>O

of I'P-modules, where M (respectively, IV) is filtered by the simple I'’-modules Sy ), 0 <
i’ < n (respectively, Sy, 1 < i’ < a). By the previous argument, the projective dimension
of N is less than or equal to 2. The I'P-module M is the image of the indecomposable
injective Endz(V*)’-module J; ;) under the fully faithful functor

F:mod (Endg(V*)gF) — mod ' .

By part b) of Lemma 5.3, the algebra Endg(V?)g is self-injective. This implies that the
Endg(V*)gP-module J(i,z) 18 also projective and hence it is isomorphic to the indecompos-
able projective Endg(V?®)gP-module Q;_(n,—1)m.z). Since we have

Homp(V"®, VIL)y = Homp (V" V¥)g = Homp(V"*, VIi)g =0,

the TP-module M, as the image Homp(Vi~(e=mz V) of Homp (Vi (ne—mz o),
under the functor F, is also projective. Since the projective dimensions of the I'P-modules
M and N are less than or equal to 2, so is the projective dimension of their extension /(; ..
Similarly, the projective dimensions of the indecomposable injective I'’-modules I; ) and
I (0,5 are less than or equal to 2. Therefore, the injective dimension of I' as a left module
over itself is less than or equal to 2. By part (d) of Theorem 1.4 of [5], we conclude that
the algebra I' is Iwanaga—Gorenstein of self-injective dimension less than or equal to 2.
Its global dimension is finite if and only if it is less than or equal to 2 if and only if the
projective dimensions of the simple I'’-modules S; ;), S(; ), and S ;) are less than or
equal to 2. Since the algebras Endg(V?®)g, Endr(V¥)o, and Endg(V /i)y are isomorphic to
self-injective Nakayama algebras, the above conditions are equivalent to the condition that
Ng, Ny, and n; are less than or equal to 1 for all 1 < j < ¢. This means that R is reduced.

b) By part e) of Lemma 5.4, the algebra I' is basic. By Lemmas 5.3, 5.4 and 5.5, we
know the structures of I'/radT and radT'/rad®I’. So we have the surjective morphism
¢r,s: kQ — T' of algebras defined in Section 4.1. By the descriptions of the images of the
arrows under ¢, ,, we see that the kernel of ¢, s coincides with I, .

5.3. Proof of Theorem 4.14. a) The statement follows from Proposition 4.1.

b) Set A = Endr(@;_, V') and P = @, ,,.1 V' By part (b) of Theorem 1.6 of
[5], the dg endomorphism algebra I' of the standard silting object V' in MOZR is quasi-
isomorphic to the dg endomorphism algebra of A in the Verdier quotient of per A by its
thick subcategory generated by P. By part (a) of Corollary 2.12 of [22], it is the dg quotient

of A by Endp (P). On the other hand, by part b) of Lemma 5.3 and Lemma 5.2, the algebra
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A is isomorphic to the self-injective Nakayama algebra N, ,, defined in Proposition A.1.
By Proposition A.1, it is quasi-isomorphic to the cofibrant dg algebra (kQ,d) defined
in Definition 4.13. Therefore, by Theorem 7.1 of [21], the above dg quotient is quasi-
isomorphic to (kQ’, d).

6. AUSLANDER—REITEN QUIVERS FOR FINITE AND COUNTABLE COHEN—MACAULAY
TYPES

Buchweitz—Greuel-Schreyer gave a classification of commutative complete local Goren-
stein rings of finite (respectively, countable) Cohen—-Macaulay representation type: Under
mild assumptions, these are precisely the ADFE singularities (respectively, the Ay, and Do
singularities) of the form

k‘[[l‘,y,ZQ,...,Zd]]/(f(ﬂf,y>+Z%+"‘+Z§),

where f(z,y) is one of the polynomials listed in Table 1, cf. Theorem 8.8 of [35], Corol-
lary 10.19 and Theorem 14.16 of [28].

In this section, we consider the corresponding N-graded hypersurface singularities R =
klx,y]/(f), which are of finite (respectively, countable) Cohen-Macaulay representation
type in the sense that there are only finitely (respectively, countably) many indecomposable
objects in CMZR up to isomorphism and degree shifts.

R A, (nisodd) | A, (niseven) | D, (niseven) D,, (n is odd)
7 T2 T2 P —— T
(dengdegy) (LnTH) (27n+1) (17%_1) (2,7?,—2)
irreducible fi= o v, I ? ’ A1y T,
n41 1= - Y — n—2 _ .2
factors of f fo=x"2 4y fo=ai gy == Y
R E6 E7 E8 Aoo Doo
7 % Y — P Y2 712
(degz,degy) | (3,4) (2,3) (3,5) || (m,0) | (m,1)
irreducible 1, x,
factors of f f fi=a3 —y? f y Y

TABLE 1. Defining polynomials, gradings, and irreducible factors for the
finite and countable Cohen—Macaulay types.

In the remainder of this section, we draw the Auslander—Reiten quiver of the category
CM{ZjR for the rings R listed in Table 1. Our Auslander—Reiten quivers are displayed in
a standard way following the theory of translation quivers [32, 2], cf. Section 3 of [1], see
also Section 3 of [7], Chapter 9 of [35], Section 4.3 of [14], and Section 13.2 of [28] for the
ungraded case.

Moreover, we give an explicit description of each indecomposable object M € CMOZR
by giving a homogeneous k-basis. For the reduced cases, write f = H§:1 fj with distinct
irreducible factors f;. We view R as an N-graded subalgebra of H?:l R/(f;). In each basis
diagram in this section, a column labeled by f;, represents a Z-graded R-submodule M i of
the graded normalization of R/(f;;) whose homogeneous k-basis is given by black circles
e. A picture with r columns labeled by f;,,..., f;, represents a Z-graded R-submodule of
b, M ¢ spanned by the vectors indicated in the picture, where e=e and e=e=e each
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represent the sum of the basis vectors indicated by the connected black circles. If we have
p =1, then we omit the label f for simplicity.

6.1. Finite Cohen—Macaulay representation type. In the Auslander—Reiten quiv-
ers for the finite Cohen—-Macaulay types, we illustrate the standard tilting object V' (cf.
Section 4.1) as the direct sum of the framed objects.

The Auslander—Reiten quivers of CM%R and homogeneous k-bases for type A, with n
odd and even are shown in Figures 7 and 8, respectively. For type D,, with n even, the
quiver and bases are shown in Figures 9 and 10; for n odd, they are shown in Figures 11
and 12. For types Eg, E7, and Eg, the quivers and bases are shown in Figures 13 and 14,
Figures 15 and 16, and Figures 17 and 18, respectively.

NN SN

R4 —y—4— Rl-3 — x—3— RL-2 —y—2— pl-1— x—1

l—1

R3-3 RS- R31 R32 R3S . ! ! . l—1+1
\f / sz.l/ \Rz,/ \Rz /

o0 -0 <

(a) Auslander—Reiten quiver

FIGURE 7. Type A, withn odd: (a) the Auslander-Reiten quiver of CM% R;
(b) homogeneous k-bases of the Z-graded modules. Here | = ";1 and

¥/ = x(j) for x = R', X, or Y.

In Figure 9, the last framed object in the bottom row is 72,

In Figure 10, the symbol e—e—e means the subspace {(a,b,c) € k3 | 2a — b+ ¢ = 0},
where the natural basis of k3 is given by the black circles in the columns labeled by z, fi,
and fo, respectively.

In Figure 11, the last framed object in the bottom (respectively, top) row is 7X 573
(respectively, 7X17=2).



24 OSAMU IYAMA AND JUNYANG LIU

RO-1 RO:1 RO3

\/\/\

Rl.
R2-3 R21 R21 R23
Rs.m R31 R33

=)
v
=

n—2i—2
n—2;—1
n — 21

n—2i+1

N
N’
N\
NZN
[g%

(b) k-bases
R2? (2] R22 24
AT WV
NN NN
RO RO,Z R0,4 ROG

(a) Auslander—Reiten quiver

FIGURE 8. Type A, with n even: (a) the Auslander-Reiten quiver of
CMZR; (b) homogeneous k-bases of the Z-graded modules. Here | = 2
and */ = (j) for x = R'.

m£§454g4g4%@g
NN SN NN /

TZb

ININ AN N NN

TR RI-1L-1 TR TRlll RI-11 TRI-1.2

\/\/\/L J\/\/\/
AN NN AN

TR — RO —— RY FRU s RO — R11 FRL2 — RO2 — R12 TRL3

NN NN

FIGURE 9. The Auslander—Reiten quiver of CM%R for type D,, (n is even),
where [ = § — 1 and ¥ =x(j) forx =R, X, Y, Z!, TR, X, 7Y, or TZ".
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RO Ri(i>1) X Y Z'(i>1)rR (i>1) 71X Y rtZY 170 (i >2)
z fi1 f2 z f1 f2 f1 f2 fi f2 z f1 f2 T f2 z fi x z f1 f2 =z
o—0—0 o—0—0 [ ] [ ] o—=0 X X [ = ) [ &= ] X o—0—0 0
e=¢ e=¢ o o oo = o o o=
=0 =0 ° ° =0 =0 ° ° =0 I—i
=0 [ I ) [} [} [ I ) o—0—-©0 [} [ J o000 | —i+1
e=¢ e o o oo ce o o oo it
=0 o o ° ° o o o o ° ° o o I—1
o—0—-0 e 6 o [ ] [ ] e O [ I ] [ I ) o o [ ] o 6 °o l
ee e o o oo ce o oo oo I
o 0 o 0 ° ° o 0 o 0 ° ° o o n—i—2
o O o ©o [ ] [ ] o ©o e 6 o [ ) [ ] ® 6 6 n—i—1
oo L g g LA oo g g LA n—i
CI) o 0 ° ° o 0 o 0 ° ° o o n—3
e 0 o e 0 o [ ] [ ] o O o ©o [ N ) [ N ) [ ] ® O o n—2
ee ee o o oo ee e o oo i

FIGURE 10. Homogeneous k-bases of Z-graded modules for type D,, (n is even).

RM1 a T‘H?”/ \m”ﬁ?%m?/ \
NN
ININNNN

RL—4 RL—
Xt X2 Xxh=2 X X!
FRI-1-2 RI-L-2 7R Ri-1 FRI-12 RI-12

TR?4

\/\/\%&/\
NN NN

TRl —_— Rl) RN Rl R(J,Z — RLZ TRIA — R(),~1 [N R1.4

NN

X1 X122 X2 FX1A

FIGURE 11. The Auslander-Reiten quiver of CMZR for type D,, (n is odd),
where | = %71 and #/ = %(j) for x = R, X, 7R, or 7X".




OSAMU IYAMA AND JUNYANG LIU

R R (i>1) X' (i>1) 7R (i>1) 7X! 71X'(i>2)
z fi z f1 f1 z fi x z f1 oz
=0 =0 ° X X =0 0
X X X X X 1
° ° ° ° ° 2
° ° ° ° ° n—2—3
X X X X X n—27—2
° ° ° ° ° n—2—1
X ° ° o=o o=@ n —2i
° ™ ™ ™ ° n—2i+1
° ° ° ™ ° n—3
=0 o0 ™ ™ ° o0 n—2
™ ™ ™ ™ ° n—1
° ° ° ° ° o2n— 2 —3
™ ™ ™ o0 ® @ 2n—2i—2
™ ™ ™ ™ ° o2n — 2 — 1
‘ . . . . 2n — 5
o0 o0 ™ ™ ° o0 2n — 4
. . . . e -3

FIGURE 12. Homogeneous k-bases of Z-graded modules for type D,, (n is odd).

R().l RU,IZ

P\
o

Ny
¥
?\\m
\
/

e

2

™
7
%

|
1
g
L
2

|
|
-
ol
|
2

N
g<
N\

e

o
SN
NI
N

3
=
3
2
s

/
\DJ
N\

7
5

FIGURE 13. The Auslander-Reiten quiver of CMOZR for type FEg, where
#J = %(j) for x = R%, R', R?, R®, 7R', 7R3, or X.

R TR! 7tR37! X

%

Rl

2

0xX00XxX®
0000 XX®
- 90000 X®
- 9000000
S OX @@ XX X
- 00000 X®
- 000X 0®®X
- 00000 X®
. eeee0e®x

FIGURE 14. Homogeneous k-bases of Z-graded modules for type Fg. The
top row represents the component of degree 0.
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NN NN AN N
\/\/\/\fﬁ/\/\/
SN /\ 5\/\/\

Wl =722 =W — 22— W =1zl =W — 20— W 72 — W2 —{Z}— W2 — 72" — W

Nz W e e
A

3
\|

NN NN N NN
N/ v %g/ N

FicURE 15. The Auslander—Reiten quiver of CMOZR for type Ey, where
¥ = x(j) forx =R, R\, R>, R®, X, Y, Z, W, U, 7R, TR?, TR3, 772, 7W,
or TU.

RO R! R? R3 X Y A w U
y fi y fi y fi y fi f1 y f1 y fi f1y y fi fr
=0 [ =X ) =0 [ B J ( ] [ ] ( ] =0 X o—0—0
X X X [ ] X [ ] o=0—=0 ® X
o=0 o=0 o O [ I J [ J [} [ J =0 © =0 ©
[ ] [ ] [ ] [ ] { ] ( ] e O o o o
=0 [ I ) o o [ N J { ] [ ] [ ] e 6 o e 6 o
[ ] [ ] [ ] [ ] ( ] [ ] e o o o o
[ I J [ N ) [ N ) o O ( ] [ ] [ ] e & o o O o
TR! TR2 TR3~1 '/ W TU
y fi y fi y fr fiy y f1y y fr iy y f1y
X X X X =0 X =0 X X X X X
X [ J o=0=0 =0 o=0=0 =0
[ B ) [ B J =0 O [ B ) =0 O [ B )
[ ] ( ] o 0—0 o o o 0—=0 o o
=0 o O o 6 o [ N ) o 6 o [ N )
[ ] ( ] e O o [ I ) e O o [ N )
[ N ) o O o & o [ N ) o & o [ N )

FIGURE 16. Homogeneous k-bases of Z-graded modules for type E7. The
top row represents the component of degree 0.
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ﬂ
2

\/\/\/\/\f&/\%&/
ANV NG AN ANV AP ANV ANV AN
NSNSNSN NN J/
/\/\/\/\/\/
.

/\/¥X\/E/\/
/

ﬂ/

N\
RN

+

NN

—ﬁ
N
~

5

/|

y?2

&

\w/

»<

\/“\
.
SN

TY

N\

X X4

X3

/

-3
Rf&,

R31

<

\
7
\

\
s

ﬂ
2,
3
L
Bl
5
x

TRIA R4

N

P
\

RO.S

FIGURE 17. The Auslander—Reiten quiver of CMOZR for type Eg, where
) = x(j) for x = R, R, R*, R®, R*, X, Y, Z, W, 7R', TR* 7R3 TR,
7X, 7Y, 77, 0or TW.

R R' R? R? R* X Y Z
[ ] [ ] [ ] [ ) [ ] ® X ® X X ® X X =0
X X X X ™ X X X =@ X =@ X X
X X X [ ) [ ] =0 =0 X o=@ X X @
[ J [} [ J [ J [ ] ® X ® X O ® X O [ I J
X X [ ] [ ) [ ] X @ X @& @ X @ @ @® X
[ J [ J [} [ J [ J [ B} ® O X o 06 o [ I J
o o o ® [ ] [ N ) o 6 o o O o [ N )
X [ ] [ ] [ ) [ ] [ N ) e 0 o ® 0 o [ N J
[ ] [ ] [ ] [ J [ ] [ N ) o 0 o ® 6 o [ N )
TR! TR? TtR*>°2 rR% 2 71X 7Y TZ W
X X ® X ® X X X X X X X X X X
X X X X X @ X X X X X 0=@ X @
X [ J [ = J =0 =0 =0 =0 X =0
° ™ ® X ® X ® X ® X e x o ® X
X X X @ X @ X @ X @ X @ @ X @
[ ] [ J [ N ] [ N ) [ N ] [ N J ® O X [ N )
[ ] [ ] ® X [ N ) @ X [ N ] o 0 o [ N )
X [ J [ N ] [ N ) [ N ] [ N ] ® 0 o [ N J
[ J [ ] o O [ I} o o [ I J o 0 o [ I}

FiGURE 18. Homogeneous k-bases of Z-graded modules for type FEg. The
top row represents the component of degree 0.
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6.2. Countable Cohen—Macaulay representation type. For each of the types A
and Dy, the Auslander—Reiten quiver of the category CMOZR has precisely m connected
components C’, j € Z/mZ. The components C° for types Ao, and D, are shown in
Figures 19(a) and 20, respectively; the corresponding bases are shown in Figures 19(b)
and 21. The component C/ is the image of C° under the grading shift (7).

R (i >0)
NN N
le/\/\/\;w
NSNS N B
(b) k-bases

(a) Auslander—Reiten quiver

FIGURE 19. Type Ao: (a) the component C° of the Auslander—Reiten
quiver of CM4R; (b) homogeneous k-bases of the Z-graded modules. Here
*) = x(j) for x = R'.

In Figure 19(b), the symbols o and ® represent 1 and x~‘y, respectively. Each black
circle represents the preceding basis element in the same column multiplied by x. For type
Ao, the standard silting object is

f#W 1 m l-””-f#Wm
_ Rid—m) @ Rf%hj—m)_
1

=1 j= j=1

TX; —m Xi —m

/\/\/\

TR2m

\/\/\/

XZ —m

SN NN

sRI— RO— R1 FRLM = ROm —s Rlm

NN SN

X Lm

FI1GURE 20. The component CO of the Ausl'andellrfReiten‘ quiver of CM%R
for type D, where #/ = x(j) for x = R", X*, TR", or 7X".

In Figure 21, the symbols o, ®, ®, and ® mean 1, x, y, and '~y in the bases, re-
spectively. In a column labeled by z (respectively, y), each black circle represents the
preceding basis element in the same column multiplied by y (respectively, x). For type
Do, the standard silting object is
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F1GURE 21. Homogeneous k-bases of Z-graded modules for type Dy.
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APPENDIX A. DG RESOLUTIONS OF SELF-INJECTIVE NAKAYAMA ALGEBRAS

A.1. A-algebras. Following Section 3.1 of [24], an Ay -algebra is a Z-graded k-vector
space A endowed with k-linear maps m,, : A% — A of degree 2 — n, n > 1, satisfying

Z (_1)T+Stm7"+1+t o (1®r ® ms ® 1®t) -0
r4+s+t=n
for all positive integers n, where r and ¢ run through nonnegative integers and s through

positive integers. If m,, vanishes for all n > 2, then d = m; and msy make A into a dg
algebra.

A.2. Cofibrant dg replacements of self-injective Nakayama algebras.

Proposition A.1. Let n > 1 and n, > 1 be integers. Let C, be an n-cycle whose
arrows are labeled by x and Ny, = kCp/(x"*) the associated self-injective Nakayama
algebra. Then Ny, is quasi-isomorphic to the cofibrant dg algebra (kQ,d) defined in
Definition 4.183.

Proof. Assume that the vertex set of C,, is Z/nZ and that, for each i € Z/nZ, there is an
arrow from ¢ to i+m, where m < n is a positive integer coprime to n. Consider the algebra
Ni.n,. For a positive even integer p, the set of p-chains (in the sense of [34]) is {221},

1
For a positive odd integer p, the set of p-chains is {:L‘%”“”} If we have a decomposition of

a p-chain as a pj-chain, ..., and a p;-chain, then, using the equality 22:1 p; =p—1, one

checks that the only possibilities are [ = 2 or [ = n,. If we identify the p-chains with the

arrows fp41, in Definition 4.13, the statement follows from Theorem 4.8 of [34]. Vv
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