ANISOTROPIC ESTIMATES FOR A SOLUTION TO THE HEAT EQUATION ON
AN INFINITE LAYER AND ITS APPLICATION TO THE PRIMITIVE
EQUATIONS

YOSHIKI IIDA

AssTrACT. In this paper, we consider the heat equation on the infinite layer Q@ = R¢ x (—1,0). By
an explicit expression of the solution, we establish an Ll(R+)—B;71(Rd;L’"(71,O)) estimate. As an
application, we solve the primitive equations in the framework of scaling invariant spaces globally in
time. Although our result on the existence of the global solutions with small initial data is not altogether
new, our method relies on the new anisotropic estimate of the heat equations, which might have future
application to other equations.

1. INTRODUCTION
We consider the heat equation on the infinite layer Q = R¢ x (—1,0) (d > 1):
Ou—Au=f inQxJ,
(1.1) O, u=0 on R% x {~1,0} x J,
u(0) =a in €,

where J = (0,T) or J =R, = (0,00) and v is a unknown function, while ug and f are given initial data
and external data, respectively.

The first aim of this paper is to establish an L! in time estimate for a solution to (1.1). Generally
speaking, estimates of solutions not only for (1.1), but also for the one to the X-valued abstract evolution
equation

(1.2)

Ou+Au=f in J,
u(0) =a

play a crucial role to construct a local solution and a global small solution to various nonlinear partial
differential equations of parabolic type, where X is a proper Banach space and A is a closed operator
on X, such as —A, Stokes operator, or elliptic operator of second order. Typical examples are LP-L?
estimates for the semigroup with its generator —A, and maximal L?-regularity of (1.2). The method of
solving nonlinear partial differential equations (more precisely, their transformed equations of integral
form) with LP-L? estimates of the corresponding semigroup is often called the Kato iteration method
due to his pioneer work [30] in 1984. This method is quite effective to prove the local well-posedness and
the global well-posedness for small initial data of various semilinear equations, such as the Navier—Stokes
equations (cf. Kato [30]), semilinear heat equations (cf. Giga [19]), the Keller-Segel equation (cf. Nagai
[41]), and drift-diffusion systems (cf. Kurokiba—Ogawa [36]) etc.

However, this method cannot be applied for quasilinear equations, such as free-boundary problems
for fluids in Lagrangian coordinates. One of the reasons is that it would be necessary to estimate the
second derivative of the solution, which yields the time singularity t~!. The approach of the maximal
regularity is effective to avoid this difficulty. Here, we say that a proper closed operator A has maximal
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2 YOSHIKI 1TDA
Li-regularity if for given a € X, = (X, D(A))1-1/4,q (1 <g<o0)orac X, =X (¢g=1), there exists a
solution u € C(J; X,) of (1.2) with the estimate

du
dt

(1.3) HuHLm(J;X.Y) + ‘ + ||Au||Lq(J;X) <C (Ha”X7 + ||fHLq(J;X)) )

La(J;X)
where C is a positive constant independent of the data ug and f. For 1 < g < oo, general theories
of the maximal L?-regularity were developed by many authors (cf. Ladyzénskaya—Solonnikov—Ural’ceva
[37], Dore—Venni [17], Giga—Sohr [24], Amann [2], Kalton—Weis [29], Weis [49], Denk—Hieber—Priiss [16])
within the framework on UMD Banach spaces X. On the other hand, such general theories cannot be
applied to show the maximal L!-regularity. One of the advantages of the maximal L!-regularity is that
initial data does not require a higher regularity. Results of the maximal L!-regularity were established by
Da Prato—Grisvard [10], Chemin [9], Danchin [11, 12|, Danchin-Mucha [14, 15|, Danchin—Hieber-Mucha—
Tolksdorf [13], Ogawa—Shimizu [42, 43, 44, 45] in the setting of homogeneous Besov spaces B;“, 1, and by
Giga—Saal [23] and Iwabuchi [28], in the settings of non-UMD spaces. See also Shibata—Watanabe [47]
and Kuo—Shibata [35] to overview this direction. In this paper, we define the homogeneous Besov spaces

B2 ,(R?) on the whole space R? as follows:
Definition 1.1. Let {¢;};ez be a Littlewood-Paley dyadic partition of unity satisfying

Fpj € C5°(R) with 0 < [Fipj](€) <1 (¢ €RY),
supp Fo; C {€ € RY; 2771 < ¢ < 2771},
SIFeil©) =1 (R {0}),
jez
where [Fg;](§) = W Jpa @j(x)e ¢ dx denotes the Fourier transformation of ¢;. We define the

homogeneous Besov space B;)q(]Rd) (seR,1<p,q<o0)by

B, ={1es/P;

By (&) < OO}
with the norm

11

Bs (RY) = H{ZSj llepj * fHLp(Rd)}jeZ

Iz
J
where &’ and P denote the set of tempered distributions and the set of polynomials, respectively.
Remark 1.2. It is well-known that if s < d/p or (s,q) = (d/p,1), then the above Besov space B;q(Rd)
can be identified with
F e85 1fllps gy <oo, f= > pixfind
JEL

Under the setting of anisotropic domains, such as the infinite layer Q = R? x (—1,0), it might be
natural to set X to be also anisotropic, for instance, X = B¢, (R% L"(—1,0)) with the norm

o p/T 1/p
||fHBZ‘1(Rd§LT(717O)) = Z 20 (/ (/ ‘(90] *H f)(l', Z)|r dZ) d«I) P
‘ jEL R A1

where i denotes the convolution on R?. Before stating our main result, for given function a on € with

0
a(z) = / a(z,z)dz =0, x€R?

-1



ESTIMATE FOR SOL. TO HEAT EQ. AND ITS APPLICATION TO PES 3

we define the solution operator S(t)a of (1.1) with f =0 by

% 0
[S(a)(z,2) = e ™ ( / (G *p1 a)(, ¢) cos (mlC) dg) cos ({rz)

=1 -1

(1.49) 1 1
=5 > ( [ (Gsn (B e d<) e,
£€z\{0} -1
2

where Gy(z) = We_% (z € R4, t > 0) denotes the d-dimensional heat kernel, and Fa denotes

the even extension of a in z-component with respect to z = 0, respectively. It is not difficult to show
that S(t)a formally solves (1.1) with f = 0. Our first main result is the following smoothing estimate of
S(t)a in the space L! in time.

Theorem 1.3. Let 1 <p,r < oo and o € R.
(1) For every
a€ B (R L7(—1,0)) witha =0,
it holds that
AgS(-)a € L'(Ry; B (RY L7 (—1,0)))
with the estimate

1AuSC)all i, s mespr-10)) < Clallge, @azr 1,0y -

where Ay = 3¢, 02

j=1%j3"
(2) For every a with

d.a € BST'(RYL7(—1,0)) anda=0,
it holds that .
925()a € L'(Ry; By H(RY L7(~1,0)))
with the estimate
2 .
1025C)all s o s, rair-ri0yy < € N0l a0
(3) For every a with
a € By (R%L7(-1,0)), d.a € BST (R% L7(-1,0)), anda=0,
S(t)a solves the heat equation (1.1) with f =0 and has the regularity properties
S(Jae C (By; By (R% L7 (-1,0)))
and .
S(-)a, AS()a € L'(Ry; By (R L7(~1,0)))

with the estimate
||atS(')a||Ll(R+;BgJ(Rd;Lr(_170))) + HAS(')G’”Ll(RJF;B;‘J(Rd;LT(—l,O)))

<C (”auBg’I(Rd;Lr(—Lo)) + ”aZCL”B;;l(Rd;LT(fl,O))) )
where C is a positive constant.

Remark 1.4. (i) In the case Q = R4 instead of Q = R% x (—1,0), it is well-known that from the
theory of the mazimal L*-regqularity, the solution u to (1.1) with f = 0 satisfies the estimate
10ull 11 = 82, Ravry) + AU L1 g, o | marr)) < Cllallpg | @asy
for all « € R and 1 < p < oo. The additional assumption of the regularity 0,a €
B;’El(Rd;L’"(fl,O)) in (2) and (3) may be regarded as a “cost” of choosing the larger space
L"(—1,0) than Bgl(—l, 0) in the vertical component.
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(ii) From this theorem, it seems to be difficult to show that {S(t)}+>0 is a bounded Cy-semigroup.
Indeed, (3) shows wus that the strong continuity requires the additional regularity 0.a €
BoT (R L7(—1,0)).

(iii) The Neumann boundary condition is not essential for this theorem, and it might not be difficult to
establish the same assertion for the Dirichlet boundary condition, or the mized Dirichlet—Neumann
boundary condition. In such cases, the mean-free condition a = 0 seems to be redundant.

(iv) It seems to be possible to replace the assumption O0,a € B;‘El(Rd;LT(—l,O)) by 0)Ea €
B;‘EV(R‘{;LT(—LI)) (0 < v < 2), where E denotes the even extension operator, and 0] de-

notes the fractional derivative in z of order ~v, which is defined via Fourier coefficients. However,
in such cases, we cannot take v = 0.

As a corollary, we also establish the following type of estimate for the Duhamel term with the given
external data f.

Corollary 1.5. Let 1 <p,r < oo and a € R. For J = (0,T) with 0 < T < oo, define

(Ff)(t):/o S(t—s)f(s)ds, ted

(1) For every
fe LY J; B (RG LT(—1,0))  with f =0,
it holds that
AuFf e L'(J; By, (R% L7(~1,0)))
with the estimate

”AHFfHLl(J;Bg,l(Rd;LT(fLO))) =cC ”f”Ll(J;Bg,l(Rd;LT(fLO)»7
where C' > 0 is independent of T';
(2) For every [ with
0.f € L'(J; BgT (R% L7 (=1,0)))  and f =0,
it holds that
O2Ff e L'(J; By, (R L7(~1,0)))
with the estimate

||83FfHLl(J;Bg,l(le;Lr(fl,O))) <C HaZf”L1(J;BS‘,II(R‘Z;L"(—LO))) ’
where C' > 0 is independent of T';
(3) For every
f € LY(J; By (R% L7 (=1,0)))
with
0.f € L'(J; BT (R% L7 (—1,0)))  and f =0,
it holds that
OFf € L'(J; BS, (R L7(—1,0)))
with the estimate

10:F Fll 2 (5,85, Retsr (—1.00)
<C (”f”Ll(J;Bg’l(Rd;LT(fl,O))) + HaZfHLl(J;B;‘El(Rd;LT'(_LQ)))) :
where C' > 0 is independent of T.

Remark 1.6. In view of [4, Theorem 4.5|, it seems impossible to prove mazimal L-regularity with
fe Bg’q(Rd;LT(—l,O)), especially in the case r = 1. However, by an additional reqularity of f such as

0.f € Bz‘;;l(RQ; L™(—1,0)), we may recover the corresponding estimate to the mazimal L-regularity.
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As an application of the linear theory in Theorem 1.3 and Corollary 1.5, we shall solve the three-
dimensional primitive equations on the flat layer Q = R? x (—1,0):

v —Av+ (v-Va)v+w(0v) + VIl =0 in Q x Ry,

2, I1=0 in Q xRy,

(PE) divgv+0,w =0 in QxR
Q=0 w=0 in R? x {~1,0} x R,
v(0) = vg in Q.

The unknown functions v = ' (v!,v?), w and II denote the horizontal velocity, the vertical velocity, and
the scalar pressure of the fluid, respectively. The full velocity is given by ' (v,w) = (v, v?,w). The
operator Vy stands for the horizontal gradient, namely, Vi = ' (0y,,0,,). The operator divyg denotes
the horizontal divergence, namely, divyg v = &vlvl —&—8@@2. The primitive equations (PE) are derived from
the incompressible Navier—-Stokes equations with the hydrostatic approximation. We note that, under

the boundary condition (PE),, the vertical velocity w is determined from the horizontal velocity v by
w(z,z) = — /Z1 divyg v(z, ¢) d¢ =: [w(v)](z, 2).
The boundary condition w = 0 on R? x {0} yields
div g7 = divy (/01 v(z, ) dg) =0, z € R%
Accordingly, we may rewrite (PE) to the following system of v:

v+ (v-Va)v+ [ww)]0,v — Av+ Vgl =0, in Q x Ry,

0. 11 =0, in Q xRy,

(1.5) divgv =0, in O x Ry,
0,0 =0 on R? x {~1,0} x Ry,
v(0) = g in Q.

In 1990s, Lions—Temam—Wang [38, 39, 40] started the mathematical studies for the primitive equations.
Cao-Titi [8] and Kukavica—Ziane [34] proved the global well-posedness for large initial data in H! in
the framework of L?. Later, by applying the Fujita-Kato method, Hieber-Kashiwabara [27]| (and also
Hieber-Hussein-Kashiwabara [26]) proved the global well-posedness for large data in the critical Sobolev
space H2/P? (1 < p < 00) in the framework of LP-spaces. Giga—Gries-Hieber-Hussein-Kashiwabara [20]
applied the maximal L%-regularity of the linearized system to construct a global solution for large data.
They also proved the analyticity of the solution.

On the other hand, from the view point of the Fujita—Kato principle (cf. [18]), it is natural to choose
a scaling invariant space as the solution space. To see this, let us review the well-posedness results of the
Navier-Stokes equations. The Sobolev space H~174/22(R%), which is found by [18] is very well-known as
the space of initial data to guarantee well-posedness of the d-dimensional Navier—Stokes equations on the
whole space R? (d > 2). Kato [30] and Giga—Miyakawa [22] extend the initial data space to LY(R?). Later
on, Kozono—Yamazaki [33], Cannone-Planchon [7], Cannone [6] and Planchon [46] also extended it to the
homogeneous Besov spaces B;,;+d/p(Rd) (d<p<oo,1<q<o00). See also Kozono-Shimizu [31, 32].
Whereas, Bourgain—Pavlovié [5], Yoneda [50] and Wang [48] proved ill-posedness of the Navier—Stokes
equations for initial data in Bgofq(Rd) (1 < ¢ < 0) in the sense of break down of continuity of solutions
with respect to initial data, which means that the spaces of initial data satisfying well-posedness and
ill-posedness are characterized within the framework of homogeneous Besov spaces.

Getting back to the primitive equations, in this direction, Giga—Gries—Hieber—Hussein—Kashiwabara
[21] constructed a local solution for initial data with the regularity L°°(R?; L!(—1,0)) and also showed
that the solution still has the regularity L4(8,T; H>P(Q)) N H“9(6,T; LP(2)) (1/p + 1/q < 1) for any
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T > 0 with some § > 0. The anisotropic space L>(R?; L'(—1,0)) comes from the scaling invariance

HU)\HC’([O,T/)\Q);Lff’(]R2;L1(71/)\,0))) = ||U||C([0,T);L;;°(RZ;LI(A,O)))v

where vy (21,2, 2,t) = Mw(Ax1, A\x2, Az, A%t) (A > 0). It should be noticed that v, satisfies (1.5) if v is
a solution to (1.5). It is an interesting problem that to what extent it is possible to extend the space of
initial data to guarantee well-posedness of the primitive equations. To consider this problem, we prove
the well-posedness of the primitive equations in the framework of homogeneous Besov spaces.

Our second main result is the well-posedness of (1.5) in other scaling invariant spaces which come from

the structure of the primitive equations. To state the result, we introduce the function spaces Xy and
Xv by

Xy = {vH € C([0,00); PB, 1/P(R?)); dyvm, Avy € Ll(R+;PB;}+2/P(R2))},

Xy = {ov € C(0, 00); B (% L' (-1,0)))
0

; doy, Agvy, vy, Vd,vy € LY (R,; Bf)’/lp(Rz;Ll(fl,O))), /
—1

vy d¢ = 0} ,
which are equipped with the norms

HUHHXH = HUH”Loo(]R_'_;PB;iJr?/P(Rz)) + Hathﬂ AUH||L1(R+;PB;}+2/P(R2)) )

lovllay = 0wl o e 2/p e oo + 100y Auov, oy, Vvl s, s2p e s 1.0y

respectively. Here, P = I + Vi(—Ag) !'divg and A = —PAg denote the two-dimensional Helmholtz
projection and the Stokes operator, respectively. We note that for all vy € Xy and vy € Xy, it holds
that

||UH||XH = ”UHV\||L°°(R+;IPB;1+2/I’(R2)) + Hath,)w AUH7/\||L1(R+;IP’B;1+2/T’(]R2)) )

lovily = 1ovall oo @, s2/p g <10

2
+||0rvv a, Anvy x, Doy a, VHaz'UV,)\‘{L1(R+;B§(117(R2;L1(_1/A70)))
for all A > 0, where vy x(71,22,t) = Au(Az1, Az2, A%t) and vy )\ (21, T2, 2, 1) = Moy (Az1, AT, A2, A%t).

Theorem 1.7. Let 1 < p < 4. Let vg = vy + vg satisfy vg = fi)l vodz € IP’BP_&H/]’(]R?) and vy =

vo — Tg € Bﬁ(lp(R%Ll(—l,O)) and 0,09 € B;}H/p(RQ;Ll(—l,O)). There exists § > 0 such that if

||U70||PB;1+2/7J(R2) + ||1}~0||B§{{’(R2;L1(71,0)) < 4, then there erists a unique solution v =71+ v to (1.5) with

(U,7) € Xug x Xv.

Remark 1.8. (i) In fact, v is governed by a two-dimensional incompressible flow interacted with
the remaining part v = v — T (we will give the detail in (3.1)). This is the reason why we chose

Xu defined above as the solution space for v. Although [21] required the full initial velocity has
the regqularity vo € L>(R?; LY(—1,0)), this theorem states that the weaker reqularity assumption

7 € IP’B;}+2/I’(R2) for g s sufficient to solve (1.5).
(ii) The restriction on p as 1 < p < 4 comes from the following type of bilinear estimate with d = 2

1790515ty < C 15150 gy 191 gy

for 1 <p < 2d. See, Proposition 3.3 (2).

2. LINEAR THEORY

This section is devoted to the proof of Theorem 1.3 and Corollary 1.5. We first introduce the following
lemma about characterization of Besov norms, which plays an essential role to prove Theorem 1.3.
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Proposition 2.1 (Bahouri-Chemin-Danchin [3, Theorem 2.34]). For a < 0, there exist C1,Co > 0 such
that

o dt
—a/2 A
Co il oy < [ 7 el aey T < Co g,

holds, where Cy, Cy > 0 are independent of u.

Remark 2.2. The proof of Proposition 2.1 is based on direct estimates of the norm via dyadic decompo-
sition. Thus, we also see that

* dt
Ch ”u"BS,l(Rd?Ll(*LO)) < /0 /2 ||Gt *H UHLp(Rd;Ll(,LO)) T < Cy ||UHB;1(Rd;L1(,LO))
holds.
Proof of Theorem 1.3. Tt suffices to show the assertion for « = —2s < 0 since (—A)® is an isomorphism

from B;"q(Rd) to B;?(Rd). The approach is closed to the proof of [13, Proposition 1.18§].
(1) By (1.4) and Proposition 2.1, we have

HAHS(')QHLl(O,T;B;‘J(]Rd;LT(fl,())))

' N ° - 1 —im imlz d
<o [ S e ([ Surs o a0 ac) T a

€7\ {0} -1 Lp (R4 L7(—1,0))

Here using the periodicity of the integrand function and Ea, the Minkowski inequality for integration,
and the Hausdorff-Young inequality for convolution, we have

Z ol (/1 (AuG4¢) *u (Ba))(z, ()e™ ™ dC) pimtz

¢ez\{0} -1 Lr(—1.0)
1 242 1 o -
=5l X e (/ <AHGT+t>*H<Ea>><x,oe“’“K)
£€7\{0} -1 v
(2.1) Lr(-11)
1 2,2 1 _
5| & e ([ @uGrn mn Bo oz - e ac)
tez\{0} -1 Lr(=1.1)

1
< / Z e"m e de ] - [((AuGrtt) *u a)(z, ')HL;(—LO) :

1 leez\ {0}
Since e~ ™t = E/;(f) holds, where Hy(z) = \/ﬁe—% is the one-dimensional heat kernel on (—1,1),
we have
1 2,2, L 2 P .
/ Yo e e dg = / “ A D Hipma (™ — 1| d¢
1 leez\{0} -1V T \iez
<2\/5+ 2 /1 > Hypwo (¢ + 2k) dC
<2 =+ — t/m?
(2.2) T VTl
2 2
=0/—-+— [ H d
Vo2 [ e
2 2
:2 —

T
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Here we used the Poisson summation formula (cf. Grafakos [25, Theorem 3.2.8])

i Iy eifréz: 2 Ny :i e_mcg
Ve L S rerm. fo- /R Qe d¢

LEZ keZ

for any —1 < z < 1. Hence, again by the property of the heat kernel and the Minkowski inequality for
integration, we have

> e ( / (BnGrr) 1 (Ba)) - e d() ints

LezZ\{0} -1 LP(R4;LT(—1,0))
<[ I(AnG 1) 21 )@ 210
C
< p—— ”G(TH)N *H aHLP(Rd;LT(—l,O))
for T, t > 0. Here we used AHGT+t = (AHG(TJ’_t)/Q) *H GT-‘rt and ||AHG(T+t)/2||L1(Rd) S C(T + t)il.

Therefore, by the Fubini theorem and Proposition 2.1, we have

oo [eS) 0
/ / DDA ( / (Gr 1 (AuGY) *Ha)(-,c>e—’”<d<> et o
0 0

tez\{0} -t L1y

Ry dr
SC/O /0 T4 HG(T+t)/2*Ha||Lp(Rd;Lr(7l7O))7dt

0o poo o~ 1
SC/O /t (T*t) 1; ||GT/2 *H aHLP(Rd;LT(fl,O)) drdt

o [ ([ etrtat) el G
Tl e T 7/2 T Al Le (Rt L (—1,0)) 7

Rl dr
SO/O 7°||Gry2 aHLP(Rd;LT‘(—l,O)) o
< C”a”Bg’l(Rd;LT(—l,O)y
Consequently, we have already obtained
(2.3) 1ASC)all sy eosnr 1oy < Cllallzg meizr <100

for some positive constant C.
(2) We shall estimate 925(-)a. For a = —s/2 < 0, in the same way as in (2.1), we have

||az25(')a||L1(O,T;Bqu(Rd;Lr(—LO)))

T 2,2 1 , 4 p
< C/O /0 75 Z le ™ £t (/ (GTth *H (E(aza)))(.7<‘)e—’t7rfﬁ dé‘) eZTrﬁz at dt

-1 T
ez} Lp(RELE(~1,1))

T 0o 1 5. dr
< C’/ / 75 / Z Lem™ ™ dC ) |G *a (8za)HLp(Rd;L;(—1,0)) 7‘#-
0 Jo —1leez\{0}

In the same way as in (2.2), one can see that

1
2,2, . C
—ml7t aml¢
/_ g Le e d¢ < —\/Z

Lleez\{o}
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Thus by Proposition 2.1 and the Fubini theorem, we have
1625(")

' aHLl(o o0; By 4 (R L7(—1,0)))

s dr
<0 [T [T G @)l g i

<c/ 1/2/ (7 = 01 G 1 (920) | oo 1.0y Tl

o [T ([ -0t ) 16 0o

- dr
e / B(s,1/2) - 7412 |G 411 (0:0) | g r.0y)

-
<C ||3za||35;1(Rd;L;(—l,o)) )
where B(:, ) denotes the beta function.
(3) Since 0;(S(t)a) = A(S(t)a) = Au(S(t)a) + 2(S(t)a), it follows from (1) and (2) that
”at(S(')a)”L1(O,OO;B;}Yl(Rd;L’“(—l,O))) <C (”aHBgJ(Rd;Lg(—l,O)) + ||3za||3;j;1(Rd;L;(q,O))) :
The time continuity at ¢t = 0 follows by

t
HS(t)a — a”Bg,l(RQ;LT(_]wO)) < C/O ”asS(S)a”BgJ(R2;LT(—170)) ds.

O

Proof of Corollary 1.5. (1) Combining (2.3) with the Fubini theorem, we can also establish the estimate
of the Duhamel term as

”AH(Ff)||L1(O,T;Bg‘l(]Rd;L"'(—l,O)))

T rt
<[ AR89, e o

T T
-/ (/ 186 — O s @arir (-0 dt)ds

<Ol omsg, @ (-1,0)) -

The above positive constant C' can be chosen to be independent of T
(2) In the same way as in (2.5), combining (2.4) with the Fubini theorem, we have

H82(Ff)HL1 (0,73B2, (R4 L7 (—1,0)))

/ /Haz t—s)f (s)HBg‘l(Rd;LT(—l,O)) dsdt

(2.6)
:/O (/ 10250 = )£ g osar (1.0 dt) ds
SCUO= Sl Lo, r:307 @207 (~1.0))) -

(3) Since (F'f)(t / S(t — s)f(s)ds satisfies

W(Ff)—AFSf) =,
)

the assertion is an immediate consequence of (1) and (2

3. WELL-POSEDNESS OF THE PRIMITIVE EQUATIONS

This section is devoted to the proof of the well-posedness of the primitive equations, Theorem 1.7.
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3.1. Setup of the contraction mapping. Decomposing v into 7 and ¥, we note that (1.5) is equivalent
to

040+ Av = —PF,(7,7), in R* xR,
8,55— Av = *F2(§7 6), in Q x R+,

(3.1) 9,0=0 on R? x {~1,0} x R,
7(0) = g, in R?,
v(0) = vp, in Q,

where

F1(7,0) =div(u®v)
= divg (T®v) + divyg (v ® V),

Fy(7,v) = div(u®v)

=@ -Vu)u+ (0-Vy)v — vdivg ¥ + divyg (v ® 0) + w(9,0).
We shall apply the Banach fixed point argument for (3.1) in the space Xy x Xvy. For (7,9) € X X Xv,
let ®(v,v) = (Pu(v,v), Pv(v,v)), where
t
(@ (T,0)](t) = e 75 — / e~ U=DAPE (T(s),D(s)) ds,
0

t
@@ D)) = SOF ~ | St - IFa(0(). () ds.
0
In the following, we shall prove that ® is a contraction mapping in the ball
B, = {(v,0) € Xu x Xv; |[v— e | + 7= S0l x, <7, 5(0) =75, 5(0) = o},
for small r > 0.

3.2. Linear theory. We first introduce the maximal L!-regularity for the Stokes equations.

Proposition 3.1 (Maximal L'-regularity of the Stokes equations, cf. |9, 14, 15, 42, 44]). Let s € R,
1<p<ooand 0 < T < oo. Then, for ag € IP)B;J(RQ) and fy € Ll(O,T;IPB;,l(RQ)), there exists a
unique solution vy to
Oyvg + Avyg = fu, n R? x (O,T),
vu(0) = ag, in R?,
with vy € C([O,T);]P’B;l(Rz)) and dyvy, Avyg € L0, T; PB§71(R2)) with the estimate
||UHHL°°(O,T;]P’B;1(R2)) + ||8tUH”LI(O,T;IPB;,I(]Rz)) + HAUH”LI(O,T;PB;I(R?))
< C (llanllppy ey + Wit oo,z sy ) -
Applying this proposition with 7" = oo, we can see that ®y (T, v) solves
(52) 01 (P (T,0) — e 7g) + A(Pu(7,7) — e~ 15) = —PF(3,7) in R? x R,
' (@1 (7,7) — e 7g][,_, = 0 in R?
with the estimate

(3-3) ||¢I—I(i7 5) - eitA%HXH S Cl H]P)Fl(@7 5)||L1(R+;PB;1+2/:D(R2)) .

Here we used the inequality

1000 5) — 0] ooy < ClO@E. )~ ATy r57ma
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by virtue of the zero initial value. Regarding ®v (v,v), applying Corollary 1.5 with d = 2, we can see
that it solves

Oh(®y(9,7) — S(1)5) — A(@y(5.7) - S(1)d) = ~Fo(3,7) in Q@ x Ry,
(3.4) 9. (Pv(v,0) — S(t)v) =0 on R? x {~1,0} x Ry,
[y (5,5) — Sl = 0 in 0
with the estimate
[Py (,0) = S()vollx,

B <o (IRED)

sy sm2/p @201 (- 1,0p) + 10:F2(T, 5)”Ll(W{,i““’(ﬂv;Ll(—1,o>>>) :

3.3. Self mapping property of ®. We show & : B, — B,. for small » > 0. Since
RiRy f 2)
Pf=f+ ,
f=1 @Z ( RoRy !
where Ry and R, denote the Riesz operators, which are bounded in B;,q(R2), it holds that

HPFI(Ev 6)”Ll(RJr;11:>Bﬁ:i+2/P(]RQ)) <C HFl(@aa‘lLl(R+;B;i+2/P(R2)) .

To estimate the right hand side, we use the following type of the bilinear estimate in homogeneous Besov
spaces.

Proposition 3.2 (cf. [1, 15, 42, 44]). (1) Let 1 <p<oo. If f€ Bg(lp(Rd) and g € Bi/lp(Rd), then
fg € Bg/lp(Rd) with the estimate
”ngB;)/f’(Rd) <C ||f||Bz{1P(Rd) “g“gz’f{lp(ﬂgd) )

where C' is independent of f and g.
(2) Letl1<p<2d. Iff e B;}er/p(Rd) and g € Bg’/lp(Rd), then fg € B;}er/p(Rd) with the estimate

HngB;ﬁd/P(]Rd) <C Hf”B;}er/P(Rd) |‘g|‘BZ{1P(Rd) )
where C is independent of f and g.

The following bilinear estimates for the anisotropic spaces B;‘, 1 (R4 L"(—1,0)) hold as well, and the
proof is straight forward.

Proposition 3.3. (1) Let 1 < p < o0. Let1 < rry,rg < 00 satisfy 1/ry + 1/re = 1/r. If
f e BIY(RY: LT (—1,0)) and g € BYF(R%L™2(~1,0)), then fg € BY/P(RY L7(~1,0)) with the
estimate

HngBzY/IP(Rd;LT(,LO)) <C ||f|‘BZ{1p(Rd;LT1(71,O)) Hg”BZ,/f(Rd?LTZ(*LO)) ’
where C is independent of f and g.

(2) Let 1 < p<2d. Let 1 <1y, 15 < oo satisfy 1/ry +1/rp = 1. If f € B, 1 T¥P(R% L7 (~1,0)) and

g€ Bz,/lp(Rd;L“(—l, 0)), then fg € B;}er/p(Rd; L™(—1,0)) with the estimate

”ngB;i‘*'d/P(Rd;Lr(_LO)) <C ”fHBp_j’*'d/p(Rd;Lrl (—1,0)) ||g||Bg(1p(Rd;Lr2(—1,0)) )
where C' is independent of f and g.
By this Proposition 3.3 and the inequality

0
1l pee(—1,0) < /1|8Zf(z)|dz

for f € L'(—1,0) with f =0, we have

HFl(ga fﬁ)HB;i‘W/P(Hp)
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(T —— e N
— —tA—|2 —tA— — —tA— —tA—||2
<C (HU - UO"PBﬁ{f(R?) +le UOHPBE{IP(]RZ) [7—e UOHPBﬁ{{’(R?) +]le UOHPBi{f(R?))
~ ~ 2
+ c <||az1} - aZS(t)UO”Bi/lp(RQ;Ll(71,0))

~ _ . ~ 2
+ ”azS(t)UO“B;(f’(R2;L1(,1)0)) 0.7 — azS(t)UO||B§(113(R2;L1(,170)) + HazS(t)UO||]'32{11)(R2;L1(,1’0))) .
Thus, by virtue of the interpolation inequalities

1/2 1/2
(3.6) 1l s27p aoy < O NN vvarm gy 1A v

for f € PB, 1 **/P(R?) with Af € PB, | **/?(R?) and

oo 1201

(3.7) HangBz/p R2;L1(—1,0)) = <Clgl, B2/P(R2;L1 (— 2/7 (R2;11(~1,0))

for g € B2/F(R? L'(~1,0)) with 829 € B./P(R% L'(~1,0)) and g = 0, we have
H]P)Fl (57 5)||L1(R+;B;i+2/p(]1§2))
<C|fp - 5],

1/2

1/2
L (RyiPB, [ T/P(R?)) |

+C e | }AeitA%”Ll(]R_F;]P’B;}Jrz/p(]Rz)) 7 - eitA%HXH

+C He UOHLoo(RJr;uJJB;“/P(W)) ”Ae_tATOHLl(R+;PB;1+2/P(]R2))
+C 5 - S)dll%,

~11/2 2 1/2 ~ ~
T NSO, p27mwainn 1.0y 125 OBl L a2 o, 1,0 17— SO0l

2g
+C ”UOHLOO(R+ B2/ (R2;L1(~1,0)) H@ UOHL1(RﬁBZ{f(R"’;Ll(fl,O))) :
Thus, for (7,v) € B,, choosing r > 0 to be sufficiently small, we have

o~ r
||PF1(Ua’U)HL1(]R+;B;1+2/17(]R2)) < Ea

where C is a constant appearing in (3.3), provided (g, 7g) is small enough. By (3.3), we eventually
obtain
H<I>H(U,'17)—e v0||XH <

l\D\ﬁ

At the next step, we estimate F»(7,v). We note that the following estimate holds:
||F2(®a ,17)HL1(R+;B§{f(R2;L1(—1,O)))
S NE- Vol e, m2r e o)

IO ViUl e, g2 ges1 -1,0p) 1P (dive m”Ll(R%Bi(f’(Rz;Ll(fl,(n))

divgvd(¢ ) (0.0
L' (Ry;B2/F(R%,L1(~1,0)) H( VR C)( o)

+ HdivH/(\@/@) )|

L (R3B! (R?L1(~1,0))
=hLhi+-+1Iis.
Let (7,v) € B,.. Since it holds by Proposition 3.3 that
H (5 : VH)U”BQ/P(Rle(_l 0))

<O ||’UHB2/p R2;L1(—1,0)) ||AUHPB—1+2/P(R2)

=¢ (”” — SO0l g2 2,21 (1,09 (Ol eftA%)HPB;i““’(R%
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~ — CtA—
+ HS(t)UO”BQ/”(R?-Ll(q 0)) AT —e ”O)HPB;}“/”(R?)
+ o - S( )“0||B2/P(R2 .L1(~1,0)) [Ae™* UOHPB;ﬁz/P(Rz)
+ ||S(t)U0||B;27{1P(R2;L1(7170)) HAe_ %HPB;jJﬂ/P(Rz)) ’
we see that

r
11 < ——
L1 = 206’27
provided r > 0 and (7g, vp) are sufficiently small. Here C5 is specified in (3.5). In the same way as above,
we have

(@ VH)5||B§,/{’(R2;L1(71,0>)
S COlvll g2rp gy 101 graerm o 1.0
<C (7= e Tl 52y 17 = S sy a0y
+11e™ 4T s2rp gay 17 = SOl g2/ e 1 1,0
+ v - eftA%HPB;/lp(Rz) HS(t)%HB;&Z/”(RQ;Ll(fl,O))
+ ||eftA%H]pB§’/1p(Rz) HS(t)%”B;flz/p(R%Ll(—l,O))) :

Thus, by using the interpolation inequalities (3.6)—(3.7) and

1/2 1/2
(3'8) HgHBlJr?/P(Rz L1(=1,0)) = OHQH 2/;7(R2 L1 (—1,0)) ” Hg” 2/p(R2 L1(=1,0))
we have
1o < ——.
12 = 20C
Since
0 (Ve D)l g2 e o 1.0y + ’ dive (Ve “)’ B2/P(®2:11 (~1.0))
<C ||VHUHB2/1)(R2 L1(—1,0)) ||a U”B?/P(Rz :L1(—1,0))
(HVH(U - S(t)vo)”Bi{f(Rz;Ll(—l,O)) Haz(v - S(t)%)”Bz{f(R%Ll(—l,o))
+ ||VHS(t)%||BZ(IP(R2;L1(—1,O)) ”62(5 - S(t)%)”BZ{f’(R%Ll(—l,O))
+ ”VH(%_ S(t)UNO)|‘Bz{f(R2;L1(,1,o)) ||8zs(t)v~0IlBZ{IP(R2;L1(,1’0))
+ HVHS(t)i}VO||B§{11)(R2;L1(7170)) HazS(t)%|‘B;{11)(R2;L1(71’0))> ’
we have

r
Lig+ 114 < —,
1,3 1,4 S 100,

where we used (3.7) and (3.8). Since

H ( /_ 1 divy Edg‘) (0.%)

we have by the same way as I 3 + I; 4 that

<C ||VHv||Bz/p r2.01(—1,0)) 192 vlle/p R2;L1(—1,0))

52
B2/P(R2L1(~1,0))

r
Ii5 < ——.
15 = 200,
Consequently,
r

”FQ(@, 5)”Ll(R+;Bi{f(R2;L1(—1,O))) < E
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We also have to consider
0, F»(1,0) =((0,0) - Vu)u + (T- Vi)(0,0)
+ ((0:0) - Vu)v + (v - Vu)(9:0)
— (diveg 9)(0.3) +w - 923,
which is bounded from above as

||82F2(@, v)HLl(]R+ 1+2/P(]R2 L1(—1,0)))
= (”((azm VIl e o) IO VOO gy 12 oo (1)

+1((8:9) - VHWLI<R+;B;i+2/P<R2;L1(—LO))) +@- VH)@@”Ll<R+;B;i+2/"<R2;L1(—1,0>>>

DO e, 3 nn s+ | ([ dinTac) o2

L1(R+;B’%i+2/p(R2;L1(10))))
=I1+ -+ Ias.
Since it follows from Proposition 3.3 (here the restriction 1 < p < 4 is required) that
10€0:0) - Ve)ull g 1270 (o 11 1,09y + 1@ VIO 1200 (o 12 1 0
<C ||8 ’UHBQ/p(]Rz :L1(—1,0)) ||v||[PBZ/p(R2)

_ —tA—
<C (Haz(ﬂ - S(t)v())||B§{11’(R2;L1(,170)) ||U —€ vOHIP’B;{f(R%

* ”azs(t)%||Bi/f(R2;L1<—1,o)) o - eitAva”]P’B;/f(]R?)
~ ~ —tA——
+ ||82(U - S(t)vo)||B§{11’(R2;L1(_170)) He UOHPB;/IP(Rz)
~ —tA—
+ ||3z5(t)vo||B§(5(R2;L1(_170)) ||6 fUOH]P’Bi(f(R%) 5
we have by (3.6) and (3.7) that
I+ 19 <

120"
Furthermore, since it holds
”((az’ﬁ) : VH)@ (5 : VH)(aza)a (diVH 17)(6217)||B’;}+2/I’(R2;L1(71,0))

<C Hazv||32/P(R2 :L1(—1,0))

we have

r
I I Ior < —.
2,3+ log+ los < 8C,

H (/ divHﬁdC) 0%

For I5 ¢, since

B, TP (R0 (-1,0))

2
<C HU”BZ/” R2;L1(—1,0)) = U||BZ/p(R2 L1(—1,0))
<C (”” —S(t )UO||B2/”(R2 L1(—1,0)) |02 (@ 17(3)”1‘32_/11’(11«2;1:1(71,0))
2 ~
+S( WO”BE{{’(R?;LI(A,O)) [02(v — UO)HBﬁ{{’(R%Ll(q,o))

~ ~ 2 ~
+ HU - S(t>v0HBi({’(R%Ll(—l,O)) Hazs(t)voHBi{f(RZ;Ll(fl,O))

~ 2 ~
+ ”S(t)voHBi{f’(R%Ll(fl,O)) Hazs(t)'UOHB;/IP(RQ;Ll(,LO))) ’
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we have
L6 = 536, 24(]2
provided ||vg|| B2/P (8211 (~1,0)) is sufficiently small. Consequently,
HazFQ(E’5)||L1(R+;B;i+2/p(R2;L1(71,0))) < TZ,Q

Hence
[®v(v,0) — S(t)voll x, <

N)\ﬁ

which implies ®(7,7) € B,..
3.4. Contraction property of ® and the existence. For (v7,01), (U2,02) € B,., where r > 0 is chosen
in the previous subsection, we show

@1 (1, 01) — Pr (T2, v2)| ,, + [PV (1, 01) — Py (T2, v2) |y,
(3.9) 1, -
<3 (Ilor = w2l x,, + 101 — 2l x, ) -

Firstly, we notice that, from Proposition 3.1 and Corollary 1.5, (dv)y = Pu (71, v1) — Pu(vz, v2) solves
0:(6v)g + A(0v)y = P[Fy(T1,01) — Fi(T7,02)] in R? x R,
{(5U)H|t—0 =0 in R?
with the estimate
60Dl s < O IB IR, 31) ~ Fy(5, 520 1 g, ey
and (0v)y = Oy (v1,01) — Py (v3,V2) solves
O (dv)v — A(6v)yv = Fy(v1,01) — Fa(v3,02) in Q x Ry,
9,(6v)y =0 in R? x {~1,0} x R,
(6v)v|t=0 =0 in
with the estimate

H((SU)V”XV <O (||F2(v717171) - FQ(FQ’@)||L1(R+;B§{f(R2;L1(—1,0)))

+ ||8zF2(Uilaﬁi) - azFQ(@; ﬁé)||L1(R+;B;i+2/p(R2;L1(71,0)))) )

respectively. Here,

Fy(v1,01) — F1(02,02) = divyg (U7 ® 77) — dive (72 ® T2) + divy (01 ® 01) — divy (02 ® 02),

FQ(Tlaﬁ) - FQ(Ea{}VQ)
= (v1 - Vu)or — (v2- Vu)vz + (1 - Vi)vi — (2 - Vi)vz

—_~

— [Fadive 7 — Gadiv 3] + dive [57 ® 67 63 © 73
- K R d<> (0.7) - ( [ s dc) (@v})}
—1 —1

0. F(v1,01) — 0. F»(v, 02) = ((9,01) - va — ((0,53) - Vi )Tz

+ (U1 - Vi)(0:01) — (2 - Vi)(0502)
+ ((0;01) - Va)ur — ((9: 172) - V)02
+ (01
-1

and

v1 - Vi)(0:01) — (02 - Vi)(9:02)
(div g071)(0,01) — (le HU2)(0,02)]
+w(v) - 0261 — w(vy) - 0205,
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In the same manner as for the estimate of Fy (7, ) in the previous subsection, we see that

[P [£1 (01, 01) — F1(v2, 7’}5)]”L1(R+;]}"B;)1(R2))

1/2 — 1/2 —_
< (7’ + ||U0||P; 1+2/p (R2) HAB tAvo||L1(R+;PBP}+2/”(R2))> [o1 — UQHXH
1/2 ~11/2 SO
o (r ool BY/P(®2,01(~1,0) ”AS(')UO||L1(R+;Bf,,/f(R?;Ll(—l,o)))) lon =2l

<L (17 = 7l g + 15— )
=40 U1 — V2|l xpy U1 — V2l[xy,) -
Furthermore, we also see that

IF2(r, 01) = Fo@2 02l o gy 527 s (-1.00)

< — (” 1 — 2” + || 1 — 2” )
802 v v Xn v v Xv
and

||8ZF2<U717 ﬁi) - aZFQ(TQ) ﬁé)||L1(R+;B;i+2/p(]R2;L1(71,0)))

< L (o5 —wlly, + 15— Gl
<3q, Pt =Bl + 1191 = %2llx )

provided (Tg, 0g) is small. Consequently (3.9) holds, which implies that ® is a contraction mapping on B,..
Applying the Banach fixed point theorem, we see that (3.1) admits a solution (v,v) € B,. on R4, provided
||%||PB;1+2/,D(R2) and ||17()||B§(1;7(R2;L1(_1,0)) + ”82170HB;}“/P(R?;LI(—LO)) are sufficiently small, which implies

that the existence part of Theorem 1.7 holds.

3.5. Uniqueness. Let v1,v2 be the solutions in the class Xy x Xy sharing the same initial data. As
already seen before, it also holds that

||W - @HXH’T <G ||IED [Fl (Fl’ U~1) - I (@7 ﬁé)]||L1(0,T;IPB;71+2/”(R2))
and
19 = Bl ey < Co (107, 51) = Fo0, 5)l| o 5200 11,01

+ ‘lazFQ(Tla 1}1) - azFQ(TQa ’[}VQ)HLl(0,T;B;&+2/F(R2;L1(—170)))) )

where Xy 1 and Xy r are defined by replacing the time interval Ry with (0,7') in the definition of Xy
and Xy, respectively. From the above discussion, we can see that there exists 0 < T = T'(vq,v3) < 00
such that

||]P) [Fl (ﬁ7 171) - Fl (1)727 172)] ||L1((),T;PBii+2/p(R2))

<0@m”2 -~ | Av] 2

Lo (0,T;PB, 1 7/7 (R2)) LY(0,T:PB, 1T/ P (R?))

__1/2 1/2 [ [f—
+””2HLoo((),T;le'aljﬁz/’o(JRZ)) 147 2”Ll 0.TPB, 1+2/P(R2))> o7 = w2l
~1/2 2~ 1/2
+C (””1”Loo<o,T;B§(f<Rz;L1(_1,o>)> |0z0 ”Ll(o T3B/7 (R2L1(~1,0)))
1/2 1/2 U
+ ||UQHLl(O T;B2/F (R0 (~1,0))) H 2HLl(0,T;B§ff’(R2;L1(—1,o)))) o = U2HXV,T

1 L
< io (177 =l + 15—l , ).
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For F»(7j,0;), we obtain

||F2(1)717171) - FQ(@; 'UQ)HLI(O T- BQ/p(]RQ;Ll(—l,O)))

K 1Ak

=C (”172||L°°(0,T;B§,/5’(R2;L1(—1,0))) + ”UQHLoo(o,T;Bi{f(RZ;Ll(—Lo))) el

LY(0,T;B2/F (R2;L1 (— 1,0)))> por = EHXH,T

+C (”A”T”Ll(o,T;PB;i”“%RZ»

__1/2 —_1/2
+ HvlHLoo(o,T;]PB;“/”(RZ)) ||Av1||L1(0 TPB; 1P (R2))
~1/2 2~ 11/2
+ Hvl"Lm(o,T;Bi,/f(R%Ll ~1,0))) 02 HLl(OTBQ“’ R2;L1(~1,0)))
~ 11/2 -Nlo7 — 05
T2l o szt s (o 148 2||L1<0TB2/p(R2 L1 (- 1o>>>) Ior =22l -

1 SO
< 5 (77 =l + 15 =Bl , )

for small T' = T'(v1, va), provided [[vgl| 5 is small. Here, we used

2P (R2;L1(~1,0))

102(0) | 5272 2. ~1.09)
<I192(t) = 02(0)l| g2/ (o (—1,09) T 102000 g2 2,0 (1,0

< |10y (1) 0<t<T,

HLl(o,T;BE,,/f(R%Ll(fLO))) + HUO”I'B,?{{’(R%L%LO))’

which implies the smallness of ||va]|, .. with small 7. Similarly, we also have

(0,7;B2/F(R%;,L1(~1,0)))

||82F2(m7 61) - aZF2(E7 @)HLI (],T;Bi’/lp(]Rz;Ll(fl,O)))

1/2 1/2 [
<CHvl||Loo(OTB2/p(R2 :L1(—1,0))) || 1||L1(0,T;B§{f(R2;L1(71,0))) ”Ul 7v2||XH,T
1/2 __1/2
< (I ey AT v
~11/2 2~ 11/2
+ ”Ul”L°°(o,T;Bf,,/HR%Ll(—Lo») HazleLl(o T3B,/F (R%L(~1,0)))
~1/2 1/2
+ &I |02

Lo (0,T;B2/7 (R2;L1 (~1,0))) ‘ L1(0,T:B2/F (R%; L (~1,0)))
+ ||171||L°°(O,T;Bz2)/1p(]R2;L1(—1,0)))) : ||1}v1 - @HXV,T

1 o
< 56 (77 =l + 151~ Bl , ).

Consequently we have

. - | - -
178 = T2l s+ 155 = By < 5 (17 = T2l 155 = Bl )

which implies 77 = T3 and 03 = 03 on [0,7]. Repeating the same procedure, we may see that v7 = 3
and U7 = v on [T, 2T]. Thus, repeating this finite times, we obtain uniqueness on every compact time
interval. This completes the proof of Theorem 1.7. O
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