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ABSTRACT. The Gromov-Hausdorff distance is a dissimilarity metric
capturing how far two spaces are from being isometric. The Gromov-
Prokhorov distance is a similar notion for metric measure spaces. In this
paper, we study the topological dimension of subspaces of the Gromov-
Hausdorff and Gromov-Prokhorov spaces. We show that the dimension
of the space of isometry classes of metric spaces with at most n points
endowed with the Gromov-Hausdorff distance is @7 and that of mm-
isomorphism classes of metric measure spaces whose support consists of
n points endowed with the Gromov-Prokhorov distance is %
Hence, the spaces of all isometry classes of finite metric spaces and of
all mm-isomorphism classes of finite metric measure spaces are strongly
countable dimensional. If, instead, the cardinalities are not limited, the

spaces are strongly infinite-dimensional.

1. INTRODUCTION

In geometry and topology, and indeed throughout mathematics, a fun-
damental problem is detecting whether two structures are the same up to
isomorphism. A subsequent intuitive question is the following: how far are
two structures from being isomorphic? A quantitative, more nuanced an-
swer enriches our understanding of the mathematical structures considered.
A prominent example can be found in the study of metric spaces. Let X
and Y be two metric spaces embedded into a common ambient metric space
(Z,d). The first option to compare them is the Hausdorff distance. It is
defined as the infimum ¢ > 0 such that, for every pair of points x € X
and y € Y, there are y, € Y and z, € X satisfying d(z,y,) < € and
d(y, x,) < e. In [6], Gromov removed the dependency on the ambient space
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and considered the distance between two metric spaces X and Y to be the
infimum Hausdorff distance of isometric copies of X and Y into a common
metric space. For the naturality of the approach, he still called it Hausdorff
distance, whereas it is now known as Gromov-Hausdorff distance as a recog-
nition of the important applications he derived with it. Let us mention that
similar concepts can be already found in the earlier papers [3] and [10].

The theory of metric measure spaces followed a similar developmental
path. Given a complete separable metric space, several metrics have been
introduced and studied to compare two Borel probability measures on it.
We refer to [22] for a wide introduction. Among these distances we can
mention, for example, the Wasserstein distances and the Prokhorov distance
(also known as Lévy-Prokhorov distance). The latter is defined as follows:
given two Borel probability measures 4 and v on a complete separable metric
space (X, dy), their Prokhorov distance is

dpr(p,v) =inf{e > 0 | VA € B(X), u(A) < v(A°%) + €},

where B(X) is the Borel o-algebra on X and A° = {z € X | dx(z,a) <
e for some a € A}. Again with an initial contribution of Gromov ([6]), some
of these distances have been extended to compare metric measure spaces,
i.e., complete separable metric spaces with Borel probability measures. In
particular, let us recall the Gromouv-Prokhorov distance, defined as the in-
fimum of the Prokhorov distances achievable by isometrically embedding
the two metric measure spaces into a common complete separable metric
space (the probability measures compared are the push-forwards induced by
the two isometric embeddings). Another distance between metric measure
spaces, which has been played a crucial role in the computational topology
since its introduction in [13], is the Gromov-Wasserstein distance.

In this paper, we focus on the space M of isometry classes of non-
empty compact metric spaces endowed with the Gromov-Hausdorff distance,
sometimes called the Gromov-Hausdorff space, and on the space X of mm-
isomorphism classes of metric measure spaces equipped with the Gromov-
Prokhorov distance, called the Gromov-Prokhorov space (see for the
definition of mm-isomorphism). In particular, we investigate the subspaces
Moy, X, M<, and X<, consisting of objects with finitely many points
and with at most n points, respectively. To investigate their complexity, let
us consider two questions:

(1) What spaces can be embedded into M and X" and their subspaces?
(2) In which spaces can M and X and their subspaces be embedded?

In the intuitive formulation above, we purposely kept the notion of em-
beddability vague because it can be widely interpreted—e.g., topological
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embeddings, bi-Lipschitz embeddings, coarse embeddings ([7])—depending
on the specific viewpoint from which the question is investigated.

Let us consider (1). It is known that the Hilbert cube can be topologically
embedded into M ([9, Theorem 1.3]). It is shown in [8, Theorem 4.1] that
it is possible to isometrically embed in M, (,—1)/2 arbitrarily large balls
of R™ with the supremum metric. Furthermore, every finite metric space
of n points can be coarsely embedded into M<, 1 ([23]). At the cost of
increasing the number of points, in [19], the authors provided an isometric
embedding of any metric space with at most n points into M<g,+1.

To answer question (2) while still increasing the insight around question
(1), dimension notions can be exploited. One of the motivations to intro-
duce a topological notion of dimension was to prove that R™ and R" are
homeomorphic if and only if m = n. We refer to classic monograph [5] for
bibliography and historical notes. Similarly, the Assouad dimension was in-
troduced in [I] to study the bi-Lipschitz embeddability of metric spaces, in
particular fractals, into R™. In [23], the author used asymptotic dimension
([7) and Assouad dimension to study coarse and bi-Lipschitz embeddabil-
ity of M, and M, into Hilbert spaces. Furthermore, it is shown there
that M, cannot be coarsely embedded into any uniformly convex Banach
space. In addition to their intrinsic importance, the motivation for the
study conducted in [23] comes from computational topology. We refer to
[18] for a detailed presentation of further applications of dimension theory
in computational topology.

In this paper, we focus on the topological dimension of M, X and their
subspaces. It was proved in [12] that the Gromov-Prokhorov space X is
bi-Lipschitz equivalent (hence homeomorphic) to X with the box distance
introduced by Gromov ([6]). For technical reasons, we endow X with the
box distance (see §2.2). Let dim X denote the covering dimension of X.
Note that M and X are separable metric spaces (see [17, Proposition 43]
and [20, Proposition 4.25] for the separability of M and X, respectively),
and so the covering, the small inductive and the large inductive dimensions
coincide ([5, Theorem 1.7.7]). We prove the following result.

Theorem A. dim M, = "1 and dim X, = 2200,

Therefore, M, and X-,, cannot be topologically embedded into any
space whose dimension is strictly smaller than ”("2_1) and ("+2)2("_1), respec-
tively. As another consequence of Theorem [A] M., and X, are strongly
countable dimensional, i.e., each of them can be represented as a union of
countably many finite-dimensional closed subspaces. To obtain Theorem [A]

we prove that subspaces M|, and &}, of M and X" consisting of objects




4 H. NAKAJIMA, T. YAMAUCHI, AND N. ZAVA

with precisely n points are homeomorphic to quotient spaces of subsets of
n(n-1) (n+2)(n—1) .

R™ =2 and Rz , respectively (see Corollary .
Furthermore, we show the following result, which is similar to the case of

M due to [9].
Theorem B. The Hilbert cube can be topologically embedded into X .

Hence both M and X are strongly infinite-dimensional (see [5, Theorem
1.8.2, Definition 6.1.1 and Proposition 6.1.3]), and in particular, they are not
countable-dimensional, i.e., each of them cannot be represented as a union
of countably many finite-dimensional subspaces ([, Theorem 6.1.10]). Note
that M., and X_,, are dense in M and X, respectively (see [20, Proposition
4.20] for X).

The paper is organised as follows. In Section [2, we provide the needed
background definitions and results concerning the Gromov-Hausdorff dis-

tance (§2.1)), the box distance (§2.2) and the covering dimension (§2.3). In
Sections [3] and 4, we prove Theorems [A] and [B] respectively.

2. BACKGROUND AND DEFINITIONS

Let N denote the set of all strictly positive integers. Given a metric space
(X,dx), * € X and ¢ > 0, let us denote by By, (z,e) the open ball in
(X, dx) around z with radius e.

2.1. Gromov-Hausdorff distance. Let (X,dx) and (Y,dy) be metric
spaces. For a relation R C X x Y, the distortion of R, denoted by dis R, is
defined by

disR = sup |dx (21, 22) — dy (y1,y2)|
(z1,91),(z2,y2)€R
if R# (0, and disf) = 0. A subset R C X x Y is called a correspondence
between X and YV if RN ({z} xY) £ 0 # RN (X x {y}) for every (z,y) €
X xY. Let R(X,Y) denote the all correspondences between X and Y.
Let dgy denote the Gromov-Hausdorff distance (see [2, Definition 7.3.10]).
Then the following holds (see [2, Theorem 7.3.25)):

den((X, dx), (Y. dy)) = % Jf | disE

Let M denote the metric space of all isometry classes of non-empty com-
pact metric spaces endowed with the Gromov-Hausdorff distance dgp (see
[2, Theorem 7.3.30] for the fact that dgpy is a metric on M), and for n € N,
let Mp, (resp., M<,, M) denote the metric subspace of M consisting
of all isometry classes of metric spaces with precisely n points (resp., at
most n points, finite points). We refer to [21] for properties of M and its
subspaces.
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Convention 2.1. When we say that X is a metric space, X is assumed to
admit a metric dx unless otherwise stated. We use [X, dx] (or [X] when
there is no confusion) to denote the isometric class of (X, dx).

2.2. Metric measure spaces and box distance. By a metric measure
space (X, dx, px), we mean a non-empty complete separable metric space
(X,dx) with a Borel probability measure px on X. The support of ux,
denoted by supp px, is the set of all x € X such that pux(U) > 0 for every
open neighborhood U of z.

Let (X, dx, ux) and (Y, dy, py) be metric measure spaces. They are said
to be mme-isomorphic if there exists an isometry f: supp ux — supp py
such that f,ux = py, where f,ux denote the push-forward measure of px
by f defined by f.ux(B) = ux(f~(B)) for each Borel subset B of Y.

A Borel measure m on X x Y is said to be a coupling (or transport plan)
between px and py if its marginals are px and py, i.e., if 1(AXY) = pux(A)
and (X X B) = py(B) for any Borel subsets A and B of X and Y,
respectively. Let II(ux, py) denote the set of all couplings between px and
py . Let OJ denote the box distance (see [20, Definition 4.4]). Let F(X xY)
denote the set of all closed subsets of X x Y. Then the following holds [10,
Theorem 1.1]:

(2.1)

O(X, dx, pux), (Y,dy, py)) = weHI(r;ngl,py) Se}l(l)l(flxy) max{l — 7(S5), dis S}.
While we refer to [16, Theorem 1.1] for the details, we briefly mention that
the existence of the minimizer in follows from the facts that II(ux, py)
is compact with respect to the weak convergence and that F(X x Y) is
compact with respect to the Kuratowski-Painlevé convergence.

Convention 2.2. When we say that X is a metric measure space, X is
assumed to admit (a metric dy and) a Borel probability measure py. We
use [X,dx,px] (or [X] when there is no confusion) to denote the mm-
isomorphic class of (X, dx, ux). Since a metric measure space X is mm-
isomorphic to the metric measure space supp pux with the restricted metric
of dx and the restricted measure of py, we also assume that X = supp ux
unless otherwise stated.

Let X denote the metric space of all mm-isomorphism classes of metric
measure spaces endowed with the box distance O (see [20, Theorem 4.10]
for the fact that J is a metric on X’), and for n € N, let &}, (resp., X<,,
X-.) denote the metric subspace of X’ consisting of all mm-isomorphism
classes of metric measure spaces with precisely n points (resp., at most n
points, finitely many points).

Remark 2.3. 1t is worth explicitly mentioning that M and X are sets be-
cause their objects are separable. Furthermore, the box distance always
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returns finite values (see Fact [2.4)), therefore, there is no need to restrict
the family of objects considered. This situation is very different from the
classical setting of the Gromov-Hausdorff distance. Indeed, the Gromov-
Hausdorff distance between spaces that are not necessarily bounded can be
infinite. Compactness is further required to show that two objects have
Gromov-Hausdorff distance 0 if and only if they are isometric.

The box distance cannot be used to compare objects whose metrics are
very different from each other. Indeed, the box distance is trivially bounded
by 1, which is obtained by considering the empty relation in (2.1)). A more
precise upper bound can be achieved.

Fact 2.4. Let (X,dx,pux) and (Y,dy,puy) be two metric measure spaces.
Then,

O(X, ) < 1= mindimax (), mas o ({y})}

Proof. Since pux(X) = py(Y) = 1, we have two points T € X and 57 € YV

such that px({7}) = max, pux({z}) and py ({7}) = max, u({y}). Consider
7’ the Borel measure on X x Y defined by

©'(B) = min{px({7}), ny ({¥})} - 0@ (B)
for every Borel set B of X x Y, where ¢z indicates the probability mea-
sure of X x Y whose mass is concentrated on the point (Z,7). Since 7’
is trivially a subtransport plan between pux and py (i.e., for every A C X
and A’ CY, 7"(AxY) < ux(A)) and 7'(X x A") < py(A4’)), there exists
7 € (px, py) such that 7'(B) < w(B) for every Borel subset B of X x Y
(see, for example, the proof of [20, Proposition 4.12]). Clearly, 7({(Z,7)}) =
min{pux({Z}), uy ({y})}. By considering the relation S = {(Z,7)}, the de-
sired upper bound is attained. U

Example 2.5 (The box distance captures only the small-scale geometry).
For every t > 0, define X; = ({0, 1}, dy, ptunit), where d;(0,1) = ¢, and prynir
is the uniform probability measure. With abuse of notation, X, denotes the
metric measure space with only one support point. Then,

O(Xs, X;) = min{|t — s|,1/2}.
Proof. According to Fact O(Xs, X;) < 1/2. Furthermore, the diagonal
relation A = {(0,0), (1,1)} and the coupling 7 defined as
1 1
7T<B) = 56(070) (B) + 5(5(171) (B)

for every Borel set B of X x X shows that O(X,, X;) < disA = |t — s].
If O(Xs, X;) < 1/2, then it is easy to see that the relation S realising the
minimum in ([2.1)) is a correspondence. Every correspondence contains either
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the diagonal A or the antidiagonal A’ = {(0,1),(1,0)} whose distortions
are |t — s|. Therefore, dis S > |t — s|. O

In particular, from some point on, the box distance fails to detect the dif-
ference between the two metric measure spaces. For example, (X, X;) =
1/2 for every t > 3/2.

We refer to [11] for a thorough discussion of topological properties of X

2.3. Covering dimension. Let X be a metric space and U be a family of
subsets of X. We say that the order of U is at most n if, for every z € X,
there are at most n+ 1 distinct elements of U containing x. Another family
V of subsets of X is said to refine U if, for every V € V, there is U € U
such that V C U.

Definition 2.6. Let X be a metric space and n € N U {0}. Then, its
covering dimension is at most n, and we write dim X < n, if every finite
open cover U of X admits a finite open cover V that refines & and whose
order is at most n. If no such n exists, we say that the dimension of X is
infinite, and denote it by dim X = oo.

Let us collect a few facts that will be used in the sequel. For the sake
of simplicity, we do not state the results in full generality, and instead we
refer to the monograph [5].

Fact 2.7 (see [3, Theorem 3.1.19]). Let f: X — Y be a topological embed-
ding between metric spaces. Then, dim X < dimY . In particular, if X and
Y are homeomorphic, dim X = dimY .

Fact 2.8 (see [5, Theorem 1.8.3]). For every n € N, dim R™ = dim[0, 1]" =
n.

Fact 2.9 (see [5, Theorem 3.1.8]). If a metric space X can be represented
as the union of a sequence { Fy }ren of closed subspaces such that dim Fy, < n
for any k € N, then dim X <n.

We will also use the following fact, which is obtained from [I5, Theorem
4.1].

Fact 2.10. If f: X — Y is an open surjection between metric spaces such
that each fiber f~(y), fory € Y, is finite, then dim X = dimY’.
3. DIMENSION OF GROMOV-HAUSDORFF SPACES AND BOX METRIC

SPACES

For a set A, let #A denote its cardinality. For k£ € N and for sets A and
B, let [B]* and B# denote the set of all subsets of B with precisely k points
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and that of all maps from A to B, respectively. For f € B4, let Gr f denote
the graph {(z, f(z)) € Ax B|x € A} of f.
For a metric space X, define its separation (see, for example, [14]) as the
value
X = min dx(z,a).
X = Bl e )
Lemma 3.1. Let [X],[Y] € X, and 7 € U(ux, py). Suppose that S C
X XY satisfy dis S < sep X and one of the following conditions holds:

(a) S is a correspondence,

(b) w(S) > 1 —min,ex ux({z}).

Then, there exists an injection f: X — Y such that Gr f C S. Moreover,
if #X = #Y, then f is bijective and S = Gr f.

Proof. For each v € X, set S, ={y € Y | (x,y) € S}. First, we show that
S, # 0 for every x € X. If S is a correspondence, then the claim obviously
holds. Suppose that m(S) > 1 — min,ex pux({z}) and let = € X. Since
7 € M(px, py), we have m({z} x Y) = pux({z}), and hence

px({z}) 2 min px ({2})
>1—=n(S) =a((X xY)\S) 2 a(({z} xY)\ ({z} x 5:))
=n({z} xY) —7w({z} x S) = px({z}) — 7({z} x 5a),
which implies 7({z} x S;) > 0, and thus S, # 0.
Then there exists a map f: X — Y such that f(z) € 5, for every x € X.
For each y € Y, since dis S < sep X, we have #{x € X | (z,y) € S} < 1.
Hence, if 2,2’ € X and x # 2/, then S, NS, = (), and thus f is an injection.

Moreover, if #X = #Y, then f is bijective and S, = {f(z)} for every
x € X, and thus § = Gr f. U

In what follows, we fix n € N. A subset A of a topological space X is
called an Fj-set of X if A is a countable union of closed subsets of X.

Fact 3.2. (1) M<, is closed in M., and My, is an F,-set of M,,.
(2) X<y, is closed in Xy, and Xy, is an F,-set of X,,.

Proof. We give a proof of (2) for the sake of completeness. Item (1) can be
proved similarly.
Let [X] € X, \ X<, and put

d = min {ser, ml)rflux({z})} > 0.
zE

To show that Bn([X],0) N X<, = 0, let [Y] € Bp([X],d) N X,. Since
O(X],[Y]) < 0, there exist m € II(ux,py) and S C X x Y such that
max{1 —7(S5),dis S} < §. By Lemmal3.1] there exists an injection f: X —
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Y, and hence #Y > #X > n. Therefore [Y]| ¢ X<,. Thus Bn([X],d) N
Xep =0, and X<, is closed in X_,,.

Note that X[n] = Xgn \ Xgnfl = Xgn N (X<w \ Xgnfl). Since X<w \ Xgn,1
is open in the metric space X, it is an F,-set of X, (see [4, Corollary
4.1.12]). Thus &}, is an F,-set of A, O

Lemma 3.3. Let [X],[Y] € &}, m € H(ux, py) and 6 > 0. Suppose that
there exists a bijection f: X — Y satisfying 1 — w(Gr f) < 6. Then,

max |px ({2}) — py ({f(2)})] < 6.
Proof. Let z € X. Since Gr f N (X x {f(x)}) = {(x, f(x))}, we have

py ({f(2)}) = px({z}) = (X x {f(2)}) = n({z} x Y)
< (X {f (@) ) \ Az, f(2))})
— (X % () \ Gr f)
<H(X xY)\Grf)=1—n(Grf) <

Similarly, ux({z}) — uv({f(2)}) <. 0
For each k € N, we regard k as the set {0,1,...,k—1}. Let

Ry, = {r € (0,00)"" | for any {i, j,k} € [n]*, r({i,k}) < r({i,5}) +r({j,kD)}.

Note that #[n]?> = n(";l). Let A° , denote the interior of the (n — 1)-
dimensional simplex, which is regarded as the set of all s € (0,1)” such that
Y icn 8(i) = 1. We assume that R,, A;_, and R, x A;_, are equipped with
the supremum metrics.

Let Sym(n) be the symmetric group on n. Then each o € Sym(n) induces
the map o: [n]? — [n]%; A — o(A). Define equivalence relations ~gg on

R, and ~, on R, x A;_, as follows:

e For r,7’" € R, r ~gy ' if and only if there exists o € Sym(n) such
that " =roo.
e For (r,s),(r,s') € R, x AY_ y (r,s) ~yp (', ¢") if and only if there
exists o € Sym(n) such that ' =roo and s’ = soo.
For r € R, (resp., (r,s) € R, x AY_,), let [r]~, (resp., [, s]~,) denote the
equivalence class of r (resp., (r, )) with respect to ~gg (resp., ~;). Note
that #[r]~., < n!and #[r, s]., < n! for every (r,s) € R, x A?_,
Let R,/~cy and (R,, X A%_l)/’vb be the quotient spaces and qgr: R, —
R,/~¢u and q,: R, x AS_| — (R, x AY_,)/~y the natural quotient maps.

Remark 3.4. The maps gy and g, are open. Indeed, for each o € Sym(n),
the map o*: R, x A | — R, x AY_,;(r,s) — (roo,soo) is an isom-
etry, and for every open subset U of R, x A2_,, we have g, '(q(U)) =
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Usesymny " (U), which is open in R, X A7 _;. Hence g, is open. Similarly,
qcoH 1S open.

For r € R,,, let d, denote the metric on n defined by

- 0 ifi =
dr(za]): .. P .7
r({t,J}) i #j
for i,j € n. For s € AY_,, let u, denote the probability measure on n
defined by ps(A) = > ,.4s(i) for A C n. Then supp s = n. Define
Sop: Ry, — My and @40 R, x A} _| — Xy by

(I)GH<T) = [n,dr], r e Rn,
Dy(r,s) = [n,d,, us], (r,8) € R, x A)_.

Lemma 3.5. The maps Pay and @y, are Lipschitz open surjections such that

Con({Qan(r)}) = [Mlagy and @, ({@4(r,5)}) = [r, 5], for every (r,s) €
R, x AY .

Proof. First, we show that &5y satisfies the above conditions. It is easy to
see that gy is surjective and ®5,;({Par(r)}) = [F]agy for every r € R,,.
Let dp, be the supremum metric on R,. To show that ®5y is Lipschitz, let
r,r’" € R,. Let D = {(i,7) | i € n}. Then, D is a correspondence between
(n,d,) and (n,d,) and

don(®an(r), ®on(r")) < 3 dis D = 2 sup |d, (i, ) — dp(i, )]

2 1,JEN
1 sup |r({i,j}) — " ({i,7})]

2 (i, jyen)?

1
= §an(7’, ).

Hence &gy is %—Lipschitz.

To show that ®gp is open, let O be an open subset of R, and [X]| €
Oy (0). Take ry € O such that ®gy(rx) = [X]. Take 6 > 0 such that
Ba,, (rx,6) C O and 6 < §ming j1em2 7x ({4, j}). To show By, ([X],6) N
My C Pau(0), let [Y] € Bag,, ([X],0) N My, Since ®gy is surjective,
there exists ry € R, such that &gy (ry) = [Y]. Since

dau([n, dry); [0, dry]) = don(Pan(rx), Pan(ry)) = dau([X],[Y]) <9,
there exists S C n x n such that %disS < d. Then,

disS <20 < min rx({i,5}) =sep(X,d.y).
{i.item)?
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Hence, by Lemma [3.1] there exists a bijection o: n — n such that S = Gro.
Then o € Sym(n) and

max |rx({i,j}) —rv(o({i,j})] = max |dp(i,5) = dr, (0(),0(j))]
{ij}en]? {i.jtem]?

=disGro < 4.

Therefore, dg, (rx,ry © 0) < d, which implies ry o 0 € Bq, (rx,0) C O.
Since ry 0 0 € [ry]ewy = Pak (Par(ry)), we have

[Y] = CI)GH(TY) = (I)GH<7"Y o 0) S CI)GH(O).

Hence, By, ([X],0)N M C @ar(O). Thus, gy (0) is open in My, and
Py is open.

Next, we show that &, satisfies the conditions in the statement. It is
easy to see that ®, is surjective and ®,'({®4(r,s)}) = [r,s]., for every
(r,s) € R, x A?_,, and it follows from [20, Lemma 4.24] that ®, is 3n-
Lipschitz.

As in the previous argument, we can show that ®; is open. Indeed, let O
be an open subset of R, x A?_; and [X] € ®,(O). Take (rx,sx) € O such
that ®(rx, sx) = [X]. Let dw be the supremum metric on R, x A?_; and
take ¢ > 0 such that By_((rx,sx),0) C O and

d <min{ min
{ij}eln

L 7}), minsx(0)}-

To show By([X],d) N &}y € 4(0), let [Y] € Bo([X],6) N Ay. Since dy
is surjective, there exists (ry, sy) € R, x Ay _; such that @, (ry, sy) = [Y].
Since

D([n> d?”xa:“Sx]v [n7d7'Y?lu5Y]) = D(q)b(TXvsX)ﬁ (I)b(rY7SY)) = D([X]v [YD <9,

there exist m € (s, , pts, ) and S C nxn such that max{1—=(95),dis S} <
0. Then,
disS <d< min rx({i,j}) =sep(X,d,,) and
{i.gyeln)?
7(S)>1—-0>1—minsx(i) =1-— r%inusX({i}).

en

Hence, by Lemma [3.1] there exists a bijection o: n — n such that S = Gro.
Then o € Sym(n) and

max |rx({i,j}) —ry(c({i,j}))| = max |d,(i,7) — dr, (0(i),0(4))]
{i,5}€n)? {i,5}€[n]?
=disGro < 6.

Since 1 — 7(Gro) < 6, by Lemma (3.3 we have
mac s (i) — sy (0(0)] = mase |y ({7)) — ey ({0 0)})] < 6
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Therefore do((rx, Sx), (ry 0 o, sy o o)) < §, which implies
(ry oo,syoo) € By ((rx,sx),0) C O.
Since (ry 00,8y 00) € [ry, Sy]~, = @gl(q)b(ry, sy)), we have
Y] = ®p(ry, sy) = Pp(ry o g, sy 0 a) € (0).

Hence Bn([X],0) N &}y C $4(0).
Thus ®,(0) is open in A}, and @y is open. OJ

Corollary 3.6. The spaces My, and X}, are homeomorphic to R,/~cu
and (R, x AS_,)/~y, Tespectively.

Proof. By Lemma 3.5 ¢y and ®,,_are quotient maps (see 4] _Corollary
2.4.8]) and induce homeomorphisms Y : R, /~gy — M, and @: (R, X
A? 1) /~p — X, Tespectively (see [4, Proposition 2.4.3]). O

Lemma 3.7. dim R,, = ”("271) and dim(R, x A®_|) = —(”“)2(”*1)‘

Proof. Note that [1,2]"* ¢ R,, since for any r € [1,2]"” and {i, j, k} € [n]?,

we have r({i,k}) <2 < r({zﬁ) + rﬁ, k}). Since [1,2]"" ¢ R, c RI?’

and #[n]? = @, by Facts [2.7| and [2.8 we have

n(n—1)

—1
o =dim[1,2]"" < dim R, < dimR"* = n{n —1)

2

and hence dim R,, = "("2_1). Similarly, since [0, 1] e (homeomorphic

to [1,2]"* x [0,1]*"!) can be topologically embedded into R, x A°_, and

(n+2)(n—1)
2

R, x A?_, can be topologically embedded into R (homeomorphic
to RI”* x R 1), we have dim(R, x AS_,) = 2D, O

Lemma 3.8. dim R,,/~¢gy = "("2_1) and dim(R,, X AS_ )/~ = w

Proof. By Remark[3.4] the quotient maps gep: R, — Ry/~cm and g2 Ry, X
A . = (R, x AS )/~ are open. Note that each fiber of goy and g,

contains at most n!-many points. Thus, according to Fact and Lemma
we obtain the conclusion. O

By Corollary [3.6] and Lemma [3.8], we obtain
Theorem 3.9. dim M, = "(”2_1) and dim X,) = W
From Theorem [3.9] Theorem [A] stated in the Introduction follows.

Proof of Theorem r By Theorem and Fact we have dim M,, >

@. By Fact |3.2| and Theorem , M, can be represented as a count-

able union of closed subspaces with dimension at most

n(n—1)
—5—. Hence, by
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Fact , we have dim M<,, < @ Thus dim M,, = "("2_1). Similarly,

(n+2)(n—1) 0

we see that dim X<,, = 5

A topological space X is said to be strongly countable-dimensional if X
can be represented as a countable union of finite-dimensional closed sub-

spaces. By Fact and Theorem [A] we have the following.

Corollary 3.10. M_,, and X, are strongly countable-dimensional infinite
dimensional spaces.

As a by-product of Corollary [3.6] we have the following:
Corollary 3.11. The space My, can be topologically embedded into Xj,).

Proof. Let s, be the barycenter of Ay ;. Then the map ¢: R, — R, X
AS ;1 — (1, 8) induces a continuous injection @: R, /~cux — (R, X

A 1)/~ defined by @(qeu (1)) = q(@(r)) for every r € R,,. Let us repre-
sent the situation in the following diagram:

R, 7 R, x A%,
(IGHj l%
Ro/~cn o (Ry X AS_)) )~

Note that @ is well-defined. Indeed, if r ~gg 7/, then (7, sp) ~y (17, 5p) since
sp is the barycenter of Ay _,.

To show that @: R,/~egu — ®(R./~cu) is open, let U be an open
subset of R, /~gr. Then ¢(qg7;(U)) is open in p(R,) and there exists an
open subset V of R, x A°_, such that V N p(R,) = ¢(q55(U)). Then
(V) is open in (R, x AY_;)/~y (see Remark . Here, we claim that
0%(V) N@(By/~cu) = 9(U). To show that ¢,(V) N @(Rn/~cu) C 2(U),
let a € (V) NB(R,/~cr). Then there exist (r,s) € V and 7 € R,
such that ¢,(r,s) = a = @(qau (1)) = @(p(r")) = ¢ (', sp), and there exists
o € Sym(n) such that r = oo and s = s,00. Since sy is the barycenter, we
have s = s, 0 0 = sp, and hence (r,s) = (r, sp) = ¢(r) € ¢(R,,). Therefore,
(r,s) € VN (R = ¢lggy(U)), and a = q(r,s) € alelggy(U))) =
?(gen(gen(U))) = $(U). The inclusion g(V) N P(R,/~cu) D B(U) is
straightforward. Thus ¢,(V) N@(R,/~cu) = @(U). Hence (U) is open in

?(R/~cn)-
Thus P is a topological embedding, and the conclusion follows from Corol-
lary O

Question 3.12. Can M (resp., M, M<,) be topologically embedded into
X (resp., Xew, X<n)?



14 H. NAKAJIMA, T. YAMAUCHI, AND N. ZAVA

In the following remark, we briefly discuss how even simple cases of Ques-
tion [3.12] do not immediately follow from Corollary [3.11}

Remark 3.13. The embedding f,,: M, — &} corresponding to @ in Corol-
lary is defined as f,([X,dx]) = [X,dx, ux], where py is the uniform
measure on X. Note the embedding f;: My — A&jy cannot be extended
to a continuous map M<y — X<y. Indeed, let X = {—4,0,1,3}, V), =
{0,1,3,3 + %}, k € N, and A = {0, 1,3} be metric subspaces of R. Then
both sequences {[Xy|}r and {[Yx] }x converge to [A] in M<y. But { f4([Xk]) }«
converges to [A,da, 1], where 1y ({0}) = £ and i ({1}) = m({3}) = 1,
and {fi([Ys])}r converges [A,da, po], where p5({0}) = po({1}) = ; and
pi({3}) = 5. Thus {f2([Xk])}x and {fa([Yx])}x converge to different points
in X<4.

4. PROOF OF THEOREM [Bl

For the sake of convenience, we first give a direct proof of the following
theorem, which is obtained from [9, Theorem 1.3].

Theorem 4.1 ([9]). The Hilbert cube [0,1]N can be topologically embedded
into M.

Proof. For t € [0,1]", let
(4.1) Cr={(0,0} U J{27} x [0,27"(1 +t(i))))

ieN
with the metric d; induced by the ¢;-metric on R? (see Figure [1| for a rep-
resentation of the space). Define tgg: [0,1]N — M by g (t) = [Cy, dy] for
t € 10,1,
To show that (g is injective, let s,t € [0,1]" with s # ¢t. Then there
exists ¢/ € N such that s(i') # t(i'). We may assume s(i’) < t(i') without
loss of generality. Then (277+2 277 (1 4 (")) € C,,

di((0,0), (272,27 (14 1)) = 272 + 27 (1 + 1(i))

and there is no point = € Cj satisfying d,((0,0),z) = 277+2 4 277 (1 4 t(i'))
(note that an isometry between C; and Cs must associate the two copies of
(0,0)). Hence Cy and C; are not isometric and tgp(s) # tgu(t). Thus tgy
is injective.

To show that (g is continuous, let ¢ € [0, 1]N and € > 0. Choose iy € N
such that 27% < . Put

[e.e]

U:ﬁB(t(i),s)x I 0.1,

i=1ig9+1
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2—i+2 ‘
Ci 9—itl,
27i+1 ‘
271‘ 2_Zt2 [
9—i—1 27 [
o
(0,0) " 9—i+1 9—it+2 9—it+3

FIGURE 1. A representation of the space C; defined in the
proof of Theorem [£.1]

where B(z,¢) is the open ball in [0, 1] around x with radius . Then U is a
neighborhood of ¢ in [0, 1]N. Let s € U and let dg be the Hausdorff distance
with respect to the ¢;-metric on R2. Then we see that

der(ten(s), weu(t)) < du(Cs, Cy) <&,

and hence (gy is continuous.
Since [0, 1] is compact, gy is a topological embedding. O

Proof of Theorem[B. For t € [0,1]N, let (Cy, d;) be the metric space defined
in (4.1). We define a Borel probability measure p; on C; as follows: Let v
denote the Lebesgue measure on [0, 1]. Let i € N and define a Borel measure
pi on (0,27 (1 + ()] by
v(A)
(A= 22

i) = 750
for each Borel subset A of [0,27%(1+¢(7))]. Then p;([0,274(1+¢(:))]) = 27,
For a Borel subset B of C}, let
(4.2) B ={x €[0,27"(1 +t(i))] | (27" z) € B}.

Define a Borel measure p; on C; by
m(B) = ZMt,i(Bi)
i=1

for each Borel subset B of Cy. Then v,(C}) = 1 and supp vy = C.

Define ¢: [0, 1] — X by (t) = [Cy, dy, ] for ¢ € [0,1]N. By the same
reason as in the proof of Theorem tp 1s injective. Therefore it suffices
to show that ¢, is continuous. Let ¢ € [0,1]N and € > 0. Choose i,,m € N
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1

such that 27 < 7 and - < %, and define a neighborhood V' of ¢ by

V =11, Balt(i ,5) x T2 1[0, 1]. Let s € V. Note that
(4.3) Vi € N, 271s(i) — t(i)] < Z
We show that O((Cy, dy, i), (Cs, ds, 115)) < €.

Fixi € N, u € {s,t} and 7 € m, and put

271 +u(i))j 271 +u(@))(j+1)

]ui j —
B2y m m
Then,
2741 ) 1
(4.4) diamy I, ; = 27 (1 + u(i) <<=
m m 4
and
(4.5) (i) = —
. Moy i\ Li5) = le

Let 7; j be the restriction of the product measure of ji,; and g ; to I, ; ; X
I; ;. For a Borel subset A of Cs (resp., A" of C}), AiN Iy, ; (resp., AiN 1, ;)
is a Borel subset of I, ; (resp., I;;;), where A; (resp., A}) is the subset of
0,271 + s(z))] (resp., [0,27%(1 +t(4))]) defined in ([4.2), and we have

psi(Ai N g, 5)
i (AN L) X I ) = 2im :

(AN L
Tij(Isij X (AN 1 5)) = W

Unfix i € N, u € {s,t} and j € m. For a Borel subset B of Cs x C}, i € N
and j € m, let
Bij={(z,y) € Ii;; x Ii; | (2777%,2), (2772, y)) € B},
and define a Borel measure m on C, x C; by

m(B) = Z Z 2m i (Bij)

i€EN jem

Y

for each Borel subset B of Cs x C;. Then 7 is a coupling between u, and
1:. Indeed, for a Borel subset A of C, we have

T(AxC) =YY 2mm;((Ax Cyiy)
€N jem
= Z Z 2'mm; (AN L g) X L)

€N jem

= Z Z Ns,i(Ai N Is,i,j) = Z Ns,i(Ai) = MS(A),

1€EN jem i€EN
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and similarly, 7(Cs x A’) = py(A’) for every Borel subset A’ of C;.
Let 2772 =0, s(00) = t(00) = 0, Mmoo = 0 and I 0 = 1000 = {0} for
the sake of convenience, and put

s= U Ul x L) x {27 x L)

1€ENU{o0} JEM
= {((0,0), 0,0y U J U 27} x L) x ({2777} X Lugg).

Then S is a closed subset of Cs x C; and, by (|4.5] .

ZZT'NITF%J 1] ZZleﬂ-lj<[s’L]X]t’L])

(4.6)

€N jem i€N jem
E 2 % E E

_ Qm/«LSz] S’Lj Mt’l] Itl] 21
€N jeEmM €N jeEmM

In order to see that O((Cy, dy, i), (Cs, ds, pis)) < €, it remains to show that
dis S < e. For this purpose, let (zo,%0), (x1,51) € S. Then, by (4.4) and
(4.6), for k& € 2 there exist i, € NU {oo}, ji € m;, + 1 and ax, bx € [0, %)

such that
Ty = <2—1k+2’ ( +S(7’k))jk +ak) and
m
: 27 (1 + t(i))]
Yp = <2—zk+27 ( + (Zk))jk‘ + bk> ‘
m
Then
] ) 2720 1 . . 271/1 1 . .
N = E G LUy LI E= A o
m m
< ) 270 (1 4+ ¢ 270 (1 4+ t(i1))j
dt(y(],yl) — ’2720%*2 - 2*741+2| 4 ' ( —Ilr—n (20)) bO . < ( _’T_n/ (7’1))]1 + bl) ‘ )

Since |la —d'| — |b = V|| < |a — b + |a’ — V| for any a,d’, b,V € R, by (4.3)
we have
|ds(zo, 21) — di(Yo, Y1)
27 (1 0))J 270 (1 4+ t(ig))J
‘ (Lt s(io)do |\ _ ( (1 + (io))jo +b0)‘
m m
2-11(1 + (i) 2= (1 + t(i1))
[P ()

m

<

<27s(ip) — Wo)’%O + lao = bol + 27" [s(in) — t(i1)|% T laa =B

<Sifyfict_
4 4 4 4
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Therefore dis.S < e. Thus ¢, is continuous, and it is a topological embed-
ding. U
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