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ABSTRACT. We study a level-2 large deviation principle (LDP) by periodic
orbits for subshifts beyond the classical specification framework used by Kifer.
We provide two criteria for periodic-orbit LDP beyond specification. The
first is formulated in terms of the periodic almost specification property intro-
duced by Thompson. The second is based on countable Markov extensions and
entropy-dense liftable invariant measures. The first criterion applies to sev-
eral classes of subshifts beyond specification, including S-shifts, S-gap shifts,
and the non-intrinsically ergodic examples of Kwietniak—Oprocha—Rams. The
second applies to certain classes of symbolic coding spaces of piecewise mono-
tonic interval maps, including those associated with (o, 8)-transformations and
generalized S-transformations.

Keywords: large deviation principle; periodic orbits; subshifts; periodic al-
most specification property; countable Markov extensions; symbolic dynam-
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1. INTRODUCTION

Large deviation theory provides a quantitative description of the expo-
nential rarity of atypical statistical behavior of orbits in dynamical systems.
We briefly recall the general notion of a large deviation principle. Let X
be a compact metrizable space and M(X) be the set of Borel probability
measures on X with the weak-topology. We say that a sequence of Borel
probability measures {,}7°; on M(X) satisfies a level-2 large deviation
principle with rate function q : M(X) — [—o0,0] if ¢ is upper semicontinu-
ous, for every closed subset K C M(X) we have

lim sup ~ log Q,(K) < supq(p),
n—oo T HeEK

and if for every open subset G C M(X) we have

1
liminf —log ©,(G) > supq(u).
n—,oo N 'ueg

For expansive systems satisfying the specification property, level-2 LDPs
for Birkhoff averages were established by Takahashi [34] and Young [42].
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These results show that the fluctuations of orbit averages with respect to the
equilibrium measure satisfy an LDP with the thermodynamic rate function

q(p) = h(p) + /sodu — P(p),

where h(u) denotes the metric entropy of the invariant probability measure
u, and P(p) is the topological pressure of the continuous observable .
This formula reveals a deep connection between large deviations and the
variational principle for pressure.

Shortly afterward, Kifer [21] proved a periodic-orbit formulation of the
LDP under the classical specification property introduced by Bowen [2].
This viewpoint shows that the thermodynamic behavior of a system can
often be described in terms of its finite periodic structures.

Recently, this periodic-orbit perspective has been broadened to various
symbolic and smooth contexts; see Pollicott—Sridharan [28], Gelfert—Wolf
[13], Comman-Rivera-Letelier [8], and Takahasi [36]. Nevertheless, beyond
the specification setting, the existing general theory remains rather limited.
A canonical example is the [-shift introduced by Rényi [29], which fails
specification but still exhibits strong statistical regularity. However, even
for such systems, including the S-shift, a general large deviation principle
by periodic orbits has not yet been established.

Motivated by these developments, we first work in the symbolic setting,
focusing on subshifts over finite alphabets. Building on this line of research,
we establish large deviation principles for two broad classes of subshifts
that extend Kifer’s periodic-orbit LDP framework beyond systems with the
specification property. In particular, these classes include not only §-shifts
but also a wider range of subshifts lacking the specification property. The
two classes are characterized by different structural features.

The first class of subshifts relies on the periodic almost specification prop-
erty, a natural weakening of specification introduced by Thompson [38],
which still retains sufficient orbit-gluing structure to support thermody-
namic analysis. This allows us to treat systems such as g-shifts, topologically
mixing S-gap shifts [24], and examples of Kwietniak—-Oprocha—Rams [23]
that lack intrinsic ergodicity.

The second class of subshifts considered in this paper consists of sys-
tems admitting a topologically mixing countable Markov extension with
entropy-dense liftable measures; that is, every invariant measure can be ap-
proximated, both weakly and in entropy, by invariant measures admitting
lifts to the Markov extension (see subsections 2.1 and 2.3 for the precise
definitions). Important examples arise from the symbolic coding spaces
of piecewise monotonic interval maps, including not only S-shifts but also
their natural generalizations, namely (c, 3)-shifts and generalized (-shifts,
which are the coding spaces of («, f)-transformations [26] and generalized
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B-transformations [14], respectively. Thus, our results apply not only to sub-
shifts studied in their own right but also to symbolic coding spaces arising
from certain classes of piecewise monotonic interval maps.

To formulate our result, we introduce the following terminology. For a
subshift X over a finite alphabet and a continuous potential p: X — R,
we say that the pair (X, ¢) satisfies a level-2 large deviation principle by
periodic orbits if the associated sequence of probability measures

1 Sne(x)
s M) DA
ExePn(X) € 90( ) xEPn(X)

on M (X) satisfies the level-2 LDP stated above. Here P, (X) denotes the set
of periodic points of period n, Spp(x) = Zz;é ¢(o*x) is the n-th Birkhoff
sum, &,(x) = %Z?;& d,ip is the empirical measure associated with z, o
is the left shift map, and §, is the Dirac measure at y. The measure Q]
thus represents the distribution of periodic points weighted by the potential
. Note that earlier results mostly established this principle for Holder
potentials, whereas we show that it holds for every continuous potential.
We now state our two main theorems; see Section 2 for the necessary

definitions.

Theorem A. Let X be a subshift over a finite alphabet. If X satisfies the
periodic almost specification property, then for every continuous potential
v: X = R, (X,¢) satisfies a level-2 large deviation principle by periodic
orbits with rate function ¢¥: M(X) — [—00,0] expressed by

o= { TR e

QF =

This applies to §-shifts, topologically mixing S-gap shifts, and examples
of Kwietniak-Oprocha—Rams lacking intrinsic ergodicity.

Theorem B. Let X be a subshift over a finite alphabet. Suppose that the
following conditions hold:

(I) There exist a topologically mizing countable Markov shift ¥ and a
countable-to-one continuous surjection w: ¥ — X such that moo =
ooT.

(IT) The set of liftable measures on X wvia 7 is entropy-dense in the set
of invariant probability measures on X.

Then for every continuous potential ¢: X — R, (X, p) satisfies a level-2
large deviation principle by periodic orbits with rate function ¢¥: M(X) —
[—00, 0] given by (1.1).

In this paper, we apply Theorem B to coding spaces arising from piece-
wise monotonic interval maps, including S-shifts, (a, 3)-shifts, and gener-
alized [-shifts. However, condition (I) is relatively mild: every one-sided
subshift admits a countable-to-one extension by a countable Markov shift
via the Markov follower set construction ([16]). Moreover, approximation
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properties of the type described in condition (IT) have been studied in set-
tings beyond piecewise monotonic interval maps ([20]). We therefore expect
that Theorem B may also be applicable to classes of subshifts beyond the
coding spaces considered in this paper.

Remark 1.1. Level-2 large deviation principles for Birkhoff averages be-
yond the specification setting have been established in several works (e.g.
[5, 7, 27, 31]). These results, however, do not imply the periodic-orbit LDP
established in this paper, as the two formulations are of a different nature.
For instance, a system may satisfy a Birkhoff-average LDP while the peri-
odic-orbit LDP fails (see Remark 4.2).

Most existing results on the periodic—orbit LDP rely on a functional ap-
proach and typically assume that the potential admits a unique equilibrium
state. In contrast, our topological approach applies not only beyond the
specification property but also to arbitrary continuous potentials, possibly
allowing multiple equilibrium states.

Remark 1.2. A preliminary version of part of this work appeared in an ear-
lier non-refereed note by the present author [41], where the periodic-orbit
LDP was established only for g-shifts. The present paper extends that
non-refereed note by developing two general approaches to large deviation
principles by periodic orbits (Theorems A and B) and applying them to
a broader class of dynamical systems, including S-gap shifts, («, 3)-shifts,
generalized (-shifts, and non-intrinsically ergodic subshifts in the sense of
Kwietniak—Oprocha—Rams. These examples illustrate that the present re-
sults extend large deviation principles to systems beyond the specification
setting.

The remainder of this paper is organized as follows. Section 2 recalls
fundamental definitions and known results from symbolic dynamics and the
theory of piecewise monotonic interval maps, including the notions of peri-
odic almost specification, liftability via countable Markov extensions, and
Hofbauer’s Markov diagram construction. Section 3 provides the proofs
of the two main theorems. Subsection 3.1 establishes the level-2 large de-
viation principle by periodic orbits for subshifts with the periodic almost
specification property, thereby proving Theorem A. Subsection 3.2 gives the
proof of Theorem B. Section 4 discusses concrete applications of these re-
sults, including B-shifts, S-gap shifts, non-intrinsically ergodic examples of
Kwietniak—Oprocha—Rams, and the symbolic coding spaces of («, 3)- and
generalized [-transformations.

2. DEFINITIONS AND KNOWN FACTS

2.1. Symbolic dynamics. Let Ny denote the set of nonnegative integers
and Z the set of all integers. For a finite or countable alphabet A, we write
ANo and AZ for the one-sided and two-sided full shifts over A, respectively,
each endowed with the product topology. Here the alphabet A is equipped
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ot

with the discrete topology. The (left) shift map o is defined by (o(z)); =
xip1 for © = (24)i>0 and i > 0 in the one-sided case, and for z = (z;)icz
and i € Z in the two-sided case. A closed, shift-invariant subset ¥ c ANo
(resp. ¥ C AZ) is called a one-sided (resp. two-sided) subshift. Since the
two-sided case can be handled analogously up to notational modifications,
we shall primarily work with one-sided subshifts in what follows. Unless
otherwise stated, all definitions, propositions, lemmas, and proofs are given
for the one-sided case, and the two-sided versions are completely analogous.

A subshift ¥ is called a Markov shift (or topological Markov shift) if there
exists a matrix M = (Map)(q,p)ca2 With entries in {0,1} such that

Y ={(xi)iz0 € Ao M, =1, for all i > 0}.

iy Tit1
In this case, we also say that ¥ is a Markov shift with an adjacency matriz

M.
For a subshift X, its language is defined by

LX) :={zor1- - Tp_1:(2;); €, n>1},
and for each w € L(X), the associated cylinder is
[w] :=={x € X :z0- Tpy—1 = W},
where |w| denotes the length of w. For n > 1, we write
Ln(X) = {w € L(3) : [w]| = n}

for the set of all admissible words of length n. For u,v € £(X), we use the
concatenation uv to denote the word obtained by joining them. We say that
Y is topologically transitive if for any u,v € L(3) there exists w € L(X)
such that wwv € L£(X). We say that X is topologically mizing if for any
u,v € L(X), there exists an integer N > 1 such that for any n > N, there
exists w € L(X) with |w| = n such that vwv € L(X).

We denote by M(X) the set of all Borel probability measures on 3 en-
dowed with the weak topology, by Ms(X) C M(X) the set of o-invariant
ones, and by MS(X) € M,(X) the set of ergodic ones. Throughout this
paper, we denote by h(u) the metric entropy of u € My (X). The following
notion will play an important role throughout the paper and appears in the
condition (II) stated in Theorem B. Let M C M,(X). We say that M is
entropy-dense in M, (X) if for every u € M,(X), every neighborhood G of
win M, (%), and every € > 0, there exists v € M NG such that

h(v) > h(u) —e.

Hereafter in this subsection, we restrict our attention to subshifts X over
a finite alphabet A.
For n > 1, let

PyX)={zeX:0"x =z}
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be the set of all periodic points of period n. For z € X, we define its
empirical measure by

1 n—1
= E Z 50117
j=0

where 9, denotes the Dirac measure at y. For convenience, throughout this
paper we regard &, as a map from X to M(X), and use the notation

EHA) ={r e X:E&(x) e A}

n

forn >1and A C M(X). If v € P,(X) for some n > 1, then &,(z) is
called the periodic measure, and we denote by M4 (X) the set of all such
measures.

Denote by C(X) the set of real-valued continuous functions on X endowed
with the supremum norm ||¢|| := sup{|p(z)| : z € X}. Fix a countable dense
subset {¢n}n>1 C C(X) such that ||py| # 0 for every n > 1, and define a
compatible metric D on M(X) by

1
D(p,v) ::Zgn—s—lH(an’/(‘O"dﬂ_/(‘O”dy .

n=1

This metric generates the weak topology on M(X), and (M(X), D) is com-
pact since X is a subshift over a finite alphabet.
For ¢ € C(X) and n > 1, we write

—_

n—

= oo’

=0

.

The topological pressure for p € C(X) is defined by

P(p) —hmsup%log Z exp (sup Sne(x )) (2.1)

The topological pressure satisfies the usual variational principle:

P(p) = sup (h(u) + /cpdu> : (2.2)
HEMo(X)

An invariant measure p, € M, (X) is called an equilibrium state for ¢ if

it attains the above supremum. In particular, when ¢ = 0, the pressure

reduces to the topological entropy, P(0) = hop(X), and the equilibrium

states coincide with the measures of maximal entropy.

2.2. Almost specification property. In this subsection we recall Bowen’s
classical specification property, which forms the foundation of many results
in thermodynamic formalism. We then employ weakened versions of the
specification property—specifically, the almost specification property intro-
duced by Thompson and its periodic analogue—which play a central role in
the proof of Theorem A. Throughout this subsection, let X be a subshift
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over a finite alphabet. The classical specification property was introduced
by Bowen [2], and we recall the definition below.

Definition 2.1. We say that X satisfies the specification property if there
exists an integer N > 0 such that for any finite collection of words w),
w®, ... w* e £(X), there exist words v, v ... v(E=1) € £ (X) such
that

v = wMoMw@y@ gy k=1, (k) ¢ £(X).
If the cylinder set [v] contains a periodic point with period |v| + N, then we
say that X satisfies the periodic specification property.

We say that a subshift X is sofic if X is a topological factor of a Markov
shift over a finite alphabet; that is, there exists a continuous surjection
m:Y — X with c om = 7w oo, where Y is such a Markov shift. It is
known that every topologically mixing sofic shift satisfies the periodic spec-
ification property (see, for example, [10, Propositions (21.2) and (21.4)]).
Subsequently, Thompson [38] introduced the notion of the almost specifi-
cation property. This notion generalizes the classical specification property
by allowing a vanishing proportion of “mistakes.” To quantify such devi-
ations, we use the Hamming distance between finite words: for two words
U= UgU] - - Up—1 and v = vguy - - - vy_1 of the same length n, let

dp(u,v) :=#{0<i<n:u; #v}
We now recall the definition of the almost specification property.

Definition 2.2. We say that X satisfies the almost specification prop-
erty if there exists a mistake function g : N — N such that g(n)/n — 0
as n — oo and the following holds: for any finite collection of words
w, w®, . wh) e £(X), there exist words v(D), @) ... v € £(X) such
that

o |w| =|v@| for every i;

o dy(w®,vD) < g(Jw®|) for all i; and

e the concatenation v = v(Mv@ ... (%) belongs to L(X).
If the cylinder set [v] contains a periodic point with period |v|, then we say
that X satisfies the periodic almost specification property.

It is straightforward to see that the (resp. periodic) specification property
implies the (resp. periodic) almost specification property.

In the remainder of this subsection, we recall several known results that
will be needed for the proof of Theorem A.

Proposition 2.3. ([27, Proposition 2.1]). Let p € M%(X) and € > 0. Then
there exists § > 0 and an integer NV such that for every neighborhood G C
M(X) of u and every n > N, there exists a finite subset I' =T, C &, 1(G)
satisfying:

o #I' > ¢nhlw—o).

e for any distinct (z;);, (yi)i € T, dg(zox1 - Tp—1,Y0Y1 " * - Yn—1) > On.
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The following proposition is derived from a small modification of [40,
Theorem 1.2].

Theorem 2.4. ([40, Theorem 1.2]). Suppose that X satisfies the periodic
almost specification property. Then for any ¢ € C(X),

— L Snip()
Plo)=fim los 2. e
xTE n

holds.

Theorem 2.5. ([27, Theorem 2.1]). Suppose that X satisfies the almost
specification property. Then M (X) is entropy-dense in M, (X).

2.3. Countable Markov shifts and liftability. In this subsection, we
recall several properties of countable Markov shifts and introduce liftable
measures. We then establish an entropy-density property that will play a
key role in the proof of Theorem B. Let ¥ be a Markov shift over a countable
alphabet A. For a subset F C A, define ¥p := X N FNo. If F is finite, then
Y. is a subshift of finite type.

The following theorem due to Takahasi provides an entropy approximation
property for countable Markov shifts.

Theorem 2.6. ([35, Main Theorem]) Let ¥ be a topologically transitive
Markov shift over a countable alphabet A. Then for every ¢ > 0, every
invariant probability measure g € M,(X) with finite entropy, and every
neighborhood G of i in M (), there exist a finite set /' C A and an ergodic
measure v € G such that h(v) > k() — e and v(XF) = 1.

In particular, M¢(X) is entropy-dense in M, (X). Moreover, the approx-
imating ergodic measures can be chosen to be supported on finite-alphabet
subshifts of X.

Let X be a subshift over a finite alphabet and let 7 : ¥ — X be a factor
map. An invariant probability measure p € M, (X) is called liftable (via
7) if there exists an invariant probability measure i € M, (X) satisfying
pu=fior ' In such case, we say that fi is a lift of p.

Under the conditions (I) and (II) stated in Theorem B, ergodic measures
are entropy-dense among invariant measures.

Proposition 2.7. Let X be a subshift on a finite alphabet and suppose
that the conditions (I) and (II) stated in Theorem B hold. Then M&(X) is
entropy-dense in M, (X).

Proof. Let p € M,(X), let G be a neighborhood of p, and let £ > 0. By
the conditions (I) and (II) stated in Theorem B, there exist a topologically
mixing countable Markov shift > and a countable-to-one factor map 7: ¥ —
X. Moreover, the set of liftable measures is entropy-dense in M, (X).

By entropy-density of liftable measures, there exists a liftable measure
v € G such that h(v) > h(u) —e.
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Choose a lift 7 € M, (%) satisfying v = 7 o 7!, Since 7 is countable-
to-one, we have h(v) = h(v). Applying Theorem 2.6, we obtain an ergodic
measure p € M, (X) such that h(p) > h()—e, and p belongs to a sufficiently
small neighborhood of v.

Define p := pon~!. Since factor maps preserve ergodicity, p is ergodic.
Moreover, h(p) = h(p) by entropy preservation of countable-to-one factor
maps. Therefore h(p) > h(v) —e > h(u) — 2e.

Since the map 77 € M(X) — o7~ ! € M(X) is continuous, by choosing
the neighborhood of 7 sufficiently small we also obtain p € G. This proves
the proposition. O

2.4. Markov diagram for piecewise monotonic maps. As mentioned
in the Introduction, the main applications of Theorem B concern coding
spaces associated with piecewise monotonic maps. We therefore recall Hof-
bauer’s Markov diagram construction, which provides a countable-to-one
factor map from a countable Markov shift onto the coding space, and es-
tablish a sufficient condition ensuring that the coding space satisfies the
conditions (I) and (II) stated in Theorem B. We say that T : [0,1] — [0,1]
is a piecewise monotonic map if there exist £ > 1 and critical points

OZCO<01<~--<Ck<Ck+1=1

such that T\(cﬁcj 1) s strictly monotonic and continuous for each 0 < j < k.
For such a map T', we define

k

X = ﬂ " U(CjaCjH) ,

n>0 j=0
and the coding map T : X7 — {0, ..., k}o by
T(a)n=j i T) € (cjrc0).

We denote by Y7 the closure of Z(Xr) in {0,...,k}° and call Y7 the
coding space of T

Following Hofbauer, we recall the construction of the Markov diagram.
Let C' C X7 be a closed subset contained in the cylinder [j] for some 0 <
j < k. A non-empty closed subset D C Y7 is said to be a successor of C if
D =[l]Nno(C) for some 0 <1 < k. We write C — D when D is a successor
of C.

Define inductively a collection of vertices:
Dy :={[0],...,[k]}, Dpt1:=D,U{D:C — D for some C € Dy},

and let Dp := Unzo D,,. Since each D, is finite, Dy is at most countable.
The oriented graph (Dp,—) is called the Markov diagram of T. We write
D for Dr when no confusion arises.
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We define the adjacency matrix M (D) = (Mc,p)c,p)ep? by

Mo s — 1 (C— D),
“P= o (otherwise).

Then
Yp = {(C)i>0 € DV : C; — Ciy1, i € No}

is a countable-state Markov shift with an adjacency matrix M (D). We say

that D is irreducible if for any C,D € D, there exist an integer n > 1

and Cy,---,C, € D such that Cy = C, C), = D and C; — C;41 holds for

0 <i<n-—1. In this case, ¥p is topologically transitive. If, in addition,

there exists C' € D such that C' — C, then Xp is topologically mixing.
Define a projection

U:Np —{0,... ko, U((Cy)i) = (x4)iy

where x; is the unique integer such that C; C [x;]. Then it is straightforward
to see that W is continuous, countable-to-one, and satisfies ¥(Xp) = Xp and
coV =Voo.

Although V¥ is surjective, not every invariant measure is liftable to Xp in
general. Hofbauer gave a sufficient condition for liftability, which we recall
here.

Lemma 2.8. ([15, Lemma 3]). Let p € MS(X7). If p has positive metric
entropy or if y is a periodic measure, then p is liftable via W.

The following proposition provides a convenient criterion for verifying
the conditions (I) and (II) stated in Theorem B in the setting of piecewise
monotonic maps.

Proposition 2.9. Let T': [0,1] — [0, 1] with critical points 0 = ¢y < ¢1 <
- < ¢ < kg1, 27, Lp and ¥ be as above. Assume the following condi-
tions:

e Exactness (EX). For any non-empty open interval I C [0, 1], there
exist a positive integer 7, integers 1 < 1g,...,i,—1 < k, and an open
subinterval L C I such that TV(L) C (¢j;—1,¢;;) forall 0 < j <7-—1
and T7(L) = (0,1).

¢ Density of Periodic measures (DP). M5 (X7) is dense in M&(27).

Then the conditions (I) and (II) stated in Theorem B hold with (X, %, 7) =
(X7,3p, V).

Proof. By (EX), it follows from [5, Lemma 4.1] that D is irreducible. Again
by (EX), T'((¢i,_,-1,¢i.,)) = (0,1), which implies that [i;—1] — [ir—1].
Hence Yp is topologically mixing, and the condition (I) holds.

Let u € My(27), G be a neighborhood of i, and € > 0. By the ergodic
decomposition theorem and Jacob’s theorem, there exists a convex combina-
tion of ergodic measures p = Y %_,; a;p; such that p € G and |h(p)—h(p)| < e.
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For 1 < i < p, define an ergodic measure v; by v; = p; if h(y;) > 0, and
choose v; € ML(Zr) if h(p;) = 0. Let v = Y% | a;1;. Since every periodic
measure has zero entropy, we have h(v;) = h(u;) for every 1 < i < p, and
hence h(v) = h(p).

By (DP), we can choose the periodic measures v; so that v € G. By
Lemma 2.8, each v; is liftable. Let 7; be a lift of v; and set v = Zle a;U;.
Then 7 is a lift of v, and hence v is liftable.

Therefore, for every u € M, (37), every neighborhood G of p, and every
e > 0, there exists a liftable measure v € G such that h(v) > h(u) —e. This
shows that the set of liftable measures is entropy-dense in M, (Xr), and
hence the condition (II) holds. O

3. PROOFS

In this section we prove Theorems A and B. The following known results
will be used repeatedly in their proofs.

Theorem 3.1. ([13, Theorem 6]). Let X be a subshift on a finite alphabet.
Then for any go € C(X) and any closed subset K C M, (X), we have

lim sup — log Z %@ < gup <h(,u) —|—/g0d,u> )

= K
e 2€ Py (X)NE L (K) HE

3.1. Proof of Theorem A. In this subsection we present the proof of
Theorem A.

Proposition 3.2. Let X be a subshift over a finite alphabet and let ¢ €
C(X). Suppose that X satisfies the periodic almost specification property.
Then for any u € M%(X) and any open neighborhood G of 1, we have

.1 Snp(z)
hnniggf - log Z e > h(p) + | pdu.
2EP, (X)NEL(G)
Proof. Given any e > 0, choose v > 0 sufficiently small so that B(u,2vy) C G

and for all v € B(u,27),
o fou=

— 7

where B(pu,2v) :={v € M(X) : D(u,v) < 2v}.

By Proposition 2.3, there ex1st 6 > 0 and N € N such that for any
n > N, there exists a finite subset I' = TI',, € £ 1(B(u,2v)) satisfying
#I' > (M=) and dp(xox1 - Tn—1,Yoly1 - —1) > on for any distinct

(zi)is (yi)i €T

Let g: N — N be a mistake function as in the definition of the periodic
almost specification property. By [7, Lemma 2.8|, further enlarging N if
necessary, for any n > N, we have g(n) < on, and for any x = (x;);, y =
(yi)i € X, D(En(x),En(y)) < v and |Spp(x) — Spe(y)| < en whenever

du(zox1 - Tn—1,Y0Y1 - Yn—1) < g(n).
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By the periodic almost specification property, for each z = (z;); € T,
there exists a periodic point z* = (z}); € P,(X) such that

di (2021 2n—1,2021 - 2n_1) < g(n). (3.1)
Then for each z € I', we have
D(p, En(27)) < D(p, En(2)) + D(En(2), En(27)) < 2. (3-2)

and hence z* € E~1(B(u,27v)) C &,1(G).
By the equations (3.1) and (3.2), and the property of I', the map

zel = 2" € P(X)NE(G)

is injective and S,p(z*) > Spp(z) — en holds for any z € I'. Therefore we

obtain
Z eSnel@) > Z eSne(z")
TP, (X)NELH(G) z€l
> Z Snp(x)—en
zel
> Z e[ pdu—2e)
zel
— #pen(f edp—2e)
> en(h+[ wdu=3e)
This completes the proof of Proposition 3.2. ([

We now prove Theorem A. Let (X, ¢) be as in Theorem A. By Theorems
2.4 and 3.1, we have

1 1
limsup —log Q7 (K) = limsup —log Z 5@ _ p(p)
n—oo N n—oo N .
2€ P (X)NETL(K)
< sup <h(u) + / sodu> — P(p)
peK

= supgq®(p)
nek
for any closed set K C M.
Let G € M(X) be an open subset and fix 4 € G. In what follows, we
show that

1
liminf —log Q¥ (G) > ¢* (). (3.3)
n—oo N
If i is not o-invariant, then ¢¥(u) = —oo so we may, without loss of gen-

erality, assume that p € M,(X). Given any € > 0, choose a neighborhood
GT C G of p such that | [ @du — [ pdv| < e for any v € GT. Since X satisfies
the almost specification property, Theorem 2.5 guarantees the existence of
an ergodic measure v € G such that h(v) > h(u) — .
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Hence, by Theorem 2.4 and Proposition 3.2,
1 1
liminf —log Q7 (G) = liminf —log Z 5@ _ p(p)

n—oo N n—oo M
z€P,(X)NERL(G)
> h)+ [ gdv - P(o)

> i)+ [ pdu— P(e) - 2

Since € > 0 is arbitrary, inequality (3.3) follows, completing the proof of
Theorem A.

3.2. Proof of Theorem B. In this subsection we prove Theorem B. We
begin with the following proposition.

Proposition 3.3. Let X be a subshift on a finite alphabet and suppose
that the conditions (I) and (II) stated in Theorem B hold. Let ¢ € C(X).
Then for any € > 0, any p € M&(X), and any neighborhood G of p, there
exists a subshift Y C X such that

e Y satisfies the periodic specification property;

e P(ply) > P(p) — 3¢, where ¢|y denotes the restriction of ¢ with
respect to Y;

e there exists an ergodic measure v € G such that h(v) > h(u) — 2
and v(Y) = 1.

Proof. By the condition (I) stated in Theorem B, there exist a topologi-
cally mixing countable Markov shift ¥ over a countable alphabet A, and a
countable-to-one factor map 7: ¥ — X. Since o is expansive, there is an
ergodic equilibrium state m such that P(¢) = h(m)+ [ ¢dm. Choose 6 > 0
so small that D(m,p) < 26 implies | [ pdm — [ pdp| < e. By the condi-
tion (II), we can find m® € M, (X) such that m® is liftable, D(m,m®) < ¢
and h(m®) > h(m) — €. Since m® is liftable, there is a m® € M&(X) such
that m® = m® o7~ 1. Since ¥ is a topologically mixing (and hence transi-
tive) countable Markov shift, it follows from Theorem 2.6 that there exist
a finite set F; C A and an ergodic measure m* on X, such that denot-
ing m* := m* o 71, we have D(m®,m*) < § (hence D(m,m*) < 26),
h(m*) > h(m®) —e = h(m) — 2¢ and m*(7(Xp)) = 1.

Similarly, we may find a finite subset F» C A and an ergodic v € G such
that h(r) > h(p) — 2¢ and v(w(Xp,)) = 1. Since ¥ is topologically mixing
and both F; and F5 are finite, there exists a finite subset F' C A which
contains F}UF5 such that Y is a topologically mixing subshift of finite type.
Then Y := 7(Xp) is a topologically mixing sofic shift, which implies that ¥’
satisfies the periodic specification property. Since m*(Y) > m*(n(Xp,)) = 1,
we have m*(Y) = 1. Hence the classical Variational Principle (2.2) implies
that

P(ply) > h(m*) + /apdm* > h(m) —|—/<pdm —3e = P(p) — 3e.



14 K. YAMAMOTO
Similarly, we have v(Y') = 1, which proves the proposition. O

We note that Propositions 3.4 and 3.5 are analogous to Theorem 2.4 and
Proposition 3.2, which were used in the proof of Theorem A. Here, they
serve as the corresponding ingredients for Theorem B.

Proposition 3.4. Let X be a subshift on a finite alphabet and suppose
that the conditions (I) and (II) stated in Theorem B hold. Then for any
v € C(X), we have

P(p) = lim flog Z

n—oo n
x€Pn(X)

1
Proof. The inequality limsup — log Z Sne(@) < P(y) easily follows
n—o0
xE€P,(X)
from the definition (2.1) of P(y).

On the other hand, by Proposition 3.3 for any ¢ > 0, we can find a
subshift Y C X such that Y satisfies the periodic specification property and
P(ply) > P(¢) — 3e. Since Y satisfies the periodic specification property,
by Proposition 2.4, we have

.1
P(oly) :nll}rgoﬁlog Z eSné(@),
z€P,(Y)

Hence

hmlnf—log Z Sne@) > lim —log Z Sne@) = P(ply) > P(p)—3e,

n—oo N n—oo n
z€PL(X) z€PL(Y)

which proves the proposition. O

Proposition 3.5. Let X be a subshift on a finite alphabet and suppose
that the conditions (I) and (II) stated in Theorem B hold. Then for any
w € ME(X) and any open neighborhood G C M(X) of u, we have

lim inf 1 log Z 5@ > b)) + /godu.

n—oo N
z€P(X)NETH(G)

Proof. By Proposition 3.3, there exist a subshift ¥ C X and an ergodic
measure ¥ € G such that Y satisfies the periodic specification property,
P(ply) > P(p) — 3¢, h(v) > h(u) — 2¢ and v(Y') = 1. Since Y satisfies the
periodic specification property, Proposition 3.2 implies that

1 - S’n@(l’) X
%ngf - 10g Z e > h(v) —|—/<,0d1/
zeP, (Y)NELL(G)
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Hence we have

1 1
lim inf — log Z e ?®) > liminf — log Z eSne(x)

n—oo N n—oo N
2P (X)NEL Q) z€P, (Y)NEL(9)
> h(v)+ / odv
> h(ﬂ)+/¢du—36,
which proves the proposition. [l

Now we give a proof of Theorem B. Let X be a subshift on a finite
alphabet and suppose that the conditions (I) and (II) stated in Theorem B
hold. The upper bound

lim sup ! log Q7 (K) < sup ¢¥(p) (K C M(X): closed)
n—oo N peK
follows by the same argument as in the proof of Theorem A, using Theorem
3.1 and Proposition 3.4.
Let G C M(X) be an open subset and fix © € G. In what follows, we
show that

1
lim inf —log Q¥ (G) > ¢¥(p). (3.4)
n—oo m,
If p is not o-invariant, then ¢¥ (1) = —oo so we may, without loss of gen-

erality, assume that yu € M,(X). Given any € > 0, choose a neighborhood
G' C G of psuch that | [ @du— [ @dv| < e for any v € G'. By the conditions
(I) and (IT) stated in Theorem B, Proposition 2.7 implies that there exists
an ergodic measure v € G such that h(v) > h(u) — e. Thus it follows from
Propositions 3.4 and 3.5 that

lim inf ! logQ?(G) = liminf ! log Z eSn?(@) _ P(p)

n—soo n n—oo n
z€P,(X)NEL(G)

> h(v) + / pdv — P(¢)

= h(p)+ /sodu — P(p) — 2e.

Since € > 0 is arbitrary, the desired inequality (3.4) follows, completing the
proof of Theorem B.

4. APPLICATIONS

In this section, we apply Theorems A and B to several concrete systems.
We begin with the §-shift, a prototypical example beyond specification to
which both Theorems A and B apply. This example illustrates the overlap in
the applicability of the two theorems, while the following subsections focus
on applications of Theorem A and Theorem B, respectively.
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Example 4.1. (f-shifts). For g > 1, the S-transformation Tp : [0,1] —
[0, 1] is defined by

Bz (modl), (x #1),
5 =3t (8y (mod1)), (x=1),
y—1-0

and was introduced by Rényi [29]. The associated symbolic coding space X3
is called the B-shift.

It is well known that g fails to satisfy the specification property for
Lebesgue-almost every 5 > 1 (see, e.g., [30]). Nevertheless, Thompson [38]
showed that every §-shift satisfies the periodic almost specification property.
Hence Theorem A applies to all 8-shifts and yields a level-2 large deviation
principle by periodic orbits.

Let k > 1 be the largest integer less than . To verify the conditions (I)
and (II) stated in Theorem B, it suffices to check conditions (EX) and (DP)
given in Proposition 2.9.

For condition (EX), one can show that for any open interval I C [0, 1],
there exist a positive integer n and an open subinterval L. C I such that
T7|L is strictly monotonic and continuous, and T (L) = (0,1).

Moreover, by a classical result of Sigmund [32, Theorem (ii)], the set of
periodic measures M5 (33) is dense in the set of ergodic measures M (33).
Thus condition (DP) holds.

Therefore, Proposition 2.9 implies that the conditions (I) and (II) stated
in Theorem B hold and Theorem B applies to S-shifts as well.

Remark 4.1. Although the almost specification property for the systems
considered here is proved in Thompson [38], a careful reading of the proofs
therein shows that the periodic almost specification property also holds. We
therefore omit a detailed proof of this fact. The same observation applies to
the subsequent examples as well.

4.1. Applications of Theorem A. In this subsection, we further illustrate
Theorem A through symbolic dynamical systems satisfying the periodic al-
most specification property. Beyond the §-shift discussed in Example 4.1,
we consider representative examples such as the S-gap shifts and other re-
lated subshifts with non-unique equilibrium states. Such systems provide
important models for analyzing non-uniform specification behavior and the
non-uniqueness of equilibrium states in symbolic dynamics (see, for example,
[1, 6,9, 19, 22, 23]).

Example 4.2. (S-gap shifts). Let S C Ny be an infinite set. The S-gap
shift is the two-sided subshift g C {0,1}* defined by the rule that the
number of 0’s between consecutive 1’s is an integer in S. Equivalently, the
language of g consists of all subblocks of words of the form

“OM10™21---0™17 (n; €S (1<i<k), k>1).
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The system g is topologically mixing if and only if
ged{n+1:neS}t=1,

and it satisfies the specification property if and only if

sup(m;y1 —m;) < oo, where S ={m; <mg <---}

i>1
(see [19, Example 3.4] for instance). Thus there exist many choices of S for
which Yg is topologically mixing yet fails to have the specification property.

In fact, it is known that every topologically mixing S-gap shift possesses

the periodic almost specification property (see [7, Remark 5.1] for instance).

Hence, by Theorem A, every topologically mixing S-gap shift satisfies a
level-2 large deviation principle by periodic orbits.

Remark 4.2. If the S-gap shift g is not topologically mixing, that is, p =
ged{n+1:n €S} > 1, then every periodic orbit of ¥ g has minimal period
divisible by p. In this case, the periodic-orbit LDP does not hold, since only
multiples of p occur as periods.

Recent work of Takahasi [37] shows that the Dyck shift, a classical ex-
ample of a subshift failing intrinsic ergodicity, nevertheless satisfies a level-
2 large deviation principle by periodic orbits. His result highlights that
strong large-deviation behavior can persist even when the system admits
multiple measures of maximal entropy. In this context, Theorem A pro-
vides a complementary perspective. Indeed, Example 4.3 below yields an-
other non-intrinsically ergodic subshift beyond specification, obtained from
the construction of Kwietniak—Oprocha—Rams, and shows that the same
periodic-orbit LDP holds in this broader setting.

Example 4.3. (A non—intrinsically ergodic subshift). We recall a
construction due to Kwietniak—-Oprocha—Rams [23] that yields a class of
subshifts without the specification property and with multiple measures of
maximal entropy, while still satisfying the periodic almost specification prop-
erty.
Fix integers p,q > 2 and set
A:={1,...,p} x{0,...,¢—1} U {(0,0)},
which will be the alphabet. For a finite block

((a1,b1), ..., (an,by)) € A"

we write it in the two-row form
al e an
by o byl
Let {Ry}n>1 be an increasing sequence with R, C {1,...,n}. For each
n > 1 define the family F), of blocks of the form

0 aq Ap,
0 by - by’
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where 1 <a; <p,0<by,...,b, <qg—1, and b; = 0 whenever j € R,,. Put

ey ()

n>1

Next set

M:{[a a:|1§a§p70§b177bn§q_17n21}
by ... by

and define the language Lr to be the set of all subblocks of words of the
form

“<UVvp---Vv» UeM, Vi,--- Ve F, k>1).
Finally, let

Xp = {z € A . every finite subblock of = belongs to Lg}.

Kwietniak—Oprocha—Rams show in [23, Proposition 4.6] that if, for ex-
ample,

R, =1{j<n: j=Ek* for some k € N},
then the subshift Xp satisfies the following properties:

(I) Xg does not have the specification property;
(IT) X is not intrinsically ergodic (that is, there exist multiple ergodic
measures of maximal entropy);
(ITI) Xp satisfies the periodic almost specification property.

Since property (III) provides the periodic almost specification hypothesis
required in Theorem A, we may apply Theorem A to Xg.

This yields a nontrivial family of symbolic systems for which a level-2
large-deviation principle by periodic orbits holds despite the failure of both
specification and intrinsic ergodicity; and thus provides a complementary
example to recent results obtained for other non-intrinsically ergodic systems
[37].

Example 4.4. (Full shift with multiple equilibrium states). In [22],
Kucherenko, Quas and Wolf constructed continuous (non-Hélder) potentials
on the two-sided full shift on two symbols which exhibit phase transitions
and, in particular, admit more than one ergodic equilibrium state; see [22,
Theorem 1].

Let ¢ be such a potential. Since the two-sided full shift has the periodic
specification property, Theorem A applies to (X, ). Thus, even though ¢
has multiple equilibrium states, a level-2 large deviation principle by periodic
orbits nevertheless holds.

This shows that the results apply beyond the Hélder setting and remain
valid even when the equilibrium state is not unique.
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4.2. Applications of Theorem B. In this subsection, we illustrate Theo-
rem B through symbolic dynamical systems beyond the classical g-shift. It
is known that for Lebesgue almost every parameters (a, 8) € [0,1) x (1, 00),
the (a, B)-shift fails to satisfy the specification property, and that, except for
continuous cases, the generalized S-shift also lacks specification for almost
every 3 > 1 (see [3, Main Theorem)] for details). Nevertheless, these systems
satisfy the conditions (I) and (II) stated in Theorem B, and hence a level-2
large deviation principle holds by periodic orbits. These systems are natural
extensions of the classical S-shift and thus provide representative examples
where Theorem B can be effectively applied. They have also been studied
intensively in recent years (see, for example, [4, 11, 12, 25, 33, 36]).

Example 4.5. ((«a,)-shifts). For f > 1 and 0 < o < 1, the (a,f)-
transformation T, 5 : [0,1] — [0, 1] is defined by

fx+a (mod 1), (x #1),

forte) = m (By+a (mod 1)), (z=1),

li
y—
and was introduced by Parry [26]. Let ¥, g denote the symbolic coding
space of T,, g. Clearly, ¥ g coincides with the [3-shift.
It is known that if 0 < o < 1 and 8 > 2, then T, g satisfies condition (EX)
(see, for instance, [5, Example 4.1]).
Furthermore, it is known that M5 (3, ) is dense in M%(X, ). Hence
condition (DP) holds ([17]).
Therefore, by Proposition 2.9, the conditions (I) and (II) stated in Theo-
rem B are satisfied. Consequently, Theorem B applies, and the («, )-shift
Y, satisfies a level-2 large deviation principle by periodic orbits.

Example 4.6. (Generalized f-shifts). Let 5 > 1 and k be a smallest
integer, which is greater than or equal to 3, and fix F = (E,...,Ex) €
{+1, —1}*. We partition [0, 1] into k intervals

I = [O’ 1/B)a Iy := []—/B’2/B)a Ay = [(k - 1)/57 1]

The generalized [-transformation T g: [0,1] — [0,1] was introduced by
Goéra [14] and defined by

| pr—i+1 (xel;, E@I)=+1),
= 55111 reh EO =

It is straightforward to verify that T g is continuous if and only if E; # F;
for all 1 < i < k. As mentioned at the beginning of this subsection, when
Ts g is discontinuous, that is, when E; = F;; for some 7, the system fails
to satisfy the specification property for Lebesgue almost every g > 1. If
E = (-1,...,-1), then we call T3 g a (—f3)-transformation [18]. Let X3 g
denote the coding space of T g and call it the generalized $-shift.

Let 8 > 2. By an argument similar to the proof of [4, Proposition 3.14],
we can verify that condition (EX) holds for T} .



20 K. YAMAMOTO

Moreover, it is shown in [31] that the set of periodic measures is dense in
the set of ergodic measures of ¥3 g, so that condition (DP) holds.

Therefore, Proposition 2.9 applies, and Theorem B yields a level-2 large
deviation principle by periodic orbits for the generalized 3-shift ¥g .
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