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Abstract. This paper is devoted to studying the centre of the multi-
parameter quantum group Uy g(g) introduced by Okado and Yamane, where
g is a complex simple Lie algebra, and all parameters lie in general position.
We mainly establish the Harish-Chandra theorem, proving that the Harish-
Chandra homomorphism is an isomorphism; in particular, we determine the
centre Z(Uq ) =2 (UbO)W is isomorphic to a polynomial algebra or a quotient
algebra of a polynomial algebra. The same result holds for the (UbO)W of the
two-parameter quantum group Uy s(g).

1. Introduction.

In mathematics and theoretical physics, “quantum group” U,(g) refers to a class of
Hopf algebras that are neither commutative nor cocommutative. One of the most well-
known and widely studied classes of quantum groups is the Drinfeld-Jimbo presentation,
which arises as a g-deformation of the universal enveloping algebra U(g) of a complex
simple Lie algebra g. This construction was independently introduced by Drinfeld [7] and
Jimbo [13] in the mid of 1980s, and has played a fundamental role in the development of
quantum integrable systems, representation theory, and the theory of braid group actions
etc. (see [5, 7, 12, 15, 18]). In 1990, Okado and Yamane [19] introduced a class of
multi-parameter quantum groups Uy ¢(g), defined via the parameter matrix G = (g;;)
and modified commutation relations, and investigated the basic R-matrix of qug(s:[n).
Subsequently, Hayashi [10] showed that it admits a unique bilinear pairing and similar
highest weight representations. In fact, U ¢(g) can be realized as a specialization of the
general multi-parameter quantum groups constructed in the second author’s joint work
with Pei and Rosso [20] under the appropriate parameter constraints.

Several works on the centre of quantum groups have been developed over the last
three decades. In 1990, Rosso [21] defined a significant ad-invariant bilinear form on
U,(g) with a generic ¢, where g is a finite-dimensional simple Lie algebra. This form,
often referred to as the Rosso form or quantum Killing form, has paved the way for the
theorem of quantum Harish-Chandra isomorphism (later completed by Tanisaki [22, 23]
and Joseph-Letzter [14] etc. through different approaches). The centre Z(Uy) is a poly-
nomial algebra for the most of types and a quotient thereof in the remaining types, as
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2 K. CHEN, N. HU and H. WANG

studied by Li-Xia-Zhang [16, 17]. For quantum groups of weight lattice types (?q(g),
their centres are all isomorphic to polynomial algebras. (First proposed by Etingof [8];
a complete proof with explicit central element construction was later provided by Dai
[6], building upon the work of R. B. Zhang et al. [9, 25]). In the broader context of
quantum doubles of the bosonization of Nichols algebras of (finite) diagonal type, in-
cluding multiparameter quantum groups, quantum superalgebras, and Lusztig’s small
quantum groups with free Cartan part, Batra and Yamane [1, 2, 3] established the gen-
eral Harish-Chandra-type theorem for (skew) centres and proposed a conjectural basis
for these algebras. Their work provides a powerful, unified framework: [2, Thm. 10.4]
characterizes the image of the Harish-Chandra homomorphism as an abstract subalgebra
BXT defined by a system of equations, while [3, Conj. 3.13] proposes that the centre
should admit a natural basis parameterized by finite-dimensional weight modules. How-
ever, for concrete families of quantum groups, the explicit structure of the centre and
the verification of this conjectural basis often require further investigation.

Recently, Hu and Wang [11] established the Harish-Chandra theorem for two-
parameter quantum groups U, s(g) with detailed centre structure in the case when two-
parameter r, s are generic and central elements, and the open question in the odd-rank
case solved by Xia [24] (with the modified relations in his definition of two-parameter
quantum groups):

PropoSITION 1.1. [11, 24] Let n = rank(g), parameters r and s be in general
position, U = Uy 5(g), and U = U, 5(g) be the weight lattice type of U, then we have the
following Harish-Chandra theorem:

1. The Harish-Chandra homomorphism & : Z(U) — U° is injective. The image
E(ZU)) = (UHY in the case when n is even, and £(Z(U)) 2 (UMW @ Kz, 2771
in the case when n is odd.

2. The Harish-Chandra homomorphism 5: Z(ff) — U0 is injective. The image

bO)W =K[zw,, s 2w, ), if n is even,
g 11 11

MW @Kz, 24 ] =Klewy, 2w, @ K[2d, 24 £], if nis odd,
where w; is the i-th fundamental weight (shown in Appendix A), central element
zZx is obtained by the Rosso form realization of quantum trace on weight module
L(X\); z« is an additional invertible central generator (degenerating to the 1 in the
one-parameter specialization), and ¢ = 2, except £ =4 for Dogy1.

Inspired by the above-mentioned works, we investigate the centre of the quantum
group U = U, () (n > 2, otherwise it is U, ,-1(sl2)), under the simplest assumption
that all parameters in {¢} U {¢;; | i < j} are algebraically independent, and prove
that the Harish-Chandra homomorphism ¢ : Z(U) — UV is injective, and the image
Im(¢) = (UbO)W for all types. The key difference in our approach arises from the fact
that U, ¢(g) involves more algebraically independent parameters than U, s(g). These
parameters induce stronger conditions (see Lemma 2), which are essential in guaranteeing
Im(§) C (U)W for all types. The isomorphism & : Z(U) — (U?)" indicates Z(U) =
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Harish-Chandra Theorem for Okado-Yamane Quantum Groups 3

spang{z) | A € ¥ := AT N Q}, which confirms that the Batra-Yamane conjecture 3,
Conj. 3.13] holds for Z(U, ) under the given conditions (see Corollary 1).

Although the set {z) | A € U} generates Z(U), where U, is the minimal
generating set of the monoid U, the algebraic relations among them depend on Steinberg’s
formula. To obtain a more direct formulation of Z(U), motivated by Li-Xia-Zhang’s work
[16] on U,(g) (where their ¥/ := AT N %), we shall construct an algebra monomorphism
6 : (UMY — K[h*]" and find another generating set of Im(¢) whose multiplicative
relations are completely determined by the additive relations among W,,;, in ¥. So we
can describe the Z(U) = (U?)" =2 Im(f) by (a quotient of) a polynomial algebra with
the explicit generators (and generating relations). Our main results can be summarized
as follows:

THEOREM 1.2. Let U = U, (g) (n > 2), we have the following Harish-Chandra
theorem:

1. The Harish-Chandra homomorphism & : Z(U) — U° is injective. The image
§ZU)) = O)".

2. The diagram

R(g) @2 K — Z(Uyc(g)) (L) e XN
Chlz %z I I
K[h W «2— o)W 3 dim(L),) e = 3 dim(L(V),) @

commutes, where R(g) denotes the Green ring of g , and the dashed arrow represents
a partial map only defined on [L(N\)], Ae ¥ =ATNQ.

3. The centre Z(U) = (U)W is isomorphic to a polynomial algebra S = K[ty,--- ,ty]
when g is of type By, Es, Fy or Ga, otherwise it is isomorphic to a quotient S/I,
where S is a polynomial algebra of rank |Wmin|, and I is the relation ideal given in
Theorem 5.1.

4. With the same monoid ¥ = AT N Q, the structure of (U;))W in Proposition 1.1.1
for the two-parameter quantum group U, s(g) matches Theorem 1.2.3 identically.
That 1is,

(Z(U,) = (UHW >~ G/I, if n is even,
" 2 (UDY @Kz, 25 2 S/T @ K[z, 271, if nis odd.

The paper is organized as follows. In Section 2, we present the definition of the
quantum groups U, ¢(g), the Rosso form, and the weight module. In Section 3, we
introduce the Harish-Chandra homomorphism &, prove its injectivity, and show that
Im(¢) € (UP)". In Section 4, we construct central elements zy by realizing the quantum
trace ¢y on the weight module L(\) via the Rosso form. We prove that the images £(zy)
span the subalgebra (U;))W, thereby establishing Im(§) D (UbO)W. Consequently, the
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4 K. CHEN, N. HU and H. WANG

proof of Theorem 1.2.1 is finished, and then Z(U) has the basis {zx | A € ¥}, which
supports the Batra-Yamane conjecture in our case. In Section 5, we construct an algebra
monomorphism 6 : (UbO)W — K[p*]", making the diagram in Theorem 1.2.2 commute.
Then we provide minimal generating sets for both ¥ and Im(6). Finally, we construct
an epimorphism ¢ from a rank-|W,,;,| polynomial algebra S onto Im(f), and determine
a generating set for the ideal I = ker(¢). Then it turns out that (U?)" = Im() = S/I,
which completes the proofs of Theorems 1.2.3 and 1.2.4.

2. Preliminaries.

2.1. Specialized multi-parameter quantum groups and the Rosso form

Let I be a set of integers and A = [a;j]; jer be a symmetrizable Cartan matrix cor-
responding to a complex simple Lie algebra g. Let {d;},.; be positive integers such that
d;a;; = djaj; and ged{d;};cr = 1. Let K be an algebraically closed field of characteristic
zero, ¢ € K*, and G = [g;j]i jer be a matrix such that ¢;; € K*,g;; = 1 and ¢;5¢;; = 1.
We assume that the parameters in the set {¢}U{q;; | ¢ < j} are algebraically independent
(certainly this excludes the root of unity cases).

DEFINITION 1. [10, 19] Let U = Uy :(g) be the unital associative algebra over K

generated by elements e;, f;, wiﬂ, wgil satisfying:
-1 _ 7 =1 _
(A1) wiw; T =wjw; =1,
o /Y ’ o /
WiWj; = WjWs, wiwj = iji7 W;W; = Wiy,
(AQ) =1 ay roooa—l —ag 1
wi€jw; = d4; "gij€j, wi€jw; = 4g; i €4s
-1 —aq; —1 / =1 _  aji
Wifjwi =4q; q;; fj> wifjwi =4q; sz‘fja
/
Wi — Wy
(A3) eifj = fiei = 0ij - ———7,
i 4

1—aij
n 1_ai‘ —a;;—n n . .
Y a0 e =0 G20

n
n=0
170.1']‘ 1
n — Q45 l—a;;—n n . .
S (—a) { ; } P =0, A ),
n=0 i

where q; = q%, i € I, and [], is defined by

K3

m O VR e TS el Y
nl, [n]iln —1]; -+ [1]; 7 Yogi—gt

The algebra U = U, ¢ constitutes a multi-parameter quantum enveloping algebra
(see [20] for general definition), equipped with the Hopf algebra structure (U, A, e, .S)
defined by
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(C1) Aw;) = w; @ w;, Aw]) = W)
Alei) =ei@1+wi®e;,  A(fi)

(C2) e(w;) =e(w)) =1, ele;) =e(fi) =0,

(1) Sw)=wl, Sw)=w;, Sle)=-wes S(fi)=—fuw

Refer to [20, Thm. 20], there exists a unique bilinear pairing (—, —): US'xU?? — K
such that for all z, 2’ € USY, gy, o/ € UZ% p,v € Q,and i, j € I

(y,za’) = (A(y), 2’ @ x), (yy',z) = (yoy, A)),

1
(firej) = 0ij - —5—
q;

— i
ji +1 -1 +1 -1
<w£ij> = Q;'IJ qjis <w; » Wj > <w; 7wj> - <w;7wj>:':1a
for 1 < 4,5 < n, and all other pairs of generators are 0.

THEOREM 2.1.  [20, Cor. 22] The algebra U = U, (@) has the triangular decompo-
sition U 2 U, ¢ (n7")@U®U, ¢ (n), abbreviated as U = U~U°U™, whereg=n"@®hodn
is the semisimple Lie algebra corresponding to the Cartan matriz A.

The algebra U is Q-graded given by
dege; = a;, degfi = —ay, degw; =degw; =0,
it has Q'-graded subalgebras

*=Pui.=P {eri

HEQT HEQT

- L one@
wpaw,t = (W), W)

wnxw;1 = (Wl W) }
)

One can also define a homomorphism ¢ : UY — K for each A = Y1 | M € A satisfying

n n
_ / aji Ai
= [Twiwn™ =11 (" w)™
i=1 i=1
n

ot (w)) = [T = [ (a"a)”

i=1 i=1
The following lemma is the key in proving the injectivity of the Harish-Chandra

homomorphism.

LEMMA 1. Let p be the half sum of positive roots. Given any n, ¢ € Q and
any integer N, we have g/\(w;wqb) =1 for any A € AT with X\ > Np, if and only if
(n,¢) = (0,0).

ProOF. It suffices to prove the necessity. Fix elements 1,¢ € Q and A € AT,
viewing all three as column vectors in the basis {;};_,, one has
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6 K. CHEN, N. HU and H. WANG

n

A o) = [[ (@) =TT (@ a0
i=1

4,5=1

Cbidiaii N - iy T = —Xig;
_ qzw didjazir H qjiaﬁ :q¢ DAX H a; ®;
ij=1 ij=1
Similarly, one has o* (w;) =g~ DA (H” qi_j/\mj). Hence, the condition o* (w;]w,z)) =1
is equivalent to (¢ —n)" DAX = 0, and —\; (1 + ¢); +Aj(n+¢); =0 forall A € AT,
A > Np, which easily leads to (n,¢) = (0,0). g

The proof of £(Z(U)) 2 (U2)W for the Harish-Chandra theorem requires central
elements constructed via the following quantum Killing form.

DEFINITION 2.  The bilinear form (— | =): U x U — K defined by

-1
<(y1w{/1)w;]1w¢1x1 | (wa/ug )w;2w¢2x2> = <y2,:cl><wj72,w¢l><wjn,w¢2><52(y1),x2>
= q2(P7V1)<y2’x1><w7/72,w¢l><w%1,w¢2><y1’x2>
is called the Rosso form of U, where x; € U;:,7 yi €U, i, Vi, Pismi € Q.

PROPOSITION 2.2.  [20] As a specialized multi-parameter quantization, the algebra
U=U,c admits:

1. The Rosso form is ad;-invariant, i.e., for all a,b,c € U, one has
(adi(a)b|c) = (b]ad; (S (a))c),

2. The Rosso form satisfies the orthogonality condition: if p;,v; € QF, then
(UZ,,U°U} | UZ,,U°UL) # 0 if and only if 1y = va,v1 = pia.

—v1

THEOREM 2.3.  The Rosso form (— | =) of U is nondegenerate.

PROOF.  Since the pair (—, —) has orthogonality for the grading, it suffices to check
the case when u € UZ,UU,}. If (u | v) = 0 holds for all v € UZ,U°U,f, then u = 0.

Denote d,, = dimU,f. Let {u‘f,...,usu} be a basis of U, and {vf,...,vfjﬂ} be its

dual basis in U~ , with respect to the pair, that is, (vl u§‘> = ;5. Hence

U:VUOUJ = spang { (vi”wf,_l) w;w¢ug ‘ 1<i<d,, 1<j< d“} )

-1 -1
Let u=>,, skijne (v;’w{, )w;w(bu;‘, and v = (v,‘;w; )w;,wwu;’, where 1 <

k<d,1<1<d,1n, ¢ €Q. Suppose (u|v) =0, we have
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Harish-Chandra Theorem for Okado-Yamane Quantum Groups 7

0= kiime ™" (wh,we) (W, ws)

, o (2.1)
= kkime P xno (1, ¢),

where x,4 @ @ x @ — KX denotes the group homomorphism by X, (7,¢) =

<w;77 (.U¢/> <w;]/a 0)¢> :
We claim that these x4 in Eq.(2.1) are different characters, i.e., if x5.¢ = Xn1,er,
then (n,¢) = (1, ¢'). This is verified by

n

1= X77¢ 0 aj H Ha g H qa”qﬂ)m*m’
=1

Xn,¢ (0, ;) i—1

which in turn gives DA(n — n') = 0, then n = 7/, since DA is invertible; a similar
argument leads to the conclusion ¢ = ¢'.

Finally, we have kj 1, 4 = 0 from Eq.(2.1) by Dedekind theorem, which leads to
u = 0. U

2.2. Weight modules of Uy ¢

Let B = U, (b), and V¥ be the one-dimensional B-module, on which each e; acts
as multiplication by 0, and U acts via an algebra homomorphism 1 : U — K. By
Theorem 2.1, the Verma module M (z)) with highest weight 1) is induced from V¥ as
M) =U,c @5 VY.

PROPOSITION 2.4.  [20] For U = U, g, we have

1. Let vy be a highest weight vector of M(\) for X\ € A*, then

L()\) — M()\)/ (271: Ufi(/\,ociv)-&-l ~U)\>

is simple, with the decomposition of the weight space L(\) = ®ﬁ<z\ L(\),,, where
LA, ={zeL\)|w z=0"w)z, wj z=0"w))z, Viel}

2. The elements e;, f;, ¥ i € I act locally nilpotently on L(\).
3. dimL()\)n = dim L(/\)U(n), VneA ceW.
4. For any =1 m;a; € QT such that all m; < (N, ), the linear map x — z.v)
from UZg to M(X) is injective.
3. Injectivity and the image of Harish-Chandra homomorphism &

3.1. Injective properties

Let Z(U) be the centre of U, then Z(U) C Uy. Defining an algebra homomorphism
Y U% = U as y P (wjwy) = 0 ° (w)we) w)we, and the canonical projection 7 : Uy —
U°.
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8 K. CHEN, N. HU and H. WANG
DEFINITION 3.  The Harish-Chandra homomorphism & : Z(U) — U° is defined by
§=7""o7lzu),
and the Weyl group W has a natural action on Ub0 = @neQ Kw;,w_n that

o(wyw—p) = w;(n)w,g(n), VoeW, neqQ.

THEOREM 3.1.  The Harish-Chandra homomorphism & : Z(U) — U° is injective.

PROOF. We aim to show that if z € Z(U) satisfies £(z) = 0, then z = 0.

Since Z(U) C Uy = U’ @ K, where K is the two-sided ideal @, ,U-,U°U,; and
is the kernel of £, we write 2 = 3 o+ 2, With each 2, € U-,U°US. The condition
&(z) = 0 implies 29 = 0. Now assume that z # 0, then there exists a minimal v € Q7
such that z, # 0.

Choose bases {x;} and {yx} for U} and U~

., respectively. Writing 2, =
Zk’l Yrtk,ixy, try € U°, we have for each i:

0=1¢e;z— ze; = Z(eizy — zye;) + (€2, — z1€;).
Rkl

For the last term

€%y — 2y€; = E (eiyr — yei)te e + E Y (€ith 1z — thizi€;),
k,l k,l

we have Zk,l(eiyk — yrei)tg 1 = 0 since this term alone lies in U:(Vfai)UOUj. Hence
Yok €ilktig = Do Ykeity, for each [ since {z;} forms a basis of U,f. Fixing an index [,
for each X\ € AT, we claim that

m = (Z yktk,l> cuy=20
%

in the irreducible weight module L(A) with the highest weight vector vy. Indeed, the
identities

e;m = E €iYrtr,l - U = Zykeitk,l oy =0, Vi,
% %

imply that m is a weight vector annihilated by all e; and lies in a lower weight space,
forcing m = 0 to prevent generating a proper submodule of L()). It follows that

Z ka)\(tk,l)U)\ =0.
3

Taking N = max { k;|v = k11 + -+ - + kpap } and for any A > Np, we have (A, oY) > k;
and the injective map Y, yro™(tr1) — (Zk ykgA(tkyl)) - vy through Lemma 2.4, then
conclude that Y, 0*(tx,)yx = 0, which leads to o*(tx,;) = 0 for each k.
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Harish-Chandra Theorem for Okado-Yamane Quantum Groups 9

Next, write each tj; as a finite sum: tx; = >°, 4 kyowyws, kne € K. Then for all
m € Zo, we have

0= Qm’\(tk,l) = Z (QA(W;;C%))m kn.p-
n,¢

This gives a homogeneous linear system with a Vandermonde matrix since the values
o* (w{lwqg) are pairwise distinct by Proposition 1. Therefore, the only solution is &, 4 = 0
for all 1, ¢, implying ¢, ; = 0. Hence 2z, = 0, contradicting the assumption z, # 0. This
contradiction implies that z = 0. O

3.2. The image Im(¢)
Let A\, u € A. Define an algebra map o™ : U? — K by oM#* = g% o0 where

A0

oo wywe gt M0 Wywe o (wrws) -

LEMMA 2. We have the following properties:
1. Letu= w%wqﬁ, n, ¢ €Q. If M (u) =1 for all \,u € A, then u = 1;
2. If u € UY satisfies o™ (u) =0 for all \,pn € A, then u = 0.
ProOF. (1) Since 1 = QA’“(w%wd,) = g(¢—m" DAX (H qf)‘i(dﬂrn)j) . q(1to1) the

0,j 1ij
algebraic independence of the parameters ¢ and {g;;} implies the identity

{(aﬁ—n)TDA/\wL (n+¢,u) =0, 3.1)

~Ai (4 6); + A (n+ ), = 0.

When A = 0, the equality n+ ¢ = 0 holds. Setting pu = 0, the invertibility of DA implies
1n — ¢ = 0. Consequently, we conclude n = ¢ =0 and u = 1.

(2) Fixing a pair (1, ¢) € @ x Q, one can define a character &, 4 on the group A x A
to be riyg : (A, 1) = 0™ (w),wg). Let u = 2 knownws, ke € K. Then

0=0M(u) =Y kpoo™ (whwe) = Y Enohins (whws) -
(n,6) (n,6)

The property (1) implies that all characters k,, 4 are distinct, which forces all ky » = 0
and u = 0. O

REMARK 1.  This result differs from [11, Lem. 23] in the two-parameter quantum
groups U, s(g), where g is of even rank. The reason is that U, a(g) involves more
algebraically independent parameters g and {q;; }, and provides more restrictive conditions
(3.1) on weights ¢ and 1, and further guarantees £(Z(U)) C (U)W for the Harish-

Chandra homomorphism for any rank in the following process.

LEMMA 3. 0"k (u) = gV (o~ (u)), foru € UL, 0 € W, A\, ju € A.
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/

ProOoOF. It suffices to check when u = wy,

denote the matrix of o, we have

w_y and o is a simple reflection. Let X

o7 () = M (Wo(w-n) =1
— T p—
=q 2n" DAYX _ q 2nDAo(N) _ QU()\),O (w;]w_n)’

(o) = gl O M) 0 i (uty ).

—2(c(n)"DAX _ q—znTEDAA

QA,O(

This completes the proof. O

LEMMA 4. Foro € W, \,u € A. If u € U° satisfies 0" M# (u) = oM (u), then
ue (UHW.
ProoF. Let u = Z(n ) kn@w;]wgﬁ € U° then the assumption implies

2 mé) Ky g 0™ (w;wtﬁ) =) fe p 07 P (w’cww), hence we have an equation for char-
acters:

D kngking = Y kcwkl

(n,¢) (€:)

For each k, 4 # 0, there exists a pair ((,¢) € @ x Q, such that k, 4 = "“é,w and
kg,w = kn7¢. Then

vaj( O,urj( (<+¢7wj)’

bin.(0,5) = 0% (whwg) = ¢TI = K¢ 4 (0,7;5) = 0" (wiwy) = ¢

yields n + ¢ = ¢ + 1, and o™ (w;w(b) = p7i(@i) (w’cwd,) = @i~ (wéww) Substituting
6= Cub -, one has 07 () cwe_y) 0% (hw—c) = 0 (wpc). that is,
-NT w;—2¢T o T — o e i
q2(C n)" DAw; —2¢" DAc; _ q(¢+C) DA(—ay) H ql_(’_l”rC)

J
j=1

For i =1,...,n, the algebraic independence of the parameters implies

2(C = n)"DAw; + (Y — ()" DAa; =0,
(W+Q);=0, j#i.
So we have ¥ + ¢ = 0, which forces
u= Z ko, —n whw_y € UY.
(n,—n)

Finally, by Lemma 3, we get o™ (07! (u)) = 07k (4) = oMM () for all A\, u € A and
o € W. It implies 0~ (u) = u for all 0 € W. So u € (U?)". O

THEOREM 3.2.  oMPH (€(2)) = o7 HP)i (€(2)), for all z € Z(U), o € W, which
implies Im(§) C (UMW
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Harish-Chandra Theorem for Okado-Yamane Quantum Groups 11

PROOF. Let z € Z(U) and pu € A, take a A € A such that (\,«;¥) > 0 for some
fixed i. Let vy, be the highest weight vector of the Verma module M (o**). Then

2wy, = 0V (m(2))oa = 0TPH(E(R)) v
On the other hand, according to [20, Lem. 33], we have

(), ()

v A, lV . — g
eii o = () + 1)) g R, g,
qi — 4q;

~(nay Aay Aai )+t -
since qi( “ )g)‘*“ (w;) = qi( “ )g)"“ (w}). It follows that ejfi( o)t oy =0, § =
1,---,n, and

Ao )+l NaY)+1 ’ _ Aay )+1
£ g = w0y = g0 (1 (2)) £y,
(/\,a-v)+1

= 0O (E(2) £ oae

Hence, z acts on M(pM*) by scalar g% (AtP):# (€(2)), so we have o PH (£(2)) =
o7 TR (€ (2)).

Moreover, this result holds for any A € A. This is because if (A, ;) = —1, then
A+ p = 0;(N + p) such that this equation holds. If (A, @) < —1, let X' = a;(A + p) — p,
then (X, ) > 0 such that the equation holds for . Replace X with a; (A + p) — p into
the result such that the equation holds for A in this case. Finally, since the equation
holds for each o;, so it holds for all o € W. It implies Im(§) C (U?)" by Lemma 6. O

4. Central elements and the Harish-Chandra theorem

4.1. Rosso form realization and central elements

In what follows, we construct central elements by realizing the quantum trace on
weight modules using the Rosso form.

Since the Rosso form is nondegenerate and ad-invariant, there is an injective mor-
phism of U-module 8 : U — U*,u — (u | —), where the U-module structure on U* is
defined by (z.f)(v) = f(ad;(S(z))v). for all z,v € U, f € U*.

DEFINITION 4. For A € AT, define the quantum trace ty € U* by
ta(v) == trpny (v o ©),
where © € Endg(L(\)) is a linear map defined by m — ¢~ 2*Wm, ¥ m € L(\),, p € A.
Let d = dim L(\), and choose a basis {m;}&, of L(\) with the corresponding dual

basis {f;}&; € L(\)*. Then, for any v € U,

d d
0-O(mi) = > fi(0-Om)m; = 3 Cp, opm) (0)my,

Jj=1
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where Cf,,, € U* denotes the matrix coefficient satisfying C ., (v) = f(v.m), for all
v € U. The quantum trace can then be expressed as

t)\( )—trL(A) ’UO@ ZC'f1 ml)

and the matrix coefficient can be realized by the Rosso form.

ProproSITION 4.1.  If the weight set of a finite-dimensional weight module M of
U satisfies wt(M) C Q, then for each m € M, f € M*, there exists a unique element
u € U such that Cy,m(v) = (u|v), Yo eU.

Proor. It suffices to verify the case when m € M}, since Cy , is linear in m € M.

Suppose v is a monomial of the form v = (y w:fl)w wez, where y € UZ,, © € U;f. Then

for any f € M*, we have

Crm(v) =CYy, m((yw;fl)w;]w,bm)
7 —1

<w w— (/\+V)><wi\+ww¢> ) f((ywu )Z‘ ’ m)

7

Noting the bilinearity of ¥ : UZ, x U;f = K, (y,z) ~ f((yw;fl)x -m) , we claim that
for a given ¥ and a pair (1, ¢) € Q x Q, there exists an element u € U:MUOU;|r such that

(| (g ) wewya ) = (we, we) (wn, wy) ¥ (y, 7)

for any x € Uf,y € UZ, and ((,¢) € Q x Q. One can easily check that

u= Z el (v;, uf) (vfw, ) wywettf,
)

where {u’f, e ugﬂ} is a basis of U5 with its dual basis {U{L, s Uﬁl‘“} in UZ,, with respect
to (—, —). Therefore, there exists a unique u,,, € U such that Cy ,(v) = (uy, | v), Vv €
U-,U°USf.

Now consider a general element v € U and write it as v =", ) Vuy, Where vy, €
uv-,u OU}. Since M is finite-dimensional, there exists a finite subset  C @ x @ such
that Cym(v) = Crm (Z(%U)GQ vl“,) for all v € U. Define u := 3, cq vy, then we
have

(ulv)= Z Upy | V) = Z (U | V) = Crm(v).

(n,v)€Q (n,v)EQ
This proves the existence of u and provides an explicit construction. O

THEOREM 4.2.  For each A € AT\ Q, there exists a unique element z such that
B(zx) = tx. The explicit expression of zy is
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—2(p, / r,—1
2y = Z Z Zq (p+n) (wyy Wrgp)tr (viuf o Pr) vilwrw  uff.

T peEQR* 4,j

where {u?}?ﬁl is a basis of U and {vf}fﬁl is the dual basis of UZ,, with respect to the
restriction of (—,—) to UZ, x U, and Py is the projector from L(X) to L(\);.

REMARK 2. The explicit expression of central elements zy in the one-parameter
quantum groups U,(g) (see, e.g. [6, 12]) corresponds to the specialization of Uy ¢ where
all Qij = 1, wW; = Ki7 wg = K;l

We proceed to show that these elements {zx} ca+nq lie in the centre Z(U).
LEMMA 5. Letz € U, then z € Z(U) if and only if ad)(z)z = e(x)z, for allz € U.
PROOF. Suppose z € Z(U). Then for all z € U, we have
ad;(z)z = Zx(l)zS(x(g)) =z Zx(l)S(az(g)) =e(x)z.
(z) (z)

Conversely, if ad;(z)z = &(z)z holds for all x € U, then w;zw; ! = adj(w;)z = e(w;)z = 2.
For each generator e; and f; of U, we have

eiz — ze; = e,z + w;zS(e;) = ad;(e;)z = e(e;)z = 0,
(fiz — 2fi) W = 2S(fi) + fi2S(w}) = adi(f;)z = e(fi)z = 0.
This completes the proof. O

PROPOSITION 4.3.  The following statements hold for the weight modules L(\) with
A€EAT.

1. For all u € U, we have ©(u.m) = S?(u).0(m), Vm € L(\), or ©® ou = S*(u) 0 ©
for short.

2. Forallx € U, we have x -ty = e(x) ty.
3. If e AT NQ, then z\, = B~Y(ty) € Z(U).
Proor. (1) It is sufficient to verify the statement on the generators e; and f;.
Notice that

2(w;,a;) 2(p,xi)

(Whw) =ay; =¢% =q =q .

Now, for each m € L(\),, we compute
S%(e;) - ©(m) = g 2Pr) . S%(e;) -m = g 2em) (Whw) te;-m
— q—2(p,u+ai)ei -m = O(e; -m),
S*(fi) - ©(m) = S2(fi) - q 2P m = (wj,wi) - ¢ M fi-m
= 2 fom = O(f; - m).
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(2) For any x,u € U, we compute
(S () - ta)(u) = taladi(x)u) = trpo (D za)us(z@) 0 0)
(2)

= trL()\ ZS Z(2) @1‘(1) = tI“L()\ ZS JJ(Q x(l )O @)
(=)

= trp(n) (u- S(Z S(z))z(2)) 0 O) = () trL(A)(u 00) = e(x)txr(u).
()

Replacing x by S(x), we get x -ty = e(x)ty for all z € U.
(3) We compute that

z-tx =2 B(2x) = (z- B)(21) = Blad(x)z)),
e(@)tr = e(z)B(2x) = Ble(x)2n).

By the injectivity of 3, it follows that ad;(z)(zx) = e(z)zy for all x € U, which implies
zx € Z(U) by Lemma 5. O

4.2. The Harish-Chandra theorem
Set ¥ = AT N Q. For each n € Q, there exists a unique o € W such that o(n) € ¥.
Therefore, the elements

av()\) ‘W| Z wU()\ —o(N) ()‘ € \I/)
oeW

form a basis of the W-invariant subalgebra (U)W

THEOREM 4.4.  The Harish-Chandra homomorphism & : Z(U) — (U)W is an
algebra isomorphism.

Proor. By Theorem 4.2, for each A € AT N Q, the central element z) satisfies

2= 3 g 200 dim(L(N),) W
n<A

Applying the definition of the map £ in Section 3.1, we obtain

E(2) = =Y a2 dim(L(V),) 0P (ww—p) W
pn<A
—Zdlm wwMG(Ub)
pn<A

It remains to prove that each av(\) lies in Im(£). We proceed by induction on the
height of .

If A\ = 0, then av(0) = 1 = &(z0) € Im(§). Suppose A > 0. The properties
dim(L(\),) = dim(L()),(,)) and dim(L(A)x) = 1 imply that
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=Y dim(L(N),) wyw_p = [W[-av(A) + W[ > dim(L()),) av(p).

n<A n<, pew
By the induction hypothesis, each av(u) for g < A lies in Im(€), then

1

av(A) = Wi

) - Y dim(Z),) av(e) € Im(S).

n<A, pev

Now we conclude that
(U)" = spang{av(}) | A € ¥} C Im(¢),
which completes the proof together with Theorem 3.2. O

COROLLARY 1. The centre Z(U) admits the basis {zx | A € W} over K, thereby
supporting the Batra-Yamane conjecture [3, Conj. 3.13].

PrROOF. The previous proof has shown that (U?)" = spang{av()\) | A € ¥} =
spang{&(zx) | A € ¥}. Moreover, the set {£(z)) | A € ¥} is a K-linearly independent,
otherwise I A!,--- , A\ € ¥, such that

0= Z ai€(zxi) = [W| Z a; X)) Z dim(L()‘i)u) av(p) |

u<>\7‘7 HET

and all a; # 0, we thus arrive at a contradiction: there exists a weight A% such that
A? % \o for all other 4, which necessarily implies a;o av()\io) = 0 in the summand. Hence
the set {&(2x) | A € ¥} forms a basis of (U?)". By applying the Harish-Chandra
isomorphism, we conclude that the centre Z(U) admits the basis {z) | A € ¥}.

Following the notation established in [3] and under the assumptions of the present
work, we set 7(i) = a;, % = @, and the map x(a;, a;) = (W, w;) for all 7, j. Then the
set 31(x, ) is just the centre Z(U), and BY" = (U)W — an explicit realization of the
abstract subalgebra in [2, Thm. 10.4]. The set

Finy := {(A\,p) € A x A | dim L(AY ;) < o0}

where the map AX () = X\, 1) x (N, 1) = (wy,, wa ) {w),, wx) (also denoted by
oX). Our o* = AX, | Al = = oMV then (=\, \) € Fin) if and only if A\ € AT NA =T,
On the other hand, there is no finite-dimensional weight module with the highest weight
oM such that A + p # 0, this fact is guaranteed by [20, Prop.36] through quick
verification. Above all, we have ¥ = Fin} and confirm that the Batra-Yamane conjecture
31(x, m) = spang {zx|\ € Fin{} holds for Z(U, ¢ (g)). O

5. The Centre of Uy c(g)

Now we determine generators of the subalgebra (U, bO)W. There is a natural monomor-
phism 6 : (U)W — K[h*]" defined by
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’ (Z Wfr(A)w—a(A)) = W, vaew

ceW ceW

Meanwhile, the homomorphism Ch : R(g) — Z[A] induces an isomorphism R(g) = Z[A]W

(see, e.g., [4]) and R(g) ®z K = K[h*]". Since the element z, := Ch(L()\)) satisfies
Zyx = 0&(z)) when A € U, we have Im(f) = spang{ z) | A € ¥}. For simplicity of
notation, we write z; := Zg,, t =1,--- ,n.

LEMMA 6. The elements Zy, Zo, -+, Z, are algebraically independent over K.
PrROOF. If there exists a polynomial f in Klvy,---,v,] such that
f(z1,2a,...,2,) = 0, writing
F = Chy, 01105 0 > Car,....an V1 V5% UL

where “<” denotes the lexicographical order, and vf 1v§2 ...vFn is the maximal one with
Cky... k, # 0. Through the isomorphism Ch : R(g) ®z K = K[h*]", the equation

f(z1,2a,...,2,) = 0 corresponds to

Chky,....kn [@L(wz)@“’ + Z Cay,...,an [@L(wz)(@‘“] =0.
i=1 1=1

(a1,-an)<(k1,....kn)

If we rewrite the equation above as a linear combination of the basis elements in {[L(\)
A € AT}, then [L(kywy + ... + knwy)] only appears in [, L(w;)®*], then c, ...,
has to be 0, contradiction.

]

5.1. Minimal generating system W,;,

An element A\ € ¥\ {0} is said to be indecomposable if # X', \ € ¥\ 0, such that
A= XN+ ). Let Uy, be the set containing all indecomposable weights in ¥ \ {0},
which is the minimal generating system of ¥. We adopt an approach analogous to that
in [16] and adapt it to our multi-parameter setting. We will show that the following
lemmas, together with our main result (Theorem 5.1), hold in this setting, where the
constructions of ¥ and ¥,,;, are considerably more refined.

LEMMA 7. The set Wy, is finite.

PrOOF. According to the table in Appendix A, for each 1 < k < n, there exist
elements ¢ € Zy such that cwy € ¥\ {0}. The smallest ¢ is denoted by ry (e.g.,
T, = (niitlk) for type A,), and the weight s(k) := rrwr € Wy, is called a single
weight. Hence if A = >0 | \iww; € Wpnin, then each \; < r; (otherwise Jig, such that
A —s(ig) € ¥\ {0}, contradiction). The finiteness is clear. O

Except for type A,, one can directly check that the given set forms a minimal
generating system for the additive monoid ¥ by straightforward enumeration and com-
binatorial arguments.
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1 LEMMA 8.  For rank(g) > 2, the elements of Uiy are shown explicitly as follows
Type Minimal generating system W,
{s(k) := rrwi ’ TE = (nrfki—"fk)’ 1 <k <N Jsingle)
A, U{e(k) := dywor + wy | dp, =n+1-—k, 2</€<’n}(specia1)
U {7 | not single and not special}_.
B, {@1y. ., Wn—2,n_1,200n}
{2w1, @9, 2w3, . .., @ok, 2Wak+1,
Cokt1 _
wy + wy (u,v =1 (mod 2), u <v)}
C’2k+2 {2w1,w2,2W3,...,wzk,2w2k+17w2k+2,
Wy + @y (u,v =1 (mod 2), u <)}
Doges {2w1, @9, 23, . .., 2000k _1, W2k, 2Tk +1, 2T02k+2,
) Wy + @y (u,v =1 (mod 2), u < v), wagt1 + Wak42}
{2@1, @2, 23, . . ., 2ok —1, Wak, 2Wak+1, 4ok 12, 42k 3,
wy + @y (u,v =1 (mod 2), u < v < 2k+1),
Dojys @y + 2wok12 (u=1 (mod 2), u < 2k + 1),
wy + 2wop+s (u=1 (mod 2), u < 2k + 1),
2Wopt2 + 2Wak43, Wak+2 + 3Wakt3, 3Wak42 + Wakt3}
{3w1, wa, 3ws, w4, 3ws, 3w,
Eg w1 + W3, W1 + We, W3 + Ws, Ws + We,
w + 2ws, 2w + ws, w3 + 2w, 203 + we }
{w1, 2ws, w3, w4, 2ws, we, 2007,
o wy + ws, W2 + wr, W5 + w7}
Eg, Fy, Gy | {w1, wa,...,wn}
3 Here we give an explicit description of W;, for type A,,. Let A = Z?Zl i € A.
Set [A| :==>"p_, kAx € Zy. Then we write
] A= w1 — Yoo Aot + 2040 + .. + (i — D)oy — iwoy)

= (Z?:l Z)\l) w1 — ()\nOln,1 + (2>\n + )\nfl)an72 + -+ ((n — ]-))\n + ...+ )\2)&1).

6 Hence, A € Q if and only if (3.1, iXi)w1 € Q, if and only if (n+1)| |A|. This fact shows
7  that

8 U={AeAt| (n+1)][A}.

9  Hence, single weights s(k) = rpwi (1 < k < n) and special weights e(k) = dywwi 4w (2 <
10 k < n) are contained in W.,;,. We end this subsection by proving a property of the
11 elements in 7.

12 LEMMA 9. For each T = 3 mywy, € T, set ||7|| = =71 + 30, Trdy,, then we
13 have
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T+ ||7]|w = Zk;ﬂ re(k),
and ||7|| is a positive integer such that (n+1)|||7|| .

PROOF.  One can directly verify that
D1 The(K) = D4y h(drmr + @) = (Zk;ﬂ dekwl) +7—nw =71+ |7]w@.

Since ), Tke(k) € Q and 7 € Q, we have ||7|ww1 € Q, that is, (n + DlI=|l-
Assume that [|7[| <0, then 7 > 37, Tidk. Since 7 # T (otherwise (n + 1|7

and 7 = ;T5s(1), contradiction), there exists kg # 1 such that 74, > 1. Then

Q27— e(ko) = (1 — diy) w1 + (i, — Dwr, + Y T
k1, ko

However, 7 — di, > 71 — Zk# Trdg, = 0 implies that the right-hand side of the above
expression belongs to AT. This leads to 7 — e(ko) € AT NQ = ¥, and then 7 has to be
e(ko) since 7 is indecomposable, which contradicts to 7 € T'. Thus, we have ||7|| > 0, the
Lemma holds. O

5.2. Presentation of Z(Ug, )
Now we write m = |Upnin| and Ypin = { 1, . . -, i } with the order presented in the
Table of Lemma 8.

LEMMA 10.  The set {Z,,}i, forms a minimal generating set of Im(6). For each
ti = 35—y 1575 € Yinin, define another element v, = [[}_, 7. Then the set {x,, }i",
provides another minimal generating set of Im(0).

PROOF. Notice that Im(f) = spang {Zx | A€ U}, if A € ¥\ Uy, then Ip €
Uoinin, A — p € ¥, and

Dotp=rat S L) ® L) : L) 7,
v<\, vEAT

which leads to zx € (Zu, Zx—p, Z, | 0 <v < A, v € ¥). Hence by induction on the
square length (A, A) of A, one obtains zy € (Z,,)i~. The first claim is clear.
Similarly, if A = Y"1, \jw; € U, then

n

Hzg‘izz)\—k Z AIAL, -5 An) Zy (5.1)

i=1 YA, YEAT

where d} (A1, -+, An) == [L(w@1)®M ®- @ L(w,)®* : L(y)]. I d} (A1, ..., An) # 0, then
A — v € Q, which forces v € U, that is, z, € Im(¢). Therefore []}_, z} € Tm(#), and in
particular, each z,, = []}_, 2} € Im(0) = (2,,,)i%;.-

To prove each z,, can be generated by {x,, | tti € Umin}, we temporarily reorder
Wmin such that if p; < p; then ¢ > j. Then Eq.(5.1) leads to x,, € Z,,, +Z and
Ty, € Zy; + LlZpyyys 52y, (1 <4 < m). Then one has z,, € x,, +Z, and z,, €

i



10

11

12

13

Harish-Chandra Theorem for Okado-Yamane Quantum Groups 19

Ty, + L2y, - 2y, ] by descending induction on 1 < i < m. That is, each z,; belongs
to (x,,)ix,, for j =1,---,m. The second claim Im(0) = (z,,)i~, is clear. O

In the following theorem, we present a polynomial algebra S together with a relation
ideal I such that S/I gives a presentation of (x,,)i~,, from which Z(U) is obtained.

THEOREM 5.1.
Klt1,- -

1. The centre Z(U) is isomorphic to a polynomial algebra
,tn] when g is of type By, Es, Fy or Gs.

2. For the other types, the centre Z(U) is isomorphic to a quotient R = S/I, where
S is a polynomial algebra over K of rank |Win|, and I is the relation ideal whose

generators are specified below

Type Generators v, of Im0 Generators of S Generating set of 1
T T ... a
Z; s Zoo, 7dZn, s t1, to, s tn, tl("JriklUtk 7])2’” (k‘ # 1)7
Apso | 22, o, 22, P2y s Py L
=1l 74 (T€T) w- (1 €T) [Tt =t wr
B, 71, Zoy Z3y <+ s o1, 22 t1,t2,t3,  tn—1,tn 0
c 73, Za, 23, -, Zoks gy t1,t2,t3, -+ s Lok, Lok, tity — 1, (u>1),
2kt ZuZy (u,v 0dd, u < v) tu,w (u,v0dd, u < v) tituty — t1utt otue (U > 1)
c 73, Zo, -, Zoks Zapi1, Zoksz | Plotas oo tok, tokt1s tokte tity — 1, (u>1),
k2 ZuZy (u,v 0dd, u < v) tu,w (u,vo0dd, u < v) trtuty — t1ut1otue (u>1)
Z? Z, 2 s Zak—2, Zap—1s Zaks 7;17t27't" s tok—2, tak—1, T2k, tt, *tiu, (w>1),
Zopr1s Zopya 2k+1, L2k+2,
Doy i1t t,—tL tl_t1 (U>1),
k2 ZuZy (u,v odd, u < v < 2k), tuw (u,v0dd, u <wv < 2k), ; “ 1t * t; o
k+1lok+2 — Ty
Zok+122k+2 tok+1,2k42 ARHITaR2 T N2kt 242
) ) )
Zyy Zo, Z3, v Zoks Zopg1s t1, 2,13, ok, tokt1, tity — 11, (u> 1),

4 4
Z2k+27 Z2k+37 t2k+27t2)€+37 tityty — tl,utl,vtu,v (u > 1)7
ZuZy (u,v 0dd, u < v < 2k+1), tuw (w,vo0dd, u <v<2k+1), | titort2 —p2, titorgs — qi,

b D pein (w0dd, u < 2k + 1) pu (wodd, u < 2k + 1), takrotiu — p1pu (u > 1),
ks zuzg,ﬁg (uodd, u<2k+1) qu (uwodd, u< 2k +1), toktatiu — q1qu (u > 1),

) 3 4

sz+223k+3, Wi, lok+otops — Wy,

: 3 4
Z25k+2Z2k+3, Wa topiator+3 — Wy,
Zony2Zonss ws taryatarss — w3

tits — 13, tite — ty,
7B, 7o, 73, 74, 73, 73, t1,t2,t3, 4,15, 16, 3
tats — ty, tsty — trtio,
Eg 7173, 7176, Z3%Z5, Z5%6 t7,t8,t9, 10, 9 5
2 2 2 2 L7ty — tat11, t7lg — lta2,
TR, 7575, 7378, ZaZ6 ti1, 12, t13, tha ) N
trtg — titis, t7ts — t1t14
B Z1, 75, Z3, Za, Za, Zo, Z9, t1,t2,t3,%4,1t5, 6,07, tots — 13, tot7 —ta,
7
ZoZs, ZoZ7, Z5Z1 lg, 19,110 tatsly — tstotio
E8F4G2 Z1, Z2, *y Zn t11t27"‘-,tn 0
ProOOF. (1) When g is of type B,,, Es, Fy, or G2, Lemmas 6 and 10 yield

<Zl»"';
<Z1,"',

Zn—1,Zn),

Zn_1,22), for type By,

for types FEg, Fy, and G,




a o W N -

10
11

12

13
14
15
16
17
18
19
20
21
22

23

24

25
26

27

28
29

30

31
32
33

20 K. CHEN, N. HU and H. WANG

and {z;}7, is an algebraically independent set. Therefore, the centre Z(U) = Im(f) is
isomorphic to a polynomial algebra of rank n.

(2.1) From type C,, to E7, we only show the proof of type Cax1, as the other types
follow analogously.

Define an algebra epimorphism ¢ : S — Im(6) by

(Z5(t22',1) = Z%ifl? (ZS(tm) = Z2;, (1 <i<k+ 1), d)(tu,u) = ZyZy, for odd u < v < 2k + ].,

and one can directly check that I C ker ¢.

Let Sl = K[th - ,t2k+1] and 52 = K[Z%, 79, ...,29k, Z%k-&-l]' Since Z%, 79, ...,29k,
Z% 41 are algebraically independent, the map ¢|s, is an algebra isomorphism from S; to
Sz, and Sy Nker ¢ = {0}. Now let T; := S; \ {0} for i = 1,2. It is obvious that ¢ can be
extended to an algebra epimorphism ¢ : T, 'S — Ty ' Im(6) as follows

d(a'b) = ¢(a) "' o(b), VaeTi,beS.

There is a canonical embedding Ty ! : S < T, 1S via s — 1, and we define J := T C
ker ¢.

We next prove I O ker ¢ by showing that the quotient ring Tl_lS/ J is a field.

Let Fy = K(t1,--- ,tors1) = T, 151, the function field of S1. Then Fy := Fyltopyo] =
Folt]/(t? — t1t3). Fy is a field since t? — t1t3 is irreducible in ring Fy[t]. Similarly, we
have Fy = Fi[t15] = Fi[t]/(t* — tits), - . Fy = Fy_1[t1254+1) = Fr_1[t]/(t* — titars1)
and Fy, ..., Fy all are field. Moreover, by t, , = tiitiitltutv, we have all ¢, , € I}, that
is, T, 1S/J = F),. Now T 'S/J is a field, it implies that J is a maximal ideal, then (i)
ker(¢) has to be the maximal ideal J, and J a prime ideal in T} 'S, which implies (ii) I
is prime in S since it is the contraction of a prime ideal J. Finally, notice that ITNTy = (),

we have J NS = Tl_ll ns @ I. Then one can obtain that
- () (ii)
kerp CkerognNS=JNS = 1.

Above all, we have ker ¢ = I, and then R = S/I = Im(¢) = Z(U).
(2.2) For type A,,, define an algebra epimorphism ¢ : S — Im(6) via

o(ti) =77, o(pr) = 282y, (w,) =z, = [[[, 27

for 1 < i,k <n(k#1)andall 7 = > 7w € T. Then by Lemma 9, we have

7%”1 € Z~o and

d (nt1)dy dg
TE\ _ 5Tk Tk _ o, (nFLE) TR [CESWD)
o (py*) = 21"z} = 24 7, =¢ (t1 tk) )
Th | _ detk e _ ST TR Tk _ I
¢ (Hk;él Dy ) =Ilep 20" ™2 =20 [y 2 = 0 (17T wr ),
that is, I C ker ¢.

In order to prove ¢ is injective, i.e., I D ker ¢, similarly we let S; = K[t1, - ,tn],
Sy =Kz, -+ ,zin], T; := S; \ {0} for ¢ = 1,2, and repeat the process in (2.1). It suffices

s Ly
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to prove that T, 1S/.J is a field, where J := T, 'T C ker ¢.
Let Fy = K(¢1,-- ,t,) be the fraction field of S;. Then F; := Fy[ps] is a field since
dg
tr2 — " ¢, is irreducible in Fyt], and Fy := Fi[pa] = Fy[pa, p3] is also a field since
d3
trs — ¢{"*1¥ 3 is irreducible in Fy[t]. In the same way, F,,_1 := Fy[p2, -+ ,py) is a field.

_ 1=l
Meanwhile, we have w, = ¢, "*' [[}_, pi* € F,,—1 for all 7 € T. Thus, T7'S)J = F,_1,
which is indeed a field.
This completes the proof of S/I = Im(6). O

THEOREM 5.2.  The result above provides the same descriptions of ¥ = AT N Q
and (U)W for the two-parameter quantum group U, s(g) in [11]. That is,

= (UHW >~ S/I, if n is even,
D (U @Klzw, 2, 1] =2 S/T @Kz, 2,7, if nis odd,

§(Z2(Ur.s)) {

where the polynomial algebra S and the ideal I is shown in the table of Theorem 5.1.

EXAMPLE 1.  We provide an explicit description of Z(Uy,c) for g of types Az, As,
and Ay.

Type | Description of Z(U, )
U nin = { single : 3wy, 3w, special : @y + w3 }

Ay
Z(Uq,c) = K[t1, 2, pa]/(t1t2 — p3)
) Unin = { single : 4wy, 29, 4ws, special : 201 + wa, w1 + ws, 1 : w2 + 2w3 }
3 ~
Z(Ug,c) = Klt1, ta, ts, p2, p3, w1] / (p3 — tita, p3 — tits, tiwi — pap3)
U nin = { single : 5oy, bwa, bws, by,
special : 3wy + wo, 2wy + w3, Wy + Wy,
T : we + w3, w1 + 22, w1 + 3wy, wWs + 2wy,
Ay 3we + wy, 203 + Wy, W3+3W4}

Z(Uqc) = Klt1, ta, t3,ta, p2,p3,Pa, W1, W2, W3, Wy, Ws, We,wr)/1,
I=(t3ty —p5, tits—p3, tita—p, tiwi —paps, tiws —y3,

tyws — pi, tywy — papi,  tiws — Paps, tiwe —P§P47 tiwr — papy )

We compare these results with those in [16] and write ¥/ = At N % When n is even,

we have Z(Uq g (8lh+1)) = Z(Uy(slp41)) since monoid ¥ = V', When n is odd, we prove
that W 2 V' as follows.

Assume there exists ¢ : U = U’ as monoids, then ¢ bijectively maps their minimal
generating systems. Let r = ”;1, notice that w, € V.. . then 3 a € Yy, ¢(a) =
w,. This forces that p(B) = Zi# kiwo; for all B € Wiin, B # «a (otherwise, ¢(B) is
decomposable). Therefore, w, cannot appear as an additive component in any Z-multiple
of ¢(B).

If a =s(1) = (n+ 1)wy, then
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da

r20(€(2)) = rop(dew +w2) = msﬁ((”+1)wl)+sﬁ(rzwz) = mwr+¢(8(2))-
If a = s(k) = rpwr(k > 1), then
reglelh) = rupldim +1) = TRl D) +orum) = (D) 4.

If o = e(k) = dywy + wi(k > 1), then

i = ruplelh)) = ¢ % o(s(1)) + o (s(k)).

n+1,k)

Ifa=3" o;w; €T, applying ¢ to Lemma 9 yields

Sir arp(e(k)) = o(a) + Llo((n + 1)m1) = @, + Loby(s(1)).

In all cases, contradictions arise in which wo, appears in some Z-multiple of ©(B) for
B € Winin with 8 # a. It turns out that ¥ 2 V' and hence Z(Uy ¢(8lh+1)) Z Z(Uqy(8lh41))
when n > 1 is odd.

Appendix A

The fundamental weights w; (i = 1,...,n) have the following Q-linear expressions
in terms of the simple roots {a; }1 ;:

_ [ (n—i+1) 2(n—i+1) (i—1)(n—i+1) i(n—i+1) i(n—i) i
A" Wi = <n7+17 ntl o n+1 T nFl 0 4l 0 ’n+1) .
B wl:(1a27az_17272577') wi:(172a"'72-_172"2-7"'725%’%)
" wn:%(17277n) D, wn—1:%(1727"'7”727%771;2)
Co|wi=(1,2 -, i—1,i i i %) w, =5 (1,2, ,n—2,02 1)
w1 =134, 3, 5, 6, 4, 2) o= (2, 2, 3, 4, 3, 2, 1)
we= (1, 2, 2, 3, 2, 1) wy =3(4, 7, 8,12, 9, 6, 3)
5 w3 = 2(5, 6,10,12, 8, 4) 5 ws= (3, 4, 6, 8, 6, 4, 2)
6 wi= (2, 3, 4, 6, 4, 2) 7 ws= (4, 6, 8,12, 9, 6, 3)
w5 = 3(4, 6, 8,12,10, 5) w5 = (6, 9,12,18,15,10, 5)
we=3(2, 3, 4, 6, 5, 4) wg= (2, 3, 4, 6, 5, 4, 2)
wr=1%(2, 3, 4, 6, 5, 4, 3)

@ = (4, 5, 7,10, 8, 6, 4,2)
= (5, 810,15,12, 9, 6,3) ( )
=(7,10,14,20,16,12, 8,4) | ( )
wy = (10,15,20, 30, 24, 18, 12 ,6) 4 w3 = (2,4,6,3)
= ( ) ( )
= ( )
= ( )
= ( )

s 8,12, 16, 24, 20, 15, 10,5

6, 9,12,18,15,12, 8,4
4, 6, 8,12,10, 8, 6,3
2, 3, 4, 6, 5, 4, 3,2

G
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