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On the L;-maximal regularity in the study of free boundary
problem for the compressible fluid flows

By Yuko ENOMOTO and Yoshihiro SHIBATA

Abstract. In this paper, we consider the Stokes equations with non-
homogeneous free boundary conditions, which is obtained by the linearization
procedure of the free boundary problem of the Navier-Stokes equations describ-
ing the viscous compressible fluid flows. We prove the L; maximal regularity
of solutions to this Stokes equations. This is an extension result of L;-Lg
maximal regularity result obtained by D. Gotz and Y. Shibata [16] to the L
in time maximal regularity case.

1. Introduction.

1.1. Problem and Result

Let Q be a domain in the N dimensional Euclidean space RY, whose boundary 92
is a C3 compact hypersurface. Let n denote the unit outer normal to 9. In this paper,
we consider Stokes equations with free boundary conditions, which read as

Op + nodivu = F in Q x (0, 00),
nodyu — Div (aD(u) + (8 — a)divul — P'(no)pl) = G in Q x (0, 0),
(aD(u) + (B — a)dlvu]I — P'(o)p)n=H  on 9Q x (0, 00),
u)|i=0 = (po, o) in Q.

Here, p and u denote unknown density field and velocity field, while F;, G, H, py and
ug are given right members and initial data. The a and 8 denote viscosity constants
such that @« > 0 and oo+ 8 > 0. The P(p) is a C* function of p € (0,00) such that
P’(p) > 0, which denotes the pressure in the Navier-Stokes equations describing the
compressible viscous fluid flow. Let p, be a positive constant describing the mass density
of the reference body and 79(z) = p« + 7lo(x), where 7jp(z) belongs to some Besov space.
Throughout the paper, we assume that there exist two positive constants p; < ps such
that

p1 < ps <p2, p1<mno(x) <pa, p1<Plp)<p2, p1<P(nox)<p2 (2)

Moreover, D(u) = Vu+ Vu', where AT denotes the transposed A and Vu the gradient
of N vector of function u = (uy,...,uy), and diva = Zf;l O;juj, where 9; = 0/0x;,
and I denotes the N x N identity matrix. For any N x N matrix of functions A = (A4;),
Div A denotes the N vector of functions whose i-th component is Zj\;l 0 A;j.
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The equations in (1) are obtained by linearization at p = 79 and u = 0 of the Navier-
Stokes equations describing the viscous compressible fluid motion without surface tension
in a time dependent domain §2; with free boundary conditions on its boundary 0€2;, which
read as

Orp + div(pu) =0 in €,
p(Opu+u-Vu) — Div (aD(u) + (8 — a)divul — P(p)I) = G in Q,
(aD(u) 4+ (B8 — a)divul — P(p)I)n; = P(p.)n, on 09,  (3)
Vaq, =n;-u on 08,

(p,u)|¢=0 = (po,uo) in Q.

for t € (0,7). Here, n; denotes the unit outer normal to 9Q; and Vyq, denotes the
evolution speed of 92, in the normal direction. Thus, Vaq, = n; - u is non-slip condition
which implies that the free surface is advected with the fluid. In other words, this
boundary condition ensures that fluid particles do not cross the free surface 0€);. This
condition is called a kinematic boundary condition.

The purpose of this paper is to prove the L in time maximal regularity of solutions
p and u of equations (1). The local well-posedness in € and the global well-posedness
for small initial data in a bounded domain for (3) will be proved as a direct application
of L1 maximal regularity of this paper, and the global well-posedness for small initial
data in exterior domains for (3) will be proved some combination of the L; maximal
regularity and decay properties of solutions to (1) with 7y = p.. The topics for the
nonlinear equations (3) will be treated in a forthcoming paper.

To state the main result, we introduce the operator Ai/ ? which is defined by

AV2f = LU N2LL V)] (1) = i/ PNLF(N dr (A=~ +ir € C),
R

o

Here £ and £~! denote the Laplace transform and the inverse Laplace transform defined
by

L) = / ) dt, LA = — / P f(r)ydr (A=~ +ir €C).

R - 2mi
In this paper, we shall prove the following theorem.

THEOREM 1.1. Let 1 < ¢ < co. Assume that the following conditions (1) or (2)
holds.

(1) If no(x) = ps, then =1+ 1/qg < s <1/q.
(2) If o(x) £ 0 and fp(x) € B;jl(ﬂ), then —min(1 — 1/q, N/q) < s < 1/q.

Then, there exists a large constant 9 > 0 such that for any initial data (po,ug) €
21(8) = B;jl(ﬂ) x B: ()N, and right members F, G, and H satisfying the condi-
tions:

e "FeLi(R,BNQ), e G e Li(R, B ()V),
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_ 1/2 s s
e H € Wy (R, By (N) N Li(R, B ()Y,
for some v > g, then problem (1) admits unique solutions p and u with
e o € W((0,50), BIHH(Q)),
e a e Ly((0,00), B; 1 ()N) n W ((0,00), BiTA()N)
possessing the estimate:
_ —ytAl/2
e llyw (0,009, 541y + e Btz (0,000, ) + e AY 2l 0,000,521 ()

+ ™ a1 (0,00, 5532
< C(llpol

BIYY(Q @ e Flly, e, By T He_’YtG”Ll(R,B;’l(Q))

1/2 -
+ lle” WA«/ H”Ll(R,BgJ(Q)) +le™” H”LI(R,W;*;(Q)))'
Here, C depends on g but is independent of v whenever v > ~q.

Theorem 1.1 follows from the spectral properties of solutions to the generalized
resolvent problem:
Ap + nodivv = f in €,
+ (B — a)divvl — P'(no)pl) =g  in Q, (4)
(8 — a)divvl — P'(no)pl)n=h  on 99

noAv — Div (aD(v)
(aD(v) +

where the spectral parameter A runs through the parabolic sector X, », for 0 < e < 7/2
and large \g > 0, where

.={AeC\{0}||arg | <7 —¢€}, Ber,={rA€Zc||A >N}

And the spectral properties of solutions to equations (4) will be derived as perturbation
for large A\ from the spectral properties of solutions to Lamé equations, which read as

{no)\v — Div (aD(v

)+ (8 — a)divvl) = in Q,
(aD(v) + (B

— a)divvl)n = h on 0. 5)

In fact, setting p = A~1(f —nopdivu) in the first equation of (4) and inserting this formula
into the second equations in (4) imply that

noAv — Div (aD(v) + (8 — a)divvI + A" P’ (no)nodivvl) = g — A"'V(P'(no)f)  in Q,
(aD(v) + (B — a)divvI + A P/ (no)divvI)n = h — A" P'(n) f on 9.
From this observation, we see that (4) can be regarded as a perturbation from (5) for

large A. Thus, the main part of this paper is devoted to analysis of the spectral properties
of solutions to (5).
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1.2. Short History

Mathematical studies on the compressible Navier-Stokes equations started the
uniqueness results by [18, 23, 37, 43, 63]. After these works, concerning the study
of the local and global well-posedness for the Cauchy problem and the initial boundary
value problem with non-slip conditions (Dirichlet conditions), many studies have been
done. The local well-posedness has been studied by Tani [57] in the Holder space and by
Solonnikov [53] in the Sobolev-Slobodetskii spaces. Danchin [6] improved Solonnikov’s
result in the critical space in the Cauchy problem case. Matsumura and Nishida [33, 34|
made a breakthrough in proving the global well-posedness for small initial data using the
energy method. This result was extended to the optimal regularity of initial data in the
L, space by Kawashita [27]. Kobayashi and Shibata [28] improved the decay properties
of solutions in the exterior domains combining the energy method and L,-L, decay prop-
erties of solutions to the linearized equations, where the condition: 1 <p <2< g < oo is
assumed. In the no restrictions of exponents case, so called the diffusion wave properties
has been studied by Hopf and Zumbrun [21] and Liu and Wang [32]. Kobayashi and
Shibata [28, 29] improved their results. In the half space case, the decay properties
were studied by Kagei and Kobayashi [24, 25]. The global well-posedness results were
extensively studied in the energy spaces of exterior domains by [48, 49, 62, 64] and in
the critical space of the whole space by [1, 5, 10, 4, 19, 20, 39]. Valli [61] , Kagei and
Tsuda [26], and Tsuda [60] studied time periodic solutions in the bounded domains and
in RV, respectively. The analytic semigroup approach using Lagrange transformation was
started by Stréhmer [55, 56| and the L,-L, maximal regularity of Stokes semigroup in
general domains was proved by Enomoto and Shibata [14] and the global well-posedness
in the maximal L,-L, regularity class was proved by Shibata [46] in exterior domains.
More references can be found in a survey paper [48], and also references of the papers
mentioned above.

Concerning the viscous compressible fluid motion without surface tension, the local
well-posedness of the free boundary problem without surface tension for compressible
viscous fluid flow in the multi-dimensional case was first proved by Secchi and Valli [42]
in the Lo framework and by Tani [58] in the Holder spaces, respectively. The gaseous
stars case was established by Secchi [40, 41]. Enomoto, von Below and Shibata [15]
proved the local well-posedness in the maximal L,-L, regularity class, where they used
the L,-L, maximal regularity theory for the linearized equations established by G&tz
and Shibata [16]. The global well-posedness has been established by Shibata [44] in
the bounded domain case. More recently, Shibata and Zhang [52] prove the global well-
posedness for small data in exterior domains combining the L,-L, maximal regularity
theorem with L,-L, decay properties of solutions to the linearized equations obtained in
Shibata and Zhang [51].

Concerning the viscous compressible fluid motion with surface tension, the local
well-posedness has been studied by Denisova and Solonnikov [12, 13] in the Hélder
space framework, and the global well-posedness was proved by Solonnikov and Tani [54],
Zadrzynska and Zajaczkowski [65], and Zajaczkowski [66] in the bounded domains and
Lo framework, where the reference domain is close to a ball, respectively, the initial
density is close to a positive constant and the initial velocity is small. Concerning the
L,-L, approach to the surface tension problem has been done by Zhang [67]
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On the other hand, L; in time maximal regularity theorem was first investigated
by Danchin and Mucha [8] for the viscous incompressible fluid with non-slip boundary
conditions in exterior domains. The global well-posedness for the free boundary problem
of the viscous incompressible fluid in the half-space has been studied first by Danchin et
al [7] using the extension of Da Prato and Grisvard [11] L; in time maximal regularity
theorem for abstract evolution equations under some regularity assumption of initial
data. The restriction in [7] was removed by Ogawa and Shimizu [38] and Shibata and
Watanabe [50]. The argument based on Littlewood-Payley decomposition in the half
space plays an essential role in [38], while the real interpolation method due to Shibata
[47] was used in [50]. The method due to Shibata [47] is based on the spectral analysis
of linearized equations and so L in time maximal regularity can be obtained for initial
boundary value problems of parabolic and hyperbolic- parabolic system of equations
appearing in the mathematical fluid mechanics, like Navier-Stokes equations both in the
viscous incompressible fluid case and in the viscous compressible fluid case. In fact, the
L, in time maximal regularity was obtained for the compressible Navier-Stokes equations
with non-slip boundary conditions by Kuo [30] and Kuo and Shibata [31]. In this paper,
we consider the L; maximal regularity in the free boundary condition case. This paper
is a continuation of the study of free boundary problem for the compressible viscous fluid
flows in L,-L, maximal regularity framework due to [16, 15]

Why is the L; maximal regularity important ? Assuming that the velocity
field u is expected to be found as an element of the function space L, ((0,T), W2(£2)) N
W, ((0,T), Ly(%)), the trace theorem tells us that ul;— € Bgf,}_l/p)(ﬁ). Thus, Ly maxi-
mal regularity gives the best order regularity class of the initial data. Moreover, without
surface tension case, we usually use the Lagrange transform, because of the lack of regu-
larity of functions representing the free surface. Thus, L1 maximal regularity is the best
space to treat the Lagrange transform.

Main idea. Finally, we shall explain briefly the main idea of showing L; maximal
regularity for semigroup, which has been given in [47]. Let X be a Banach space and
D(A) is its subspace. Let A : D(A) — X be a linear operator satisfying the standard
resolvent estimates:

AN =A) 7 fllx < Cllfllx
for any f € X and A € ¥, where 0 < e < 7/2, v >0, and
S = {AeC\ {0} | [argA| < 7 -},
Then, we know the generation of analytic semigroup {7'(t)}:>0 and
10:T(t) fllx < Cet™H|fllx

for ¢ > 0. In order to obtain L; maximal regularity of {T'(¢)};>0, we assume that A
satisfies additionally the following two estimates:

IAA = A) 7 fllx < O£l (6)
MO = A) " fllx < CIAT I fx s, (7)
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for any f € X_, and A € 3. . Here, X1, are some Banach spaces such that X, —
X = X o, and (X_o,X16)1/21 = X ((,-)g,r denotes the real interpolation functor.).
Then, using standard argument in the analytic semigroup theorem, we see that (6) implies
that

16T (1) fllx < Ce 2 fllx,, (8> 0), (8)
and (7) implies that

10.7(t) fllx < Ct 2| fllx_, (> 0). (9)

Thus, real interpolating (8) and (9) gives that

/ e T () fllx dt < CllSllx_s.X 101100 = CllfIlx-
0

In [30] and [31], how to derive (6) and (7) from standard resolvent estimates are discussed
for the Dirichlet boundary condition case, In this paper, we extend ideas due to [30] and
[31] to the free boundary condition case. Since free boundary condition has the non-
homogeneous right member, that is h # 0 in (4), the argument of this paper is more
complicated and technical compared with zero-Dirichlet boundary condition case in [30]
and [31]. Essentially, instead of resolvent A — A, we have to consider an inverse operator
for generalized resolvent problem (4) with non-zero (f, g, h). Specifically, the key is that
generalized resolvent operator satisfies the conditions that corresponds from generalized
resolvent estimates to conditions like (6) and (7). We shall show this for the Lamé
equations with free boundary conditions. Then, the stokes equations can be treated as
a perturbation from Lamé equations, which is the main reason why we choose v > 0 so
large in our argument. Another reason why we have to take v > 0 so large is that the
generalized resolvent problem will be treated in bent-half space as a perturbation from
half-space. When 2 is bounded, we will be able to treat the case where A is in some
neighborhood of 0 using completely different argument from this paper. In fact, we will
be able to prove that 0 is the resolvent for Stokes equations with null free boundary
conditions. Moreover, when {2 is exterior domain, we will be able to treat the generalized
resolvent problem near A = 0 by using the cut-off technique combining the results in the
whole space with these in bounded domains. But, dealing with the case where A = 0 will
be future task. The arguments in this paper are very general, and so applicable for L
maximal regularity of initial boundary value problems of parabolic type or hyperbolic-
parabolic type.

2. Preparations for latter sections

2.1. Symbols used throughout the paper

Let us explain the symbols used in this paper. Let R, N, and C be the set of all
real, natural, complex numbers, respectively, while Z denotes the set of all integers. Set
Ny := NU{0}. For multi-index k = (k1,...,6n) € N} and = = (z1,...,2y) € RV,
oy =0 = 8"“/8’“1‘1 -+ "N gy stands for standard partial derivatives with respect to
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x of order k. For the dual variable & = (&1,...,&n) € RY, Dg = olEljorag, - PN gy
For differentiations, we use symbols Vf = {9%f | |s| = 1},Vf = {0°f | |x| < 1},
V2f={0"f | |sl =2}, V2f ={0"f | |x] < 2}.

Let Rf and Rév denote the half space and its boundary defined by

RY ={z=(21,...,2n) e RY |2y >0}, RY ={2=(21,...,2n) e RY |2y =0},

and ng = (0,...,0,—1) denotes the unit outer normal to 6Rf. For N € N and a Banach
space X, let S(RY; X) be the Schwartz class of X-valued rapidly decreasing functions on
RY. Let S'(RY; X) denote the space of X-valued tempered distributions, which means
the set of all continuous linear mappings from S(R") to X. The Fourier transform F[f]
and the inverse Fourier transform F- !g] are defined by

FIN© = | fl@)e ™ dz,  Flgl(x) ZZW/RNg(aeMd&,

RN

respectively. In addition, the partial Fourier transform F'[f(-,zn)] = f(¢/,2x) and the
partial inverse Fourier transform F.,' are defined by

FIUCan)E) = FE ay) = / (@ on)e== ¢ da

RN-1
1

]:571[9( San)|(a') = @01 /RN*1 g(¢ zn)e® ¢ de’,

respectively, where 1/ = (21,--- ,ax_1) € R¥N "L and ¢ = (&, ,én_1) € RVN7L The
Laplace transform £[f]()\) and inverse Laplace transform £~'[g](t) are defined by

e

[ ol - %/ReMg()\) dr (A= +ir),

respectively.

For a domain D and a Banach space X, L,(D,X), W;*(D,X) (m € N) and
Wy (D, X) (s >0, s ¢ N) stand for standard X valued Lebesgue spaces, Sobolev spaces
and Sobolev-Slobodetskii spaces, while |- ||z, p,x), || [lwy(p,x) and || - [[ws(p,x) denote
their norms. In particular, we write

T 1/p
e ey oo =( [ € sl de) "
—'ytA1/2 _ —t Al/2 P 1/p
e 832 Ly 0y =( [ (7A@l )7 at)
We set
Wa2R, X) = 1 1€ Fllyaraa ey = e Pl + e AY2F |, ) < oo}

When X = RY, we omit X = R, namely, we write L, (D), W;"(D), W3 (D), || - Iz, (D)
- ”WI;"(D) and | - ||W;(D). In particular, WI?(D) = L,(D) for the notational simplicity.
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For any domain D, the functional space H} ; (D) of data (g, h) for spectral problems
is defined by

v1(D) = By ((D)N x By1H (D),
||(g,h)||H;,1(D) = ”gHB;l(D) + ||h||B;_f;1(D) for (g,h) € HZ,1(D)-

For (g,h) € Hy (D), H; = {H;; | j =1,...,N} (i = 1,2) are respective corresponding
variables to g = (g1,...,gn) and AY?h = (A/2hy,... AY2hy). And, {Hai; | i,j =
1,..., N} are corresponding variables to 0;h;, and set Hg = {Hs;; | 4,5 =1,...,N}. Let
m(N) = 2N + N2. Set H = (Hy, Hy, H3), which is an m(N) vector of functions.

For a domain D in RY and N > 2, we set (f,g)p = [, f(z) - g(z) dv for N-vector
functions f and g on D, where we will write (f,g) = (f,g)p for short if there is no
confusion.

For a Banach space X, ||-||x denotes its norm. For Banach spaces X and Y, £L(X,Y)
denotes the set of all bounded linear operators from X into Y, and we write £(X) =
L(X,X). Let Hol (U, X) denote the set of all X valued holomorphic functions defined
on a domain U C C. The n product space of X is written as X" = {z = (z1,...,2,) |
z; € X(i=1,...,n)}, while its norm is denoted by ||z|x = Y i, |zi||x. X < Y means
that X is continuously imbedded into Y, that is X C Y and ||z|ly < C|z||x with some
constant C.

For any interpolation couple (X,Y") of Banach spaces X and Y, the maps (X,Y) —
(X,Y)pp and (X,Y) — (X,Y)}g denote the real interpolation functor for each 6 € (0, 1)
and p € [1, 00] and the complex interpolation functor for each 6 € (0, 1), respectively. By
C > 0 we will often denote a generic constant that does not depend on the quantities
at stake. And, by C, ... we denote generic constants depending on the quantities a, b,
¢,---. Cand Cy . ... may change from line to line.

2.2. Definition of Besov spaces and some properties
To define Besov pace By ., we introduce Littlewood-Paley decomposition. Let ¢ €
S(RY) with supp¢ = {¢£ € RN | 1/2 < [¢] < 2} such that Y, , ¢(27%¢) = 1 for all

¢ € RNV \ {0}. Then, define
o= F[627R)] (ke€Z),  w=1-) ¢
keN

For 1 <¢,r < o and s € R we denote

~\ L/
|4 = f”Lq(RN) + (Z (28k||¢k * f”Lq(]RN)) ) if 1 <r <o,
B: (RN) = keN
||1/)*f||Lq(RN) +iuIN) (QSkH(bk*fHLq(RN)) if r = o0.
€

/]

Here, f * g means the convolution between f and g. The inhomogeneous Besov spaces
B .(RY) is defined as the sets of all f € S'(RY) such that ||f|

particular, we define B ,_(R") by

B . (RN) < oo. In



On the L1-mazimal regularity in the study of free boundary problem for the compressible fluid flows9
By (RY) = £ € B (RY) | lim 2705 5 fll 1, ) = O}

In this paper, we use the following conventions: r < co— < oo for r € R and 1/0c0— =
1/00 = 0. In particular, for the Holder conjugate we know that B; .(RY)* = B_° (R

s
Bs  (RN)* = B(;foc(]RN), and B; . (RN) = B(;fl(RN) for 1 < g, < oo, where ¢

q/(g—1)and v’ =r/(r —1).
For any domain D in RN, B; (D) is defined by the restriction of B ; (R™), that is

=

B; (D) = {f € D'(D) | there exists a g € B(j’l(RN) such that g|p = f},

. (10)
32,1(]RN) | ) € Bq,l(RN)v g‘D = f}

1115 ,(p) = inf{llg

Here, D’(D) denotes the set of all distributions on D and g|p denotes the restriction of
g to D. Notice that W7 (D) = B; (D), which are called a Sobolev-Slobodeckij spaces.
In particular, if s is a non-negative integer, W' is a usual Sobolev space.

It is well-known that if D satisfies the cone property, then B;;T(D) may be charac-
terized by means of real interpolation. In fact, for —oco < sg < s1 < 00, 1 < ¢ < o0,
1<r<ooand0 <6 <1, it follows that

By t(=0= (D) = (W (D), W (D)), ,

)

cf. [36, Theorem 8], [59, Theorem 2.4.2]. If D is a uniform C! domain, then D satisfies
the cone property.

2.3. The estimate for the product of 2 functions and some composite
functions using Besov norms
The following lemma is concerned the estimate of product of two functions using
Besov norms.

LEMMA 1. Let1<qg<q <ooandl<r<oco. Let ¢ be the Holder conjugate of
q. If s € R satisfies

—N/q1 <s< N/q if 1/g+1/q1 <1
~N/¢' <s< N/q if 1/g+1/qg1>1

then for every u € B .(RN) and v € Bg{gé (RN) N Lo (RY), there holds

vl ey < Ol a1l ey vy (1)
for some constant C > 0.
PROOF. For the proof, refer Abidi-Paicu [1] and Haspot [19]. O

REMARK 2. (1) For any domain D in RN, the Besov spaces on D are defined
by restriction of elements on RN to D (cf. (10)), and therefore Lemma 1 holds on any
domain D.

(2) As is known Bé\;{fl (D)NLs(D) — B(JX{{“ (D), and therefore from (11) it follows that
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luollss .y < Cllul B;,T(D)HU||351/,31(D)

LEMMA 3. Let D be a domain in RN and 1 < ¢ < co. If —min(1 — 1/q,N/q) <
s < 1/q, then for any u € B; ;(D) and v € Bé\fég(D) N Lo (D), there holds

||U’U| B; (D) < C||u| 32,1(D)Hv”BéYég(D)ﬁLm(D)' (12>
for some constant C > 0.
REMARK 4. Instead of (12) there holds
luvl s | (D) < CH“”BgJ(D)”UHB(J;{{Q(D)' (13)

PrOOF. If we choose ¢ = ¢ in Lemma 1, then s should satisfy
—N/q<s<N/q if2/¢<1,
—N/q <s<N/q if2/qg>1

for (12) to hold. If =1+ 1/¢ < s < 1/q and 2/q < 1, then (13) holds when —N/q <
-1+1/g<s<1l/gor =1+1/q < —N/q < s < 1/q. Thus, when 2/q < 1, (13) holds
when —min(1—1/¢g,N/q) < s < 1/q. Since —N/q' < —1+1/q holds automatically, (13)
holds when —1+1/g < s < 1/g and 2/¢q > 1. This completes the proof of Lemma 3. O

As a limiting case of Lemma 1, we know the following lemma.

LEMMA 5. Let D be a domain in RY and 1 < g < co. Then, Bé\j{q(D) is a Banach
algebra, that is for any u, v € Bgl/q(D), there holds

||uv||Bé\f{q(D) < ODJLNHUHB(JX{‘?(D) ||U||Bé\{{‘1(p)'
PrOOF. For the proof, refer Abidi-Paicu [1] and Haspot [19]. O

LEMMA 6. Let D be a domain in RN, Let 1 < ¢ < oo and —1+1/q < s < 1/q.
Let 8 be a number such that 1 < 8 < min(¢N, ¢'N) where ¢’ be the Hélder conjugate of
q. Then, there holds

luvl|s; (D) < Cllul (14)

B (D) H“”BQ{Q(D)mLm(D)

for any v € B} (D) and v € B]ﬁv/q(D) N L (D).

PrROOF. When 1/qg+1/8 <1, that is 1/5 < 1/¢, using Lemma 1 with ¢; = 3,
we have (14) provided —N/f3 < s < N/. Since 8 < min(¢N, ¢'N), we have 1/¢' < N/,
and so —N/B < —1/¢' = -1+ 1/q. Moreover, 1/qg < N/B. Thus, if —14+1/¢g < s < 1/q,
then —N/f < s < N/p.

When 1/¢+1/8 > 1, that is 1/8 > 1/¢, using Lemma 1 with ¢; = 3, we have (14)
provided = N/¢' < s < N/B. If —1+1/qg < s < 1/q, from —N/q¢' < —1/¢’ and 1/q < N/
it follows that —N/q¢’ < s < N/S. This completes the proof of the lemma. O
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We now use the following lemma for the Besov norm estimate of composite functions
cf. [19, Proposition 2.4] and [2, Theorem 2.87].

LEMMA 7. Let 1 < g < oo. Let I be an open interval of R. Let w > 0 and
let @ be the smallest integer such that & > w. Let F : I — R satisfy F(0) = 0 and

F' € BC®(I,R) that is F' € C*(I,R) and |F'||pca (1) = ZsupH@fF’HLm(R) < 00.
tel

£=0
Assume that v € By has valued in J C I. Then, F(v) € By, and there exists a constant

C depending only on v, I, J, and N, such that
IF@)lBg, < CA+ ol )?IIF | Beaamllvlss,-

2.4. Fourier multiplier theorems in RN

To estimate solutions of the equations in RY, we use the following Fourier multiplier
theorem of Mihlin - Hérmander type [35, 22], which is stated as follows: Let m(§) be a
C>(RY) function such that for any multi-index x € N}’ there exists a constant C,, such
that

|DEm(E)| < Clé| 1.

We call m a multiplier symbol of order 0. Set [m] = max|, <y Ck. For any multiplier
symbol of order 0, we define an operator T, by

Tof = F~ [mFIf]].

We call T},, the Fourier multiplier with symbol m. Then, for any 1 < p < oo, there exists
a constant C), depending on p such that there holds

[T flle, ®vy < Cplml||f]lL, @)
We extend this result to the Besov space case as follows:

PROPOSITION 8. Let 1 < g< oo, 1 <r<ooands€R. Let m(§) be a multiplier
symbol of order 0 and let T,, be the Fourier multiplier with symbol m. Then, there exists
a constant Cy . depending on q and r such that for any f € By (R™), there holds

1T £

By, &) < Cor[m][|f]5; @)

Proor. First of all, we recall the definition of Besov spaces in Subsection 2.2.
Since ¢ * (Tnf) = FYmF|¢r * f]], by the standard Fourier multiplier theorem of
Mihlin-Hérmander type, we have

lox * (Tonf)ll,®ry < Clm]ldr * fll L, @)

Similarly, we have

% * (T )l L, yy < ClmlllY* fliL, @)
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Thus, by the definition of the Besov norm, we have

[T f]

B, @&y < Clm]||f]

Bg (RN)-
This completes the proof of Proposition 8. O

2.5. Symbol classes and estimates of the integral operators in Rf

To state main results of this subsection, we introduce a symbol class. In the following,
let m(\, &) be a function defined on 3, , x (RN =1\ {0}) such that for each ¢’ € RN~1\ {0}
m(A, £') is holomorphic with respect to A € X, 5, and for each A € X, 5, m(), &) isa C™
function with respect to & € RVN=1\ {0}. Let £ € Z. We say that m(\,¢’) is an order ¢
symbol if for any ' € Név_l and A € ¥, ), there exists a constant C, being depending
on k', €, A\p and ¢ such that

IDEmA )] < G (N2 41/,
Let My be the set of all order ¢ symbols. Let
|lm| = max C,.
s/ |[<N

Let

A= J@TB AT, B=Ja AT P

Here, A and B are characteristic roots of the Lamé equations given in (37) in Sect. 4.1
below. The solution formulas of equations (37) will be given in (38). There exist two
constants d; < dy depending on 0 < € < 7/2 such that

(A2 +[€') SRe B < |E| < da(IA[Y2 +[¢)) (15)

for any (), &) € B, x (R¥=1\ {0}), where E € {A, B}. We can show the following two
propositions using the same argument as in the proof of Lemma 4.4 in Enomoto and
Shibata [14].

PROPOSITION 9. Let 1 < ¢ < 00, 0 < € < /2, \g > 0, and N\ € 3¢ ,. Let
mo()\,fl) € My. Set
7BIN _ efACDN

B-A

e

M(zy) = (16)

Define the integral operators L; (i = 1,2,3,4) by the following formulas:
NS = / o [mo(0,€)Be Bt P )| (o) dyw
N = / Fot [mo(\ €)B2M (o + yn) FIAI(E yw)] () dyw,
=7

oA €)B20N(Be™ Pt ) FIFI( yn) | (o) dyw,
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LS = [ Fg o €) B0 (B Mo + 5PN )] (&) d
0
respectively. Then for every f € Lq(RY), it holds

ILiNfllp, @y < Callmollllfllp,eyy (0=1,2,3,4).

2.6. Estimates of operator valued holomorphic functions with respect
to Besov norms
We consider two operator valued holomorphic functions @Q;(A) (¢ = 1,2) defined on
Y. acting on f € C§°(RY). We denote the dual operator of Q;(A) by Q;(\)* which
satisfies the equality:

(Qi(N)f, @)Rf =(f£,QiN) @y (i=1,2)

+

for any f and ¢ € C5°(RY). Here, (f,g) = fRf f(z)g(x)dz. Let Q;(N\) satisfy the

following assumptions.

ASSUMPTION 10. Let 1 < g<oo andq =q/(q—1). For any f € CSO(Rf) and
A€ Xe n,, the following estimates hold:

QLN fllwswyy < Clifllwi gy 17
Q1M fll,my) < C|/\|71/2||fHqu(Rf)v
HQl()\)*vav;,(Rf) < C\|f||w;,(Rf)»

(17)
(18)
(19)
||Q1()\)*f||Lq,(Rf) < C|>\|_1/2||fHqu,(M)a (20)
(21)
(22)
(23)
(24)

19

1Q2(A) fllw; my) < C|/\|71|\f||wqi(uaf)’ 21
Q2N f lwa ey < CINT21f Ly ey
HQz()\)*f”W;',(Rf) < C|)\|71Hf||wg/(R$),
HQz()\)*fHqu,(Rf) < C|>\|_1/2||fHLq/(R$)

(
( 22
23

24

fori=0,1, where WO(RY) = L, (RY).
The following theorem has been proved in [47] and [50].

THEOREM 2.1. Letl < qg< oo and —1+1/qg < s <1/q. Let o > 0 be a number
such that —14+1/g< s—o < s+o < 1/qandletv € {s—o,s,s+0c}. Let Q;(N\) (i =1,2)
be operator valued holomorphic functions defined on X, », acting on C§° (Rf) functions.
Then, for any X € S 5, and f € C§°(RY), the following assertions hold.

(1) If Q1(N) satisfies (17) and (19), then there holds

1@y, ) < Cllf By, )

If Q1(N) satisfies (18) and (20) in addition, then there holds
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1QUN Fllp: ) < CIAI/2| £

By (RY)
(2) If Q2(N) satisfies (21) and (23), then there holds
||Q2()\)f||B;I(Rﬁ) < C|>‘|71Hf||B(‘I’YI(R$)'

If Q2(X) satisfies (22) and (24) in addition, then there holds

1Q2(N) fll s , (rry) < CIAI~E=o2 1] B (RY)

3. L, integrability of Laplace inverse transform.

In this section, we consider the L; integrability of solutions to equations (1). The
equations (1) is treated as a perturbation of Lamé equations with free boundary condi-
tions. In particular, one of main issues is to prove the L integrability of solutions in
time, which is represented by the Laplace inverse transform of solutions to the corre-
sponding generalized resolvent problem. Thus, in this section, we introduce a solution
operator Lq(\) to the Lamé equations with free boundary conditions (5). We will con-
struct a solution operator L£q(A) which has two properties. One is stated in the following
definition.

DEFINITION 11.  Let Ajgme > 0 and 0 < e < /2. Let 1 < g < oo and -1+ 1/q <
s < 1/q. Let o > 0 be a small number such that —1+1/¢ < s—o0 <s+o < 1/q. Let
ve{s—oass+o}. Let Lo(N) € Hol(Zewme,/J(B;l(Q)m(N),B;f(Q)N)). We say
that Lo has (s,0,q) properties in Q if for any X € X¢ z,,,.. there hold
IOA2V, VA LN H 5 0y < CIN T I1H 152, @) (£=0,1),
(A2, vZ)EQ(/\)H”BSJ(Q) < O|)‘|7U/2||HHB;JE”(Q)’
(LAY Lo (M) H]
[\ A2V, V2)0\ Lo (W H|

B;l(sz) < C|>‘|_(1_U/2)HH| B;H”(Q)a

B: () < CIN ==/ H|

Ba” ()
provided that H € B;j“(Q)m(N),

REMARK 12.  Since s—o < s < s+o, that H € BS’J{”(Q) implies that H € By 1(Q)
forv=sandv=s—o0.

For equations (5), we shall prove the existence of operators having the L; spectrum
properties as follows.

THEOREM 3.1. Letl1 < g< oo and 0 < e < w/2. Assume that the following (1) or
(2) holds:

(1) Ifno = p«, then —14+1/q < s < 1/q. In this case, o > 0 is a number such that
-14+1/g<s—o<s+0<1/q.

(2) Ifno #0 and o € B;jl(Q), then —min(1 — 1/q,N/q) < s < 1/q. In this case,
o >0 is a number such that —min(1 —1/q,N/q) < s—o <s+o<1/q.
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Then, there exists a positive constant Njgme and an operator Lo(\) with
La(X) € Hol (S xy,.,., £(Bg 1 (™), BEF2()Y))

having (s, o,q) properties such that u = Lo(A)Ox(g, h) is a unique solution of equations
(5) for A € Bc z,.,.. and (g, h) € H; 1(Q2). Here and in the following, Oy is an operation
defined by

Ox(g,h) = (g, \'/*h, Vh).

Let Lq(t) be the Laplace inverse transform of Lg, which is defined by

1 .
Lo()H = £~ [LaWH)(0) = 5 /R O Lo (y 4 i7) H dr.

Then, we have the following proposition about Lq(t).

PROPOSITION 13.  Let 0 < € < /2 and Njgme > 0. Let g, s and o be numbers
given in Theorem 3.1 and let Lo(N) € Hol(EE,MQW,E(BJI(Q)’”(N),B;jQ(Q)N)) be the
operator having the (s,o,q) properties. Then, Lq(t)H and AWLQ (t)H wanish fort < 0.
Moreover, e Lo(t)H € Ll(R,B;jQ(Q)N) and e AV Lo(t)H € Ll(R,B;jl(Q)N),
and there holds

/Re*“IILQ(t)H 32 dt + /ﬂf”\\AV “La(OH g1 4t < ClH| 5 @) (26)

for any H € BS 1 ()™,
If for any G with e=7'G € L1(R, B (Q)), we define La(t)G(t) by

La()G(t) = L7 La(NLIGIN](1),
then, there holds
/Reﬂt(”LQ(t)G(t)||B;ﬁ2(g)JFHA}/QLQ(f)G(t)HB;jgl(sz))dt

(27)
<c / 6L

B () dt.

PROOF. Since C§°(Q) is dense in B;J["(Q) and Bj ;(f2), we may assume that
H € Cg°(2)™W) below. First, we shall show that

Lo(t)H =0 fort <0, A}y/ng(t)H =0 fort<O. (28)

To prove (28), we represent Lq(t) by using the contour integral in the complex plane C.
Let Cr be a contour defined by

Cr={\eC|A=Re", — gegg}.

T
2

Let v > Ajgme- By the Cauchy theorem in theory of one complex variable, we have
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R
0= / DT Lo (y + i) H dr + / eMLa(N)H dA. (29)
—R Cr+vy

Using (25), we know that
-1
[La(NH] B (@) < CIAT [ H ][5 ,(2)-

Thus, for ¢ < 0 we have

/2
gcevt/ 1RS84l H | 5. .
Bga1($) 0 o

H/ eMLo(NH d)\’
Crtvy

Since |e*|t‘RC°S‘9| < 1, by Lebesgue’s dominated convergence theorem,

w/2 /2
lim e tIEcosd gy / lim e [tEeost g9 — (.
0

R—oo J R—o0
Therefore, letting R — oo in (29), we have

1 .
0= 5 eI Lo (v +im)H dr = Lo(t)H,
R

which proves the first part of (28).

To prove the second part of (28), we use the similar argument. Notice that

1 . 1
N2 f = o /(7+i7)1/26(7+")tﬁ[f](7 +ir)dr = — AZEXLIFI(A) dA.
2T R 21 Re A=~

By the Cauchy theorem in theory of one complex variable, we have

R
0= / Oy 1 i) V2 Lo (y +ir)H dr + / MNY2 Lo (N H dA.
—-R Cr+vy

Using (25), we know that

INV2 Lo (M) H]

B: @ < CINTY2|H|

B;,I(Q)'

Thus, for t < 0 we have
/2
H/ e“)\l/QEQ(/\)Hd/\H < C’e"t/ (R+ )2 tReosO g9 — ()
Crt B; 1 (2) 0

Using the change of variable § = 7/2 — 7 and the inequality: sinT > (2/7)7 for 7 €
(0,7/2), we have

/2
(%) = cevt/ (R +~)Y2e=CUR/MT g < Ce (R4 ) 2((Jt|R/7) L =0 (R — o).
0

Therefore, we have
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1 )
O=co— [ (v+ i) 20T Lo (v +iT)H dr = A2 Lo (t) H,
R

which proves the second part of (28).
We next consider the case where ¢t > 0. Let I'+ be contours defined by

e ={A=ret "9 | r € (0,00)}.
We shall show that for ¢ > 0 Lq(t) is represented by

1

Lo(t)H = — / eMLo(N)H dA. (30)
2mi Jr,or_ 4y

In fact, for R > 0, define Cre and Tpa by
Cre={N=Re" |1/2 <40 <m—¢}, Tpe={Nelsi]||)\ <R}

By the Cauchy theorem in theory of one complex variable, we have
1 R

el e Lo(y +iT)H dr

1
+7{/ 7/ 7/ +/ }e’\tLQ(A)Hd)\:O. (31)
2mi Cep, 4y Jrpity JTri4y JOno 4y

Using (25) and the change of variable: § = 7+ 7/2, for R > v we have

At e’Yt e R cos 0t R
e EQ)\Hd)\H << e — w|H| s o
H/C‘Rr&-'y (A) B; (@) 27 Jro |Re?® + | | H | 21 (Q)
< et R m/Ee —Rsin0t g1 7
=¢ R—~Jo € | s, (@)
< ' R /2 2Rt

—— T Tdr||H|| s
2w R—~ J, € 7|l ||Bq,1(9)

et R o«

< _— H El .
Thus, for t >0
lim eMLo(NH = 0.
R— o 6R++’Y
Analogously, we have
lim eMLo(N)H = 0.
R—o0 C‘<R7+,‘/

Combining these facts and letting R — oo in (31) yield (30).
Using the representation formula (30), we shall show that
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V2L (t)H|
\Wzlfﬂ(t)HHB;l(Q) < Cevtt= (/D ||

B: (@) = Certt= (=72 H]| BIh7 (@) (32)

BT () (33)

In fact, noticing that [eM| = e~ *" ¢ and |y 4+ re®("=9)| > (1 — cose)'/?r for X\ €
I'y UT'_ 4~ in (30) and using (25), we have

IV Lo (t) H]|

B (%)

< Ce'yt/ e s ¢((1 — cos 6)1/27“)_‘7/2 dr
0

oo
< Ce”tt_l'*"’/Z/ e~ T ¢((1 = cos 6)1/27)_‘7/2 dr||H|
0

BoR7 (@)
From this (32) follows.
Using integration by parts concerning A in (30), we have

-1

V2Lo(t)H = —
27T'Zt I Ul 4y

eMV20\Lo(N\)H dA.
Using (25), we have

IV2Lo(t)H|

1 _
B (o) < Hi/ eMV28,\£Q()\)Hd)\‘
a1 27TZt T B;,l

<Cer't! /0 e~treose((1 — cos €)Y/ 2r) =179/ gr|| H| B (@)

oo
_ Ce'ytt—l—o/Q/ e—Tcose((l _ COSG)l/QT)_(l_U/Q) dT||H|
0

B;H”(Q)'
Therefore, we have (33).
Now, we shall estimate A}/ *Lo(t)H. We shall show that
IVAY2Lo(®)H|s, @) < O =07/ | H]lpeir g, (34)
= A1/2 vt —(140/2)

VA La()H| 5: (o) < Ce™'t 11| g2~ (- (35)

In fact, for v > 43, and ¢ > 0 from (30) we have

1
APLHH = — / N2eA LN H dA. (36)
271'2 T Ul _ 4~

Using the assumption (25) and the same argument as in the proof of (32), we have (34).
Using integration by parts in (36), we have

1
27Tlt F+UF_+’)/

M((1/2)VATV2 LN H + VY2NY20\(Lo(N) H)) dA.

VAY2Lo(t)H eMVONAY2Lo(N)H) dX

-1

27TZt LUl 4y
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Using (25) and the same argument as in the proof of (33), we have (35).
Now, we shall prove (26) by using (32), (33), (34), and (35). We write

o0
/o e (V2 VAY?) Lo(t) H | s | () dt
2(J+1)
—Z/ e (V2 VAY?) La(t)H] ;o dt
JEL 2
<y ¥ B NG TV VA Lo (O H| 5, , ().
iz c(23 27

Setting a; = sup;c(a; 2i+1) e (V2 ?A}/2)Lg(t)H|

B, (Q), We have

/ (2, TAY?) L (1) H]
0

B (@ dt < 2] aj)]le, = 2ll(aj)lle;-

Here and in the following, /7 denotes the set of all sequences (27%a;)jez such that

I(a;)

. 1/q
= {Z(2js|aj|)q} < oo forl<g< oo,
JEL

1(a;)les, = sup 27*|a;| < oo for g = o0
JEZ

By (32) and (33), we have

sup2/1=7/2q; < C||H|
JEZL

Bt () bup2j(1+"/2)a < C|Hlpsroy (H € B31().

Namely, we have

I(as)jezll pmere < CllH | gose()s [ag)jezllpzorz < CllH | gs o) (H € By ().

According to [3, 5.6.1.Theorem|, we know that ¢} = (élg"/z,ééj"/z)l/g,l, where (-,)g,q
denotes the real interpolation functor, and therefore we have

=C|H]

B ()

| T I LR g dt < Ol e 0,57

for any H € B(‘;l(Q)m(N). This completes the proof of (26).
To prove (27), we write

(V2, VAV Lo (t)G(t) = i / (V2 VA LoV LIG](N) dA
R

27

= %\/Re/\t(?27?Al/z)ﬁQ(A)(/Rei)\sG(S)dS) )
/(;ﬂ/ At=9) (92, >‘1/2)£Q()\)G(8)d>\> s
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- /(?2, VAY2) Lo (t - 5)G(s) ds
R

t

_ / (V2 VAL/2) Lo(t — 5)G(s) ds.

Here, A = v+ i7 and we have used the fact that Lq(t) = 0 and A}Y/2LQ(t) =0fort <0.
By Fubini’s theorem, we have (27). This completes the proof of Proposition 13. O

To treat the perturbation term, we introduce one more definition.

DEFINITION 14. Let \g > 0 and 0 < € < w/2. Let X be a Banach space and
M(X) € Hol (2 »,, £(X)). We say that M(X) has a generalized resolvent properties if
there hold

M fllx < CINT“HIfllx  for f€ X and £=0,1.

Let M(t) be the Laplace inverse transform of M()\) defined by
1 .
M) = £ MOV = o [ M+ in)f .
T Jr

Then, we have the following proposition about the L; integrability of M (t).

PROPOSITION 15.  Let \g > 0 and 0 < € < w/2. Let X be a Banach space and
M(A) € Hol (3¢ »,, £(X)). If M(X) has generalized resolvent properties, then, for f € X,
M(t) =0 fort <0, and for any v > Ao it holds that

/]Re_%”M(t)fHX dt < O fllx

with some constant C depending on Ag.
Moreover, if we define M (t)g(t) by

M(t)g(t) = LTHMNL[g](V)]

for g(t) with e tg(t) € L1 (R, X), then there holds

/?ﬂWMmmmmwSC/kﬂwmmua.
R R

with some constant C' depending on Ag.
Proor. For A € X ,, we have
MO Fllx < CATH e < 0 SN2 L,

1M Fllx < CIA2)fllx < CAg /2 A=A/ 7 x

for any A € ¥, 5,. Thus, employing the same argument as in the proof of Proposition
13, we can prove Proposition 15. This completes the proof. O
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It is stated in the last section 6 to prove Theorem 1.1 using Propositions 13 and 15.

4. The spectral analysis of the Lamé equations

In view of Proposition 13, to prove the L; integrability of solutions to the evolution
equations (1), we start with proving Theorem 3.1. Our proof is divided into several steps.

4.1. Estimate of solutions in RN
In this subsection, we consider the Lamé equations in R :

Au — Div (aD(u) + (8 — a)divul) =g in RY (37)

for A € ¥, with 0 < € < m/2. Notice that Div (aD(u) + (8 — a)divul) = aAu+ sVdivu.
We shall prove the following theorem.

THEOREM 4.1. Letl < qg< oo, =14+1/¢g<s<1/qand \g > 0. Let o >0 be a
small number such that —14+1/q < s —o < s+ 0 < 1/q. Then, there exists an operator
S(\) € Hol (2, L(Bg 1 (RM)N, B;f(RN)N)) having (s, o,q) properties such that for any
g € B (RN, u=S8(N)g is a unique solution of equations (37).

PrOOF. Letv € {s—o,s,s+0}. Applying the divergence to equations (37) gives
Adivu — (o + 8)Adivau = divg  in RY.
Using the Fourier transform F and its inverse transform F~!, we have

i - Flgl(§) }

. _ —1
divu =7 | e

Inserting this formula into (37) gives that

_ [ Flgl€)
=7 [)\+a\§|2

(A+algP)A+ (a+ B)E?)

As we know well, there exist positive constants ¢; and c¢o depending on «, 8 and € such
that for any A € X, there hold:

oo

cr(IAY2 + [€]) <A+ aléf’] < e2(IA1V2 + €,

39
(A2 +1€) < I+ (@ + B)IEP] < ea(INV2 + [€)). (39
Moreover,
[, Flel§) 1 i&i€ - Flgl(§)
ov =7 oS |+ 67 O e 6 T e T

and we see that
et (A2 + €)™ < oA+ alé]?) T < ea(IN2 + (€D,
et (A2 4 16) 78 < o+ aleP)Y N+ (a + B)IEP) T < eal A2 +[€]) 5.



22 Y. ENOMOTO and Y. SHIBATA

Here, if necessary, we choose different ¢y from (39). Thus, applying the Fourier multiplier
theorem of Mikhlin-Hérmander type, we have

[P vQ)aiu”B;l(]RN) < C|)‘|_£HgHB;,1(RN) (¢=0,1).

For g € B‘;j”(RN), we write

A/2N\/2Gu
_ p1 {Al/”"/z(l,z‘é)(l + IEIQ)"/?f[g](f)]
(A +alg?) (1 +[¢[?)e/?
AY2H9/2(1 g)igie - (14 \§|2)“/2f[g}<s)>}
A+ algP )N+ (a+ B)IE2) (1 + [¢2)e/2 I
A2A=9/290,u

+ﬂ]—‘*1[

—1 2—0/2 . 2\—0o /2 1 2\o/2
= F7 N+ 1) FEO}N (O g ) (O ]

+ BF [N ig)igie (1 + [€) 77 2Flg)(©)}
X (8 :
YO aleP) (A + (a + B)EPR)

)+ lg)r2).
Applying the Fourier multiplier theorem of Mikhilin-Hérmander type, we have

N2Vl s | zvy < C(L+AG )N~ g]

BT (RN)

A2Vl

—1/2 —(1—0o
B;,l(RN) < C(]. + )\0 / )|>\| @ /2)”gHB;_1”(RN)
Analogously, we have

1920l 5; vy < CL+ 252+ 2572 g

BT (RN)»

IV205ul| s @y < C(L+ A2+ 25N~/ g

B: 17 (RN)

||(1,)\—1/2?)u||3311(RN) < O(1+ Ay VA~ 0=/2) g

By (RN

Define S(A) by S(A)g = u, and then we see that S()) has (s, 0, q) properties and u =
S(N)g is a solution of equations (37). The uniqueness follows from the existence of
solutions to the dual problem. This completes the proof of Theorem 4.1. U

4.2. Solution formulas of Lamé equations in the half-space
In this subsection, we find solution formulas of the Lamé equations in the half-space
with free boundary conditions which reads as
Au — Div (aD(u) + (8 — a)divul) =0 in RY,

(aD(u) + (8 — a)divul)ng = h on ORY. (40)

Since DivD(u) = Au + Vdivu, (40) is rewritten as follows:
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Au — aAu — fVdivu =0 in Rﬂ\_’,
— a(@Nuj + 8juN)|;,3N:o = hj|:cN:Oa
— (2&81\7’11,]\] + (5 — Oé)diVll)le:o = hN‘zN:O
for j=1,...,N — 1. In this subsection, indices j and J run from 1 through N — 1 and
from 1 through N, respectively. We apply the partial Fourier transform F’ with respect
tox’ = (x1,...,2n_1) variables and then equations (40) are transformed to the following
system of ordinary differential equations:
(A + ali€'|?)F'luj) — a0 F'luj] — Bi&; (i€’ - F'u'] + OnF'lun]) =0 (zy > 0),
A+ alie' ) F'lun] — ad% F'luy] — Bon (i€ - F'[u'] + OnF'lun]) =0 (zn > 0),
(ONF'[ug] + &5 F [un])en=o = —a =" F'[hy] (€', 0),
(a(OnF'lun] — i€ - F'[u]) + B(ig" - F'[u'] + OnF'[un]))lay=0 = =F'[An](£, 0).

(41)

To obtain solutions formula, we define Flu ;] by
Flus)(€,xn) = mye BN (e Aoy — =By,
From the first two equations in (41), we have

a(B? — A*)n; — Big;(ig' -0’ — Any) =0, Big;(i€’ - (m’ —n') = B(my — ny)) =0,
a(B? — A%y + BA(i€' -1’ — Any) =0, BB(i€ - (m' —n') — B(my —ny)) = 0.
(

From the boundary conditions it follows that
B(mj —nj)—i—Anj —ifij :Oé_liLj, (43)
a(B(mN — ’ILN) + Anpy + ifl . 1’1’1/) + B(B(mN — TLN) + Any — Zf/ . m’) = }ALN. (44)
Setting £ = a~1B(if’ -n' — Any), from (42) we have

i€ A
B2 jAQ 67 nN = _B2 — A2£> (45)

i§’~m’—i§’-n’—B(mN—nN) =0. (46)

’Ilj:

Since —B(my —ny)+i& -m’ =&’ -n’ as follows from (46), the last boundary condition
n (44) becomes

Bmy 4 (A= B)ny + i€’ -m’' — ¢ = o hy. (47)
From (45) we obtain
_ é—/ 2
i& -n' = 5 |_ |AZ€. (48)

Substituting (45) and (48) into (46), we get
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2 — AB
my =B (i€ m + 7@2 )
From (43), (48) and (49), we have

B%+|¢'|2 - 2AB

a 'Bi¢ - = (B2 + |¢]?)i¢’ - m’ + |¢)? JEE

Substituting (45) and (49) into (47), we obtain

€2 — B

o

a thy = 2i¢’ - m’ +
Let L be a 2 x 2 matrix defined by

B2+ |¢|> — 2AB

B[ 6P
L =
) |§/|2 _B2
B2 — A2

From (50) and (51), it follows that
i¢’ - m’ a~1Bi¢ -1
L = 2 .
/ a_th

_4ABIE]P - (B2 + [€?)?
- B2 — A2 :

We observe that

det L

Thus, setting
L =4ABIE') — (B> + '),
we have

€' - B> |¢1A(B* + [¢']* — 2AB)
L_l_BQ—AQ B2 _ A2 B2 _ A2

—2 (B*+1¢'1)

Thus, we have

1 A )
i -m' = —((|¢'] = B)Bi¢/ - b — [¢'[*(B* + [¢']* = 24B)hn),

2 A2 ~ ~
= %(723%' b+ (B2 + [¢']*) ).
(67

From (43), (45) and (49), we obtain

(51)
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My = (1€ ~ B? + 24B)i€’ - K — A(B* - [¢'P)hw),
n; = %(4315’ b+ (B2 + € ) ),

A . .
ny = R(QB’Lf/ ‘b — (B* + |¢'1®)hy),

m; = BiL] + ZEJB((—?,BQ —|€¢'|? + 4AB)i¢’ -h' — B(2AB — B> — |¢/|Y)hy).

By (16) we have solution formulas:

Flu)(€ o) = - phye 5o

aB
—BxNL _ap2 _ |¢)2 el _m2 127
e By D (3B — ¢/ + 4AB)i¢’ - — BRAB — B* — |¢/)hy)
+ M) ST Copig W 4 (B4 1€ P)h),

Flun](€',ox) = €75 L ((~[¢'f — B2 + 24B)ig’ B — A(B? ~ |¢/[*)h)

A(B — A)

- (2Big" -0 — (B? + |€'|*)hy).T

Using Volevich’s trick and the identity:

aNM(a:N) = —€_B$N — AM({EN),

we have
u;i ()
R —B(zn+yN) AL 1)\1/2 Nl.
:/0 Fot|Be NyN{ﬁ}'[)\ hy1(€ yn) — ez:; [0eh) (€, yn)
- Fowh )€ ) Y| () d
o5 1Onh](E yn) § | (@) dyn

® —B(zn+yn) ! ’ el T W ¢!
b [ F e e {3 € 4 4B PO )
— B(2AB — B* — [¢'|) F'[0;hN (€, yn))

i€
alB?

((—=3B% — |¢)* + 4AB)i¢’ - F'[onh'|(¢, yn)

— BRAB - B — |¢)F[onhn](€ yn)) }] (@) dyw
+/Ooo ]__5/1 |:(efB($N+yN) +AM($N+ZJN))BT_£A
x (=2Bi¢" - F'[o;0') (¢, yn) + (B> + €12 F'[0;hn](€ yn))
(B — 4)
al

x (=2Bi¢' - F'[onW (€, yn) + (B + [¢'P) F'[onhn] (€ yn)) | (2') dyn; (52)

— M(zn +yn)
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upn(x)

> 1
= [ F [Be B (IR - B 4 2AB)F i (€ )
0

2

-1

A/\1/2
~ aB?

Ai&,

aB?
1

1
— Bem Plewtin) — (= [¢'|? = B + 2AB)i¢’ - F'[OnW](', yn)
— A(B® - [¢'*)F'[onhn (€ yn))

(B2 — €' FIN R (€ yw) + (B* = [¢'[)Floehn (& yn)

o~
Il

+ (e7BeN+uN) L AM (2 + yN))iA(]‘iZ 4) {2BF'[div'D’](¢,yn)
2 12 )‘1/2 71yv1/2 / Nﬁlifﬁ / /
—(B*+[¢] )(@]‘- AY2h] (€ yn) — 2 ﬁ]‘- [0chn] (€ yn)) }
AB—- A
- M(zy +yN)%

x (2Big" - F'[oNW (€ yn) — (B* + |§’I2)f’[3zvhzv](£’,yzv))] («') dyn.  (53)

DEFINITION 16. A class of Ny is the set of all symbols m(\,&') € My such that
Hm(\ &) € My_s.

LEMMA 17.  Let £ = 4AB|¢'|> — (B? + |¢/|?)? and M = L/X. Then, there holds
M~1 e N_,.

PROOF. Let r > 0 be a sufficiently small positive number determined later. First,
we consider the case where |\|/|€/|> < r and (\,¢') € B x (RV~1\ {0}). The Taylor
expansion of (1 +t)1/2 is that

2 [t

(402 =14 5= [ (= 0)(1+ 602 do.
0

Thus, setting v4 = (a+ 8)~! and yp = a1, for E € {A, B}, we have

. _ _
B = [¢|VT+AeT? = [€1{1+ N2 +2E2s(NE1722) (54
where we have set

1 1
=g [ -0 e ) a0
0

Thus,

AB=1€P{1+ S0+ Am)NET +yan ) (55)

where we have set
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A — — _
yap = LIENE | + 3240 | 7 + B2pA?le|
2 2
— A — —
T ’YBQ’YAZAA:),K/' 6 4 0 ;BZB)\3\§/| 6 422 2z ME| 8. (56)
First, we shall show that
D¢ 25| < Crrlé'| 71, (57)
|DE Orzp| < Crrf'|727 17 (58)
[DEN " yan| < Cl¢17 1, (59)
IDE A yap)| < Clg/| ] (60)

where E € {A, B}. To prove (57), we observe that for any ' € NJY™!, ¢ € N, and
E € {A, B}, we have

D (14 67l ™2) /2] < Cole/| 7. (61)
In fact, by the Bell formula and (15), we have
D (14 6y |7%) =
||

< Cw Y L+ 0N 272 T DR OveAE |7 D OveAE |

_ /A It
m=1 K+ t+kL, =K

|='|
<C. Z |1 JrG,YE)\|€/|—2|f€/27m|9,yE)\|f/‘f2|m|€/|f\f€|

m=1

S Cﬁ/|£l|_|n/‘.

Thus, we have (61), and so (57). Since

1
oros = 2 / (1— 6)(1 + By | ~2) 520 dbryple’| 2,
0

by Leibniz’s rule and (61), we have (58). From (56), it follows that
A yan = PENE ™+ 73zaNg |~ 4 vBep e
4 2 g0 4 A0 20 3|
Thus, using (57) and Leibniz’s rule, we have
DA yan] < Cor (A4 APIE 04 AP =5
< Cr(r 472 402|727,

which shows (59). Since
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A yan) = PAIEIEI 424 ((0hza)A + 2a)[€1 7+ 9B ((Onzm)A + )¢~

+

2 2
LA (0n2a)2 + 22aN)[€ |70 + LATE (9r2)N? 4 2250 |E/~°
+ 2475 ((0x24) 28N + 24(O028) A3 + 324222) (€| 5.
Thus, by Leibniz’s rule, (57) and (58), we have
IDE (A yan)| < Cur (18174714 N6 4 A2 7511 g 72071
S Cﬁl‘€/|74f|ﬁl‘.

This shows (60).
Since (B2 + [¢/]?)2 = (a A+ 2|¢')?)2 = a 222 + 4y €)% + 4]¢'|*, we have

L= 4AB|§/|2 _ (32 4 |€/‘2)2 — 200)\|§/‘2 _ 04_2)\2 +4|£/|4yAB

with ¢cg = y4 — v = (o + 8)~' — a~!. Thus, we have

M = § =2¢ol¢'|* — o PA+ 4" Ay . (62)
Thus, by (59) and Leibniz’s rule, we have
|DE M| < C |27, (63)
In particular,
M| = 2leollg’[* = CON + AP + IAPIET™) = 2leol = CIE P (r + 7% + 7).
Thus, choosing r > 0 so small that C’(r + r2 4+ 73) < |cgl, we have
M| > [eollEP. (64)
By (63), (64) and Bell’s formula, we have
| , ,
IDEMT <O IM[TH Y DM DM < Cle |72 (65)
=1 Ry Ry =k'
We now consider \M ! = —M 29, M. From (62) it follows that
WM = —a=? +4|¢'|"OA(A " yan).
Thus, by (60), we have
IDE (93M)| < Cle'| 717, (66)

Since O\M~1 = —M =29, M, by Leibniz’s rule, (65), and (66), we have
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IDE M < Crfg| =417 (67)
Noting that [¢/] > (1/2)(|¢'| + ' |A|Y/2), by (65) and (67), we have

IDE MY < C(IAV2 + (¢/) 72,
IDE (DM )| < CNV2 + &)+ 17

Next, we consider the case where |¢/|2/|A| < 7 and (A, ¢') € £, x (RV=1)\ {0}). In
this case, we have

= ((a+B8)"" N2+ ¢ (a + H)A )2,
_ (O[fl)\)l/2(1 + |£l|2oz/\71)1/27

and so
L=4a+ BT 2T AP+ O(IEP/N) — a2 = da” A - 4’
This implies that
L] = a2\ = Cr|AP
for some constant C. Choosing r > 0 so small that Cr < a~2/2, we have
L] = (a?/2) A%
Thus, we have
IM| > (a2/2)]Al > ex (A2 + [¢'])°

with some positive number c;, where we have used the fact that |A['/2 > (1/2)(|\|Y/? +
r=1/2|¢']). We know that

[DEIEP] < Cor (N2 + JE)2.
Moreover, for E € {A, B} we know that

D5 E| < COAY2 + (€)1,
IDE (O\E)| < CNM? + &)= 17],

Thus, we have

|Dg L] < COAIM2 4 (/1)1
Recalling that M = L/X, we have

|Dg M| < C(AM? + J¢/))> 1.

By Bell’s formula,
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4
IDEM T < Cor D (INMZ 4 [€/)2ED A2 4 e,
{=1

Namely, we have
IDEM ™| < G (N + &>, (68)
We observe that \M ~1 = —M~2(9\M) and O\M = A\"10,L — A\72L. Since
L =4((0zA)B + A(OrB))[€'* = 2(a7 A + 2[¢'[*)a™,
we have
|DE VL] < Crr (N2 + 1),
and so
|Dg (OaM)| < Cor (N2 4 JE) 71,
Therefore, we have
[Dg (OAM )] < G (A2 + 1€ 741, (69)
Finally, we consider the case where
rA < IEP <AL (A E) € Bep, x RV (70)
First, we shall show that
L#0 forany (\¢&) e X x RV {0}). (71)

We know that the uniqueness of solutions of the forms @y = aje BN + b;(e=Bry —
e~ATN) to equations (41) guarantees £ # 0. Thus, we shall show the uniqueness. Let us
write 4y = vy for the notational simplicity and we assume that v; satisfy equations:

A+ ali€'[)v; — adfv; — Bi&; (i€ -V +Inon) =0 (an > 0),
A+ it oy — adkvn — BON(i& -V +Onun) =0 (zn > 0),
(Onvj +i&uN)|an=0 = 0,

(a(anN — if/ . V/) + 5(’&5/ . VI + 3NUN))\:,3N:0 =0.

Here, v/ = (v1,...,uny_1). Notice that

0 = \vj + al¢[*v; — ad¥v; — Bi&; (i€ - v/ + Onvn)
N-1
=M —a Z 1€ 1€V + i&vr) — adn (Onvj + i€uN)
k=1

— (B —a)ig; (i - v' + Invn), (72)
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0 = doy + al¢ Py — ad%vy — BON (i€ -V + Onvn)
N—-1
= /\UN — Z ifk(ifka + 6]\/1%) — 20&812\71)]\/ — (,@ — a)aN(i§/ . V, + aN’UN). (73)
k=1

Since v; decay exponentially as zy — oo, multiplying (72) with 7 and (73) with Ty,
and using integration by parts

N-1 N-1
0=XVI*+a > &> +a Y llovv|* +allig” - v'|?
Ji.k=1 Jj=1
N-—1 N-1 N-1 (74)
+ « Z (z'{ij,anj) + « Z ||i£j1}N||2 + « Z (aN’Uj,ifj’UN) + QOéHaN’UNH2

j=1 j=1 j=1

+ (8= a)([li€ - v'II* + (Onvn, i€ - V') + (i€ V', Onvn) + [[Ovon|?).

Here (f,g) = fR+ flen)g(zn)dzy and ||f]|> = (f,f). Taking the real part and the
imaginary part of (74) yields

(Im \)[[v[* = 0, (75)
N-1

ReN[IVI* +a Y lli&w;?
G k=1

N-1
+a ) (ligonll + 1oy 1? + (i€jun, Onvy) + (Onvj, i€ o))
j=1

+ afie" - v'|? + 2al|onvn ] + B([|i€" - V'|I? + [[Onon ||* + (Onvn, i€ - V)
+ (i€" - v', 0nvn)) — a(llig - V|]* + (Onvn, i V')
+ (Zfl . V/, 8NvN) + HaN’UNHQ) =0. (76)

If Im A # 0, by (75), we have v =0. If Im A = 0, then Re A > 0. Thus, by (76), we have

N-—1 N—-1
0= ReA|v]®+a Y Jliew;lI* +a > (10xv;11* = 2lli&vn 1onv; || + lli&on1?)
jk=1 =1

+allie’ V| + 2a]onon||? = alliE” - V| = af|onon P - 2alonon|[liE" - V)|
+ B([li€" - V'[I* + [onon® = 2l|onvn|[li€" - V')

Here, we have
a(l|onv; |1 = 2||igun [[[10nvs ]| + [li&on1?) > a(llonvi]| - ligvn])? > 0,

Bl - v'[I* + loxvnl* = 2 onvnllllie" - v'I| = B(li€" - v'|| = [Onvn])? = 0.

Moreover, noting that ka_ll lli€ev;]|? = |€'2|IV'||? and ||ig" - v'|| < [€']]|v']|, we have
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N-1
a Y lligkos))? + alli€’ - v'|* + 2a)onon|®

jk=1
—alig v

II? = allonun® - 2al|dnvn]lllig” - v
> a(|€'PIV1? + |onon |* = 2llonon | [€]1V])

> a(|¢']IIV']] = lovon]))* > 0.
Thus, 0 > Re \||v||?, which yields v = 0. In particular, we have proved (71).
Let
_ A . /

= e, &= e

(IA[V/2 +1€7))? ¢ IA[1/2 +[¢]

A=((a+ ) A+EP)2, B=(a"A+ &)V

L=4ABIE'|? - (B* + [€*).

We have £ = (|]\|'/2 + |¢/|)L. Notice that X € ¥, provided that A € X.. Moreover, from

(70) it follows that

"< L <A< — (77)
L+71/2 =207 14 01/27 (1471/2)2 7 70 7 (140r1/2)2

Thus, we set
U={\¢) e x (RN"1\{0}) | (77) holds}.

Since U is a compact set and L # 0 for (X, &) € U, there exists a constant ¢, > 0 such

that

Thus, we have
L] = ea(IA2 + 1€'))*
for (A, ¢') € L x (RY~1\{0}) satisfying the condition (71). Employing the same argument
as in the proof of (68) and (69), we have
D MY < G (N2 + €)1,

IDE (M) < Cor (N2 4 [¢/]) 41,
Thus, we have proved M~! € M_; and Oy\M ' € M_,4. Namely, M~ € N_,. O

LEMMA 18. Let my = —3B? — [¢/|> + 4AB, my = 2AB — B? — [¢/|? and m3 =
B — A be symbols appearing in the solution formula. Then, m;/\ € Ny for i = 1,2 and

m3/>\ eN_;.
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PRrROOF. To prove the lemma, we use the symbols given in the proof of Lemma 17.
First, we consider the case where |[A|/|¢/|?> <7 and (A, &) € B x (RV~1\ {0}) with some
small » > 0. Using (55), we write mi /A = (2v4 —vB) +4|¢'[?A " yan. By (59), (60) and
Leibniz’s rule, we have

IDE (m1 /)| < Corlé'| 711,
|DE 95 (my/N)| < Corle'| 7271,

Analogously, using (55) we write ma /X = va +2[¢'|?A " yap. By (59), (60) and Leibniz’s
rule, we have

IDE (ma/N)| < Corl€'| 1%,
|DE O (ma/N)| < Crl€'| 727171,
Using (54), we have m3/\ = (v —va)|€'|71/2 + (vB2p — 7524)A[€'| 2. Since

IDE (NE™2)] < Cor €731 < Gl |71 19,
IDE DN 73)] < Cu |31,

Using this, (57), (58) and Leibniz’s rule, we have

D (ma/N)| < C /|71,
|DE 95 (ms /)| < Crle'| 7271,

We now consider the case where |A|/|¢'|? > r and (), &) € B, x (RY~1\ {0}). In
view of (15), we see easily that

[DEB| < Cu (N2 + Jg/1) 1,
D OAE| < Cuo (1N + 1)~
for E € {A, B}. Noticing that |A\|'/2 > (1/2)(|]A|"/? 4 71/2|¢/]), we see easily that
|DE (ma/N)] < Cor (N2 + 1),
|DEOx(ma/XN)] < Cor (A2 + [¢/) 7271
fori=1,2. And

D (ms /)| < Cor (N2 4117,
|DE Ox(ma /M| < Crr (A 4 [€/]) 7711,

Combining these results, we have proved that m;/A € Ny (i = 1,2) and mg/\ € N_;
This completes the proof. O
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4.3. Estimates of solution formulas in the half-space

Let H = (Ha, H3) be an N + N? vertical vector such that Hy and Hs correspond to
M/2h = (AY2hy, .. AY2hy)T and Vh = (9;h; | 4,5 = 1,...,N)T, respectively. Here,
k" denotes the transposed vector of k = (ki,...,ky). In the solution formulas (52) and
(53), writing

—3B2— |¢'|+4AB  —3B2— |¢'|+4AB 2AB-—B?— ¢ 24B - B*—|¢')?

L N AM ’ L N AM ’

B —|¢)2 1 B-A B-A

£ aM’ L M
by Lemmas 17 and 18, we see that the first three terms belong to N_5 and the last term
belongs to N_3. Thus, all the symbols appearing in the solutions formulas (52) and (53)
belong to N_,. Using this fact, we see that there exist N x N matrices Mj (A, &) and

Ma (A, €') of N_g symbols such that setting

T(NH = /OOO Fo' [Be BENtvs) My (X, € FH](E  yn)) () dyn
+ /000 FHB?*M (zx +yN)./\/lg()\,f/)}"[ﬁ](f',yj\r)](x’) dyn

we have u = 7(\)(A\'/?h, Vh) is a solution of equations (40). Here, T(\)H and H are
both vertical vectors. Moreover, T (\) has the following properties.

THEOREM 4.2. Letl < g<oo, -14+1/g<s<1/q,0<e< /2, Ao >0 and
let o be a small positive number such that —1+1/¢g< s—o0c < s<s+o < 1/q. Then,
TN € Hol(ZE,,\O,E(B;)l(Rf)N"’Nz,B;ﬁ(Rf)N)) has (s,0,q) properties.

Proor. To prove the theorem, we shall use Theorem 2.1 in Subsection 2.6. Notice
that [[fllwaeyy = IV FllL,@y) and | flwz@y) = V£l L, @y)- In what follows, we may
assume that H € Cgo(Rf)N+N2. In fact, C§°(RY) is dense in Bf ,(RY) for 1 < ¢ < o0
and —1 +1/q < s < 1/q (cf. Proposition 2.24, Lemma 2.32, and Corollaries 2.26 and
2.34 in [17]). Using the formulas:

AZ_BE

O M(wn) = (-1 (AM(an) + ——5

e PNy (0>1),

and setting

M) = Ma(1.€), M&%)=<—B>2M1<A,s'>+<—1>E%BM2<A,5'> (> 1),

MP () = Mo\ ), MP(N) = ()P A Ma(N€) (€= 1)

for the notational simplicity, we write

ATV = [ F5 (MO F(E ) BeHen )



On the Li-mazimal regularity in the study of free boundary problem for the compressible fluid flow85
+ MO WFHE yn) B M (ox +yn)| (@) dyn. (78)
Using these symbols, we can write
sz op TN = | T E W MO NP ENE ) Be o)
G ) MY OVFTHIE  yw) BEM (o + yw) | (@) dyw.

If 2k + |v'| 4+ € < 2, then A*(i¢")~ M7 (A) € My and A (i¢)" ME?(A) € Mp. Thus, by
Proposition 9 we have

I N2V VDTN H |,y < CIH | ey (79)
To obtain the W} (RY) estimate, noting that H € Cg°(RY )NV ®. using the formulas:
aN(_B)—le—B(ﬂCN-i'yN) _ e—B(l’N"!‘yN)’
6N((AB)‘1e‘B(””N+yN) — A_lM(Z‘N + yN)) = M(xN + yN)
and setting
M) = (BTMP ) =AM (), MYV O) = ATMY (),
by integration by parts, we have
RTNE = [ g (M N F oy (€ ) Be Pt
0
+ MYV OF [on HI(E  yn) B2 M (ax +yn)| () dyn. (80)
Thus, we have
NOONT(NH = / Fot [Ne(gy MV Flon HI(E ) Bem Bl )
+ AR )Y MYV F O HI(E  yw) B*M (e + ) | () dy.

If 2k + |x'| 4+ £ < 3, both )\k(if’)”,./\;lgefl)()\) and )\k(i«f’)”,./\;lgfl)()\) belong to My, and
so by Proposition 9, we have

IOV, VAT H lwa ey < CllHw @)

VT ;e (51)
[0 VTN Hll, gy < O 1H iy e

We next consider 7(A)*, which is defined by exchanging 7" and F, !in the formula
of T(A). Namely,

Tt = [ (MO )G I ) Be 2o
0
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+ MO NF A yn) B M (zn +yn)| (') dyw.
Obvisouly, for H,G € C§° (Rf)NJFNz, we see that
(MAY2Y, VAT (NH,G) = (H, (M A2V, V)TN G).

In particular, (A, A2V, V2)T(\)* = ((\, A2V, V2T (N)*.
Employing the same argument as in the proof of (79) and (81), we have

I A2V, VAT Hl| ey < ClH L, @)
(A, A2V, v2)7-()\)*]E1-||vvql/(nzafj) < C”H”W;/(Rﬁj)a (82)
|29, 9 T Al ey < CI2 1 s )

In view of (79), (81) and (82), the assertion (1) of Theorem 2.1 implies that for any
A € X 5, there hold

IO AT, VTV E gy @y < ClH| gy wyy (v € {s—0,5,5+0}),
[ON2Y, TN Hl gy ) < CIAT 2 IH oo ).
We now consider 9,7 (A\)H. From (78) it follows that
ONONT(\H = O6ONT(NH
= [ [0 ) F U ) e
+ B2 MOV FH]( yn) B20x(Be Plontum))
+ (OAMEP ) FH(E  yn) B2 M (2 + )
+ B2MY (NFH](E yn)B0r(B*M(zy +yn))| (2/) dyx.
Thus, we have
A O T (N H
B /ooo Fot [N (@r M ) F (HN(E yn) Be Bl tm)
+ AR ) BT2M (N FIHN(E yn ) B20x (Be™ Blan+un))
+ (g (OAMST () FHI(E  yn) BAM (i + )
+ X )Y BT2ME FHNE  yn) B2AB2M (w + )] (@) dy.
If 2k + |k'| + ¢ < 4, the following symbols:
N (OAMSD (V) AR (@) BMP (),
NEGE ) (M (N), AR(E)Y BT2ME ()
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belong to My, and so by Proposition 9 we have
[NY29, 920N T N H |1, ey < CINT IH L oy)- (83)
Moreover, from (80) it follows that
ORONTON = [ £ [0 O0) P o )€ ) B )
+ B2 MYV F O HI(€ yw) B*0n(Be P tun))
+ (MY ) F 1ox AN yn) B2 M (i + yx) | (@) dy

+ B2 OV F [ow I un) B20A(B2M (wn + yw)| () dyw.

Thus, we have
Ao 08 ONT (N H
= [ 7 i 0D () F o A€ gy BB )
+ ARG B2 MY TV (N F O H(E yw) B20x(Be™ Blontun))
+ X (OME D ) FTowHIE  yn) B M (2 + yx)] (@) dyw
+ X BAME TV ) F [on HI(E yn) BN (B2 M (wy + yw)| (') dy.
If 2k + |&'| + £ < 5, the following symbols:
NGEY™ (@OaMETI ), AR BT2METI (),
NGEY (OaMy TN, ARG BT MY T ()
all belong to My, and so by Proposition 9 we have
||(/\aAl/zv,?z)aAT(A)gHqu(Rf) < C|>‘|71”‘HHW;(R$)>

AV VR)NT (N H <CI\TV2|H ™
I AEV VAT N H wpwyy < CAT I H |, @)

Since 9571 (N\)* is obtained by exchanging ,7-"5_,1 and F’, that is

({9,\7-()\)*]:;[ _ /Oo i {(aAMgO)()\))]:gl[ﬁ](f/, yN)BefB(a:AwkyN)
0

+ B72M (N F [H](E yn) B0 (Be Plovtom))
+ (OAME” ) F H)(E yn) B> M (2 + yw)
+ B2ME )FZ THNE yn) B205 (B M (2x + yn))] (@) dy.

Employing the same argument, we see that
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1NV VAT N A, @y < CINTHAH L, @)
IO AY 2V, V)T () Hlw, ) < CINH H s, ey, (85)
1AV V2T () Hlws, vy < CIAT2(H | -
Since H € C’go(Ri\_’)N+N2, we see that ((\AYV2V.V2)(OhT(N)* =

(M A2V, V) (00T (N)*.  Thus, in view of (83), (84) and (85), by Theorem 2.1,
we see that for any A € X, 5, there holds

I N2, 92000 T (N H gy ey < O H Ly oy (v € {5 = 0,5.5 + 0}),
[ AT, TN T (N A s e, < CIAO D))

By 17 (RY)”
Finally, we shall see that for any A € X 5, there holds

(LA TV H|

B;, (RY) < C|>\\7(17%)||g|\353"(u§f)~ (86)
In fact, by (79), we have
”(17A_I/Q?)T()‘)E[HLQ(Rf) < C|)\\_1||ﬁ||Lq(M)»
JL A2 T ) gy < CIAY2 1, .
And, by (81), we have
1L AT2VIT N Hllwr zyy < CINHH llwa iy
Moreover, by (82), we have
ILATVEN TN Hlp, @y < CAT I H L, @)
I(LATYE)T (A H |l gy < CINTV2H| L, @)
prac a/ (R
LA TO) Hllws, @y < CHH s, @y

Therefore, by Theorem 2.1, we see that (86) holds. This completes the proof of Theorem

4.2. O
Finally, we consider the full equations:

Au — Div (aD(u) 4+ (8 — a)divul) = g in RY, (s7)

(aD(u) + (8 — a)divu)nl = h on ORY .

Combining Theorems 4.1 and 4.2, we have the following corollary immediately.

COROLLARY 19. Letl < qg<o0,0<e<7/2and A\g > 0. Let o > 0 be a small

constant such that =14+ 1/q < s —o < s+ 0 < 1/q. Then, there exists an operator
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5 N\m(N s+2 N\N
S]Rf()‘) € Hol (3¢ x,, £(By 1 (RY) ), B, REM)

haviing (s,0,q) properties such that for any (g, h) € H;l(Rf), u= S]Rf (AM)Ox(g,h) is a
unique solution of equations (87). Here and in the following, an operation Oy is defined
by

O)\(g7 h) = (g, >‘1/2h7 Vh)

4.4. Spectral analysis of Lamé equations in a bent half space

Let 2o € 9. Here and in the following, we write B,(x) = {y € RY | |y — x| < 7}
and B, = {z € RY | || < r} for r > 0. As was seen in [14, Appendix] or in [45,
Subsec. 3.2.1], there exist a constant d > 0, a diffeomorphism of C? class ® : RV — RY,
r — y = ®(z) and its inverse map &' : RV — RY 4+ 2 = &~ !(y) such that
q)_l(Bd(l‘o) N Q) C R_I,'\_/, <I>_1(Bd(x0) n 89) C Rév and

VO =A+B(x), VO ' (y)=A_+B_(y)

where A and A_ are N x N orthogonal matrices of constant coefficients such that AA_ =
A_A =1 and B(x) and B_(y) are N x N matrices of C? functions. Moreover, we may
assume that for any small constant M7 > 0 we can choose 0 < d < 1 such that

(B, B-)| L@y < M. (88)

For such d, we may assume that supp B, supp B_ C By(z). Furthermore, we may assume
that there exist constants D and My such that D is independent of My, but My depends
on My, and

VB, B-) L@y < D,

(89)
IV2(B, B-) |1 rvy < Ma.

We may assume that M; <1 < D < M.
Let

0, =oRY), Ty =o(Ry).

9 3

\2
N\

Figure 1. RY and Q4

Let ny denote the unit outer normal to I';. In this section, first we consider the
Lamé equations
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Au — Div (aD(u) + (8 — a)divul) = g in Q4
(aD(u) + (8 — a)divul)n, =h on 0Q4.

We shall show the following theorem.

THEOREM 4.3. Let xg € 9Q. Let ® and ®~' be a C? diffeomorphism on RN
and its inverse given above. Let 1 < ¢ < oo, =1+ 1/g < s <1/q, and 0 < € < 7/2.
Let o be a small positive number such that —1 +1/q < s —0 < s+ o0 < 1/q. Let
v e {s—o,s,8+0}. Then, there exist a small constant d > 0, a large constant Ay >
max(1,\g) and an operator Sq () € Hol(EE,,\UL(B;’71(Q+)”@(N),Bq”,"{Q(QJr)N)) having
(s,0,q) properties such that for any (g, h) € Hy 1(Q4), u=Sq, (A\)O(g,h) is a unique
solution of equations (90).

PrROOF. The theorem will be proved using some perturbation method from the
half space, and so we have to choose A; > 0 large enough below. First, we shall reduce
problem (90) to that in the half-space RY. Let a;j, and b;x(x) be the (j, k)th components
of A_ and B_(®(x)), and then we have

al o
Tyj = ;(akj + bk](x))aixk (J =1,.. 7N) (91)

Since y = ®(z) denotes the point of I'y for z € RY, dy = V®(z)dr. Thus,
n; = V&(z)ny/[Ve®(r)ng|. Recalling that ng = (0,...,0,~1)" and denoting the (j, k)th
component of V& = A+ B(z) by ax; + br;(z), we have

n, = f(aNl +5N1(IE), oy GNN + IN)NN('I))/|n+|

with |ng| = (Z;V:l(aNj +bn;)?)'/2. Let D = |n|. Notice that

N N

Zajkajg = Zakjagj = (Skg, (92)
j=1 j=1

N

> @lbw;llan;] + by, ]?) < CM;. (93)
Jj=1

Thus,

1—CM; <D? <1+ CM;.
Let v(z) = v(y). We write v(z) = (01(2),...,9n(2))" and v(y) = (v1(y),...,vn(y)) T,
where AT denotes the transposed A for any vector or matrix A. By (91) we have

N
divyv(y) = Z (me + bme())

l,m=1

Oty

0T

(94)

Moreover, we set Uy = chvzl apewy, and w = (wy,...,wy) . From (91), (92) and (94),
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we have

N
. 0 .
gj = Avj — Z —ayk (aDjr(v) + (B — a)djrdivv)

—)\Zamwn « Z ag]a Dpp(w) — (8 — ) Zam d1vw R1

ln=1
Here, we have set

—aZapk (

p,k=1 Tp

+ « Z bpk

l,
p,k=1 Tp

B —a (Zama
N

+prj 8(39: (divw + Z Qem, "mg;)j ))

p=1 Lmn=1

N

own,
bejank + békanj)%)

(
-1
N
ow
D (@rjan + aoran; + bejan + bzwm)%j)
ln=1

N

Z a@m nm 8w£)

pémnl Tn

Using (92), we have

N N, N
Z:lasjf]j = \ws; — o 2:1 %Dsn( - Z leW ZaS]Rl (95)
j= n=

n=1 j=1

We next consider the boundary conditions.

N

Z OZDJk — a)§jkdivv)nk

k=1

- Z agjaDne(w) + (B — a)anjdivw + R?w)

where we have set
N ow
R?w = (D' -1)(a Z (agjank + aekan;) ———ank + (8 — @)d;pan,divw)
k,0n=1 Oy
al ow
D_l j n nj = l;
+ aHZn:l(agja &+ Qopang) i Nk

N

_ own, -
+D ' Y (bejank + bekang) 5 — (ank + byk)
k,6n=1 Oz
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N

. ow,, ~
+ DB - a)(divwby; + Y anebmeo——(an; + by;j)).
£,m,n=1 8.(1)@
Using (92), we have
N N
Z asjh; = —(aDngs(w) + (8 — a)dnsdivw + Z asz?w). (96)
j=1 j=1

Set

N N
g=0>_a1;5;(@)),.... Y an;g;(®(x))),
j=1 Jj=1

N N
h= ()" ai;hi(@@)),.... ) an;hi(@(x))),
j=1 j=1
and define remainder terms R* by

N N
RkW = (Z aljR?W, ey Z(INJ'R?W) (k = 1, 2).
j=1 j=1

Then, from (95) and (96) we have

Aw — Div (aD(w) + (8 — a)divwl) - R'w =g in RY,

(aD(w) + (3 — a)divwl)ng — R*w = h on ORY . 67)

Let Ag > 0 and let S]Rf()\) be the solution operator given in Corollary 19. Recall
that w = Sgxy (A\)Oa(g,h) is a unique solution of equations (40). Inserting this formula
into equations (97), we have

Aw — Div (aD(w) + (8 — a)divwl) — R'w = g — R'w in RY,

(98)
(aD(w) + (B — a)divwl)ng — R?*w = h — R*w on ORY.
Define an operator U by
UH = (RRSM()\)H, RZSM(A)H).
for H € Bq”yl(Rf)m(N). Obvisouly,
(g — R'w,h — R?*w) = (I - UO,)(g, h). (99)

To estimate U, we prepare some lemmas concerning the estimate of products in the
Besov space.

LEMMA 20. Letl < g< oo and —1+1/q < s <1/q. Then, there exists a 6 € (0,1)
such that for u € Bs,(RY) and v € WL (RY) such that suppv C By(xo), there holds
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||UUHB 2®Y) < Cs|lul B:. (RN)HUHL RY) ||U||W1 RY)
PrOOF. We choose 3 as N < 8 < min(Ng¢, N¢’). By Lemma 6,

[uv]z; , < Cllul

By, (Il + 0l pranp -

Since N/ < 1,, we know that Wy N/B = (Lg, Wﬁ)[N/Ig], where (-, -)[] denotes the complex
interpolation functor. Thus,

N N
loll s < Cllolly s < Cllollz, + ol 2 1V0l7]).
If suppv C Bg(xp), then

lv

N, N, 1-N, N,
gy < CBa(ao)l V4 (lolliw + 0l P10l 7Y < OBy ol ol

provided that 0 < d < 1. Thus, setting § = N/, we have the lemma. This completes
the proof of Lemma 20. O

Continuation of the proof of Theorem 4.3. Since S]Rf has (s, o, q) properties,
by (88), (89), (93) and Lemma 20, we see that for some w € (0,1)

IOXUH|| gy | my) < C((My)'=“D* + Dl’“’MS’MI’W)IIHIIB;1<M>-

Choosing M; so small that (CM;)'=“D“ < 1/4 and choosing A\; > )¢ so large that
CD'= MM /2 < 1/4, we have

IOXUH|| gy wyyy < (1/2)[[H| By | Y)- (100)

Here, we choose d > 0 so small that (CM;)!=“D* < 1/4 and fix such d. After this
procedure, M, is fixed, and so we can choose \; so large according to these fixed d and
Ms.

Let us define Roo(A) by setting

i UO,)!
£=0

By (100), we see that for (g,h) € Hy,(RY) and X € X »,,

U0 (& )2, my) < max(l, A‘W)nowom (&) 5, =)
= max(1, A /%) (ONU)" Ox(g,b)llp, @y)
< max(1, A‘”2><1/2>f||ox<g,h)HB;l(M)
< max(1, A %) max(1, [A2)(1/2)" )| (g,0) l52r |z

Thus, Roo(A) € L(HY 1 (RY)). If we define v € By 1?(RY) by
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v = Sar (NOAR (Mg, h)
then, in view of (99),
Roo(A)(g,h) —UO\R(N)(g,h) = (g, h).
Thus, from (98), v satisfies equations:

v — Div (aD(v) + (8 — a)divvl) - R'v = g in RY, (101)
(aD(v) + (B — a)divv)ng — R*v=h  on ORY.
Moreover, we observe that
OrRoc ZoA U0 = (> _(0\))"
=0 £=0

Let Qo (\) be an operator defined by
NH =Y (O\U)'H
=0
and then by (100) we see that Q. (A) € Hol (S, £(BY(RY)™™M)) and its operator
norm does not exceed 2 for any A € ¥ »,. We define an operator 7o, (\) by
To (VH = S (N Qo (N H

Since Ta, (A)Ox = T(A)OAR(N), v = Ta, (A\)Ox(g, h) is a solution of equations (101).
Moreover, Sﬂw()\) has (s, o,q) properties, we see that
[ONNY29, V)T, (N H gy o) < ClH gy ) for H € By (RY)™),
INY2V, V) T, (N H s, ) < CINF|Hl|psto gy, for H € Byi?(RY)™,
(1, A2V 7o, H] pesowry) for H € By 7 (RY)™),

B @) < CATUT | H|

To estimate 9xTq, (A), we write
aA,EM ()‘)H = (aASRf ()‘))QOOH + SRQ’ ()\) (8>\ Qoo)H
Since S]Rﬁ (M) has (s, 0,q) properties, we have

[V A, 92)(03ay (A) Qoo Hll s ey < CIN™H1QuoH s i)
< CIA |

B 1 (RY):
Moreover,

[0 AT, 92)(@38ay (V) Qoo s sy < CIA~0=/2) | Qo H]

By (RY)”
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Since —1+1/¢ < s — o < 1/q, we can show that

|| ()‘? )\1/2@’ ?Q)S]Rﬁ ()‘)H|

Bi7®Y) S C|lH| BI77(RY)

and so, we may have

|ONUH | oo vy < (1/2) | H || go o vy (102)

for A € ¥¢ »,. Thus, we have

Qo H|

i@y < ClH| 5g5e @)

which yields

1AV, V%) 038y (V) Qe H s vy < CIAI™C /2 H| o .

To estimate 0\ Qs, We write
N0 =D (OU) -+ (020U -+ (OxU).
Since
A (O\U) = (1/2)A72R* Ry (A H + Ox(R'0zSpyy (A H, R*0xSgx (N H),

we have

1OX(ONA) H | gz | vy < CIA~HH] BS (RY)
and so

18O 15, ey < CEL/2) N [ H s, v,
which yields

B < OIS 0(1/2) " < aC|A ||
=1

107 Qo H|

By 1 (RY)"

Thus, we have
1AV, V2)Sax (N0 Qoo Hll ps , myy < CINTHIH s | (ary)-

Moreover,

10X (ONUH) | 52 | )
< CUA2IIVSpy (VN H] g @) + 102V, V)03 S (M H
< O|/\‘7(170/2)||H‘|B;;“(Rf)'

B3, (RY))
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Thus, by (100) and (102), we have

oo
Bs,@Y) < 025(1/2)2’1|)\|*(1ﬂ/2)||H|
/=1
<ACIN~U2 || H]|

103 Qoo H |

B, (RY)

By’ (RY)

which yields

[ Y29, 92) S (03 Qoo N H s ) < CIAT /D[ H oo .
Summing up, we have

||(Av )‘1/2?7 ?2)8)\7b+ (A)H‘ BZ,I(R{X) < C‘)‘|71”H‘ B;’I(Rf)a

(A A2V, 62)8)\7?2+()‘)HHB;1(R$) < AT H|

(103)

By 1% (RY):

Therefore, we see that Tq, (M) has (s, 0, q) properties.
Finally, according to (98), for any H = (Hy, Hs, H3) € Bgﬁl(Q_%)m(N), we define
U, (\) by setting

U, NH = AT (To, (\)(AH, AH,, (V)T AH3) 0 @) 0 &1

Obviously, for any (u1,h) € Hy1(24), u = Uqg, (\)Ox(g, h) is a solution of equations
(90). The uniqueness follows from the existence of solutions to the dual problem. Since
To, (A) has (s,0,q) properties, so 7o, (A) does. This completes the proof of Theorem
4.3. O

4.5. Spectral analysis of generalized Lamé equations in 2, A proof of
Theorem 3.1

In this subsection, we consider equations (5) and we prove Theorem 3.1. We only
consider the case where ) is an exterior domain and 7jo(z) # 0. Other cases can be
treated in the same manner. Since we will use Lemma 3 below, we have to assume that
—min(l —1/¢,N/q) < s < 1/q.

First, we consider the problem in (Bg)¢ with large R > 0. Let ¢ and ¥ be two
C>°(RN) functions such that v () equals to 1 for |z| > 3 and 0 for || < 2 and ¥ (z) equals
to 1 for || > 2 and 0 for |z| < 1. Set ¢g(x) = ¢(z/R) and ¥r(z) = ¢)(x/R). Notice that
wR(x)JJR(x) = Ygr(x). Let Ay > 0 and S(\) € Hol(ZEAO,E(B;l(RN),B;J{z(RN)N)) be
the operator given in Theorem 4.1 and then v =S (p*)\)ng satisfies equations

psAVR — Div (aD(vg) + (8 — a)divvgl) = g in RV, (104)
for A € Ee,pl—l)\o. Here, notice that p; < p. < p2. Let
AR = pe +Ur(@)(0(2) = pu) = pu + Yr(@)io(2).

We have
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ArM\vg — Div (aD(vg) + (8 — a)divvgl) = Yrg — Rr(A\)Yrg in RY,
where we have set
Ra(NE = —0r(@)iio(@)AS(p. V.
By Lemma 3 and Theorem 4.1, we have
RNy my) < CH@ERﬁOHB(JI\,’{‘I(RN)”f”BZ’l(RN)-

By Lemma 12 in [31], for any § > 0 there exists an Ry > 1 such that ||'IJZR'F]0||BN/Q(Q) <d
q,1

for any R > Ry, and so we have [|[Rr(Mf|5r, (@) < C6[|Ox(g, h)|/py  (q) for ve {s —
0,8,8+ 0} and R > Ry. We choose § > 0 in such a way that Cd < 1/2, we have

IReRMNE By, ) < (1/2)[fll 52, ()

forv e {s—o,s,s+0} and R > Ry. In the following this R is fixed. Thus, we can define
o0
Rroo(\) = (I =Rr(\)™" =) Ra(V).
£=0

Let SR\ H = S(psA\)RR.00(N)hrH for A € S, -1y, and H € By (RY )™(N) | and then
from (104), wr = Sr(A)Ox(g, h) satisfies equations
Ar wg — Div (aD(wg) + (8 — a)divwgl) = Yrg  in RY (105)

for any A € X -1, and (g,h) € H 1(Q2). Moreover, by Theorem 4.1,

(A, A2V, VASr(NH | 52 0y < CllH |52, (@) for H € By (@)™,
[NV, V) Sr(NH | 5s (@) < C|>\|70/2||H||B;j"(sz) for H € Byt (@)™,
(1, A72V)Sr(N H| B: (@) = CIA~ = H| Biy(e) for H € B (@)™

(106)

for \ € Zﬁpl_l)\o. Moreover, employing the similar argument to the poof of (103), we see
that

[ AV2V,V2)0rSr(NH| By () < CIATHIH B2 () for H € BY, (@)™,
||(>\»)‘1/Zva?2)8ASR()‘)HHB;1(Q) < C|)\|_(1_U/2)HH||B;;°(Q) for H € By, ()™
(107)

for A € ZW;UQ. Let up = ?ﬁRSR()\)I;Rg and set

Ur(\H = ¢gDiv (aD(Sp(\NrH)) 4 (8 — a)div(Sr(A\) g Hy)T)
— Div (aD($rSr(\)$rH:) + (8 — a)div (Y rSr ()Y r H)I)
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for e X, -1 and H € By ()™, From (106) and Lemma 20, it follows that
TR\ H| 52, @) < CrIN™?[brH |5, (@) (108)
for Ae X, -1 and H € B;l(Q)m(N). Moreover, by (105) ug satisfies equations
noAug — Div (aD(ug) + (8 — a)divagl) = Yrg — Ur(X)Os(g,h) in RY

forany A€ £_ -1, and (g, h) € Hy ().

Let 29 € Q and let d;, be a positive number such that Bia, (7o) C Q. Let ¢
and ¢ be two C§°(RY) functions such that ¢ equals 1 for |z| < 1 and 0 for |z| > 2
and @(z) equals 1 for [z| < 2 and 0 for |z[ > 3. Set @u.4,,(2) = p((x — z0)/du,)
and @z, 4, () = ¢((x — zo)/dg,). Notice that P0,duy Prodo = Pao,dag - L€ S(A) be the

operator given in Theorem 4.1 again and set v, = S(10(20)\)Pz,d., & for A € X, P A"

Here, notice that p; < no(zg) < p2. Then, v, satisfies equations:
10(20)AVzy — DIv (aD (V) + (8 = a)divvy, ) = ¢uga,,8  in RY. (109)

Let

Azy = 10(20) + Pag,da, () (M0(z) — 10(20)).-
We have

Azg AV, — Div (aD(va,) + (8 — a)divvy,l) = @ug d,, 8 — Ray ()\)gbxo’dxog in RN
where we have set
Rao(NE = —=@ug,da, (2)(10(x) — 10(20))AS(ME.
By and Theorem 4.1, we have
[Rao (MEl 52, @) < CllPag,dn, (m0() — 770(330))||B;\T{Q(RN)||f||BgJ(RN)-

By Appendix in [9], for any § > 0 there exists a dy uniformly with respect to zy such
that

1P20.ds (M0 () = M0 (@0))l v/ gy <0

provided 0 < dy, < do, and so we have [|[Ra,(Mfl[py () < C6[|f[|py, (o) for v € {s —
0,8,8+ c}. We choose § > 0 in such a way that Cé < 1/2, we have

IRaoNE B2 0 < (/252 )

forv e {s—o0,s,s+0}and 0 < d,, < dp. In the following d,, is fixed. Thus, we can define
RIU,OO()‘) = (I — Ra, ()‘))_1 = Z;io Rz ()\)é. Let Sy (M H = S()‘)RIU,OO()‘)@IO’%O Hy,
then from (109), w,, = S;,(A)Ox(g, h) satisfies equations
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Azg AWz, — Div (aD(wy,) + (8 — a)divwy, ) = $z0,,8 in RY. (110)

Moreover, by Theorem 4.1,

I A9, 92)8,, (N H 52 (@) < Cl1H |52 ) for H € By, (@)™,
[N, V)8, (N H 5 ) < CIN 2Bl gsroy  for H € By ()™,
1A 29) S,y (N H ) < CIN /D [ H o) or H € By ()™

(111)

for A € 3, prA Moreover, employing the similar argument to the proof of (103), we
see that

[0 AY2T, V2)00Say (N H 5 () < CIA 7| H]
IO A2V, V)05, (N H |15 2 < O™ H] e g

By 1(Q) for H € By, ()™,
for H € B;EU(Q)"’(N)
(112)

)

for A € Ve priag: Lot Wag = ©ug d, Vag and set
Uso N H = @u.d,, DIV (aD(Sz (M H) + (8 — ) div(Se, (A) H)I)
— Div (aD(pay,d, Sao (M H) + (8 — @)div(pa ., Suo (A H)T).
From (111) and Lemma 20, it follows that
HUaco(/\)HHB;I(RN) < Czo|)\|_1/2||H||B;1(Q) (113)
for any A € Ve prta, and H € By, (). Moreover, by (110) u,, satisfies equations
Moy, — Div (aD(uy,) + (8 — a)divug,I) = ppg — Uz, (MO (g, h)  in RY.

For ;1 € 09, let dy; > 0 be a small number and let €, a bent half-space
given in Subsection 4.4 such that Bug,, (1) NQ C Qp. Let Ay > 1 and Sq, €
Hol(EC’M,E(BQ”J(QQ”‘(N),B,’ﬁQ(QjL)N)) be the operator given in Theorem 4.3. Note
that |no(z1)A| > Ay for X € Ve pria: Set Ve, =Sa, (10(21)A\) OxPg, s, (8, h), and then
v, satisfies equations:

Mo0(z1)Avg, — Div(aD(vy,) + (8 — a)divvy, 1) = ¢4, 4,, 8 in Q,
(aD(vy, + (B — a)divv,, )n =@, 4, h on ON.

Let

Az, = no(1) + Py de, () (M0 () — M0(21)).
We have

Az Avy, — Div (aD(vy,) + (8 — a)divv,, 1) = Pr1,ds, 8 — R}Cl()\)(%\(g, h) in Q,
(aD(vz, + (B8 — a)divvy,[)n = @,y 4, h on 0N
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forany A€ £ -1, and H € BY .(§2), where we have set
Ry NH = =@y 4, () (no(x) — no(21))ASa, (n0(21)N) @aya,, H
By Lemma 3 and Theorem 4.3, we have
||Ri1()\)HHB;1(RN) < COll@zy,da, (M0() — 770(-731»”3;\,’{‘1(]1{{1\7)HHHB(‘I’J(RN)-

By Appendix in [9], for any § > 0 there exists a dy uniformly with respect to zy such
that

||¢Z1,dml (770(') - 770(331))||B;V’{Q(RN) <9

provided 0 < dj, < dp, and so we have ||R3151()\)H||B;1(Q) < Co||H| 5y (o) for v €
{s—0,8,8+ 0c}. We choose § > 0 in such a way that C§ < 1/2, we have

IRL NV H 52 @) < 1/2)1H] 52 (00)

for v e {s—o,8,s+ 0} for 0 < d,, < do. In the following d,, is fixed. Let U,, be an
operator defined by Uy, H = (R}, (A\)H,0) for H = (Hy, Hy, Hs) € 1! 1(€2), and then

(¢1317d7:1 g~ R"lcl ()‘)szfl-,dml g, @zlydml h) = (I - umloA)(ﬁzlydml (ga h) (114)
For \ € Eeypl—l)\l,

[(O\Ue ) H [ By (24) < IRay (M HillBy  (00) < /21 H | By (024)- (115)
Thus,

||0A(Ux10A)ZHHB;1(Q+) = ||(OAUx1)eOAHHB;1(Q+) < (1/2)£HO>\H”B;1(Q+)

and 50 Ry, 00(A) = D00 (UON)E = (I —U,,05)7! can be defined. In fact,

NE

|OAR 21,00 N Hl B2 (00) < D OAUe,) OxH |82 , (0

~
Il
o

M

(1/2)(2”(9/\H||B§’1(Q+) =2[|O\H| Br , (04)-
]

Il
o

If we define wy, by wu, = Sa, (70(21)N)OARa; 00(N) Py d,, (8, 1), then from (114) we
see that w,, satisfies equations

Az AWy, — Div (aD(wy, ) + (8 — a)divwy, 1) = 4, 4, 8 in €,

116
(aD(wy,) + (8 — a)divw,, )n = 4, 4, h on Of. (116)

In view of (115), we can define R, (\H = Y.0°,(O\U)!, and then O\R,, o =
Rz,,000x and the operator norm of Ry, oo(A) does not exceed 2. Thus, w,, =
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Uz, (M) Oy (g, h) where U, is defined by U, (\H = SQ+(770(3:1))\)7211,00(/\)%51@11H,
and by Theorem 4.3,

1A A2V, VU, (N H |52 () < CllH B2 (2 for H € BY ()™,
12V, V20U, (N H 3 ) < CT72H ot for H € Byi7(Q)"™),

HL A28 e, (Vg 0y < CIN O [ H oo for H € By ()Y,
(117)

Moreover, employing the similar argument to the poof of (103), we see that

[ A2V, V) 0rU, (N H |82 0) < CINTHIH B2 (0 for H € BY, (@)™,
1NV, V) oAU, (N H |z @) < CINT P H]| goo ) for H € By, ()™
" )

for any A € Zs,pl—l)\l. Let Uy, = @z, d,, W, and set

Ur,(NH = @5, a, Div (aD(Uz, (N H) + (8 — a)div(Uy, (A)HI)
— Div (aD(pay d,, Uz, (N H) + (8 = a)div(pa, a,, Us, (A H)D),
Uz, (NH = @y a,, (aDUs, (N H) + (8 — )div(Us, (\) H)D)n
(aD((pml,dzlum( ) ) + ( - a)dlv((pfl,dzluzl ()‘)H)H)n
From (117) and Lemma 20, it follows that

1OA(Uz, WH, UZ, (NH)I ;0 < Cay [N H]

BY () (119)
for any A€ X, -1, and H € Bg,l(ﬂ)m(m. Moreover, by (116) u,, satisfies equations

n(z)Au,, — Div (aD(u,,) + (8 — a)divu,, I) = Pr1,ds, 8 — U;l (g,h) in Q,
(aD(ug,) + (8 — a)divug,I)n = ¢,, 4, h—UZ (g,h)  on Q.

Now, we shall show the theorem. let QN Bag = {z € QU IN | |z| < 2R}. Notice
that Q U 9Q = (Bagr)¢ U QN Bag. Since 2N Byg is a compact set, there exist a finite
set {9 ;”01 of points of Q and a finite set {x}}]", of points of 90 such that Q C
(Bar)® U (UjZ) Bag /2()) U (U2 B, 12(25)). Let @(2) = pr(@) + (70 ¢as(2)) +
Oyt S%;( T)). Obv10us1y, O(x) € C’°°( ) and ®(z) > 1 for z € Q. Thus, set wo(z) =
Pr(2)/®(z), wj(2) = @u0(x)/P(x) (j =1,...,m0), and Wi, (1) = @1 (2)/P(2) ( =
1,...,m1). Then, {w;}72%"™" is a partition of unity on Q. Let us define the parametrix
operator To(A) and the remainder operator U*(\) by

TaNH = woSr(N\)H + Zw] NH + Zwmoﬂ%; (M) H,
j=1

1 _ 1 1
U'(NH = Ur(\H + z_: Ugo(WH + Z Up. (VA

Jj=1
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mi
_ 2
H=Y" Up  (VH.

From (106), (107), (111), (112), (117), (118) and Lemma 20, it follows that Tqo(A)
has (s,0,q) properties for A € X.,. Moreover, we see that v. = Tq(A)Ox(g,h),
UL (N)Ox(g, h), and U%(N\)O, (g, h) satisfy equations:

v — Div (aD(v) + (8 — a)divvl) = g — U (\)Ox(g, h) in Q, 190

(aD(v) + (B — a)divv)n = h — U?(\)Ox(g, h) on 8. (120)

Let Ay = A1pyt. Set U(N) = (U (N),U?(N)). By (108), (113) and (119), we have
IO\ H s @) < CIN 2] Hl s o

for A € 3¢ »,, because the summation is finite number. Choosing A3 > Ay so large that
CA;UQ < 1/2, we have

IOXUNH | By () < (1/2)[H| By (0 (121)

for A € 3¢ 5,. Let

WO = S U0

£=0
Noting that )\3?1/2 < 1, we see that
IWA)(g: )l @) < [OXW(A)(g, b5y, (2

< Y IOUN) O Wl o

8

<> (1/2)"0x(g h) |52, (2) = 2 Ox(&, D) | 2 , )
£=0

< 2max(1, \2) (g s o)
From (120) we see that u = To(A)O\W()A)(g, h) satisfies equations:

noAu — Div (aD(u) + (8 — a)divul) = in €,
(aD(u) + (8 — a)divul)n = h on 0N.

Let W be an operator defined by W = 372 (O:\U()))¢, and then by (121), we see that
the operator norm of W does not exceed 2 and Oy W = WO,. Thus, defining V()\)
by V(A) = Ta(MW(N), we see that u = V(\)Ox(g,h) is a solution of equations (5).
Moreover, since T () has (s, 0, q) properties, so V(A) does. The uniqueness of solutions

follows from the existence of solutions to the dual problem. This completes the proof of
Theorem 3.1.
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5. About generalized resolvent problems for the Stokes equations

In this section, we consider the generalized resolvent problem for Stokes equations
with non-homogeneous free boundary conditions reading as

Ap + nodivu = f in Q,

noAu — Div (aD(u) + (8 — a)divul — P'(no)pl) =g  in Q, (122)
(aD(u) + (8 — a)divul — P'(no)pl)n=h  on 9.

Recall that no(z) = p« + 7o(x), where p, is a positive constant and 7y € BN/q(Q), that
P(s) is a C* function defined for s € (0,00) such that P’(s) > 0, and that Assumption
10 holds. For afly domain é) C RY, let J¥ (D) = BT (D) x BY,(D) x By1(D) and
DY (D) = B;1'(D) x By1*(D). Their norms || - 7, (py and || - [[py (D) are defined by

1Bz, o) = 1152420y + Il 2 + Bl -

1(p; u)”Dg’l(D) = ||P||ng1(p) + ||UHB;4;2(D)~

Moreover, for (f,g,h) € J;(D), we set

1 O )ty = 1 s )+ (5 A2, V) 5 -

In what follows, we consider the two cases where pg = p, and 79 £ 0. We shall show the
following theorem.

THEOREM 5.1.  Let 1 < ¢ < co. Assume that the following conditions (1) or (2)
holds.

(1) If no(x) = ps, then =1+ 1/qg < s <1/q.
(2) Iffjo(x) # 0 and fo(x) € B;jl(Q), then —min(1 —1/q, N/q) < s < 1/q.

Then, there ezists a large positive number Ay > 1 such that for any A € 3¢ »,, (f,g,h) €
J51(8), problem (122) admits unique solutions (p,u) € Dj 1(2) satisfying the estimate:

I Wl @ + 1o Wlos e < CICF & WLz -
Moreover, there exist three operators By(A), Com(X) and Cy(N) with

B, (M) € Hol (S n,, L(B; ()N, By ()V)),
Cin(N) € Hol (S n,, L(Bg1H(92) x B 1()™™Y), By 11(Q)),
Co(N) € Hol (S, £(B3 1 (92) x Bg 1 ()™Y), BeA2()N)
such that By,(\) has (s,0,q) properties and Cp,(X) and C,(A\) have generalized resol-
vent properties for X = BZjl(Q) X B;l(Q)m(N) and for any A € 3¢, in the sense

of Definition 14 and solutions p and u are represented by p = Cpry(N)(f, Ox(g,h)) and
u = B,(A)Ox(g,h) + C,(N)(f, Ox(g, h)).
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PrROOF. In what follows, we shall prove the theorem in the case where 779 # 0
only. In fact, in the case where 19 = p. the theorem can be proved by using the similar
argument. In (122), setting p = A~!(f — nodivu) and inserting this formula into the
second equations, we have

noAu — Div (aD(u) + (8 — a)divul + A~ P/ (ng)nedivul)
=g - A"'V(P'(n)f) i
(aD(u) + (8 — a)divul + A~ P/ (1) nedivul)n
=h+ X 'P'(p)fn  on99.

(123)

For a while, setting G = g — A"'V(P'(n9)f) and H = h + A1 P/ (1) fn, we shall solve
equations:
noAu — Div (aD(u) + (8 — a)divul + A~ P/ (ng)nedivul) = G in Q,

124
(aD(u) + (8 — a)dival + A7 P'(no)nodivul)n = H  on 9. (124)

Let Vq(A) € Hol (267,\3,E(B;’,I(Q)m(N),B;’,TQ(Q)N)) be the solution operator of equa-
tions. Insert the formula u = Vo (A\)OA (G, H) into (124) to obtain
noAu — Div (aD(u) + (8 — a)divul + A~ P’ (ng)nodivul)
=G — A7 'V(P'(no)modivu)
(aD(u) + (8 — a)divul + A~ P’ (n)nedival)n
=H+ A\ Y(P'(ny)nodivul)n  on 9.

in €,

We define an operator P(A) by
PNH = (V(P'(110)10divVe (N H), —P'(no)nodiv(Va (A) H)n).
Then, we have
(G, H) — (A9 (P (no)odivu), — A~ (P (o) odivul)n) = (- A~'POL)(G, H). (125)
We will show that
[ONPOV L2,y < Cloes ol ) 1 5 - (126)

Here and in what follows, C(p., HﬁOHBs-lil(Q)) denotes some constant depending on p,
q,
and ||770||Bs+11(9) in the case where 79 #Z 0. If we consider the case where 1y = px,
a,
C(px, ||770||Bs+11(9)) is replaced with simply a constant C(p.).
q,

To prove (126), we shall use Lemma 7 and the fact that B;jl is a Banach algebra
(cf. Lemma 5). In fact, noting that N/q < s+ 1 by Lemma 3, we have

||UU|\B;ﬁ1(sz)
< [(Vu)vlis: o) + [u(V)]

B: (@) T [|uv] B: ,(9)
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< C(|lul
< Clluf

B;ﬁl(Q)HUHBé\”{‘I(Q) + ‘|u||3g{q(g)||v| BIN(Q) + [lul B;yl(Q)H’UHB;\{{q(Q))
BN () (127)

BIHHQ) [[v]
To prove (126), recalling that 19 = p. + 7jo, we write P’ (no)no = P’(ps)p« + P1(f0),

where we have set

Pi(r) = P'(p)r + /O P"(ps + 0r) dOr(p. + 1)

with » = 7jp. Note that P1(0) = 0 and p; — ps« < 7o(z) < p2 — ps as follows from
Assumption 10. By Lemma 7, we have

1P (7o)

s @ = Cliollgzi )
Thus,

IV (P’ (o) nodivVa(\) H) | 5 , )
<P (p)pu|||[ VdivVa (N H|

< |P'(p)pel|[Va (N H]|

Bz (@) F [Pr(0)divVa (M) H| ge11 o)

o2 T Cliol BIHN Q)

Using Theorem 3.1, we have

V(P (10)nodivVa (N H)| s, 9) < C(ps, |70

sty 1 H | By, (2)-

Analogously,

IA2,9)(P' (0)nodiv Ve (N H)nl ;o)
< CIV(P' (0)nodivVa(N H) 55 0 + AP (o)nodivVa(N H] 5 (0))-

Here and in the following, we may assume that |A| > A3 > 1. We see that
1P (10)nodivVa (M H|p: , 0) < (P'(ps)ps + ClIPL(0)ll /0 ) NdivVa (N H 5y, 0)-
Therefore, we have

IAY2,9) (P (o) nodivVa (A H)nl 5: (o)
< Clpws l7ioll g1 @) A2V, V) Va (N H|

B;l(Q)

Combining these estimates with Theorem 3.1 yields (126).
Choosing Ay > A3 in such a way that C(px, ||7o] Bs-ﬁl(ﬂ)))\ll <1/21in (126), we have
q,

[IATTOAP(N)H|

B, (o) < (1/2)[H

5@ (128)

for any A € 3¢ »,. Let us define P () by
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o0

Poc(A) =D (AP0
=0
for A € ¥ ,. In view of (128), we see that Po(A) € L(H} (). If we define v =
Va(A)O\Puo (M) (G, H), then by (125) v is a unique solution of the following equations:

noAv — Div (aD(v) + (8 — a)divvI + A P’ (no)nodivvl) = G in Q,
(aD(v) + (8 — a)divvl + A" P/ (no)nodivv)n = H  on 99.

The uniqueness follows from the existence of solutions to the dual problem, which has
essentially the same forms.

Let Poo(A) = 32720 (ATTOAP(A))%, and then by (128), Pas(A) € L(B:,(R)) and
its operator norm does not exceed 2. Moreover, we have OyPao(A) = Poo(N)Oy. Let
WE(NH = Vo(A\)Ps H, and then v = W2()\)Ox (G, H). Moreover, by Theorem 3.1 and
the similar argument to the proof of (103), we see that W3()) has (s, o, ) properties for
any A € Xy,

Setting G =g — A"1V(P' (o) f) and H =h + A1 P'(10) fn, we define u by

u=WE(A)Ox(g — A" V(P (no) ), b+ A7 P’ (1) fm). (129)
Obvisouly, u is a solution of equations (123) and satisfies the estimate:

[[Aul

By, (@) T [[al BI(Q) < Clps, [l770] B;jf(g))(“ﬂ BT + [|Ox(g, h)| B;;)l(Q))~

And therefore, setting p = A~!(f —nodivu), we see that p and u are solutions of equations
(122), and satisfy the estimate:

10, 2251y + I T2
< C(p., 1ol s +[0x (&)

B3.(€)

B;jl(n))(Hﬂ Bg)l(Q))'

The uniqueness of solutions to equations (122) follows from the uniqueness of solutions
of equations (124).
In view of (129), if we define an operator Zq(\) by

ZoN)(f. H) = WA H + XTWEA)OA(=V (P’ (n0) f), P'(10) fn), (130)
then, we have u = Zq(A)(f, O(g,h)). Therefore, we define an operator C,,(\) by
Con(N(f, H) = A7 f = X o (@)div(Za (M) (f, H)).

Obviously, p = Cp, (A (f, Oa(g, h)).

To define B,,(A\) and Cn()), we observe that Y .o, (AO\P(N)¢ =
ALOAP(A) Qs (M), where we have set Quo(A) = Y o, (ATTOAP(N). By (128), Qu
is well-defined and ||QOO()\)HHB;1(Q) < C”HHB;I(Q) for any A € X ,. Moreover,
Poo(N) =T+ A"1Q(N). Thus, in view of (130), we define B,(\) and C,()\) by
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B,(MNH = VoM H
CoN)(f, H) = 1VQ( ) Qoo (N H + AT WENOA(=V (P’ (10) f), P’ (no) fn).

Using Theorem 3.1, we see that B, () has (s, 0,q) properties. Using Theorem 3.1, the
similar argument to the proof of (103), and (127), we see that

(A A2V, V2D (f, H)|

e, @) < CTU H) Bs )<z ) (£=0,1)

for D € {C,,,C,}. Namely, C,,(\) and C,(\) have generalized resolvent properties with
X = B;jl(Q) x Hy 1(22) in the sense of Definition 14. This completes the proof of
Theorem 5.1. O

6. [L; maximal regularity, A proof of Theorem 1.1.

In this section, we consider the following evolution equations (1) and we shall prove
Theorem 1.1. To prove the theorem, problem (1) is divided into the following two equa-
tions:

O¢p + nodivu = f in Q xR,
nodyu — Div (aD(u) + (8 — a)divul — P’ (no)pl) = g in O xR, (131)
(aD(u) + (8 — a)divul — P'(19)pl)n = h on 00 x R;

Op + nodiva = 0 in  x (0, 00),
nodyu — Div (aD(u) + (8 — a)divul — P'(no)pl) =0  in Q x (0,00),
(aD(u) + (8 — a)divul — P'(no)pl)n =0  on 9Q x (0, 00),
(p,)|t=0 = (po,u0)  in Q.

(132)

First, we consider equations (131). We shall prove the following theorem.

THEOREM 6.1. Let 1 < ¢ < oco. Assume that the following conditions (1) or (2)
holds.

(1) If no(z) = pa, then —1+1/g < s < 1/q.
(2) If o(x) £ 0 and fp(x) € BS+1( ), then —min(1 —1/q,N/q) < s < 1/q.

Let Ay be the positive number given in Theorem 5.1 and v > Ay. Then, for any right
members f, g and h with

e 'feLi(R BIN(Q), e Mge Li(R B (Y),
e "h e Li(R, B:HHQN) n WA (R, BE ()N)

for some v > A5, problem (131) admits unique solutions p and u with
e Mpe W R, BTN (Q), e Mue W (R, B ()Y)N Li(R, B ()N)

possessing the estimate:
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—yt —yt —yt
1€ (Bep, P 1, (325 () €77 Ol Ly ey ) + el g o2 0
< Cle"(Vf,g AN, Vh) |z r,B; (@)
Here, the constant C' depends on Ay but is independent of v when v > A\y4.

Proor. First, we consider equations (131). Applying the Laplace transform to
equations (131), we have
Au + nodivy = f in Q,
noAv — Div (aD(v) + (8 — a)divvl — P'(no)ul) =g  in ©,
(aD(v) 4 (8 — a)divvl — P'(go)ul)n =h  on 99Q,
where f = L[f] and g = £L[g]. From Theorem 5.1, it follows that u = C,,(A)(f, Ox(g, h))
and v = B,(A)Ox(g,h) + C,(A\)(f, Ox(g,h)). We define p and u by
“Hu) = L7 Cn (N)(f, O (g, B))),
L[B,(A)Ox(g,h) + Co(A)(f, Ox(g, h))].

I
5o
<

Il

Then, p and u are solutions of equations (131). Moreover, by Propositions 13 and 15,
we have

/ eivt”p('vt)HB;T(Q) dt
= C/ e DBy, @ + (8, A?h, Vh)(B)]

| el

<c / e UF DB o + 18 AY2B, VR)D)| 32 ) .

B, () dt,
(133)

B;ﬁz(ﬂ) dt

For the estimate of the time derivatives, we use equations, and then writing d:p(t) =
—podivu + f, we have

* —t
/ e "|0ep(t)] BIHN(Q) dt

— 00

< [ Ol + Clo Bl g o) Il o)

< Clpns ol vjev+ ) / e F Ol s e + (8 AV?h, VYB35 @) dt.

1

To estimate J;u, we have to investigate the multiplication no(x)~*. From (2) we have

the following lemma:

LEMMA 21. Letl < q < oo and —min(l — 1/¢,N/q) < s < 1/q. Let no(x) =
P« +To(x) such that no(x) € Bé\fl/q(Q) and no(x) satisfies Assumption 10. Then, for any
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u € By (), there holds

[[ung | B () S oy ul B: ()t C”ﬁO”Bg{Q(Q)”“HBﬁ,l(Q)

for some constant C > 0 depending on p«, p1 and ps.

PRrROOF. Note that 1o(z) ™ = p;* —7jo(2) (psno(x))~t. If we define F(t) by F(t) =
t(ps(p« +1))7, then F(ijo(w)) = fio(x) (psno(x)) . From (2), p1 — ps < dio(x) < p2 — ps
for any x € Q. Set I = (p1 — p«,p2 — ps«) and let § is the smallest integer such that
§ > N/q. Noticing that 0 € I and using Lemma 7 we have

VG 5000y < CC+ ol ) I s a1l vy

Notice that ||7o||z (o) < max(p. — p1,p2 — p«). Thus, using (13), we have

g 13 2y < P2l L (@) + Clloll gga ey 1l 3, 2
This completes the proof of Lemma 21. ]

From equations (132), we write
dru = 1y (Div (aD(u) + (8 — a)divul — P’ (no)pl) + 1y 'g.

Using (133), we have

/ e 9pa(t)l| sy , (o dt

— 00

o0
< C(ps, ”ﬁO”Bé\f{ﬁl(Q)) /_Oo e (Jlu(t)] B2 T (2] B;fgl(g)) dt

< Clous Il ) | € A D] gz + 1A, TR)(0)

g 00) .

This completes the proof of Theorem 6.1. O

We now consider equations (132). We shall show the generation of C° analytic
semigroup {7'(t)}+>o defined on H; ;(©2). To formulate equations (132) in the semigroup
setting, we define a set Dy ;({2) by setting

Dy ={(p,u) € B{7H(Q) x By1*(Q) | (aD(u) + (8 — a)dival — P’ (no)pl)n|an = 0}.
Let A,,, A, and A be operators defined by

A (p,u) = nodiva, A, (p,u) = n5 * (—alAu — fVdiva + V(P (10)p)),
Alp, 1) = (Am(p, ), Ay (p, 1))

for (p,u) € Dy ;. Then, problem (132) is written as

0y + A)(p,u) = (0,0) fort>0, (p,u)lt=o= (po,up) in Q.
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From Theorem 5.1, X 5, is contained in a resolvent set of the operator A and for A €
e s, We have

IXNAL+ AT, @)l ) < CIF &)z, -

Therefore, there exists a Cj analytic semigroup {7T'(¢t)};>0 associated with equations
(132). Moreover, we have the L; maximal regularity of {T'(¢)}+>0 as follows.

THEOREM 6.2. Let 1 < ¢ < 0o. Assume that the following conditions (1) or (2)
holds.

(1) Ifno(x) = p«, then —14+1/g < s < 1/q.
(2) If fio(z) # 0 and ijo(x) € B35 (Q), then —min(1 —1/q,N/q) < s < 1/q.
Let T(t)(po,ug) = (Trn(t)(po, o), Tu(t)(po, wg)), that is T, (t) and T,(t) are the mass
density part and the velocity part, respectively. Then, there holds
/o e (110, VAT ()(f, &)l B2, () + 1L, 80) T (8)(F, )l dt
< Cl(f,8)llns @)

(134)

PROOF. In view of Theorem 5.1, we can write

()‘I + ‘A)_l(f, g) = (Cm()‘)<f7 O/\(g70))’81)()‘)0/\(g,0> + Cv()‘)(fa O)\(g70))

As is known well, T(¢)(f,g) = L7 [(AI + .A)~!(f,g)]. By Proposition 13 and 15 we see
that (134) hold. This completes the proof of Theorem 6.2. O

Let p and u be solutions given in Theorem 6.1. By the time trace theorem, we see
that

1o, u)\t:0||B;j1(Q)xB;71(Q) < C([le™(3rp, P)||L1((o,oo),33§1(9))

+ ”e_FYtuHLl((O,oo),B;flz(Q)) +lle™ 0l L, (0,000,853, (@)

Thus, combining Theorems 6.1 and 6.2, we can prove the existence part of Theorem 1.1.
The uniqueness of solutions to equations (1) can be proved using Duhamel’s principle for
the analytic semigroup {T'(t)}+>0. This completes the proof of Theorem 1.1.
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