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On the L1-maximal regularity in the study of free boundary

problem for the compressible fluid flows

By Yuko Enomoto and Yoshihiro Shibata

Abstract. In this paper, we consider the Stokes equations with non-

homogeneous free boundary conditions, which is obtained by the linearization
procedure of the free boundary problem of the Navier-Stokes equations describ-
ing the viscous compressible fluid flows. We prove the L1 maximal regularity

of solutions to this Stokes equations. This is an extension result of Lp-Lq

maximal regularity result obtained by D. Götz and Y. Shibata [16] to the L1

in time maximal regularity case.

1. Introduction.

1.1. Problem and Result

Let Ω be a domain in the N dimensional Euclidean space RN , whose boundary ∂Ω

is a C3 compact hypersurface. Let n denote the unit outer normal to ∂Ω. In this paper,

we consider Stokes equations with free boundary conditions, which read as
∂tρ+ η0divu = F in Ω× (0,∞),

η0∂tu−Div (αD(u) + (β − α)divuI− P ′(η0)ρI) = G in Ω× (0,∞),

(αD(u) + (β − α)divuI− P ′(η0)ρI)n = H on ∂Ω× (0,∞),

(ρ,u)|t=0 = (ρ0,u0) in Ω.

(1)

Here, ρ and u denote unknown density field and velocity field, while F , G, H, ρ0 and

u0 are given right members and initial data. The α and β denote viscosity constants

such that α > 0 and α + β > 0. The P (ρ) is a C∞ function of ρ ∈ (0,∞) such that

P ′(ρ) > 0, which denotes the pressure in the Navier-Stokes equations describing the

compressible viscous fluid flow. Let ρ∗ be a positive constant describing the mass density

of the reference body and η0(x) = ρ∗ + η̃0(x), where η̃0(x) belongs to some Besov space.

Throughout the paper, we assume that there exist two positive constants ρ1 < ρ2 such

that

ρ1 < ρ∗ < ρ2, ρ1 < η0(x) < ρ2, ρ1 < P ′(ρ∗) < ρ2, ρ1 < P ′(η0(x)) < ρ2. (2)

Moreover, D(u) = ∇u+∇u⊤, where A⊤ denotes the transposed A and ∇u the gradient

of N vector of function u = (u1, . . . , uN ), and divu =
∑N

j=1 ∂juj , where ∂j = ∂/∂xj ,

and I denotes the N ×N identity matrix. For any N ×N matrix of functions A = (Ajk),

DivA denotes the N vector of functions whose i-th component is
∑N

j=1 ∂jAij .
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The equations in (1) are obtained by linearization at ρ = η0 and u = 0 of the Navier-

Stokes equations describing the viscous compressible fluid motion without surface tension

in a time dependent domain Ωt with free boundary conditions on its boundary ∂Ωt, which

read as

∂tρ+ div(ρu) = 0 in Ωt,

ρ(∂tu+ u · ∇u)−Div (αD(u) + (β − α)divuI− P (ρ)I) = G in Ωt,

(αD(u) + (β − α)divuI− P (ρ)I)nt = P (ρ∗)nt on ∂Ωt,

V∂Ωt
= nt · u on ∂Ωt,

(ρ,u)|t=0 = (ρ0,u0) in Ω.

(3)

for t ∈ (0, T ). Here, nt denotes the unit outer normal to ∂Ωt and V∂Ωt
denotes the

evolution speed of ∂Ωt in the normal direction. Thus, V∂Ωt
= nt ·u is non-slip condition

which implies that the free surface is advected with the fluid. In other words, this

boundary condition ensures that fluid particles do not cross the free surface ∂Ωt. This

condition is called a kinematic boundary condition.

The purpose of this paper is to prove the L1 in time maximal regularity of solutions

ρ and u of equations (1). The local well-posedness in Ω and the global well-posedness

for small initial data in a bounded domain for (3) will be proved as a direct application

of L1 maximal regularity of this paper, and the global well-posedness for small initial

data in exterior domains for (3) will be proved some combination of the L1 maximal

regularity and decay properties of solutions to (1) with η0 = ρ∗. The topics for the

nonlinear equations (3) will be treated in a forthcoming paper.

To state the main result, we introduce the operator Λ
1/2
γ which is defined by

Λ1/2
γ f = L−1[λ1/2L[f ](λ)](t) = 1

2πi

∫
R
eλtλ1/2L[f ](λ) dτ (λ = γ + iτ ∈ C).

Here L and L−1 denote the Laplace transform and the inverse Laplace transform defined

by

L[f ](λ) =
∫
R
e−λtf(t) dt, L−1[f ](t) =

1

2πi

∫
R
eλtf(τ) dτ (λ = γ + iτ ∈ C).

In this paper, we shall prove the following theorem.

Theorem 1.1. Let 1 < q < ∞. Assume that the following conditions (1) or (2)

holds.

(1) If η0(x) = ρ∗, then −1 + 1/q < s < 1/q.

(2) If η̃0(x) 6≡ 0 and η̃0(x) ∈ Bs+1
q,1 (Ω), then −min(1− 1/q,N/q) < s < 1/q.

Then, there exists a large constant γ0 > 0 such that for any initial data (ρ0,u0) ∈
Hs

q,1(Ω) := Bs+1
q,1 (Ω)× Bs

q,1(Ω)
N , and right members F , G, and H satisfying the condi-

tions:

e−γtF ∈ L1(R, Bs+1
q,1 (Ω)), e−γtG ∈ L1(R, Bs

q,1(Ω)
N ),
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e−γtH ∈W
1/2
1 (R, Bs

q,1(Ω)
N ) ∩ L1(R, Bs+1

q,1 (Ω)N ),

for some γ ≥ γ0, then problem (1) admits unique solutions ρ and u with

e−γtρ ∈W 1
1 ((0,∞), Bs+1

q,1 (Ω)),

e−γtu ∈ L1((0,∞), Bs
q,1(Ω)

N ) ∩W 1
1 ((0,∞), Bs+2

q,1 (Ω)N )

possessing the estimate:

‖e−γtρ‖W 1
1 ((0,∞),Bs+1

q,1 (Ω)) + ‖e−γt∂tu‖L1((0,∞),Bs
q,1(Ω)) + ‖e−γtΛ1/2

γ u‖L1((0,∞),Bs+1
q,1 (Ω))

+ ‖e−γtu‖L1((0,∞),Bs+2
q,1 (Ω))

≤ C(‖ρ0‖Bs+1
q,1 (Ω) + ‖u0‖Bs

q,1(Ω) + ‖e−γtF‖L1(R,Bs+1
q,1 (Ω)) + ‖e−γtG‖L1(R,Bs

q,1(Ω))

+ ‖e−γtΛ1/2
γ H‖L1(R,Bs

q,1(Ω)) + ‖e−γtH‖L1(R,W s+1
q,1 (Ω))).

Here, C depends on γ0 but is independent of γ whenever γ ≥ γ0.

Theorem 1.1 follows from the spectral properties of solutions to the generalized

resolvent problem:
λρ+ η0divv = f in Ω,

η0λv −Div (αD(v) + (β − α)divvI− P ′(η0)ρI) = g in Ω,

(αD(v) + (β − α)divvI− P ′(η0)ρI)n = h on ∂Ω

(4)

where the spectral parameter λ runs through the parabolic sector Σϵ,λ0
for 0 < ε < π/2

and large λ0 > 0, where

Σϵ = {λ ∈ C \ {0} | | arg λ| ≤ π − ε}, Σϵ,λ0 = {λ ∈ Σϵ | |λ| ≥ λ0}.

And the spectral properties of solutions to equations (4) will be derived as perturbation

for large λ from the spectral properties of solutions to Lamé equations, which read as{
η0λv −Div (αD(v) + (β − α)divvI) = g in Ω,

(αD(v) + (β − α)divvI)n = h on ∂Ω.
(5)

In fact, setting ρ = λ−1(f−η0divu) in the first equation of (4) and inserting this formula

into the second equations in (4) imply that{
η0λv −Div (αD(v) + (β − α)divvI+ λ−1P ′(η0)η0divvI) = g − λ−1∇(P ′(η0)f) in Ω,

(αD(v) + (β − α)divvI+ λ−1P ′(η0)divvI)n = h− λ−1P ′(η0)f on ∂Ω.

From this observation, we see that (4) can be regarded as a perturbation from (5) for

large λ. Thus, the main part of this paper is devoted to analysis of the spectral properties

of solutions to (5).
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1.2. Short History

Mathematical studies on the compressible Navier-Stokes equations started the

uniqueness results by [18, 23, 37, 43, 63]. After these works, concerning the study

of the local and global well-posedness for the Cauchy problem and the initial boundary

value problem with non-slip conditions (Dirichlet conditions), many studies have been

done. The local well-posedness has been studied by Tani [57] in the Hölder space and by

Solonnikov [53] in the Sobolev-Slobodetskii spaces. Danchin [6] improved Solonnikov’s

result in the critical space in the Cauchy problem case. Matsumura and Nishida [33, 34]

made a breakthrough in proving the global well-posedness for small initial data using the

energy method. This result was extended to the optimal regularity of initial data in the

L2 space by Kawashita [27]. Kobayashi and Shibata [28] improved the decay properties

of solutions in the exterior domains combining the energy method and Lp-Lq decay prop-

erties of solutions to the linearized equations, where the condition: 1 < p ≤ 2 ≤ q ≤ ∞ is

assumed. In the no restrictions of exponents case, so called the diffusion wave properties

has been studied by Hopf and Zumbrun [21] and Liu and Wang [32]. Kobayashi and

Shibata [28, 29] improved their results. In the half space case, the decay properties

were studied by Kagei and Kobayashi [24, 25]. The global well-posedness results were

extensively studied in the energy spaces of exterior domains by [48, 49, 62, 64] and in

the critical space of the whole space by [1, 5, 10, 4, 19, 20, 39]. Valli [61] , Kagei and

Tsuda [26], and Tsuda [60] studied time periodic solutions in the bounded domains and

in RN , respectively. The analytic semigroup approach using Lagrange transformation was

started by Ströhmer [55, 56] and the Lp-Lq maximal regularity of Stokes semigroup in

general domains was proved by Enomoto and Shibata [14] and the global well-posedness

in the maximal Lp-Lq regularity class was proved by Shibata [46] in exterior domains.

More references can be found in a survey paper [48], and also references of the papers

mentioned above.

Concerning the viscous compressible fluid motion without surface tension, the local

well-posedness of the free boundary problem without surface tension for compressible

viscous fluid flow in the multi-dimensional case was first proved by Secchi and Valli [42]

in the L2 framework and by Tani [58] in the Hölder spaces, respectively. The gaseous

stars case was established by Secchi [40, 41]. Enomoto, von Below and Shibata [15]

proved the local well-posedness in the maximal Lp-Lq regularity class, where they used

the Lp-Lq maximal regularity theory for the linearized equations established by Götz

and Shibata [16]. The global well-posedness has been established by Shibata [44] in

the bounded domain case. More recently, Shibata and Zhang [52] prove the global well-

posedness for small data in exterior domains combining the Lp-Lq maximal regularity

theorem with Lp-Lq decay properties of solutions to the linearized equations obtained in

Shibata and Zhang [51].

Concerning the viscous compressible fluid motion with surface tension, the local

well-posedness has been studied by Denisova and Solonnikov [12, 13] in the Hölder

space framework, and the global well-posedness was proved by Solonnikov and Tani [54],

Zadrzynska and Zajaczkowski [65], and Zajaczkowski [66] in the bounded domains and

L2 framework, where the reference domain is close to a ball, respectively, the initial

density is close to a positive constant and the initial velocity is small. Concerning the

Lp-Lq approach to the surface tension problem has been done by Zhang [67]
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On the other hand, L1 in time maximal regularity theorem was first investigated

by Danchin and Mucha [8] for the viscous incompressible fluid with non-slip boundary

conditions in exterior domains. The global well-posedness for the free boundary problem

of the viscous incompressible fluid in the half-space has been studied first by Danchin et

al [7] using the extension of Da Prato and Grisvard [11] L1 in time maximal regularity

theorem for abstract evolution equations under some regularity assumption of initial

data. The restriction in [7] was removed by Ogawa and Shimizu [38] and Shibata and

Watanabe [50]. The argument based on Littlewood-Payley decomposition in the half

space plays an essential role in [38], while the real interpolation method due to Shibata

[47] was used in [50]. The method due to Shibata [47] is based on the spectral analysis

of linearized equations and so L1 in time maximal regularity can be obtained for initial

boundary value problems of parabolic and hyperbolic- parabolic system of equations

appearing in the mathematical fluid mechanics, like Navier-Stokes equations both in the

viscous incompressible fluid case and in the viscous compressible fluid case. In fact, the

L1 in time maximal regularity was obtained for the compressible Navier-Stokes equations

with non-slip boundary conditions by Kuo [30] and Kuo and Shibata [31]. In this paper,

we consider the L1 maximal regularity in the free boundary condition case. This paper

is a continuation of the study of free boundary problem for the compressible viscous fluid

flows in Lp-Lq maximal regularity framework due to [16, 15]

Why is the L1 maximal regularity important ? Assuming that the velocity

field u is expected to be found as an element of the function space Lp((0, T ),W
2
q (Ω)) ∩

W 1
p ((0, T ), Lq(Ω)), the trace theorem tells us that u|t=0 ∈ B

2(1−1/p)
q,p (Ω). Thus, L1 maxi-

mal regularity gives the best order regularity class of the initial data. Moreover, without

surface tension case, we usually use the Lagrange transform, because of the lack of regu-

larity of functions representing the free surface. Thus, L1 maximal regularity is the best

space to treat the Lagrange transform.

Main idea. Finally, we shall explain briefly the main idea of showing L1 maximal

regularity for semigroup, which has been given in [47]. Let X be a Banach space and

D(A) is its subspace. Let A : D(A) → X be a linear operator satisfying the standard

resolvent estimates:

‖λ(λ−A)−1f‖X ≤ C‖f‖X

for any f ∈ X and λ ∈ Σϵ,γ where 0 < ε < π/2, γ > 0, and

Σϵ,γ = {λ ∈ C \ {0} | | arg λ| ≤ π − ε}.

Then, we know the generation of analytic semigroup {T (t)}t≥0 and

‖∂tT (t)f‖X ≤ Ceγtt−1‖f‖X

for t > 0. In order to obtain L1 maximal regularity of {T (t)}t≥0, we assume that A

satisfies additionally the following two estimates:

‖λ(λ−A)−1f‖X ≤ C|λ|−σ/2‖f‖X+σ
, (6)

‖λ∂λ(λ−A)−1f‖X ≤ C|λ|−(1−σ/2)‖f‖X−σ
, (7)
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for any f ∈ X−σ and λ ∈ Σϵ,γ . Here, X±σ are some Banach spaces such that X+σ ↪→
X ↪→ X−σ and (X−σ, X+σ)1/2,1 = X ((·, ·)θ,r denotes the real interpolation functor.).

Then, using standard argument in the analytic semigroup theorem, we see that (6) implies

that

‖∂tT (t)f‖X ≤ Ceγtt−1+σ/2‖f‖X+σ
(t > 0), (8)

and (7) implies that

‖∂tT (t)f‖X ≤ Ceγtt−1−σ/2‖f‖X−σ
(t > 0). (9)

Thus, real interpolating (8) and (9) gives that∫ ∞

0

e−γt‖∂tT (t)f‖X dt ≤ C‖f‖(X−σ,X+σ)1/2,1 = C‖f‖X .

In [30] and [31], how to derive (6) and (7) from standard resolvent estimates are discussed

for the Dirichlet boundary condition case, In this paper, we extend ideas due to [30] and

[31] to the free boundary condition case. Since free boundary condition has the non-

homogeneous right member, that is h 6= 0 in (4), the argument of this paper is more

complicated and technical compared with zero-Dirichlet boundary condition case in [30]

and [31]. Essentially, instead of resolvent λ−A, we have to consider an inverse operator

for generalized resolvent problem (4) with non-zero (f,g,h). Specifically, the key is that

generalized resolvent operator satisfies the conditions that corresponds from generalized

resolvent estimates to conditions like (6) and (7). We shall show this for the Lamé

equations with free boundary conditions. Then, the stokes equations can be treated as

a perturbation from Lamé equations, which is the main reason why we choose γ > 0 so

large in our argument. Another reason why we have to take γ > 0 so large is that the

generalized resolvent problem will be treated in bent-half space as a perturbation from

half-space. When Ω is bounded, we will be able to treat the case where λ is in some

neighborhood of 0 using completely different argument from this paper. In fact, we will

be able to prove that 0 is the resolvent for Stokes equations with null free boundary

conditions. Moreover, when Ω is exterior domain, we will be able to treat the generalized

resolvent problem near λ = 0 by using the cut-off technique combining the results in the

whole space with these in bounded domains. But, dealing with the case where λ = 0 will

be future task. The arguments in this paper are very general, and so applicable for L1

maximal regularity of initial boundary value problems of parabolic type or hyperbolic-

parabolic type.

2. Preparations for latter sections

2.1. Symbols used throughout the paper

Let us explain the symbols used in this paper. Let R, N, and C be the set of all

real, natural, complex numbers, respectively, while Z denotes the set of all integers. Set

N0 := N ∪ {0}. For multi-index κ = (κ1, . . . , κN ) ∈ NN
0 and x = (x1, . . . , xN ) ∈ RN ,

∂κx = ∂κ = ∂|κ|/∂κ1x1 · · · ∂κNxN stands for standard partial derivatives with respect to
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x of order κ. For the dual variable ξ = (ξ1, . . . , ξN ) ∈ RN , Dκ
ξ = ∂|κ|/∂κ1ξ1 · · · ∂κN ξN .

For differentiations, we use symbols ∇f = {∂κf | |κ| = 1}, ∇̄f = {∂κf | |κ| ≤ 1},
∇2f = {∂κf | |κ| = 2}, ∇̄2f = {∂κf | |κ| ≤ 2}.

Let RN
+ and RN

0 denote the half space and its boundary defined by

RN
+ = {x = (x1, . . . , xN ) ∈ RN | xN > 0}, RN

0 = {x = (x1, . . . , xN ) ∈ RN | xN = 0},

and n0 = (0, . . . , 0,−1) denotes the unit outer normal to ∂RN
+ . For N ∈ N and a Banach

space X, let S(RN ;X) be the Schwartz class of X-valued rapidly decreasing functions on

RN . Let S ′(RN ;X) denote the space of X-valued tempered distributions, which means

the set of all continuous linear mappings from S(RN ) to X. The Fourier transform F [f ]

and the inverse Fourier transform F−1
ξ [g] are defined by

F [f ](ξ) :=

∫
RN

f(x)e−ix·ξ dx, F−1
ξ [g](x) :=

1

(2π)N

∫
RN

g(ξ)eix·ξ dξ,

respectively. In addition, the partial Fourier transform F ′[f( · , xN )] = f̂(ξ′, xN ) and the

partial inverse Fourier transform F−1
ξ′ are defined by

F ′[f( · , xN )](ξ′) := f̂(ξ′, xN ) =

∫
RN−1

f(x′, xN )e−ix′·ξ′ dx′,

F−1
ξ′ [g( · , xN )](x′) :=

1

(2π)N−1

∫
RN−1

g(ξ′, xN )eix
′·ξ′ dξ′,

respectively, where x′ = (x1, · · · , xN−1) ∈ RN−1 and ξ′ = (ξ1, · · · , ξN−1) ∈ RN−1. The

Laplace transform L[f ](λ) and inverse Laplace transform L−1[g](t) are defined by

L[f ](λ) =
∫
R
e−λtf(t) dt, L−1[g](t) =

1

2πi

∫
R
eλtg(λ) dτ (λ = γ + iτ),

respectively.

For a domain D and a Banach space X, Lp(D,X), Wm
p (D,X) (m ∈ N) and

W s
p (D,X) (s > 0, s 6∈ N) stand for standard X valued Lebesgue spaces, Sobolev spaces

and Sobolev-Slobodetskii spaces, while ‖ · ‖Lp(D,X), ‖ · ‖Wm
p (D,X) and ‖ · ‖W s

p (D,X) denote

their norms. In particular, we write

‖e−γtf‖Lp((0,T ),X) =
(∫ T

0

(e−γt‖f(t)‖X)p dt
)1/p

,

‖e−γtΛ1/2
γ f‖Lp(R,X) =

(∫
R
(e−γt‖Λ1/2

γ f(t)‖X)p dt
)1/p

.

We set

W 1/2
p (R, X) = {f | ‖e−γtf‖

W
1/2
p (R,X)

= ‖e−γtf‖Lp(R,X) + ‖e−γtΛ1/2
γ f‖Lp(R,X) <∞}.

When X = RN , we omit X = RN , namely, we write Lp(D), Wm
p (D), W s

p (D), ‖ · ‖Lp(D),

‖ · ‖Wm
p (D) and ‖ · ‖W s

q (D). In particular, W 0
p (D) = Lp(D) for the notational simplicity.
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For any domain D, the functional space Hν
q,1(D) of data (g,h) for spectral problems

is defined by

Hν
q,1(D) = Bν

q,1(D)N ×Bν+1
q,1 (D)N ,

‖(g,h)‖Hν
q,1(D) = ‖g‖Bν

q,1(D) + ‖h‖Bν+1
q,1 (D) for (g,h) ∈ Hν

q,1(D).

For (g,h) ∈ Hν
q,1(D), Hi = {Hij | j = 1, . . . , N} (i = 1, 2) are respective corresponding

variables to g = (g1, . . . , gN ) and λ1/2h = (λ1/2h1, . . . , λ
1/2hN ). And, {H3ij | i, j =

1, . . . , N} are corresponding variables to ∂ihj , and set H3 = {H3ij | i, j = 1, . . . , N}. Let
m(N) = 2N +N2. Set H = (H1,H2,H3), which is an m(N) vector of functions.

For a domain D in RN and N ≥ 2, we set (f ,g)D =
∫
D
f(x) · g(x) dx for N -vector

functions f and g on D, where we will write (f ,g) = (f ,g)D for short if there is no

confusion.

For a Banach space X, ‖·‖X denotes its norm. For Banach spaces X and Y , L(X,Y )

denotes the set of all bounded linear operators from X into Y , and we write L(X) =

L(X,X). Let Hol (U,X) denote the set of all X valued holomorphic functions defined

on a domain U ⊂ C. The n product space of X is written as Xn = {x = (x1, . . . , xn) |
xi ∈ X(i = 1, . . . , n)}, while its norm is denoted by ‖x‖X =

∑n
i=1 ‖xi‖X . X ↪→ Y means

that X is continuously imbedded into Y , that is X ⊂ Y and ‖x‖Y ≤ C‖x‖X with some

constant C.

For any interpolation couple (X,Y ) of Banach spaces X and Y , the maps (X,Y ) →
(X,Y )θ,p and (X,Y ) → (X,Y )[θ] denote the real interpolation functor for each θ ∈ (0, 1)

and p ∈ [1,∞] and the complex interpolation functor for each θ ∈ (0, 1), respectively. By

C > 0 we will often denote a generic constant that does not depend on the quantities

at stake. And, by Ca,b,c,··· we denote generic constants depending on the quantities a, b,

c, · · · . C and Ca,b,c,··· may change from line to line.

2.2. Definition of Besov spaces and some properties

To define Besov pace Bs
q,r, we introduce Littlewood-Paley decomposition. Let φ ∈

S(RN ) with suppφ = {ξ ∈ RN | 1/2 ≤ |ξ| ≤ 2} such that
∑

k∈Z φ(2
−kξ) = 1 for all

ξ ∈ RN \ {0}. Then, define

φk := F−1
ξ [φ(2−kξ)] (k ∈ Z), ψ = 1−

∑
k∈N

φk.

For 1 ≤ q, r ≤ ∞ and s ∈ R we denote

‖f‖Bs
q,r(RN ) :=


‖ψ ∗ f‖Lq(RN ) +

(∑
k∈N

(
2sk‖φk ∗ f‖Lq(RN )

)r)1/r

if 1 ≤ r <∞,

‖ψ ∗ f‖Lq(RN ) + sup
k∈N

(
2sk‖φk ∗ f‖Lq(RN )

)
if r = ∞.

Here, f ∗ g means the convolution between f and g. The inhomogeneous Besov spaces

Bs
q,r(RN ) is defined as the sets of all f ∈ S ′(RN ) such that ‖f‖Bs

q,r(RN ) < ∞. In

particular, we define Bs
q,∞−(RN ) by
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Bs
q,∞−(RN ) = {f ∈ Bs

q,∞(RN ) | lim
j→∞

2js‖φj ∗ f‖Lq(RN ) = 0}.

In this paper, we use the following conventions: r < ∞− < ∞ for r ∈ R and 1/∞− =

1/∞ = 0. In particular, for the Hölder conjugate we know that Bs
q,r(RN )∗ = B−s

q′,r′(RN )

Bs
q,1(RN )∗ = B−s

q′,∞(RN ), and Bs
q,∞−(RN ) = B−s

q′,1(RN ) for 1 < q, r < ∞, where q′ =

q/(q − 1) and r′ = r/(r − 1).

For any domain D in RN , Bs
q,1(D) is defined by the restriction of Bs

q,1(RN ), that is

Bs
q,1(D) = {f ∈ D′(D) | there exists a g ∈ Bs

q,1(RN ) such that g|D = f},

‖f‖Bs
q,1(D) = inf{‖g‖Bs

q,1(RN ) | g ∈ Bs
q,1(RN ), g|D = f}.

(10)

Here, D′(D) denotes the set of all distributions on D and g|D denotes the restriction of

g to D. Notice that W s
q (D) = Bs

q,q(D), which are called a Sobolev-Slobodeckij spaces.

In particular, if s is a non-negative integer, W s
q is a usual Sobolev space.

It is well-known that if D satisfies the cone property, then Bs
q,r(D) may be charac-

terized by means of real interpolation. In fact, for −∞ < s0 < s1 < ∞, 1 < q < ∞,

1 ≤ r ≤ ∞ and 0 < θ < 1, it follows that

Bθs0+(1−θ)s1
q,r (D) =

(
W s0

q (D),W s1
q (D)

)
θ,r

cf. [36, Theorem 8], [59, Theorem 2.4.2]. If D is a uniform C1 domain, then D satisfies

the cone property.

2.3. The estimate for the product of 2 functions and some composite

functions using Besov norms

The following lemma is concerned the estimate of product of two functions using

Besov norms.

Lemma 1. Let 1 ≤ q ≤ q1 ≤ ∞ and 1 ≤ r ≤ ∞. Let q′ be the Hölder conjugate of

q. If s ∈ R satisfies {
−N/q1 < s < N/q1 if 1/q + 1/q1 ≤ 1

−N/q′ < s < N/q1 if 1/q + 1/q1 > 1

then for every u ∈ Bs
q,r(RN ) and v ∈ BN/q1

q1,∞(RN ) ∩ L∞(RN ), there holds

‖uv‖Bs
q,r(RN ) ≤ C‖u‖Bs

q,r(RN )‖v‖BN/q1
q1,∞(RN )∩L∞(RN )

(11)

for some constant C > 0.

Proof. For the proof, refer Abidi-Paicu [1] and Haspot [19]. □

Remark 2. (1) For any domain D in RN , the Besov spaces on D are defined

by restriction of elements on RN to D (cf. (10)), and therefore Lemma 1 holds on any

domain D.

(2) As is known B
N/q1
q1,1

(D)∩L∞(D) ↪→ B
N/q1
q1,1

(D), and therefore from (11) it follows that
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‖uv‖Bs
q,r(D) ≤ C‖u‖Bs

q,r(D)‖v‖BN/q1
q1,1 (D)

Lemma 3. Let D be a domain in RN and 1 < q < ∞. If −min(1 − 1/q,N/q) <

s < 1/q, then for any u ∈ Bs
q,1(D) and v ∈ B

N/q
q,∞ (D) ∩ L∞(D), there holds

‖uv‖Bs
q,1(D) ≤ C‖u‖Bs

q,1(D)‖v‖BN/q
q,∞(D)∩L∞(D)

. (12)

for some constant C > 0.

Remark 4. Instead of (12) there holds

‖uv‖Bs
q,1(D) ≤ C‖u‖Bs

q,1(D)‖v‖BN/q
q,1 (D)

. (13)

Proof. If we choose q1 = q in Lemma 1, then s should satisfy

−N/q < s < N/q if 2/q ≤ 1,

−N/q′ < s < N/q if 2/q > 1

for (12) to hold. If −1 + 1/q < s < 1/q and 2/q ≤ 1, then (13) holds when −N/q ≤
−1 + 1/q < s < 1/q or −1 + 1/q ≤ −N/q < s < 1/q. Thus, when 2/q ≤ 1, (13) holds

when −min(1− 1/q,N/q) < s < 1/q. Since −N/q′ < −1+1/q holds automatically, (13)

holds when −1+ 1/q < s < 1/q and 2/q > 1. This completes the proof of Lemma 3. □

As a limiting case of Lemma 1, we know the following lemma.

Lemma 5. Let D be a domain in RN and 1 < q <∞. Then, B
N/q
q,1 (D) is a Banach

algebra, that is for any u, v ∈ B
N/q
q,1 (D), there holds

‖uv‖
B

N/q
q,1 (D)

≤ CD,q,N‖u‖
B

N/q
q,1 (D)

‖v‖
B

N/q
q,1 (D)

.

Proof. For the proof, refer Abidi-Paicu [1] and Haspot [19]. □

Lemma 6. Let D be a domain in RN . Let 1 < q < ∞ and −1 + 1/q < s < 1/q.

Let β be a number such that 1 ≤ β < min(qN, q′N) where q′ be the Hölder conjugate of

q. Then, there holds

‖uv‖Bs
q,r(D) ≤ C‖u‖Bs

q,r(D)‖v‖Bβ/N
β,∞(D)∩L∞(D)

(14)

for any u ∈ Bs
q,r(D) and v ∈ BN/q

β (D) ∩ L∞(D).

Proof. When 1/q + 1/β ≤ 1, that is 1/β ≤ 1/q′, using Lemma 1 with q1 = β,

we have (14) provided −N/β < s < N/β. Since β < min(qN, q′N), we have 1/q′ < N/β,

and so −N/β < −1/q′ = −1 + 1/q. Moreover, 1/q < N/β. Thus, if −1 + 1/q < s < 1/q,

then −N/β < s < N/β.

When 1/q + 1/β > 1, that is 1/β > 1/q′, using Lemma 1 with q1 = β, we have (14)

provided −N/q′ < s < N/β. If −1+1/q < s < 1/q, from −N/q′ < −1/q′ and 1/q < N/β

it follows that −N/q′ < s < N/β. This completes the proof of the lemma. □
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We now use the following lemma for the Besov norm estimate of composite functions

cf. [19, Proposition 2.4] and [2, Theorem 2.87].

Lemma 7. Let 1 < q < ∞. Let I be an open interval of R. Let ω > 0 and

let ω̃ be the smallest integer such that ω̃ ≥ ω. Let F : I → R satisfy F (0) = 0 and

F ′ ∈ BCω̃(I,R) that is F ′ ∈ Cω̃(I,R) and ‖F ′‖BCω̃(I,R) :=

ω̃∑
ℓ=0

sup
t∈I

‖∂ℓtF ′‖L∞(R) <∞.

Assume that v ∈ Bω
q,1 has valued in J ⊂ I. Then, F (v) ∈ Bω

q,1 and there exists a constant

C depending only on ν, I, J , and N , such that

‖F (v)‖Bω
q,1

≤ C(1 + ‖v‖L∞)ω̃‖F ′‖BCω̃(I,R)‖v‖Bω
q,1
.

2.4. Fourier multiplier theorems in RN

To estimate solutions of the equations in RN , we use the following Fourier multiplier

theorem of Mihlin - Hörmander type [35, 22], which is stated as follows: Let m(ξ) be a

C∞(RN ) function such that for any multi-index κ ∈ NN
0 there exists a constant Cκ such

that

|Dκ
ξm(ξ)| ≤ Cκ|ξ|−|κ|.

We call m a multiplier symbol of order 0. Set [m] = max|κ|≤N Cκ. For any multiplier

symbol of order 0, we define an operator Tm by

Tmf = F−1[mF [f ]].

We call Tm the Fourier multiplier with symbol m. Then, for any 1 < p <∞, there exists

a constant Cp depending on p such that there holds

‖Tmf‖Lp(RN ) ≤ Cp[m]‖f‖Lp(RN ).

We extend this result to the Besov space case as follows:

Proposition 8. Let 1 < q < ∞, 1 ≤ r ≤ ∞ and s ∈ R. Let m(ξ) be a multiplier

symbol of order 0 and let Tm be the Fourier multiplier with symbol m. Then, there exists

a constant Cq,r depending on q and r such that for any f ∈ Bs
q,r(Rn), there holds

‖Tmf‖Bs
q,r(RN ) ≤ Cq,r[m]‖f‖Bs

q,r(RN ).

Proof. First of all, we recall the definition of Besov spaces in Subsection 2.2.

Since φk ∗ (Tmf) = F−1[mF [φk ∗ f ]], by the standard Fourier multiplier theorem of

Mihlin-Hörmander type, we have

‖φk ∗ (Tmf)‖Lq(RN ) ≤ C[m]‖φk ∗ f‖Lq(RN ).

Similarly, we have

‖ψ ∗ (Tmf)‖Lq(RN ) ≤ C[m]‖ψ ∗ f‖Lq(RN ).
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Thus, by the definition of the Besov norm, we have

‖Tmf‖Bs
q,r(RN ) ≤ C[m]‖f‖Bs

q,r(RN ).

This completes the proof of Proposition 8. □

2.5. Symbol classes and estimates of the integral operators in RN
+

To state main results of this subsection, we introduce a symbol class. In the following,

letm(λ, ξ′) be a function defined on Σϵ,λ0×(RN−1\{0}) such that for each ξ′ ∈ RN−1\{0}
m(λ, ξ′) is holomorphic with respect to λ ∈ Σϵ,λ0 and for each λ ∈ Σϵ,λ0 m(λ, ξ′) is a C∞

function with respect to ξ′ ∈ RN−1 \ {0}. Let ` ∈ Z. We say that m(λ, ξ′) is an order `

symbol if for any κ′ ∈ NN−1
0 and λ ∈ Σϵ,λ0

there exists a constant Cκ′ being depending

on κ′, ε, λ0 and ` such that

|Dκ′

ξ′m(λ, ξ′)| ≤ Cκ′(|λ|1/2 + |ξ′|)ℓ−|κ′|.

Let Mℓ be the set of all order ` symbols. Let

‖m‖ = max
|κ′|≤N

Cκ′ .

Let

A =
√

(α+ β)−1λ+ |ξ′|2, B =
√
α−1λ+ |ξ′|2.

Here, A and B are characteristic roots of the Lamé equations given in (37) in Sect. 4.1

below. The solution formulas of equations (37) will be given in (38). There exist two

constants d1 < d2 depending on 0 < ε < π/2 such that

d1(|λ|1/2 + |ξ′|) ≤ ReE ≤ |E| ≤ d2(|λ|1/2 + |ξ′|) (15)

for any (λ, ξ′) ∈ Σϵ × (RN−1 \ {0}), where E ∈ {A,B}. We can show the following two

propositions using the same argument as in the proof of Lemma 4.4 in Enomoto and

Shibata [14].

Proposition 9. Let 1 < q < ∞, 0 < ε < π/2, λ0 > 0, and λ ∈ Σϵ,λ0
. Let

m0(λ, ξ
′) ∈ M0. Set

M(xN ) =
e−BxN − e−AxN

B −A
. (16)

Define the integral operators Li (i = 1, 2, 3, 4) by the following formulas:

L1(λ)f =

∫ ∞

0

F−1
ξ′

[
m0(λ, ξ

′)Be−B(xN+yN )F ′[f ](ξ′, yN )
]
(x′) dyN ,

L2(λ)f =

∫ ∞

0

F−1
ξ′

[
m0(λ, ξ

′)B2M(xN + yN )F ′[f ](ξ′, yN )
]
(x′) dyN ,

L3(λ)f =

∫ ∞

0

F−1
ξ′

[
m0(λ, ξ

′)B2∂λ(Be
−B(xN+yN ))F ′[f ](ξ′, yN )

]
(x′) dyN ,
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L4(λ)f =

∫ ∞

0

F−1
ξ′

[
m0(λ, ξ

′)B2∂λ(B
2M(xN + yN ))F ′[f ](ξ′, yN )

]
(x′) dyN ,

respectively. Then for every f ∈ Lq(RN
+ ), it holds

‖Li(λ)f‖Lq(RN
+ ) ≤ Cq‖m0‖‖f‖Lq(RN

+ ) (i = 1, 2, 3, 4).

2.6. Estimates of operator valued holomorphic functions with respect

to Besov norms

We consider two operator valued holomorphic functions Qi(λ) (i = 1, 2) defined on

Σϵ acting on f ∈ C∞
0 (RN

+ ). We denote the dual operator of Qi(λ) by Qi(λ)
∗ which

satisfies the equality:

(Qi(λ)f, ϕ)RN
+
= (f,Qi(λ)

∗ϕ)RN
+

(i = 1, 2)

for any f and ϕ ∈ C∞
0 (RN

+ ). Here, (f, g) =
∫
RN

+
f(x)g(x) dx. Let Qi(λ) satisfy the

following assumptions.

Assumption 10. Let 1 < q < ∞ and q′ = q/(q − 1). For any f ∈ C∞
0 (RN

+ ) and

λ ∈ Σϵ,λ0
, the following estimates hold:

‖Q1(λ)f‖W i
q (RN

+ ) ≤ C‖f‖W i
q (RN

+ ), (17)

‖Q1(λ)f‖Lq(RN
+ ) ≤ C|λ|−1/2‖f‖W 1

q (RN
+ ), (18)

‖Q1(λ)
∗f‖W i

q′ (R
N
+ ) ≤ C‖f‖W i

q′ (R
N
+ ), (19)

‖Q1(λ)
∗f‖Lq′ (RN

+ ) ≤ C|λ|−1/2‖f‖W 1
q′ (R

N
+ ), (20)

‖Q2(λ)f‖W i
q (RN

+ ) ≤ C|λ|−1‖f‖W i
q (RN

+ ), (21)

‖Q2(λ)f‖W 1
q (RN

+ ) ≤ C|λ|−1/2‖f‖Lq(RN
+ ), (22)

‖Q2(λ)
∗f‖W i

q′ (R
N
+ ) ≤ C|λ|−1‖f‖W i

q′ (R
N
+ ), (23)

‖Q2(λ)
∗f‖W 1

q′ (R
N
+ ) ≤ C|λ|−1/2‖f‖Lq′ (RN

+ ) (24)

for i = 0, 1, where W 0
r (RN

+ ) = Lr(RN
+ ).

The following theorem has been proved in [47] and [50].

Theorem 2.1. Let 1 < q < ∞ and −1 + 1/q < s < 1/q. Let σ > 0 be a number

such that −1+1/q < s−σ < s+σ < 1/q and let ν ∈ {s−σ, s, s+σ}. Let Qi(λ) (i = 1, 2)

be operator valued holomorphic functions defined on Σϵ,λ0
acting on C∞

0 (RN
+ ) functions.

Then, for any λ ∈ Σϵ,λ0
and f ∈ C∞

0 (RN
+ ), the following assertions hold.

(1) If Q1(λ) satisfies (17) and (19), then there holds

‖Q1(λ)f‖Bν
q,1(RN

+ ) ≤ C‖f‖Bν
q,1(RN

+ ).

If Q1(λ) satisfies (18) and (20) in addition, then there holds
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‖Q1(λ)f‖Bs
q,1(RN

+ ) ≤ C|λ|−σ/2‖f‖Bs+σ
q.r (RN

+ ).

(2) If Q2(λ) satisfies (21) and (23), then there holds

‖Q2(λ)f‖Bν
q,1(RN

+ ) ≤ C|λ|−1‖f‖Bν
q,1(RN

+ ).

If Q2(λ) satisfies (22) and (24) in addition, then there holds

‖Q2(λ)f‖Bs
q,1(RN

+ ) ≤ C|λ|−(1−σ/2)‖f‖Bs−σ
q,1 (RN

+ ).

3. L1 integrability of Laplace inverse transform.

In this section, we consider the L1 integrability of solutions to equations (1). The

equations (1) is treated as a perturbation of Lamé equations with free boundary condi-

tions. In particular, one of main issues is to prove the L1 integrability of solutions in

time, which is represented by the Laplace inverse transform of solutions to the corre-

sponding generalized resolvent problem. Thus, in this section, we introduce a solution

operator LΩ(λ) to the Lamé equations with free boundary conditions (5). We will con-

struct a solution operator LΩ(λ) which has two properties. One is stated in the following

definition.

Definition 11. Let λlame > 0 and 0 < ε < π/2. Let 1 < q < ∞ and −1 + 1/q <

s < 1/q. Let σ > 0 be a small number such that −1 + 1/q < s − σ < s + σ < 1/q. Let

ν ∈ {s − σ, s, s + σ}. Let LΩ(λ) ∈ Hol (Σϵ,λlame
,L(Bs

q,1(Ω)
m(N), Bs+2

q,1 (Ω)N )). We say

that LΩ has (s, σ, q) properties in Ω if for any λ ∈ Σϵ,λlame
there hold

‖(λ, λ1/2∇̄, ∇̄2)∂ℓλLΩ(λ)H‖Bν
q,1(Ω) ≤ C|λ|−ℓ‖H‖Bν

q,1(Ω) (` = 0, 1),

‖(λ1/2∇̄, ∇̄2)LΩ(λ)H‖Bs
q,1(Ω) ≤ C|λ|−σ/2‖H‖Bs+σ

q,1 (Ω),

‖(1, λ−1/2∇̄)LΩ(λ)H‖Bs
q,1(Ω) ≤ C|λ|−(1−σ/2)‖H‖Bs−σ

q,1 (Ω),

‖(λ, λ1/2∇̄, ∇̄2)∂λLΩ(λ)H‖Bs
q,1(Ω) ≤ C|λ|−(1−σ/2)‖H‖Bs−σ

q,1 (Ω)

(25)

provided that H ∈ Bs+σ
q,1 (Ω)m(N).

Remark 12. Since s−σ < s < s+σ, that H ∈ Bs+σ
q,1 (Ω) implies that H ∈ Bν

q,1(Ω)

for ν = s and ν = s− σ.

For equations (5), we shall prove the existence of operators having the L1 spectrum

properties as follows.

Theorem 3.1. Let 1 < q <∞ and 0 < ε < π/2. Assume that the following (1) or

(2) holds:

(1) If η0 = ρ∗, then −1 + 1/q < s < 1/q. In this case, σ > 0 is a number such that

−1 + 1/q < s− σ < s+ σ < 1/q.

(2) If η̃0 6≡ 0 and η̃0 ∈ Bs+1
q,1 (Ω), then −min(1 − 1/q,N/q) < s < 1/q. In this case,

σ > 0 is a number such that −min(1− 1/q,N/q) < s− σ < s+ σ < 1/q.
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Then, there exists a positive constant λlame and an operator LΩ(λ) with

LΩ(λ) ∈ Hol (Σϵ,λlame
,L(Bs

q,1(Ω)
m(N), Bs+2

q,1 (Ω)N ))

having (s, σ, q) properties such that u = LΩ(λ)Oλ(g,h) is a unique solution of equations

(5) for λ ∈ Σϵ,λlame
and (g,h) ∈ Hs

q,1(Ω). Here and in the following, Oλ is an operation

defined by

Oλ(g,h) = (g, λ1/2h,∇h).

Let LΩ(t) be the Laplace inverse transform of LΩ, which is defined by

LΩ(t)H = L−1[LΩ(λ)H](t) =
1

2πi

∫
R
e(γ+iτ)tLΩ(γ + iτ)H dτ.

Then, we have the following proposition about LΩ(t).

Proposition 13. Let 0 < ε < π/2 and λlame > 0. Let q, s and σ be numbers

given in Theorem 3.1 and let LΩ(λ) ∈ Hol (Σϵ,λlame
,L(Bs

q,1(Ω)
m(N), Bs+2

q,1 (Ω)N )) be the

operator having the (s, σ, q) properties. Then, LΩ(t)H and Λ
1/2
γ LΩ(t)H vanish for t < 0.

Moreover, e−γtLΩ(t)H ∈ L1(R, Bs+2
q,1 (Ω)N ) and e−γtΛ

1/2
γ LΩ(t)H ∈ L1(R, Bs+1

q,1 (Ω)N ),

and there holds∫
R
e−γt‖LΩ(t)H‖Bs+2

q,1 (Ω) dt+

∫
R
e−γt‖Λ1/2

γ LΩ(t)H‖Bs+1
q,1 (Ω) dt ≤ C‖H‖Bs

q,1(Ω) (26)

for any H ∈ Bs
q,1(Ω)

m(N).

If for any G with e−γtG ∈ L1(R, Bs
q(Ω)), we define LΩ(t)G(t) by

LΩ(t)G(t) = L−1[LΩ(λ)L[G](λ)](t),

then, there holds∫
R
e−γt(‖LΩ(t)G(t)‖Bs+2

q,1 (Ω)+‖Λ1/2
γ LΩ(t)G(t)‖Bs+1

q,1 (Ω)) dt

≤ C

∫
R
e−γt‖G(t)‖Bs

q,1(Ω) dt.

(27)

Proof. Since C∞
0 (Ω) is dense in Bs+σ

q,1 (Ω) and Bs
q,1(Ω), we may assume that

H ∈ C∞
0 (Ω)m(N) below. First, we shall show that

LΩ(t)H = 0 for t < 0, Λ1/2
γ LΩ(t)H = 0 for t < 0. (28)

To prove (28), we represent LΩ(t) by using the contour integral in the complex plane C.
Let CR be a contour defined by

CR = {λ ∈ C | λ = Reiθ, −π
2
≤ θ ≤ π

2
}.

Let γ > λlame. By the Cauchy theorem in theory of one complex variable, we have
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0 =

∫ R

−R

e(γ+iτ)tLΩ(γ + iτ)H dτ +

∫
CR+γ

eλtLΩ(λ)H dλ. (29)

Using (25), we know that

‖LΩ(λ)H‖Bs
q,1(Ω) ≤ C|λ|−1‖H‖Bs

q,1(Ω).

Thus, for t < 0 we have∥∥∥∫
CR+γ

eλtLΩ(λ)H dλ
∥∥∥
Bs

q,1(Ω)
≤ Ceγt

∫ π/2

0

e−|t|R cos θ dθ‖H‖Bs
q,1(Ω).

Since |e−|t|R cos θ| ≤ 1, by Lebesgue’s dominated convergence theorem,

lim
R→∞

∫ π/2

0

e−|t|R cos θ dθ =

∫ π/2

0

lim
R→∞

e−|t|R cos θ dθ = 0.

Therefore, letting R→ ∞ in (29), we have

0 =
1

2πi

∫
R
e(γ+iτ)tLΩ(γ + iτ)H dτ = LΩ(t)H,

which proves the first part of (28).

To prove the second part of (28), we use the similar argument. Notice that

Λ1/2
γ f =

1

2π

∫
R
(γ + iτ)1/2e(γ+iτ)tL[f ](γ + iτ) dτ =

1

2πi

∫
Reλ=γ

λ1/2eλtL[f ](λ) dλ.

By the Cauchy theorem in theory of one complex variable, we have

0 =

∫ R

−R

e(γ+iτ)t(γ + iτ)1/2LΩ(γ + iτ)H dτ +

∫
CR+γ

eλtλ1/2LΩ(λ)H dλ.

Using (25), we know that

‖λ1/2LΩ(λ)H‖Bs
q,1(Ω) ≤ C|λ|−1/2‖H‖Bs

q,1(Ω).

Thus, for t < 0 we have∥∥∥∫
CR+γ

eλtλ1/2LΩ(λ)H dλ
∥∥∥
Bs

q,1(Ω)
≤ Ceγt

∫ π/2

0

(R+ γ)1/2e−|t|R cos θ dθ = (∗)

Using the change of variable θ = π/2 − τ and the inequality: sin τ ≥ (2/π)τ for τ ∈
(0, π/2), we have

(∗) = Ceγt
∫ π/2

0

(R+ γ)1/2e−(2|t|R/π)τ dτ ≤ Ceγt(R+ γ)1/2((|t|R/π)−1 → 0 (R→ ∞).

Therefore, we have
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0 =
1

2πi

∫
R
(γ + iτ)1/2e(γ+iτ)tLΩ(γ + iτ)H dτ = Λ1/2

γ LΩ(t)H,

which proves the second part of (28).

We next consider the case where t > 0. Let Γ± be contours defined by

Γ± = {λ = re±i(π−ϵ) | r ∈ (0,∞)}.

We shall show that for t > 0 LΩ(t) is represented by

LΩ(t)H =
1

2πi

∫
Γ+∪Γ−+γ

eλtLΩ(λ)H dλ. (30)

In fact, for R > 0, define C̃R± and ΓR± by

C̃R± = {λ = Reiθ | π/2 < ±θ < π − ε}, ΓR± = {λ ∈ Γ± | |λ| < R}.

By the Cauchy theorem in theory of one complex variable, we have

1

2π

∫ R

−R

eiτtLΩ(γ + iτ)H dτ

+
1

2πi

{∫
C̃R++γ

−
∫
ΓR++γ

−
∫
ΓR−+γ

+

∫
C̃R−+γ

}
eλtLΩ(λ)H dλ = 0. (31)

Using (25) and the change of variable: θ = τ + π/2, for R > γ we have∥∥∥∫
C̃R++γ

eλtLΩ(λ)H dλ
∥∥∥
Bs

q,1(Ω)
≤ eγt

2π

∫ π−ϵ

π/2

eR cos θt R

|Reiθ + γ|
dθ‖H‖Bs

q,1(Ω)

≤ eγt
R

R− γ

∫ π/2−ϵ

0

e−R sin θt dθ‖H‖Bs
q,1(Ω)

≤ eγt

2π

R

R− γ

∫ π/2

0

e−
2Rt
π τ dτ‖H‖Bs

q,1(Ω)

≤ eγt

2π

R

R− γ

π

2Rt
‖H‖Bs

q,1(Ω).

Thus, for t > 0

lim
R→∞

∫
C̃R++γ

eλtLΩ(λ)H = 0.

Analogously, we have

lim
R→∞

∫
C̃R−+γ

eλtLΩ(λ)H = 0.

Combining these facts and letting R→ ∞ in (31) yield (30).

Using the representation formula (30), we shall show that
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‖∇̄2LΩ(t)H‖Bs
q,1(Ω) ≤ Ceγtt−(1−σ/2)‖H‖Bs+σ

q,1 (Ω), (32)

‖∇̄2LΩ(t)H‖Bs
q,1(Ω) ≤ Ceγtt−(1+σ/2)‖H‖Bs−σ

q,1 (Ω). (33)

In fact, noticing that |eλt| = e−tr cos ϵ and |γ + re±i(π−ϵ)| ≥ (1 − cos ε)1/2r for λ ∈
Γ+ ∪ Γ− + γ in (30) and using (25), we have

‖∇̄2LΩ(t)H‖Bs
q,1(Ω)

≤ Ceγt
∫ ∞

0

e−tr cos ϵ((1− cos ε)1/2r)−σ/2 dr

≤ Ceγtt−1+σ/2

∫ ∞

0

e−τ cos ϵ((1− cos ε)1/2τ)−σ/2 dτ‖H‖Bs+σ
q,1 (Ω).

From this (32) follows.

Using integration by parts concerning λ in (30), we have

∇̄2LΩ(t)H =
−1

2πit

∫
Γ+∪Γ−+γ

eλt∇̄2∂λLΩ(λ)H dλ.

Using (25), we have

‖∇̄2LΩ(t)H‖Bs
q,1(Ω) ≤

∥∥∥ 1

2πit

∫
Γ+∪Γ−+γ

eλt∇̄2∂λLΩ(λ)H dλ
∥∥∥
Bs

q,1

≤ Ceγtt−1

∫ ∞

0

e−tr cos ϵ((1− cos ε)1/2r)−(1−σ/2) dr‖H‖Bs−σ
q,1 (Ω)

= Ceγtt−1−σ/2

∫ ∞

0

e−τ cos ϵ((1− cos ε)1/2τ)−(1−σ/2) dτ‖H‖Bs−σ
q,1 (Ω).

Therefore, we have (33).

Now, we shall estimate Λ
1/2
γ LΩ(t)H. We shall show that

‖∇̄Λ1/2
γ LΩ(t)H‖Bs

q,1(Ω) ≤ Ceγtt−(1−σ/2)‖H‖Bs+σ
q,1 (Ω), (34)

‖∇̄Λ1/2
γ LΩ(t)H‖Bs

q,1(Ω) ≤ Ceγtt−(1+σ/2)‖H‖Bs−σ
q,1 (Ω). (35)

In fact, for γ > γb and t > 0 from (30) we have

Λ1/2
γ L(t)H =

1

2πi

∫
Γ+∪Γ−+γ

λ1/2eλtL(λ)H dλ. (36)

Using the assumption (25) and the same argument as in the proof of (32), we have (34).

Using integration by parts in (36), we have

∇̄Λ1/2
γ LΩ(t)H =

−1

2πit

∫
Γ+∪Γ−+γ

eλt∇̄∂λ(λ1/2LΩ(λ)H) dλ

=
−1

2πit

∫
Γ+∪Γ−+γ

eλt((1/2)∇̄λ−1/2LΩ(λ)H + ∇̄1/2λ1/2∂λ(LΩ(λ)H)) dλ.
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Using (25) and the same argument as in the proof of (33), we have (35).

Now, we shall prove (26) by using (32), (33), (34), and (35). We write∫ ∞

0

e−γt‖(∇̄2, ∇̄Λ1/2
γ )LΩ(t)H‖Bs

q,1(Ω) dt

=
∑
j∈Z

∫ 2(j+1)

2j
e−γt‖(∇̄2, ∇̄Λ1/2

γ )LΩ(t)H‖Bs
q,1(Ω) dt

≤
∑
j∈Z

2j sup
t∈(2j ,2j+1)

(e−γt‖(∇̄2, ∇̄Λ1/2
γ )LΩ(t)H‖Bs

q,1(Ω)).

Setting aj = supt∈(2j ,2j+1) e
−γt‖(∇̄2, ∇̄Λ

1/2
γ )LΩ(t)H‖Bs

q,1(Ω), we have∫ ∞

0

e−γt‖(∇̄2, ∇̄Λ1/2
γ )LΩ(t)H‖Bs

q,1(Ω) dt ≤ 2‖(2jaj)‖ℓ1 = 2‖(aj)‖ℓ11 .

Here and in the following, `sq denotes the set of all sequences (2jsaj)j∈Z such that

‖(aj)‖ℓsq =
{∑

j∈Z

(2js|aj |)q
}1/q

<∞ for 1 ≤ q <∞,

‖(aj)‖ℓs∞ = sup
j∈Z

2js|aj | <∞ for q = ∞.

By (32) and (33), we have

sup
j∈Z

2j(1−σ/2)aj ≤ C‖H‖Bs+σ
q,1 (Ω), sup

j∈Z
2j(1+σ/2)aj ≤ C‖H‖Bs−σ

q,1 (Ω) (H ∈ Bs
q,1(Ω)).

Namely, we have

‖(aj)j∈Z‖ℓ1−σ/2
∞

≤ C‖H‖Bs+σ
q,1 (Ω), ‖(aj)j∈Z‖ℓ1+σ/2

∞
≤ C‖H‖Bs−σ

q,1 (Ω) (H ∈ Bs
q,1(Ω)).

According to [3, 5.6.1.Theorem], we know that `11 = (`
1−σ/2
∞ , `

1+σ/2
∞ )1/2,1, where (·, ·)θ,q

denotes the real interpolation functor, and therefore we have∫ ∞

0

e−γt‖(∇̄2, ∇̄Λ1/2
γ )LΩ(t)H‖Bs

q,1(Ω) dt ≤ C‖H‖(Bs+σ
q,1 (Ω),Bs−σ

q,1 (Ω))1/2,1
= C‖H‖Bs

q,1(Ω)

for any H ∈ Bs
q,1(Ω)

m(N). This completes the proof of (26).

To prove (27), we write

(∇̄2, ∇̄Λ1/2
γ )LΩ(t)G(t) =

1

2πi

∫
R
eλt(∇̄2, ∇̄λ1/2)LΩ(λ)L[G](λ) dλ

=
1

2πi

∫
R
eλt(∇̄2, ∇̄λ1/2)LΩ(λ)

(∫
R
e−λsG(s) ds

)
dλ

=

∫
R

( 1

2π

∫
R
eλ(t−s)(∇̄2, ∇̄λ1/2)LΩ(λ)G(s) dλ

)
ds
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=

∫
R
(∇̄2, ∇̄Λ1/2

γ )LΩ(t− s)G(s) ds

=

∫ t

−∞
(∇̄2, ∇̄Λ1/2

γ )LΩ(t− s)G(s) ds.

Here, λ = γ + iτ and we have used the fact that LΩ(t) = 0 and Λ
1/2
γ LΩ(t) = 0 for t < 0.

By Fubini’s theorem, we have (27). This completes the proof of Proposition 13. □

To treat the perturbation term, we introduce one more definition.

Definition 14. Let λ0 > 0 and 0 < ε < π/2. Let X be a Banach space and

M(λ) ∈ Hol (Σϵ,λ0 ,L(X)). We say that M(λ) has a generalized resolvent properties if

there hold

‖∂ℓλM(λ)f‖X ≤ C|λ|−ℓ−1‖f‖X for f ∈ X and ` = 0, 1.

Let M(t) be the Laplace inverse transform of M(λ) defined by

M(t)f = L−1[M(λ)f ] =
1

2πi

∫
R
e(γ+iτ)tM(γ + iτ)f dτ.

Then, we have the following proposition about the L1 integrability of M(t).

Proposition 15. Let λ0 > 0 and 0 < ε < π/2. Let X be a Banach space and

M(λ) ∈ Hol (Σϵ,λ0 ,L(X)). If M(λ) has generalized resolvent properties, then, for f ∈ X,

M(t) = 0 for t < 0, and for any γ > λ0 it holds that∫
R
e−γt‖M(t)f‖X dt ≤ C‖f‖X

with some constant C depending on λ0.

Moreover, if we define M(t)g(t) by

M(t)g(t) = L−1[M(λ)L[g](λ)]

for g(t) with e−γtg(t) ∈ L1(R, X), then there holds∫
R
e−γt‖M(t)g(t)‖X dt ≤ C

∫
R
e−γt‖g(t)‖X dt.

with some constant C depending on λ0.

Proof. For λ ∈ Σϵ,λ0
, we have

‖M(λ)f‖X ≤ C|λ|−1‖f‖X ≤ Cλ
−(1−σ/2)
0 |λ|−σ/2‖f‖X ,

‖∂λM(λ)f‖X ≤ C|λ|−2‖f‖X ≤ Cλ
−(1+σ/2)
0 |λ|−(1−σ/2)‖f‖X

for any λ ∈ Σϵ,λ0 . Thus, employing the same argument as in the proof of Proposition

13, we can prove Proposition 15. This completes the proof. □



On the L1-maximal regularity in the study of free boundary problem for the compressible fluid flows21

It is stated in the last section 6 to prove Theorem 1.1 using Propositions 13 and 15.

4. The spectral analysis of the Lamé equations

In view of Proposition 13, to prove the L1 integrability of solutions to the evolution

equations (1), we start with proving Theorem 3.1. Our proof is divided into several steps.

4.1. Estimate of solutions in RN

In this subsection, we consider the Lamé equations in RN :

λu−Div (αD(u) + (β − α)divuI) = g in RN (37)

for λ ∈ Σϵ with 0 < ε < π/2. Notice that Div (αD(u)+ (β−α)divuI) = α∆u+ β∇divu.

We shall prove the following theorem.

Theorem 4.1. Let 1 < q < ∞, −1 + 1/q < s < 1/q and λ0 > 0. Let σ > 0 be a

small number such that −1 + 1/q < s− σ < s+ σ < 1/q. Then, there exists an operator

S(λ) ∈ Hol (Σϵ,L(Bs
q,1(RN )N , Bs+2

q,1 (RN )N )) having (s, σ, q) properties such that for any

g ∈ Bs
q,1(RN )N , u = S(λ)g is a unique solution of equations (37).

Proof. Let ν ∈ {s− σ, s, s+ σ}. Applying the divergence to equations (37) gives

λdivu− (α+ β)∆divu = divg in RN .

Using the Fourier transform F and its inverse transform F−1, we have

divu = F−1
[ iξ · F [g](ξ)

λ+ (α+ β)|ξ|2
]
.

Inserting this formula into (37) gives that

u = F−1
[ F [g](ξ)

λ+ α|ξ|2
]
+ βF−1

[ iξiξ · F [g](ξ)

(λ+ α|ξ|2)(λ+ (α+ β)|ξ|2)

]
. (38)

As we know well, there exist positive constants c1 and c2 depending on α, β and ε such

that for any λ ∈ Σϵ there hold:

c1(|λ|1/2 + |ξ|) ≤|λ+ α|ξ|2| ≤ c2(|λ|1/2 + |ξ|),

c1(|λ|1/2 + |ξ|) ≤ |λ+ (α+ β)|ξ|2| ≤ c2(|λ|1/2 + |ξ|).
(39)

Moreover,

∂λu = F−1
[
∂λ

F [g](ξ)

λ+ α|ξ|2
]
+ βF−1

[
∂λ

iξiξ · F [g](ξ)

(λ+ α|ξ|2)(λ+ (α+ β)|ξ|2)

]
and we see that

c1(|λ|1/2 + |ξ|)−4 ≤ |∂λ(λ+ α|ξ|2)−1| ≤ c2(|λ|1/2 + |ξ|)−4,

c1(|λ|1/2 + |ξ|)−6 ≤ |∂λ((λ+ α|ξ|2)(λ+ (α+ β)|ξ|2))−1| ≤ c2(|λ|1/2 + |ξ|)−6.
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Here, if necessary, we choose different c2 from (39). Thus, applying the Fourier multiplier

theorem of Mikhlin-Hörmander type, we have

‖(λ, λ1/2∇̄, ∇̄2)∂ℓλu‖Bν
q,1(RN ) ≤ C|λ|−ℓ‖g‖Bν

q,1(RN ) (` = 0, 1).

For g ∈ Bs+σ
q,1 (RN ), we write

λ1/2λσ/2∇̄u

= F−1
[λ1/2+σ/2(1, iξ)(1 + |ξ|2)σ/2F [g](ξ)

(λ+ α|ξ|2)(1 + |ξ|2)σ/2
]

+ βF−1
[λ1/2+σ/2(1, iξ)iξiξ · ((1 + |ξ|2)σ/2F [g](ξ))

(λ+ α|ξ|2)(λ+ (α+ β)|ξ|2)(1 + |ξ|2)σ/2
]
,

λ1/2λ1−σ/2∇̄∂λu

= F−1
[
λ3/2−σ/2(1, iξ){(1 + |ξ|2)−σ/2F [g](ξ)}

(
∂λ

1

(λ+ α|ξ|2)

)
(1 + |ξ|2)σ/2

]
+ βF−1

[
λ3/2−σ/2(1, iξ)iξiξ · {(1 + |ξ|2)−σ/2F [g](ξ)}

×
(
∂λ

1

(λ+ α|ξ|2))(λ+ (α+ β)|ξ|2)

)
(1 + |ξ|2)σ/2

]
.

Applying the Fourier multiplier theorem of Mikhilin-Hörmander type, we have

‖λ1/2∇̄u‖Bs
q,1(RN ) ≤ C(1 + λ

−1/2
0 )|λ|−σ/2‖g‖Bs+σ

q,1 (RN ),

‖λ1/2∇̄∂λu‖Bs
q,1(RN ) ≤ C(1 + λ

−1/2
0 )|λ|−(1−σ/2)‖g‖Bs−σ

q,1 (RN ).

Analogously, we have

‖∇̄2u‖Bs
q,1(RN ) ≤ C(1 + λ

−1/2
0 + λ−1

0 )|λ|−σ/2‖g‖Bs+σ
q,1 (RN ),

‖∇̄2∂λu‖Bs
q,1(RN ) ≤ C(1 + λ

−1/2
0 + λ−1

0 )|λ|−(1−σ/2)‖g‖Bs−σ
q,1 (RN ),

‖(1, λ−1/2∇̄)u‖Bs
q,1(RN ) ≤ C(1 + λ

−1/2
0 )|λ|−(1−σ/2)‖g‖Bs−σ

q,1 (RN ).

Define S(λ) by S(λ)g = u, and then we see that S(λ) has (s, σ, q) properties and u =

S(λ)g is a solution of equations (37). The uniqueness follows from the existence of

solutions to the dual problem. This completes the proof of Theorem 4.1. □

4.2. Solution formulas of Lamé equations in the half-space

In this subsection, we find solution formulas of the Lamé equations in the half-space

with free boundary conditions which reads as

λu−Div (αD(u) + (β − α)divuI) = 0 in RN
+ ,

(αD(u) + (β − α)divuI)n0 = h on ∂RN
+ .

(40)

Since DivD(u) = ∆u+∇divu, (40) is rewritten as follows:
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λu− α∆u− β∇divu = 0 in RN
+ ,

− α(∂Nuj + ∂juN )|xN=0 = hj |xN=0,

− (2α∂NuN + (β − α)divu)|xN=0 = hN |xN=0

for j = 1, . . . , N − 1. In this subsection, indices j and J run from 1 through N − 1 and

from 1 through N , respectively. We apply the partial Fourier transform F ′ with respect

to x′ = (x1, . . . , xN−1) variables and then equations (40) are transformed to the following

system of ordinary differential equations:

(λ+ α|iξ′|2)F ′[uj ]− α∂2NF ′[uj ]− βiξj(iξ
′ · F ′[u′] + ∂NF ′[uN ]) = 0 (xN > 0),

(λ+ α|iξ′|2)F ′[uN ]− α∂2NF ′[uN ]− β∂N (iξ′ · F ′[u′] + ∂NF ′[uN ]) = 0 (xN > 0),

(∂NF ′[uj ] + iξjF ′[uN ])|xN=0 = −α−1F ′[hj ](ξ
′, 0),

(α(∂NF ′[uN ]− iξ′ · F ′[u′]) + β(iξ′ · F ′[u′] + ∂NF ′[uN ]))|xN=0 = −F ′[hN ](ξ′, 0).

(41)

To obtain solutions formula, we define F [uJ ] by

F [uJ ](ξ
′, xN ) = mJe

−BxN + nJ(e
−AxN − e−BxN ).

From the first two equations in (41), we have

α(B2 −A2)nj − βiξj(iξ
′ · n′ −AnN ) = 0, βiξj(iξ

′ · (m′ − n′)−B(mN − nN )) = 0,

α(B2 −A2)nN + βA(iξ′ · n′ −AnN ) = 0, βB(iξ′ · (m′ − n′)−B(mN − nN )) = 0.

(42)

From the boundary conditions it follows that

B(mj − nj) +Anj − iξjmN = α−1ĥj , (43)

α(B(mN − nN ) +AnN + iξ′ ·m′) + β(B(mN − nN ) +AnN − iξ′ ·m′) = ĥN . (44)

Setting ` = α−1β(iξ′ · n′ −AnN ), from (42) we have

nj =
iξj

B2 −A2
`, nN = − A

B2 −A2
`, (45)

iξ′ ·m′ − iξ′ · n′ −B(mN − nN ) = 0. (46)

Since −B(mN −nN )+ iξ′ ·m′ = iξ′ ·n′ as follows from (46), the last boundary condition

in (44) becomes

BmN + (A−B)nN + iξ′ ·m′ − ` = α−1ĥN . (47)

From (45) we obtain

iξ′ · n′ =
−|ξ′|2

B2 −A2
`. (48)

Substituting (45) and (48) into (46), we get
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mN = B−1
(
iξ′ ·m′ +

|ξ′|2 −AB

B2 −A2
`
)
. (49)

From (43), (48) and (49), we have

α−1Biξ′ · ĥ′ = (B2 + |ξ′|2)iξ′ ·m′ + |ξ′|2B
2 + |ξ′|2 − 2AB

B2 −A2
`. (50)

Substituting (45) and (49) into (47), we obtain

α−1ĥN = 2iξ′ ·m′ +
|ξ′|2 −B2

B2 −A2
`. (51)

Let L be a 2× 2 matrix defined by

L =


B2 + |ξ′|2 |ξ′|2B

2 + |ξ′|2 − 2AB

B2 −A2

2
|ξ′|2 −B2

B2 −A2

 .

From (50) and (51), it follows that

L

(
iξ′ ·m′

`

)
=

(
α−1Biξ′ · ĥ′

α−1ĥN

)
.

We observe that

detL =
4AB|ξ′|2 − (B2 + |ξ′|2)2

B2 −A2
.

Thus, setting

L = 4AB|ξ′|2 − (B2 + |ξ′|2)2,

we have

L−1 =
B2 −A2

L


|ξ′|2 −B2

B2 −A2
−|ξ′|2(B2 + |ξ′|2 − 2AB)

B2 −A2

−2 (B2 + |ξ′|2)

 .

Thus, we have

iξ′ ·m′ =
1

αL
((|ξ′|2 −B2)Biξ′ · ĥ′ − |ξ′|2(B2 + |ξ′|2 − 2AB)ĥN ),

` =
B2 −A2

αL
(−2Biξ′ · ĥ′ + (B2 + |ξ′|2)ĥN ).

From (43), (45) and (49), we obtain
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mN =
1

αL
((−|ξ′|2 −B2 + 2AB)iξ′ · ĥ′ −A(B2 − |ξ′|2)ĥN ),

nj =
iξj
αL

(−2Biξ′ · ĥ′ + (B2 + |ξ′|2)ĥN ),

nN =
A

αL
(2Biξ′ · ĥ′ − (B2 + |ξ′|2)ĥN ),

mj =
1

αB
ĥj +

iξj
αLB

((−3B2 − |ξ′|2 + 4AB)iξ′ · ĥ′ −B(2AB −B2 − |ξ′|2)ĥN ).

By (16) we have solution formulas:

F [uj ](ξ
′, xN ) =

1

αB
ĥje

−BxN

+ e−BxN
iξj
αLB

((−3B2 − |ξ′|2 + 4AB)iξ′ · ĥ′ −B(2AB −B2 − |ξ′|2)ĥN )

+M(xN )
iξj(B −A)

αL
(−2Biξ′ · ĥ′ + (B2 + |ξ′|2)ĥN ),

F [uN ](ξ′, xN ) = e−BxN
1

αL
((−|ξ′|2 −B2 + 2AB)iξ′ · ĥ′ −A(B2 − |ξ′|2)ĥN )

+M(xN )
A(B −A)

αL
(2Biξ′ · ĥ′ − (B2 + |ξ′|2)ĥN ).T

Using Volevich’s trick and the identity:

∂NM(xN ) = −e−BxN −AM(xN ),

we have

uj(x)

=

∫ ∞

0

F−1
ξ′

[
Be−B(xN+yN )

{ λ1/2

α2B3
F ′[λ1/2hj ](ξ

′, yN )−
N−1∑
ℓ=1

iξℓ
αB3

F ′[∂ℓhj ](ξ
′, yN )

− 1

αB2
F ′[∂Nhj ](ξ

′, yN )
}]

(x′) dyN

+

∫ ∞

0

F−1
ξ′

[
Be−B(xN+yN )

{ 1

αLB
(−3B2 − |ξ′|2 + 4AB)iξ′ · F ′[∂jh

′](ξ′, yN )

−B(2AB −B2 − |ξ′|2)F ′[∂jhN ](ξ′, yN ))

− iξj
αLB2

((−3B2 − |ξ′|2 + 4AB)iξ′ · F ′[∂Nh′](ξ′, yN )

−B(2AB −B2 − |ξ|2)F ′[∂NhN ](ξ′, yN ))
}]

(x′) dyN

+

∫ ∞

0

F−1
ξ′

[
(e−B(xN+yN ) +AM(xN + yN ))

B −A

αL
× (−2Biξ′ · F ′[∂jh

′](ξ′, yN ) + (B2 + |ξ′|2)F ′[∂jhN ](ξ′, yN ))

−M(xN + yN )
iξj(B −A)

αL
× (−2Biξ′ · F ′[∂Nh′](ξ′, yN ) + (B2 + |ξ′|2)F ′[∂NhN ](ξ′, yN ))

]
(x′) dyN ; (52)



26 Y. Enomoto and Y. Shibata

uN (x)

=

∫ ∞

0

F−1
ξ′

[
Be−B(xN+yN ) 1

αL
((−|ξ′|2 −B2 + 2AB)F ′[div′h′](ξ′, yN )

− Aλ1/2

αB2
(B2 − |ξ′|2)F [λ1/2hN ](ξ′, yN ) +

N−1∑
ℓ=1

Aiξℓ
αB2

(B2 − |ξ′|2)F [∂ℓhN ](ξ′, yN ))

−Be−B(xN+yN ) 1

αBL
((−|ξ′|2 −B2 + 2AB)iξ′ · F ′[∂Nh′](ξ′, yN )

−A(B2 − |ξ′|2)F ′[∂NhN ](ξ′, yN ))

+ (e−B(xN+yN ) +AM(xN + yN ))
A(B −A)

αL
{
2BF ′[div′h′](ξ′, yN )

− (B2 + |ξ′|2)(λ
1/2

αB2
F ′[λ1/2hN ](ξ′, yN )−

N−1∑
ℓ=1

iξℓ
B2

F ′[∂ℓhN ](ξ′, yN ))
}

−M(xN + yN )
A(B −A)

αL
× (2Biξ′ · F ′[∂Nh′](ξ′, yN )− (B2 + |ξ′|2)F ′[∂NhN ](ξ′, yN ))

]
(x′) dyN . (53)

Definition 16. A class of Nℓ is the set of all symbols m(λ, ξ′) ∈ Mℓ such that

∂λm(λ, ξ′) ∈ Mℓ−2.

Lemma 17. Let L = 4AB|ξ′|2 − (B2 + |ξ′|2)2 and M = L/λ. Then, there holds

M−1 ∈ N−2.

Proof. Let r > 0 be a sufficiently small positive number determined later. First,

we consider the case where |λ|/|ξ′|2 ≤ r and (λ, ξ′) ∈ Σϵ × (RN−1 \ {0}). The Taylor

expansion of (1 + t)1/2 is that

(1 + t)1/2 = 1 +
t

2
− t2

4

∫ 1

0

(1− θ)(1 + θt)−3/2 dθ.

Thus, setting γA = (α+ β)−1 and γB = α−1, for E ∈ {A,B}, we have

E = |ξ′|
√

1 + γEλ|ξ′|−2 = |ξ′|
{
1 +

γE
2
λ|ξ′|−2 + γ2EzE(λ|ξ′|−2)2

}
(54)

where we have set

zE = −1

4

∫ 1

0

(1− θ)(1 + θγEλ|ξ′|−2)−3/2 dθ.

Thus,

AB = |ξ′|2
{
1 +

1

2
(γA + γB)λ|ξ′|−2 + yAB

}
, (55)

where we have set
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yAB =
γAγB
4

λ2|ξ′|−4 + γ2AzAλ
2|ξ′|−4 + γ2BzBλ

2|ξ′|−4

+
γBγ

2
A

2
zAλ

3|ξ′|−6 +
γAγ

2
B

2
zBλ

3|ξ′|−6 + γ2Aγ
2
BzAzBλ

4|ξ′|−8. (56)

First, we shall show that

|Dκ′

ξ′ zE | ≤ Cκ′ |ξ′|−|κ′|, (57)

|Dκ′

ξ′ ∂λzE | ≤ Cκ′ |ξ′|−2−|κ′|, (58)

|Dκ′

ξ′ λ
−1yAB | ≤ C|ξ′|−2−|κ′|, (59)

|Dκ′

ξ′ ∂λ(λ
−1yAB)| ≤ C|ξ′|−4−|κ′| (60)

where E ∈ {A,B}. To prove (57), we observe that for any κ′ ∈ NN−1
0 , ` ∈ N, and

E ∈ {A,B}, we have

|Dκ′

ξ′ (1 + θγEλ|ξ|−2)−ℓ/2| ≤ Cκ′ |ξ′|−|κ′|. (61)

In fact, by the Bell formula and (15), we have

|Dκ′

ξ′ (1 + θγEλ|ξ′|−2)−ℓ/2|

≤ Cκ′

|κ′|∑
m=1

|1 + θγEλ|ξ′|−2|−ℓ/2−m
∑

κ′
1+···+κ′

m=κ′

|Dκ′
1

ξ′ θγEλ|ξ
′|−2| · · · |Dκ′

m

ξ′ θγEλ|ξ
′|−2|

≤ Cκ′

|κ′|∑
m=1

|1 + θγEλ|ξ′|−2|−ℓ/2−m|θγEλ|ξ′|−2|m|ξ′|−|κ′|

≤ Cκ′ |ξ′|−|κ′|.

Thus, we have (61), and so (57). Since

∂λzE =
3

8

∫ 1

0

(1− θ)(1 + θγEλ|ξ′|−2)−5/2θ dθγE |ξ′|−2,

by Leibniz’s rule and (61), we have (58). From (56), it follows that

λ−1yAB =
γAγB
4

λ|ξ′|−4 + γ2AzAλ|ξ′|−4 + γ2BzBλ|ξ′|−4

+
γBγ

2
A

2
zAλ

2|ξ′|−6 +
γAγ

2
B

2
zBλ

2|ξ′|−6 + γ2Aγ
2
BzAzBλ

3|ξ′|−8.

Thus, using (57) and Leibniz’s rule, we have

|Dκ′

ξ′ λ
−1yAB | ≤ Cκ′(|λ||ξ′|−4−|κ′| + |λ|2|ξ′|−6−|κ′| + |λ|3|ξ′|−8−|κ′|)

≤ Cκ′(r + r2 + r3)|ξ′|−2−|κ′|,

which shows (59). Since
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∂λ(λ
−1yAB) =

γAγB
4

|ξ′|−4 + γ2A((∂λzA)λ+ zA)|ξ′|−4 + γ2B((∂λzB)λ+ zB)|ξ′|−4

+
γBγ

2
A

2
((∂λzA)λ

2 + 2zAλ)|ξ′|−6 +
γAγ

2
B

2
((∂λzB)λ

2 + 2zBλ)|ξ′|−6

+ γ2Aγ
2
B((∂λzA)zBλ

3 + zA(∂λzB)λ
3 + 3zAzBλ

2)|ξ′|−8.

Thus, by Leibniz’s rule, (57) and (58), we have

|Dκ′

ξ′ (λ
−1yAB)| ≤ Cκ′(|ξ′|−4−|κ′| + |λ||ξ′|−6−|κ′| + |λ|2|ξ′|−8−|κ′| + |λ|3|ξ′|−10−|κ′|)

≤ Cκ′ |ξ′|−4−|κ′|.

This shows (60).

Since (B2 + |ξ′|2)2 = (α−1λ+ 2|ξ′|2)2 = α−2λ2 + 4γBλ|ξ′|2 + 4|ξ′|4, we have

L = 4AB|ξ′|2 − (B2 + |ξ′|2)2 = 2c0λ|ξ′|2 − α−2λ2 + 4|ξ′|4yAB

with c0 = γA − γB = (α+ β)−1 − α−1. Thus, we have

M =
L
λ

= 2c0|ξ′|2 − α−2λ+ 4|ξ′|4λ−1yAB . (62)

Thus, by (59) and Leibniz’s rule, we have

|Dκ′

ξ′M | ≤ Cκ′ |ξ′|2−|κ′|. (63)

In particular,

|M | ≥ 2|c0||ξ′|2 − C(|λ|+ |λ|2|ξ′|−2 + |λ|3|ξ′|−4) ≥ 2|c0| − C|ξ′|2(r + r2 + r3).

Thus, choosing r > 0 so small that C ′(r + r2 + r3) ≤ |c0|, we have

|M | ≥ |c0||ξ′|2. (64)

By (63), (64) and Bell’s formula, we have

|Dκ′

ξ′M
−1| ≤ Cκ′

|κ′|∑
ℓ=1

|M |−ℓ−1
∑

κ′
1+···+κ′

ℓ=κ′

|Dκ′
1

ξ′ M | · · · |Dκ′
ℓ

ξ′ M | ≤ Cκ′ |ξ′|−2−|κ′|. (65)

We now consider ∂λM
−1 = −M−2∂λM . From (62) it follows that

∂λM = −α−2 + 4|ξ′|4∂λ(λ−1yAB).

Thus, by (60), we have

|Dκ′

ξ′ (∂λM)| ≤ C|ξ′|−|κ′|. (66)

Since ∂λM
−1 = −M−2∂λM , by Leibniz’s rule, (65), and (66), we have
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|Dκ′

ξ′ ∂λM
−1| ≤ Cκ′ |ξ|−4−|κ′|. (67)

Noting that |ξ′| ≥ (1/2)(|ξ′|+ r−1|λ|1/2), by (65) and (67), we have

|Dκ′

ξ′M
−1| ≤ C(|λ|1/2 + |ξ′|)−2−|κ′|,

|Dκ′

ξ′ (∂λM
−1)| ≤ C(|λ|1/2 + |ξ′|)−4−|κ′|.

Next, we consider the case where |ξ′|2/|λ| ≤ r and (λ, ξ′) ∈ Σϵ × (RN−1 \ {0}). In

this case, we have

A = ((α+ β)−1λ)1/2(1 + |ξ′|2(α+ β)λ−1)1/2,

B = (α−1λ)1/2(1 + |ξ′|2αλ−1)1/2,

and so

L = 4(α+ β)−1/2α−1/2λ|ξ′|2(1 +O(|ξ′|2/λ))− α−2λ2 − 4α−1λ|ξ′|2 − 4|ξ′|4

This implies that

|L| ≥ α−2|λ|2 − Cr|λ|2

for some constant C. Choosing r > 0 so small that Cr ≤ α−2/2, we have

|L| ≥ (α−2/2)|λ|2.

Thus, we have

|M | ≥ (α−2/2)|λ| ≥ c1(|λ|1/2 + |ξ′|)2

with some positive number c1, where we have used the fact that |λ|1/2 ≥ (1/2)(|λ|1/2 +
r−1/2|ξ′|). We know that

|Dκ′
|ξ′|2| ≤ Cκ′(|λ|1/2 + |ξ′|)2−|κ′|.

Moreover, for E ∈ {A,B} we know that

|Dκ′

ξ′E| ≤ C(|λ|1/2 + |ξ′|)1−|κ′|,

|Dκ′

ξ′ (∂λE)| ≤ C(|λ|1/2 + |ξ′|)−1−|κ′|.

Thus, we have

|Dκ′

ξ′ L| ≤ C(|λ|1/2 + |ξ′|)4−|κ′|.

Recalling that M = L/λ, we have

|Dκ′

ξ′M | ≤ C(|λ|1/2 + |ξ′|)2−|κ′|.

By Bell’s formula,
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|Dκ′

ξ′M
−1| ≤ Cκ′

|κ′|∑
ℓ=1

(|λ|1/2 + |ξ′|)−2(ℓ+1)(|λ|1/2 + |ξ′|)2ℓ−|κ′|.

Namely, we have

|Dκ′

ξ′M
−1| ≤ Cκ′(|λ|1/2 + |ξ′|)−2−|κ′|. (68)

We observe that ∂λM
−1 = −M−2(∂λM) and ∂λM = λ−1∂λL − λ−2L. Since

∂λL = 4((∂λA)B +A(∂λB))|ξ′|2 − 2(α−1λ+ 2|ξ′|2)α−1,

we have

|Dκ′

ξ′ ∂λL| ≤ Cκ′(|λ|1/2 + |ξ|)2−|κ′|,

and so

|Dκ′

ξ′ (∂λM)| ≤ Cκ′(|λ|1/2 + |ξ′|)−|κ′|.

Therefore, we have

|Dκ′

ξ′ (∂λM
−1)| ≤ Cκ′(|λ|1/2 + |ξ′|)−4−|κ′|. (69)

Finally, we consider the case where

r|λ| ≤ |ξ′|2 ≤ r−1|λ|, (λ, ξ′) ∈ Σϵ,λ0
× RN−1. (70)

First, we shall show that

L 6= 0 for any (λ, ξ′) ∈ Σϵ × (RN−1 \ {0}). (71)

We know that the uniqueness of solutions of the forms ûJ = aJe
−BxN + bJ(e

−BxN −
e−AxN ) to equations (41) guarantees L 6= 0. Thus, we shall show the uniqueness. Let us

write ûJ = vJ for the notational simplicity and we assume that vJ satisfy equations:

(λ+ α|iξ′|2)vj − α∂2Nvj − βiξj(iξ
′ · v′ + ∂NvN ) = 0 (xN > 0),

(λ+ α|iξ′|2)vN − α∂2NvN − β∂N (iξ′ · v′ + ∂NvN ) = 0 (xN > 0),

(∂Nvj + iξjvN )|xN=0 = 0,

(α(∂NvN − iξ′ · v′) + β(iξ′ · v′ + ∂NvN ))|xN=0 = 0.

Here, v′ = (v1, . . . , vN−1). Notice that

0 = λvj + α|ξ′|2vj − α∂2Nvj − βiξj(iξ
′ · v′ + ∂NvN )

= λvj − α

N−1∑
k=1

iξk(iξkvj + iξjvk)− α∂N (∂Nvj + iξjvN )

− (β − α)iξj(iξ
′ · v′ + ∂NvN ), (72)
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0 = λvN + α|ξ′|2vN − α∂2NvN − β∂N (iξ′ · v′ + ∂NvN )

= λvN − α

N−1∑
k=1

iξk(iξkvN + ∂Nvk)− 2α∂2NvN − (β − α)∂N (iξ′ · v′ + ∂NvN ). (73)

Since vj decay exponentially as xN → ∞, multiplying (72) with vj and (73) with vN ,

and using integration by parts

0 =λ‖v‖2 + α

N−1∑
j,k=1

‖iξkvj‖2 + α

N−1∑
j=1

‖∂Nvj‖2 + α‖iξ′ · v′‖2

+ α

N−1∑
j=1

(iξjvN , ∂Nvj) + α

N−1∑
j=1

‖iξjvN‖2 + α

N−1∑
j=1

(∂Nvj , iξjvN ) + 2α‖∂NvN‖2

+ (β − α)(‖iξ′ · v′‖2 + (∂NvN , iξ
′ · v′) + (iξ′ · v′, ∂NvN ) + ‖∂NvN‖2).

(74)

Here (f, g) =
∫
R+
f(xN )g(xN ) dxN and ‖f‖2 = (f, f). Taking the real part and the

imaginary part of (74) yields

(Imλ)‖v‖2 = 0, (75)

(Reλ)‖v‖2 + α

N−1∑
j,k=1

‖iξkvj‖2

+ α

N−1∑
j=1

(‖iξjvN‖2 + ‖∂Nvj‖2 + (iξjvN , ∂Nvj) + (∂Nvj , iξjvN ))

+ α‖iξ′ · v′‖2 + 2α‖∂NvN‖2 + β(‖iξ′ · v′‖2 + ‖∂NvN‖2 + (∂NvN , iξ
′ · v′)

+ (iξ′ · v′, ∂NvN ))− α(‖iξ′ · v′‖2 + (∂NvN , iξ
′ · v′)

+ (iξ′ · v′, ∂NvN ) + ‖∂NvN‖2) = 0. (76)

If Imλ 6= 0, by (75), we have v = 0. If Imλ = 0, then Reλ > 0. Thus, by (76), we have

0 ≥ Reλ‖v‖2 + α

N−1∑
j,k=1

‖iξkvj‖2 + α

N−1∑
j=1

(‖∂Nvj‖2 − 2‖iξjvN‖‖∂Nvj‖+ ‖iξjvN‖2)

+ α‖iξ′ · v′‖2 + 2α‖∂NvN‖2 − α‖iξ′ · v′‖2 − α‖∂NvN‖2 − 2α‖∂NvN‖‖iξ′ · v′‖
+ β(‖iξ′ · v′‖2 + ‖∂NvN‖2 − 2‖∂NvN‖‖iξ′ · v′‖).

Here, we have

α(‖∂Nvj‖2 − 2‖iξjvN‖‖∂Nvj‖+ ‖iξjvN‖2) ≥ α(‖∂Nvj‖ − ‖iξjvN‖)2 ≥ 0,

β(‖iξ′ · v′‖2 + ‖∂NvN‖2 − 2‖∂NvN‖‖iξ′ · v′‖ ≥ β(‖iξ′ · v′‖ − ‖∂NvN‖)2 ≥ 0.

Moreover, noting that
∑N−1

j,k=1 ‖iξkvj‖2 = |ξ′|2‖v′‖2 and ‖iξ′ · v′‖ ≤ |ξ′|‖v′‖, we have
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α

N−1∑
j,k=1

‖iξkvj‖2 + α‖iξ′ · v′‖2 + 2α‖∂NvN‖2

− α‖iξ′ · v′‖2 − α‖∂NvN‖2 − 2α‖∂NvN‖‖iξ′ · v′‖
≥ α(|ξ′|2‖v′‖2 + ‖∂NvN‖2 − 2‖∂NvN‖|ξ′|‖v′‖)
≥ α(|ξ′|‖v′‖ − ‖∂NvN‖)2 ≥ 0.

Thus, 0 ≥ Reλ‖v‖2, which yields v = 0. In particular, we have proved (71).

Let

λ̃ =
λ

(|λ|1/2 + |ξ′|)2
, ξ̃′ =

ξ′

|λ|1/2 + |ξ′|
,

Ã = ((α+ β)−1λ̃+ |ξ̃′|2)1/2, B̃ = (α−1λ̃+ |ξ̃′|2)1/2,

L̃ = 4ÃB̃|ξ̃′|2 − (B̃2 + |ξ̃′|2)2.

We have L = (|λ|1/2+ |ξ′|)4L̃. Notice that λ̃ ∈ Σϵ provided that λ ∈ Σϵ. Moreover, from

(70) it follows that

r1/2

1 + r1/2
≤ |ξ̃| ≤ 1

1 + r1/2
,

r

(1 + r1/2)2
≤ |λ̃| ≤ 1

(1 + r1/2)2
. (77)

Thus, we set

U = {(λ̃, ξ̃′) ∈ Σϵ × (RN−1 \ {0}) | (77) holds}.

Since U is a compact set and L̃ 6= 0 for (λ̃, ξ̃′) ∈ U , there exists a constant c2 > 0 such

that

inf
(λ̃,ξ̃′)∈U

|L̃| = c2 > 0.

Thus, we have

|L| ≥ c2(|λ|1/2 + |ξ′|)4

for (λ, ξ′) ∈ Σϵ×(RN−1\{0}) satisfying the condition (71). Employing the same argument

as in the proof of (68) and (69), we have

|Dκ′

ξ′M
−1| ≤ Cκ′(|λ|1/2 + |ξ′|)−2−|κ′|,

|Dκ′

ξ′ (∂λM
−1)| ≤ Cκ′(|λ|1/2 + |ξ′|)−4−|κ′|.

Thus, we have proved M−1 ∈ M−2 and ∂λM
−1 ∈ M−4. Namely, M−1 ∈ N−2. □

Lemma 18. Let m1 = −3B2 − |ξ′|2 + 4AB, m2 = 2AB − B2 − |ξ′|2 and m3 =

B − A be symbols appearing in the solution formula. Then, mi/λ ∈ N0 for i = 1, 2 and

m3/λ ∈ N−1.
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Proof. To prove the lemma, we use the symbols given in the proof of Lemma 17.

First, we consider the case where |λ|/|ξ′|2 ≤ r and (λ, ξ′) ∈ Σϵ × (RN−1 \ {0}) with some

small r > 0. Using (55), we write m1/λ = (2γA − γB)+ 4|ξ′|2λ−1yAB . By (59), (60) and

Leibniz’s rule, we have

|Dκ′

ξ′ (m1/λ)| ≤ Cκ′ |ξ′|−|κ′|,

|Dκ′

ξ′ ∂λ(m1/λ)| ≤ Cκ′ |ξ′|−2−|κ′|.

Analogously, using (55) we write m2/λ = γA+2|ξ′|2λ−1yAB . By (59), (60) and Leibniz’s

rule, we have

|Dκ′

ξ′ (m2/λ)| ≤ Cκ′ |ξ′|−|κ′|,

|Dκ′

ξ′ ∂λ(m2/λ)| ≤ Cκ′ |ξ′|−2−|κ′|.

Using (54), we have m3/λ = (γB − γA)|ξ′|−1/2 + (γ2BzB − γ2AzA)λ|ξ′|−3. Since

|Dκ′

ξ′ (λ|ξ′|−3)| ≤ Cκ′ |λ||ξ′|−3−|κ′| ≤ Cκ′r|ξ′|−1−|κ′|,

|Dκ′

ξ′ ∂λ(λ|ξ′|−3)| ≤ Cκ′ |ξ′|−3−|κ′|.

Using this, (57), (58) and Leibniz’s rule, we have

|Dκ′

ξ′ (m3/λ)| ≤ Cκ′ |ξ′|−1−|κ′|,

|Dκ′

ξ′ ∂λ(m3/λ)| ≤ Cκ′ |ξ′|−3−|κ′|.

We now consider the case where |λ|/|ξ′|2 ≥ r and (λ, ξ′) ∈ Σϵ × (RN−1 \ {0}). In

view of (15), we see easily that

|Dκ′

ξ′E| ≤ Cκ′(|λ1/2 + |ξ′|)1−|κ′|,

|Dκ′

ξ′ ∂λE| ≤ Cκ′(|λ1/2 + |ξ′|)−1−|κ′|

for E ∈ {A,B}. Noticing that |λ|1/2 ≥ (1/2)(|λ|1/2 + r1/2|ξ′|), we see easily that

|Dκ′

ξ′ (mi/λ)| ≤ Cκ′(|λ|1/2 + |ξ′|)−|κ′|,

|Dκ′

ξ′ ∂λ(mi/λ)| ≤ Cκ′(|λ|1/2 + |ξ′|)−2−|κ′|

for i = 1, 2. And

|Dκ′

ξ′ (m3/λ)| ≤ Cκ′(|λ|1/2 + |ξ′|)−1−|κ′|,

|Dκ′

ξ′ ∂λ(m3/λ)| ≤ Cκ′(|λ|1/2 + |ξ′|)−3−|κ′|.

Combining these results, we have proved that mi/λ ∈ N0 (i = 1, 2) and m3/λ ∈ N−1

This completes the proof. □
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4.3. Estimates of solution formulas in the half-space

Let H̃ = (H2,H3) be an N +N2 vertical vector such that H2 and H3 correspond to

λ1/2h = (λ1/2h1, . . . , λ
1/2hN )⊤ and ∇h = (∂ihj | i, j = 1, . . . , N)⊤, respectively. Here,

k⊤ denotes the transposed vector of k = (k1, . . . , kN ). In the solution formulas (52) and

(53), writing

−3B2 − |ξ′|2 + 4AB

L
=

−3B2 − |ξ′|2 + 4AB

λM
,

2AB −B2 − |ξ′|2

L
=

2AB −B2 − |ξ′|2

λM
,

B2 − |ξ′|2

L
=

1

αM
,

B −A

L
=
B −A

λM
,

by Lemmas 17 and 18, we see that the first three terms belong to N−2 and the last term

belongs to N−3. Thus, all the symbols appearing in the solutions formulas (52) and (53)

belong to N−2. Using this fact, we see that there exist N × N matrices M1(λ, ξ
′) and

M2(λ, ξ
′) of N−2 symbols such that setting

T (λ)H̃ =

∫ ∞

0

F−1
ξ′ [Be−B(xN+yN )M1(λ, ξ

′)F ′[H̃](ξ′, yN )](x′) dyN

+

∫ ∞

0

F−1
ξ′ [B2M(xN + yN )M2(λ, ξ

′)F ′[H̃](ξ′, yN )](x′) dyN

we have u = T (λ)(λ1/2h,∇h) is a solution of equations (40). Here, T (λ)H̃ and H̃ are

both vertical vectors. Moreover, T (λ) has the following properties.

Theorem 4.2. Let 1 < q < ∞, −1 + 1/q < s < 1/q, 0 < ε < π/2, λ0 > 0 and

let σ be a small positive number such that −1 + 1/q < s − σ < s < s + σ < 1/q. Then,

T (λ) ∈ Hol (Σϵ,λ0
,L(Bs

q,1(RN
+ )N+N2

, Bs+2
q,1 (RN

+ )N )) has (s, σ, q) properties.

Proof. To prove the theorem, we shall use Theorem 2.1 in Subsection 2.6. Notice

that ‖f‖W 1
q (RN

+ ) = ‖∇̄f‖Lq(RN
+ ) and ‖f‖W 2

q (RN
+ ) = ‖∇̄2f‖Lq(RN

+ ). In what follows, we may

assume that H̃ ∈ C∞
0 (RN

+ )N+N2

. In fact, C∞
0 (RN

+ ) is dense in Bs
q,1(RN

+ ) for 1 < q < ∞
and −1 + 1/q < s < 1/q (cf. Proposition 2.24, Lemma 2.32, and Corollaries 2.26 and

2.34 in [17]). Using the formulas:

∂ℓNM(xN ) = (−1)ℓ(AℓM(xN ) +
Aℓ −Bℓ

A−B
e−BxN ) (` ≥ 1),

and setting

M(0)
1 (λ) = M1(λ, ξ

′), M(ℓ)
1 (λ) = (−B)ℓM1(λ, ξ

′) + (−1)ℓ
Aℓ −Bℓ

A−B
BM2(λ, ξ

′) (` ≥ 1),

M(0)
2 (λ) = M2(λ, ξ

′), M(ℓ)
2 (λ) = (−1)ℓAℓM2(λ, ξ

′) (` ≥ 1)

for the notational simplicity, we write

∂ℓNT (λ)H̃ =

∫ ∞

0

F−1
ξ′

[
M(ℓ)

1 (λ)F ′[H̃](ξ′, yN )Be−B(xN+yN )
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+M(ℓ)
2 (λ)F ′[H̃](ξ′, yN )B2M(xN + yN )

]
(x′) dyN . (78)

Using these symbols, we can write

λk∂κ
′

x′ ∂ℓNT (λ)H̃ =

∫ ∞

0

F−1
ξ′

[
λk(iξ′)κ

′
M(ℓ)

1 (λ)F ′[H̃](ξ′, yN )Be−B(xN+yN )

+λk(iξ′)κ
′
M(ℓ)

2 (λ)F ′[H̃](ξ′, yN )B2M(xN + yN )
]
(x′) dyN .

If 2k + |κ′|+ ` ≤ 2, then λk(iξ′)κ
′M(ℓ)

1 (λ) ∈ M0 and λk(iξ′)κ
′M(ℓ)

2 (λ) ∈ M0. Thus, by

Proposition 9 we have

‖(λ, λ1/2∇̄, ∇̄2)T (λ)H̃‖Lq(RN
+ ) ≤ C‖H̃‖Lq(RN

+ ). (79)

To obtain the W 1
q (RN

+ ) estimate, noting that H̃ ∈ C∞
0 (RN

+ )N+N2

, using the formulas:

∂N (−B)−1e−B(xN+yN ) = e−B(xN+yN ),

∂N ((AB)−1e−B(xN+yN ) −A−1M(xN + yN )) =M(xN + yN )

and setting

M̃(ℓ−1)
1 (λ) = (B−1M(ℓ)

1 (λ)−A−1M(ℓ)
2 (λ)), M̃(ℓ−1)

2 (λ) = A−1M(ℓ)
2 (λ),

by integration by parts, we have

∂ℓNT (λ)H̃ =

∫ ∞

0

F−1
ξ′

[
M̃(ℓ−1)

1 (λ)F ′[∂N H̃](ξ′, yN )Be−B(xN+yN )

+ M̃(ℓ−1)
2 (λ)F ′[∂N H̃](ξ′, yN )B2M(xN + yN )

]
(x′) dyN . (80)

Thus, we have

λk∂κ
′

x′ ∂ℓNT (λ)H̃ =

∫ ∞

0

F−1
ξ′

[
λk(iξ′)κ

′
M̃(ℓ−1)

1 (λ)F ′[∂N H̃](ξ′, yN )Be−B(xN+yN )

+ λk(iξ′)κ
′
M̃(ℓ−1)

2 (λ)F ′[∂N H̃](ξ′, yN )B2M(xN + yN )
]
(x′) dyN .

If 2k+ |κ′|+ ` ≤ 3, both λk(iξ′)κ
′M̃(ℓ−1)

1 (λ) and λk(iξ′)κ
′M̃(ℓ−1)

2 (λ) belong to M0, and

so by Proposition 9, we have

‖(λ, λ1/2∇̄, ∇̄2)T (λ)H̃‖W 1
q (RN

+ ) ≤ C‖H̃‖W 1
q (RN

+ ),

‖(λ1/2∇̄, ∇̄2)T (λ)H̃‖Lq(RN
+ ) ≤ C|λ|−1/2‖H̃‖W 1

q (RN
+ ).

(81)

We next consider T (λ)∗, which is defined by exchanging F ′ and F−1
ξ′ in the formula

of T (λ). Namely,

T (λ)∗H̃ =

∫ ∞

0

F ′
[
M(0)

1 (λ)F−1
ξ′ [H̃](ξ′, yN )Be−B(xN+yN )
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+M(0)
2 (λ)F−1

ξ′ [H̃](ξ′, yN )B2M(xN + yN )
]
(x′) dyN .

Obvisouly, for H̃, G̃ ∈ C∞
0 (RN

+ )N+N2

, we see that

((λ, λ1/2∇̄, ∇̄2)T (λ)H̃, G̃) = (H̃, (λ, λ1/2∇̄, ∇̄2)T ∗(λ)G̃).

In particular, (λ, λ1/2∇̄, ∇̄2)T (λ)∗ = ((λ, λ1/2∇̄, ∇̄2T (λ))∗.

Employing the same argument as in the proof of (79) and (81), we have

‖(λ, λ1/2∇̄, ∇̄2)T (λ)∗H̃‖Lq′ (RN
+ ) ≤ C‖H̃‖Lq′ (RN

+ ),

‖(λ, λ1/2∇̄, ∇̄2)T (λ)∗H̃‖W 1
q′ (R

N
+ ) ≤ C‖H̃‖W 1

q′ (R
N
+ ),

‖(λ1/2∇̄, ∇̄2)T (λ)∗H̃‖Lq′ (RN
+ ) ≤ C|λ|−1/2‖H̃‖W 1

q′ (R
N
+ ).

(82)

In view of (79), (81) and (82), the assertion (1) of Theorem 2.1 implies that for any

λ ∈ Σϵ,λ0
, there hold

‖(λ, λ1/2∇̄, ∇̄2)T (λ)H̃‖Bν
q,1(RN

+ ) ≤ C‖H̃‖Bν
q,1(RN

+ ) (ν ∈ {s− σ, s, s+ σ}),

‖(λ, λ1/2∇̄, ∇̄2)T (λ)H̃‖Bs
q,1(RN

+ ) ≤ C|λ|−σ
2 ‖H̃‖Bs+σ

q,1 (RN
+ ).

We now consider ∂λT (λ)H̃. From (78) it follows that

∂ℓN∂λT (λ)H̃ = ∂λ∂
ℓ
NT (λ)H̃

=

∫ ∞

0

F−1
ξ′

[
(∂λM(ℓ)

1 (λ))F ′[H̃](ξ′, yN )Be−B(xN+yN )

+B−2M(ℓ)
1 (λ)F ′[H̃](ξ′, yN )B2∂λ(Be

−B(xN+yN ))

+ (∂λM(ℓ)
2 (λ))F ′[H̃](ξ′, yN )B2M(xN + yN )

+B−2M(ℓ)
2 (λ)F ′[H̃](ξ′, yN )B2∂λ(B

2M(xN + yN ))
]
(x′) dyN .

Thus, we have

λk∂κ
′

x′ ∂ℓN∂λT (λ)H̃

=

∫ ∞

0

F−1
ξ′

[
λk(iξ′)κ

′
(∂λM(ℓ)

1 (λ))F ′[H̃](ξ′, yN )Be−B(xN+yN )

+ λk(iξ′)κ
′
B−2M(ℓ)

1 (λ)F ′[H̃](ξ′, yN )B2∂λ(Be
−B(xN+yN ))

+ λk(iξ′)κ
′
(∂λM(ℓ)

2 (λ))F ′[H̃](ξ′, yN )B2M(xN + yN )

+ λk(iξ′)κ
′
B−2M(ℓ)

2 (λ)F ′[H̃](ξ′, yN )B2∂λ(B
2M(xN + yN ))

]
(x′) dyN .

If 2k + |κ′|+ ` ≤ 4, the following symbols:

λk(iξ′)κ
′
(∂λM(ℓ)

1 (λ)), λk(iξ′)κ
′
B−2M(ℓ)

1 (λ),

λk(iξ′)κ
′
(∂λM(ℓ)

2 (λ)), λk(iξ′)κ
′
B−2M(ℓ)

2 (λ)
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belong to M0, and so by Proposition 9 we have

‖(λ, λ1/2∇̄, ∇̄2)∂λT (λ)H̃‖Lq(RN
+ ) ≤ C|λ|−1‖H̃‖Lq(RN

+ ). (83)

Moreover, from (80) it follows that

∂ℓN∂λT (λ)H̃ =

∫ ∞

0

F−1
ξ′

[
(∂λM̃(ℓ−1)

1 (λ))F ′[∂N H̃](ξ′, yN )Be−B(xN+yN )

+B−2M̃(ℓ−1)
1 (λ)F ′[∂N H̃](ξ′, yN )B2∂λ(Be

−B(xN+yN ))

+ (∂λM̃(ℓ−1)
2 (λ))F ′[∂N H̃](ξ′, yN )B2M(xN + yN )

]
(x′) dyN

+B−2M̃(ℓ−1)
2 (λ)F ′[∂N H̃](ξ′, yN )B2∂λ(B

2M(xN + yN ))
]
(x′) dyN .

Thus, we have

λk∂κ
′

x′ ∂ℓN∂λT (λ)H̃

=

∫ ∞

0

F−1
ξ′

[
λk(iξ′)κ

′
(∂λM̃(ℓ−1)

1 (λ))F ′[∂N H̃](ξ′, yN )Be−B(xN+yN )

+ λk(iξ′)κ
′
B−2M̃(ℓ−1)

1 (λ)F ′[∂N H̃](ξ′, yN )B2∂λ(Be
−B(xN+yN ))

+ λk(iξ′)κ
′
(∂λM̃(ℓ−1)

2 (λ))F ′[∂N H̃](ξ′, yN )B2M(xN + yN )
]
(x′) dyN

+ λk(iξ′)κ
′
B−2M̃(ℓ−1)

2 (λ)F ′[∂N H̃](ξ′, yN )B2∂λ(B
2M(xN + yN ))

]
(x′) dyN .

If 2k + |κ′|+ ` ≤ 5, the following symbols:

λk(iξ′)κ
′
(∂λM̃(ℓ−1)

1 (λ)), λk(iξ′)κ
′
B−2M̃(ℓ−1)

1 (λ),

λk(iξ′)κ
′
(∂λM̃(ℓ−1)

2 (λ)), λk(iξ′)κ
′
B−2M̃(ℓ−1)

2 (λ))

all belong to M0, and so by Proposition 9 we have

‖(λ, λ1/2∇̄, ∇̄2)∂λT (λ)H̃‖W 1
q (RN

+ ) ≤ C|λ|−1‖H̃‖W 1
q (RN

+ ),

‖(λ, λ1/2∇̄, ∇̄2)∂λT (λ)H̃‖W 1
q (RN

+ ) ≤ C|λ|−1/2‖H̃‖Lq(RN
+ ).

(84)

Since ∂λT1(λ)∗ is obtained by exchanging F−1
ξ′ and F ′, that is

∂λT (λ)∗H̃ =

∫ ∞

0

F ′
[
(∂λM(0)

1 (λ))F−1
ξ′ [H̃](ξ′, yN )Be−B(xN+yN )

+B−2M(0)
1 (λ)F−1

ξ′ [H̃](ξ′, yN )B2∂λ(Be
−B(xN+yN ))

+ (∂λM(0)
2 (λ))F−1

ξ′ [H̃](ξ′, yN )B2M(xN + yN )

+B−2M(0)
2 (λ)F−1

ξ′ [H̃](ξ′, yN )B2∂λ(B
2M(xN + yN ))

]
(x′) dyN .

Employing the same argument, we see that
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‖(λ, λ1/2∇̄, ∇̄2)∂λT (λ)∗H̃‖Lq′ (RN
+ ) ≤ C|λ|−1‖H̃‖Lq′ (RN

+ ),

‖(λ, λ1/2∇̄, ∇̄2)∂λT (λ)∗H̃‖W 1
q′ (R

N
+ ) ≤ C|λ|−1‖H̃‖W 1

q′ (R
N
+ ),

‖(λ, λ1/2∇̄, ∇̄2)∂λT (λ)∗H̃‖W 1
q′ (R

N
+ ) ≤ C|λ|−1/2‖H̃‖Lq′ (RN

+ ).

(85)

Since H̃ ∈ C∞
0 (RN

+ )N+N2

, we see that ((λ, λ1/2∇̄.∇̄2)(∂λT (λ))∗ =

(λ, λ1/2∇̄, ∇̄2)(∂λT (λ))∗. Thus, in view of (83), (84) and (85), by Theorem 2.1,

we see that for any λ ∈ Σϵ,λ0
there holds

‖(λ, λ1/2∇̄, ∇̄2)∂λT (λ)H̃‖Bν
q,1(RN

+ ) ≤ C|λ|−1‖H̃‖Bν
q,1(RN

+ ) (ν ∈ {s− σ, s, s+ σ}),

‖(λ, λ1/2∇̄, ∇̄2)∂λT (λ)H̃‖Bs
q,1(RN

+ ) ≤ C|λ|−(1−σ
2 )‖H̃‖Bs−σ

q,1 (RN
+ ).

Finally, we shall see that for any λ ∈ Σϵ,λ0
there holds

‖(1, λ−1/2∇̄)T (λ)H̃‖Bs
q,1(RN

+ ) ≤ C|λ|−(1−σ
2 )‖H̃‖Bs−σ

q,1 (RN
+ ). (86)

In fact, by (79), we have

‖(1, λ−1/2∇̄)T (λ)H̃‖Lq(RN
+ ) ≤ C|λ|−1‖H̃‖Lq(RN

+ ),

‖(1, λ−1/2∇̄)T (λ)H̃‖W 1
q (RN

+ ) ≤ C|λ|−1/2‖H̃‖Lq(RN
+ ).

And, by (81), we have

‖(1, λ−1/2∇̄)T (λ)H̃‖W 1
q (RN

+ ) ≤ C|λ|−1‖H̃‖W 1
q (RN

+ ).

Moreover, by (82), we have

‖(1, λ−1/2∇̄)T (λ)∗H̃‖Lq′ (RN
+ ) ≤ C|λ|−1‖H̃‖Lq′ (RN

+ ),

‖(1, λ−1/2∇̄)T (λ)∗H̃‖W 1
q′ (R

N
+ ) ≤ C|λ|−1/2‖H̃‖Lq′ (RN

+ ),

‖(1, λ−1/2∇̄)T (λ)∗H̃‖W 1
q′ (R

N
+ ) ≤ C|λ|−1‖H̃‖W 1

q′ (R
N
+ ).

Therefore, by Theorem 2.1, we see that (86) holds. This completes the proof of Theorem

4.2. □

Finally, we consider the full equations:

λu−Div (αD(u) + (β − α)divuI) = g in RN
+ ,

(αD(u) + (β − α)divu)nI = h on ∂RN
+ .

(87)

Combining Theorems 4.1 and 4.2, we have the following corollary immediately.

Corollary 19. Let 1 < q < ∞, 0 < ε < π/2 and λ0 > 0. Let σ > 0 be a small

constant such that −1 + 1/q < s − σ < s + σ < 1/q. Then, there exists an operator

SRN
+
(λ) with



On the L1-maximal regularity in the study of free boundary problem for the compressible fluid flows39

SRN
+
(λ) ∈ Hol (Σϵ,λ0

,L(Bs
q,1(RN

+ )m(N), Bs+2
q,1 (RN

+ )N ))

haviing (s, σ, q) properties such that for any (g,h) ∈ Hs
q,1(RN

+ ), u = SRN
+
(λ)Oλ(g,h) is a

unique solution of equations (87). Here and in the following, an operation Oλ is defined

by

Oλ(g,h) = (g, λ1/2h,∇h).

4.4. Spectral analysis of Lamé equations in a bent half space

Let x0 ∈ ∂Ω. Here and in the following, we write Br(x0) = {y ∈ RN | |y − x0| < r}
and Br = {x ∈ RN | |x| < r} for r > 0. As was seen in [14, Appendix] or in [45,

Subsec. 3.2.1], there exist a constant d > 0, a diffeomorphism of C3 class Φ : RN → RN ,

x 7→ y = Φ(x) and its inverse map Φ−1 : RN → RN , y 7→ x = Φ−1(y) such that

Φ−1(Bd(x0) ∩ Ω) ⊂ RN
+ , Φ−1(Bd(x0) ∩ ∂Ω) ⊂ RN

0 and

∇Φ = A+ B(x), ∇Φ−1(y) = A− + B−(y)

where A and A− are N×N orthogonal matrices of constant coefficients such that AA− =

A−A = I and B(x) and B−(y) are N ×N matrices of C2 functions. Moreover, we may

assume that for any small constant M1 > 0 we can choose 0 < d < 1 such that

‖(B,B−)‖L∞(RN ) ≤M1. (88)

For such d, we may assume that suppB, suppB− ⊂ Bd(x0). Furthermore, we may assume

that there exist constants D and M2 such that D is independent of M1, but M2 depends

on M1, and

‖∇(B,B−)‖L∞(RN ) ≤ D,

‖∇2(B,B−)‖L∞(RN ) ≤M2.
(89)

We may assume that M1 < 1 ≤ D ≤M2.

Let

Ω+ = Φ(RN
+ ), Γ+ = Φ(RN

0 ).

Φ

0

RN
+ Ω+

Figure 1. RN
+ and Ω+

Let n+ denote the unit outer normal to Γ+. In this section, first we consider the

Lamé equations
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λu−Div (αD(u) + (β − α)divuI) = g̃ in Ω+,

(αD(u) + (β − α)divuI)n+ = h̃ on ∂Ω+.
(90)

We shall show the following theorem.

Theorem 4.3. Let x0 ∈ ∂Ω. Let Φ and Φ−1 be a C3 diffeomorphism on RN

and its inverse given above. Let 1 < q < ∞, −1 + 1/q < s < 1/q, and 0 < ε < π/2.

Let σ be a small positive number such that −1 + 1/q < s − σ < s + σ < 1/q. Let

ν ∈ {s − σ, s, s + σ}. Then, there exist a small constant d > 0, a large constant λ1 ≥
max(1, λ0) and an operator SΩ+

(λ) ∈ Hol (Σϵ,λ1
,L(Bν

q,1(Ω+)
m(N), Bν+2

q,1 (Ω+)
N )) having

(s, σ, q) properties such that for any (g̃, h̃) ∈ Hν
q,1(Ω+), u = SΩ+

(λ)Oλ(g,h) is a unique

solution of equations (90).

Proof. The theorem will be proved using some perturbation method from the

half space, and so we have to choose λ1 > 0 large enough below. First, we shall reduce

problem (90) to that in the half-space RN
+ . Let ajk and bjk(x) be the (j, k)th components

of A− and B−(Φ(x)), and then we have

∂

∂yj
=

N∑
k=1

(akj + bkj(x))
∂

∂xk
(j = 1, . . . , N). (91)

Since y = Φ(x) denotes the point of Γ+ for x ∈ RN
0 , dy = ∇Φ(x)dx. Thus,

n+ = ∇Φ(x)n0/|∇Φ(x)n0|. Recalling that n0 = (0, . . . , 0,−1)t and denoting the (j, k)th

component of ∇Φ = A+ B(x) by akj + b̃kj(x), we have

n+ = −(aN1 + b̃N1(x), . . . , aNN + b̃NN (x))/|n+|

with |n+| = (
∑N

j=1(aNj + b̃Nj)
2)1/2. Let D = |n+|. Notice that

N∑
j=1

ajkajℓ =

N∑
j=1

akjaℓj = δkℓ, (92)

N∑
j=1

(2|b̃Nj ||aNj |+ |b̃Nj |2) ≤ CM1. (93)

Thus,

1− CM1 ≤ D2 ≤ 1 + CM1.

Let ṽ(x) = v(y). We write ṽ(x) = (ṽ1(x), . . . , ṽN (x))⊤ and v(y) = (v1(y), . . . , vN (y))⊤,

where A⊤ denotes the transposed A for any vector or matrix A. By (91) we have

divyv(y) =

N∑
ℓ,m=1

(amℓ + bmℓ(x))
∂ṽℓ
∂xm

. (94)

Moreover, we set ṽℓ =
∑N

k=1 akℓwk, and w = (w1, . . . , wN )⊤. From (91), (92) and (94),
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we have

g̃j = λvj −
N∑

k=1

∂

∂yk
(αDjk(v) + (β − α)δjkdivv)

= λ

N∑
n=1

anjwn − α

N∑
ℓ,n=1

aℓj
∂

∂xn
Dℓn(w)− (β − α)

N∑
n=1

anj
∂

∂xn
divw −R1

jw.

Here, we have set

R1
jw = α

N∑
p,k=1

apk
∂

∂xp

( N∑
ℓ,n=1

(bℓjank + bℓkanj)
∂wn

∂xℓ

)

+ α

N∑
p,k=1

bpk
∂

∂xp

( N∑
ℓ,n=1

(aℓjank + aℓkanj + bℓjank + bℓkanj)
∂wn

∂xℓ

)

+ (β − α)
( N∑
p=1

apj
∂

∂xp
(

N∑
ℓ,m,n=1

aℓmbnm
∂wℓ

∂xn
)

+

N∑
p=1

bpj
∂

∂xp
(divw +

N∑
ℓ,m,n=1

aℓmbnm
∂wℓ

∂xn
)
)
.

Using (92), we have

N∑
j=1

asj g̃j = λws − α

N∑
n=1

∂

∂xn
Dsn(w)− (β − α)

N∑
n=1

δsn
∂

∂xn
divw −

N∑
j=1

asjR
1
jw. (95)

We next consider the boundary conditions.

h̃j =

N∑
k=1

(αDjk(v) + (β − α)δjkdivv)nk

= −(

N∑
ℓ=1

aℓjαDNℓ(w) + (β − α)aNjdivw +R2
jw)

where we have set

R2
jw = (D−1 − 1)(α

N∑
k,ℓ,n=1

(aℓjank + aℓkanj)
∂wn

∂xℓ
aNk + (β − α)δjkaNkdivw)

+D−1α

N∑
k,ℓ,n=1

(aℓjank + aℓkanj)
∂wn

∂xℓ
b̃Nk

+D−1α

N∑
k,ℓ,n=1

(bℓjank + bℓkanj)
∂wn

∂xℓ
(aNk + b̃Nk)
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+D−1(β − α)(divwb̃Nj +

N∑
ℓ,m,n=1

anℓbmℓ
∂wn

∂xℓ
(aNj + b̃Nj)).

Using (92), we have

N∑
j=1

asj h̃j = −(αDNs(w) + (β − α)δNsdivw +

N∑
j=1

asjR
2
jw). (96)

Set

g = (

N∑
j=1

a1j g̃j(Φ(x)), . . . ,

N∑
j=1

aNj g̃j(Φ(x))),

h = (

N∑
j=1

a1j h̃j(Φ(x)), . . . ,

N∑
j=1

aNj h̃j(Φ(x))),

and define remainder terms Rk by

Rkw =
( N∑
j=1

a1jR
k
jw, . . . ,

N∑
j=1

aNjR
k
jw
)

(k = 1, 2).

Then, from (95) and (96) we have

λw −Div (αD(w) + (β − α)divwI)−R1w = g in RN
+ ,

(αD(w) + (β − α)divwI)n0 −R2w = h on ∂RN
+ .

(97)

Let λ0 > 0 and let SRN
+
(λ) be the solution operator given in Corollary 19. Recall

that w = SRN
+
(λ)Oλ(g,h) is a unique solution of equations (40). Inserting this formula

into equations (97), we have

λw −Div (αD(w) + (β − α)divwI)−R1w = g −R1w in RN
+ ,

(αD(w) + (β − α)divwI)n0 −R2w = h−R2w on ∂RN
+ .

(98)

Define an operator U by

UH = (R1SRN
+
(λ)H,R2SRN

+
(λ)H).

for H ∈ Bν
q,1(RN

+ )m(N). Obvisouly,

(g −R1w,h−R2w) = (I− UOλ)(g,h). (99)

To estimate U , we prepare some lemmas concerning the estimate of products in the

Besov space.

Lemma 20. Let 1 < q <∞ and −1+1/q < s < 1/q. Then, there exists a θ ∈ (0, 1)

such that for u ∈ Bs
q,1(RN

+ ) and v ∈W 1
∞(RN

+ ) such that supp v ⊂ Bd(x0), there holds
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‖uv‖Bs
q,1(RN

+ ) ≤ Cs‖u‖Bs
q,1(RN

+ )‖v‖1−θ
L∞(RN

+ )
‖v‖θW 1

∞(RN
+ ).

Proof. We choose β as N < β < min(Nq,Nq′). By Lemma 6,

‖uv‖Bs
q,r

≤ C‖u‖Bs
q,r

(‖v‖L∞ + ‖v‖
B

N/β
β,∞∩L∞

).

Since N/β < 1,, we know thatW
N/β
β = (Lβ ,W

1
β )[N/β], where (·, ·)[β] denotes the complex

interpolation functor. Thus,

‖v‖
B

N/β
β,∞

≤ C‖v‖
W

N/β
β

≤ C(‖v‖Lβ
+ ‖v‖1−N/β

Lβ
‖∇v‖N/β

Lq
).

If supp v ⊂ Bd(x0), then

‖v‖
B

N/β
β,∞

≤ C|Bd(x0)|1/q(‖v‖L∞ + ‖v‖1−N/β
L∞

‖∇v‖N/β
L∞

) ≤ C|B1|1/q‖v‖1−N/β
L∞

‖v‖N/β
W 1

∞
.

provided that 0 < d < 1. Thus, setting θ = N/β, we have the lemma. This completes

the proof of Lemma 20. □

Continuation of the proof of Theorem 4.3. Since SRN
+

has (s, σ, q) properties,

by (88), (89), (93) and Lemma 20, we see that for some ω ∈ (0, 1)

‖OλUH‖Bν
q,1(RN

+ ) ≤ C((M1)
1−ωDω +D1−ωMω

2 |λ|−1/2)‖H‖Bν
q,1(RN

+ ).

Choosing M1 so small that (CM1)
1−ωDω ≤ 1/4 and choosing λ1 ≥ λ0 so large that

CD1−ωMω
2 λ

−1/2
1 ≤ 1/4, we have

‖OλUH‖Bν
q,1(RN

+ ) ≤ (1/2)‖H‖Bν
q,1(RN

+ ). (100)

Here, we choose d > 0 so small that (CM1)
1−ωDω ≤ 1/4 and fix such d. After this

procedure, M2 is fixed, and so we can choose λ1 so large according to these fixed d and

M2.

Let us define R∞(λ) by setting

R∞(λ) =

∞∑
ℓ=0

(UOλ)
ℓ.

By (100), we see that for (g,h) ∈ Hν
q,1(RN

+ ) and λ ∈ Σϵ,λ1
,

‖(UOλ)
ℓ(g,h)‖Hν

q,1(RN
+ ) ≤ max(1, λ

−1/2
1 )‖Oλ(UOλ)

ℓ(g,h)‖Bν
q,1(RN

+ )

= max(1, λ
−1/2
1 )‖(OλU)ℓOλ(g,h)‖Bν

q,1(RN
+ )

≤ max(1, λ
−1/2
1 )(1/2)ℓ‖Oλ(g,h)‖Bν

q,1(RN
+ )

≤ max(1, λ
−1/2
1 )max(1, |λ|1/2)(1/2)ℓ‖(g,h)‖Hν

q,1(RN
+ ).

Thus, R∞(λ) ∈ L(Hν
q,1(RN

+ )). If we define v ∈ Bν+2
q,1 (RN

+ ) by
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v = SRN
+
(λ)OλR∞(λ)(g,h)

then, in view of (99),

R∞(λ)(g,h)− UOλR∞(λ)(g,h) = (g,h).

Thus, from (98), v satisfies equations:

λv −Div (αD(v) + (β − α)divvI)−R1v = g in RN
+ ,

(αD(v) + (β − α)divvI)n0 −R2v = h on ∂RN
+ .

(101)

Moreover, we observe that

OλR∞(λ) =

∞∑
ℓ=0

Oλ(UOλ)
ℓ = (

∞∑
ℓ=0

(OλU))ℓ)Oλ.

Let Q∞(λ) be an operator defined by

Q∞(λ)H =

∞∑
ℓ=0

(OλU)ℓH,

and then by (100) we see that Q∞(λ) ∈ Hol (Σϵ,λ1
,L(Bν

q,1(RN
+ )m(N))) and its operator

norm does not exceed 2 for any λ ∈ Σϵ,λ1
. We define an operator TΩ+

(λ) by

TΩ+(λ)H = SRN
+
(λ)Q∞(λ)H.

Since TΩ+
(λ)Oλ = T (λ)OλR∞(λ), v = TΩ+

(λ)Oλ(g,h) is a solution of equations (101).

Moreover, SRN
+
(λ) has (s, σ, q) properties, we see that

‖(λ, λ1/2∇̄, ∇̄2)TΩ+
(λ)H‖Bν

q,1(RN
+ ) ≤ C‖H‖Bν

q,1(RN
+ ) for H ∈ Bν

q,1(RN
+ )m(N),

‖(λ1/2∇̄, ∇̄2)TΩ+
(λ)H‖Bs

q,1(RN
+ ) ≤ C|λ|−σ

2 ‖H‖Bs+σ
q,1 (RN

+ ) for H ∈ Bs+σ
q,1 (RN

+ )m(N),

‖(1, λ−1/2∇̄)TΩ+
H‖Bs

q,1(RN
+ ) ≤ C|λ|−(1−σ

2 )‖H‖Bs−σ
q,1 (RN

+ ) for H ∈ Bs−σ
q,1 (RN

+ )m(N).

To estimate ∂λTΩ+
(λ), we write

∂λTΩ+(λ)H = (∂λSRN
+
(λ))Q∞H + SRN

+
(λ)(∂λQ∞)H.

Since SRN
+
(λ) has (s, σ, q) properties, we have

‖(λ, λ∇̄, ∇̄2)(∂λSRN
+
(λ))Q∞H‖Bs

q,1(RN
+ ) ≤ C|λ|−1‖Q∞H‖Bs

q,1(RN
+ )

≤ C|λ|−1‖H‖Bs
q,1(RN

+ ).

Moreover,

‖(λ, λ∇̄, ∇̄2)(∂λSRN
+
(λ))Q∞H‖Bs

q,1(RN
+ ) ≤ C|λ|−(1−σ/2)‖Q∞H‖Bs−σ

q,1 (RN
+ ).
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Since −1 + 1/q < s− σ < 1/q, we can show that

‖(λ, λ1/2∇̄, ∇̄2)SRN
+
(λ)H‖Bs−σ

q,1 (RN
+ ) ≤ C‖H‖Bs−σ

q,1 (RN
+ )

and so, we may have

‖OλUH‖Hs−σ
q,1 (RN

+ ) ≤ (1/2)‖H‖Bs−σ
q,1 (RN

+ ) (102)

for λ ∈ Σϵ,λ1
. Thus, we have

‖Q∞H‖Bs−σ
q,1 (RN

+ ) ≤ C‖H‖Bs−σ
q,1 (RN

+ ),

which yields

‖(λ, λ1/2∇̄, ∇̄2)(∂λSRN
+
(λ))Q∞H‖Bs

q,1(RN
+ ) ≤ C|λ|−(1−σ/2)‖H‖Bs−σ

q,1 (RN
+ ).

To estimate ∂λQ∞, we write

∂λ(OλU)ℓ =
∑

(OλU) · · · (∂λOλU) · · · (OλU).

Since

∂λ(OλU) = (1/2)λ−1/2R2RRN
+
(λ)H +Oλ(R

1∂λSRN
+
(λ)H,R2∂λSRN

+
(λ)H),

we have

‖∂λ(OλU)H‖Bs
q,1(RN

+ ) ≤ C|λ|−1‖H‖Bs
q,1(RN

+ )

and so

‖∂λ(OλU)ℓ‖Bs
q,1(RN

+ ) ≤ C`(1/2)ℓ−1|λ|−1‖H‖Bs
q,1(RN

+ ),

which yields

‖∂λQ∞H‖Bs
q,1(RN

+ ) ≤ C|λ|−1
∞∑
ℓ=1

`(1/2)ℓ−1 ≤ 4C|λ|−1‖H‖Bs
q,1(RN

+ ).

Thus, we have

‖(λ, λ∇̄, ∇̄2)SRN
+
(λ)∂λQ∞H‖Bs

q,1(RN
+ ) ≤ C|λ|−1‖H‖Bs

q,1(RN
+ ).

Moreover,

‖∂λ(OλUH)‖Bs
q,1(RN

+ )

≤ C(|λ|−1/2‖∇̄SRN
+
(λ)H‖Bs

q,1(RN
+ ) + ‖(λ, λ1/2∇̄, ∇̄2)∂λSRN

+
(λ)H‖Bs

q,1(RN
+ ))

≤ C|λ|−(1−σ/2)‖H‖Bs−σ
q,1 (RN

+ ).
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Thus, by (100) and (102), we have

‖∂λQ∞H‖Bs
q,1(RN

+ ) ≤ C

∞∑
ℓ=1

`(1/2)ℓ−1|λ|−(1−σ/2)‖H‖Bs−σ
q,1 (RN

+ )

≤ 4C|λ|−(1−σ/2)‖H‖Bs−σ
q,1 (RN

+ ),

which yields

‖(λ, λ1/2∇̄, ∇̄2)SRN
+
(∂λQ∞(λ)H‖Bs

q,1(RN
+ ) ≤ C|λ|−(1−σ/2)‖H‖Bs−σ

q,1 (RN
+ ).

Summing up, we have

‖(λ, λ1/2∇̄, ∇̄2)∂λTΩ+(λ)H‖Bs
q,1(RN

+ ) ≤ C|λ|−1‖H‖Bs
q,1(RN

+ ),

‖(λ, λ1/2∇̄, ∇̄2)∂λTΩ+(λ)H‖Bs
q,1(RN

+ ) ≤ C|λ|−(1−σ/2)‖H‖Bs−σ
q,1 (RN

+ ).
(103)

Therefore, we see that TΩ+(λ) has (s, σ, q) properties.

Finally, according to (98), for any H = (H1,H2,H3) ∈ Bν
q,1(Ω+)

m(N), we define

UΩ+
(λ) by setting

UΩ+(λ)H = A⊤(TΩ+(λ)(AH1,AH2, (∇Φ)⊤AH3) ◦ Φ)) ◦ Φ−1.

Obviously, for any (ũ, h̃) ∈ Hν
q,1(Ω+), u = UΩ+

(λ)Oλ(g,h) is a solution of equations

(90). The uniqueness follows from the existence of solutions to the dual problem. Since

TΩ+
(λ) has (s, σ, q) properties, so T̃Ω+

(λ) does. This completes the proof of Theorem

4.3. □

4.5. Spectral analysis of generalized Lamé equations in Ω, A proof of

Theorem 3.1

In this subsection, we consider equations (5) and we prove Theorem 3.1. We only

consider the case where Ω is an exterior domain and η̃0(x) 6≡ 0. Other cases can be

treated in the same manner. Since we will use Lemma 3 below, we have to assume that

−min(1− 1/q,N/q) < s < 1/q.

First, we consider the problem in (BR)
c with large R > 0. Let ψ and ψ̃ be two

C∞(RN ) functions such that ψ(x) equals to 1 for |x| > 3 and 0 for |x| < 2 and ψ̃(x) equals

to 1 for |x| > 2 and 0 for |x| < 1. Set ψR(x) = ψ(x/R) and ψ̃R(x) = ψ̃(x/R). Notice that

ψR(x)ψ̃R(x) = ψR(x). Let λ0 > 0 and S(λ) ∈ Hol (Σϵ,λ0 ,L(Bν
q,1(RN ), Bν+2

q,1 (RN )N )) be

the operator given in Theorem 4.1 and then vR = S(ρ∗λ)ψ̃Rg satisfies equations

ρ∗λvR −Div (αD(vR) + (β − α)divvRI) = ψRg in RN . (104)

for λ ∈ Σϵ,ρ−1
1 λ0

. Here, notice that ρ1 < ρ∗ < ρ2. Let

AR = ρ∗ + ψ̃R(x)(η0(x)− ρ∗) = ρ∗ + ψ̃R(x)η̃0(x).

We have
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ARλvR −Div (αD(vR) + (β − α)divvRI) = ψ̃Rg −RR(λ)ψ̃Rg in RN ,

where we have set

RR(λ)f = −ψ̃R(x)η̃0(x)λS(ρ∗λ)f .

By Lemma 3 and Theorem 4.1, we have

‖RR(λ)f‖Bν
q,1(RN ) ≤ C‖ψ̃Rη̃0‖BN/q

q,1 (RN )
‖f‖Bν

q,1(RN ).

By Lemma 12 in [31], for any δ > 0 there exists an R0 > 1 such that ‖ψ̃Rη̃0‖BN/q
q,1 (Ω)

< δ

for any R > R0, and so we have ‖RR(λ)f‖Bν
q,1(Ω) ≤ Cδ‖Oλ(g,h)‖Bν

q,1(Ω) for ν ∈ {s −
σ, s, s+ σ} and R > R0. We choose δ > 0 in such a way that Cδ ≤ 1/2, we have

‖RR(λ)f‖Bν
q,1(Ω) ≤ (1/2)‖f‖Bν

q,1(Ω)

for ν ∈ {s−σ, s, s+σ} and R > R0. In the following this R is fixed. Thus, we can define

RR,∞(λ) = (I −RR(λ))
−1 =

∞∑
ℓ=0

RR(λ)
ℓ.

Let SR(λ)H = S(ρ∗λ)RR,∞(λ)ψ̃RH1 for λ ∈ Σϵ,ρ−1
1 λ1

and H ∈ Bν
q,1(RN

+ )m(N), and then

from (104), wR = SR(λ)Oλ(g,h) satisfies equations

ARλwR −Div (αD(wR) + (β − α)divwRI) = ψ̃Rg in RN (105)

for any λ ∈ Σϵ,ρ−1
1 λ1

and (g,h) ∈ Hν
q,1(Ω). Moreover, by Theorem 4.1,

‖(λ, λ1/2∇̄, ∇̄2)SR(λ)H‖Bν
q,1(Ω) ≤ C‖H‖Bν

q,1(Ω) for H ∈ Bν
q,1(Ω)

m(N),

‖(λ1/2∇̄, ∇̄2)SR(λ)H‖Bs
q,1(Ω) ≤ C|λ|−σ/2‖H‖Bs+σ

q,1 (Ω) for H ∈ Bs+σ
q,1 (Ω)m(N),

‖(1, λ−1/2∇̄)SR(λ)H‖Bs
q,1(Ω) ≤ C|λ|−(1−σ/2)‖H‖Bs−σ

q,1 (Ω) for H ∈ Bs
q,1(Ω)

m(N)

(106)

for λ ∈ Σϵ,ρ−1
1 λ0

. Moreover, employing the similar argument to the poof of (103), we see

that

‖(λ, λ1/2∇̄, ∇̄2)∂λSR(λ)H‖Bν
q,1(Ω) ≤ C|λ|−1‖H‖Bν

q,1(Ω) for H ∈ Bν
q,1(Ω)

m(N),

‖(λ, λ1/2∇̄, ∇̄2)∂λSR(λ)H‖Bs
q,1(Ω) ≤ C|λ|−(1−σ/2)‖H‖Bs−σ

q,1 (Ω) for H ∈ Bs
q,1(Ω)

m(N)

(107)

for λ ∈ Σϵ,ρ−1
1 λ1

. Let uR = ψRSR(λ)ψ̃Rg and set

UR(λ)H = ψRDiv (αD(SR(λ)ψ̃RH1) + (β − α)div(SR(λ)ψ̃RH1)I)

−Div (αD(ψRSR(λ)ψ̃RH1) + (β − α)div(ψRSR(λ)ψ̃RH1)I)
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for λ ∈ Σϵ,ρ−1
1 λ1

and H ∈ Bν
q,1(Ω)

m(N). From (106) and Lemma 20, it follows that

‖UR(λ)H‖Bν
q,1(Ω) ≤ CR|λ|−1/2‖ψ̃RH1‖Bν

q,1(Ω) (108)

for λ ∈ Σϵ,ρ−1
1

and H ∈ Bν
q,1(Ω)

m(N). Moreover, by (105) uR satisfies equations

η0λuR −Div (αD(uR) + (β − α)divuRI) = ψRg − UR(λ)Os(g,h) in RN

for any λ ∈ Σϵ,ρ−1
1 λ1

and (g,h) ∈ Hν
q,1(Ω).

Let x0 ∈ Ω and let dx0
be a positive number such that B4dx0

(x0) ⊂ Ω. Let ϕ

and ϕ̃ be two C∞
0 (RN ) functions such that ϕ equals 1 for |x| < 1 and 0 for |x| > 2

and ϕ̃(x) equals 1 for |x| < 2 and 0 for |x| > 3. Set ϕx0,dx0
(x) = ϕ((x − x0)/dx0

)

and ϕ̃x0,d0
(x) = ϕ̃((x − x0)/dx0

). Notice that ϕx0,dx0
ϕ̃x0,d0

= ϕx0,dx0
. Let S(λ) be the

operator given in Theorem 4.1 again and set vx0
= S(η0(x0)λ)ϕ̃x0,dx0

g for λ ∈ Σϵ,ρ−1
1 λ0

.

Here, notice that ρ1 < η0(x0) < ρ2. Then, vx0 satisfies equations:

η0(x0)λvx0 −Div (αD(vx0) + (β − α)divvx0I) = ϕ̃x0,dx0
g in RN . (109)

Let

Ax0
= η0(x0) + ϕ̃x0,dx0

(x)(η0(x)− η0(x0)).

We have

Ax0
λvx0

−Div (αD(vx0
) + (β − α)divvx0

I) = ϕ̃x0,dx0
g −Rx0

(λ)ϕ̃x0,dx0
g in RN

where we have set

Rx0
(λ)f = −ϕ̃x0,dx0

(x)(η0(x)− η0(x0))λS(λ)f .

By and Theorem 4.1, we have

‖Rx0
(λ)f‖Bν

q,1(RN ) ≤ C‖ϕ̃x0,dx0
(η0(·)− η0(x0))‖BN/q

q,1 (RN )
‖f‖Bν

q,1(RN ).

By Appendix in [9], for any δ > 0 there exists a d0 uniformly with respect to x0 such

that

‖ϕ̃x0,dx0
(η0(·)− η0(x0))‖BN/q

q,1 (RN )
< δ

provided 0 < dx0
≤ d0, and so we have ‖Rx0

(λ)f‖Bν
q,1(Ω) ≤ Cδ‖f‖Bν

q,1(Ω) for ν ∈ {s −
σ, s, s+ σ}. We choose δ > 0 in such a way that Cδ ≤ 1/2, we have

‖Rx0
(λ)f‖Bν

q,1(Ω) ≤ (1/2)‖f‖Bν
q,1(Ω)

for ν ∈ {s−σ, s, s+σ} and 0 < dx0 < d0. In the following dx0 is fixed. Thus, we can define

Rx0,∞(λ) = (I −Rx0
(λ))−1 =

∑∞
ℓ=0 Rx0

(λ)ℓ. Let Sx0
(λ)H = S(λ)Rx0,∞(λ)ϕ̃x0,dx0

H1,

then from (109), wx0
= Sx0

(λ)Oλ(g,h) satisfies equations
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Ax0
λwx0

−Div (αD(wx0
) + (β − α)divwx0

I) = ϕ̃x0,dx0
g in RN . (110)

Moreover, by Theorem 4.1,

‖(λ, λ1/2∇̄, ∇̄2)Sx0
(λ)H‖Bν

q,1(Ω) ≤ C‖H‖Bν
q,1(Ω) for H ∈ Bν

q,1(Ω)
m(N),

‖(λ1/2∇̄, ∇̄2)Sx0
(λ)H‖Bν

q,1(Ω) ≤ C|λ|−σ/2‖H‖Bs+σ
q,1 (Ω) for H ∈ Bs+σ

q,1 (Ω)m(N),

‖(1, λ−1/2∇̄)Sx0(λ)H‖Bs
q,1(Ω) ≤ C|λ|−(1−σ/2)‖H‖Bs−σ

q,1 (Ω) for H ∈ Bs
q,1(Ω)

m(N)

(111)

for λ ∈ Σϵ,ρ−1
1 λ1

. Moreover, employing the similar argument to the proof of (103), we

see that

‖(λ, λ1/2∇̄, ∇̄2)∂λSx0(λ)H‖Bν
q,1(Ω) ≤ C|λ|−1‖H‖Bν

q,1(Ω) for H ∈ Bν
q,1(Ω)

m(N),

‖(λ, λ1/2∇̄, ∇̄2)∂λSx0
(λ)H‖Bs

q,1(Ω) ≤ C|λ|−(1−σ/2)‖H‖Bs−σ
q,1 (Ω) for H ∈ Bs−σ

q,1 (Ω)m(N)

(112)

for λ ∈ Σϵ,ρ−1
1 λ1

. Let ux0 = ϕx0,dx0
vx0 and set

Ux0
(λ)H = ϕx0,dx0

Div (αD(Sx0
(λ)H) + (β − α)div(Sx0

(λ)H)I)
−Div (αD(ϕx0,dx0

Sx0
(λ)H) + (β − α)div(ϕx0,dx0

Sx0
(λ)H)I).

From (111) and Lemma 20, it follows that

‖Ux0
(λ)H‖Bν

q,1(RN ) ≤ Cx0
|λ|−1/2‖H‖Bν

q,1(Ω) (113)

for any λ ∈ Σϵ,ρ−1
1 λ1

and H ∈ Bν
q,1(Ω). Moreover, by (110) ux0 satisfies equations

η0λux0
−Div (αD(ux0

) + (β − α)divux0
I) = ϕx0

g − Ux0
(λ)Oλ(g,h) in RN .

For x1 ∈ ∂Ω, let dx1 > 0 be a small number and let Ω+ a bent half-space

given in Subsection 4.4 such that B4dx1
(x1) ∩ Ω ⊂ Ω+. Let λ1 ≥ 1 and SΩ+

∈
Hol (Σϵ,λ1 ,L(Bν

q,1(Ω+)
m(N), Bν+2

q,1 (Ω+)
N )) be the operator given in Theorem 4.3. Note

that |η0(x1)λ| ≥ λ1 for λ ∈ Σϵ,ρ−1
1 λ1

. Set vx1
= SΩ+

(η0(x1)λ)Oλϕ̃x0,dx0
(g,h), and then

vx1 satisfies equations:

η0(x1)λvx1
−Div (αD(vx1

) + (β − α)divvx1
I) = ϕ̃x1,dx1

g in Ω,

(αD(vx1
+ (β − α)divvx1

I)n = ϕ̃x1,dx1
h on ∂Ω.

Let

Ax1
= η0(x1) + ϕ̃x1,dx1

(x)(η0(x)− η0(x1)).

We have

Ax1
λvx1

−Div (αD(vx1
) + (β − α)divvx1

I) = ϕ̃x1,dx1
g −R1

x1
(λ)Oλ(g,h) in Ω,

(αD(vx1
+ (β − α)divvx1

I)n = ϕ̃x1,dx1
h on ∂Ω
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for any λ ∈ Σϵ,ρ−1
1 λ1

and H ∈ Bν
q,r(Ω), where we have set

R1
x1
(λ)H = −ϕ̃x1,dx1

(x)(η0(x)− η0(x1))λSΩ+
(η0(x1)λ)ϕ̃x1,dx1

H.

By Lemma 3 and Theorem 4.3, we have

‖R1
x1
(λ)H‖Bν

q,1(RN ) ≤ C‖ϕ̃x1,dx1
(η0(·)− η0(x1))‖BN/q

q,1 (RN )
‖H‖Bν

q,1(RN ).

By Appendix in [9], for any δ > 0 there exists a d0 uniformly with respect to x0 such

that

‖ϕ̃x1,dx1
(η0(·)− η0(x1))‖BN/q

q,1 (RN )
< δ

provided 0 < dx1
≤ d0, and so we have ‖R1

x1
(λ)H‖Bν

q,1(Ω) ≤ Cδ‖H‖Bν
q,1(Ω) for ν ∈

{s− σ, s, s+ σ}. We choose δ > 0 in such a way that Cδ ≤ 1/2, we have

‖R1
x1
(λ)H‖Bν

q,1(Ω+) ≤ (1/2)‖H‖Bν
q,1(Ω+)

for ν ∈ {s − σ, s, s + σ} for 0 < dx1
< d0. In the following dx1

is fixed. Let Ux1
be an

operator defined by Ux1
H = (R1

x1
(λ)H, 0) for H = (H1,H2,H3) ∈ Hν

q,1(Ω+), and then

(ϕ̃x1,dx1
g −R1

x1
(λ)ϕ̃x1,dx1

g, ϕ̃x1,dx1
h) = (I− Ux1

Oλ)ϕ̃x1,dx1
(g,h). (114)

For λ ∈ Σϵ,ρ−1
1 λ1

,

‖(OλUx1
)H‖Bν

q,1(Ω+) ≤ ‖Rx1
(λ)H1‖Bν

q,1(Ω+) ≤ (1/2)‖H‖Bν
q,1(Ω+). (115)

Thus,

‖Oλ(Ux1Oλ)
ℓH‖Bν

q,1(Ω+) = ‖(OλUx1)
ℓOλH‖Bν

q,1(Ω+) ≤ (1/2)ℓ‖OλH‖Bν
q,1(Ω+)

and so Rx1,∞(λ) =
∑∞

ℓ=0(UOλ)
ℓ = (I− Ux1

Oλ)
−1 can be defined. In fact,

‖OλRx1,∞(λ)H‖Bν
q,1(Ω+) ≤

∞∑
ℓ=0

‖(OλUx1
)ℓOλH‖Bν

q,1(Ω+)

≤
∞∑
ℓ=0

(1/2)ℓ‖OλH‖Bν
q,1(Ω+) = 2‖OλH‖Bν

q,1(Ω+).

If we define wx1 by wx1 = SΩ+(η0(x1)λ)OλRx1,∞(λ)ϕ̃x1,dx1
(g,h), then from (114) we

see that wx1 satisfies equations

Ax1
λwx1

−Div (αD(wx1
) + (β − α)divwx1

I) = ϕ̃x1,dx1
g in Ω,

(αD(wx1
) + (β − α)divwx1

I)n = ϕ̃x1,dx1
h on ∂Ω.

(116)

In view of (115), we can define R̃x1,∞(λ)H =
∑∞

ℓ=0(OλU)ℓ, and then OλR̃x1,∞ =

Rx1,∞Oλ and the operator norm of R̃x1,∞(λ) does not exceed 2. Thus, wx1
=
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Ux1
(λ)Oλ(g,h) where Ux1

is defined by Ux1
(λ)H = SΩ+

(η0(x1)λ)R̃x1,∞(λ)ϕx1,dx1
H,

and by Theorem 4.3,

‖(λ, λ1/2∇̄, ∇̄2)Ux1
(λ)H‖Bν

q,1(Ω) ≤ C‖H‖Bν
q,1(Ω) for H ∈ Bν

q,1(Ω)
m(N),

‖(λ1/2∇̄, ∇̄2)Ux1
(λ)H‖Bs

q,1(Ω) ≤ C|λ|−σ/2‖H‖Bs+σ
q,1 (Ω) for H ∈ Bs+σ

q,1 (Ω)m(N),

‖(1, λ−1/2∇̄)Ux1
(λ)H‖Bs

q,1(Ω) ≤ C|λ|−(1−σ/2)‖H‖Bs−σ
q,1 (Ω) for H ∈ Bs

q,1(Ω)
m(N).

(117)

Moreover, employing the similar argument to the poof of (103), we see that

‖(λ, λ1/2∇̄, ∇̄2)∂λUx1
(λ)H‖Bν

q,1(Ω) ≤ C|λ|−1‖H‖Bν
q,1(Ω) for H ∈ Bν

q,1(Ω)
m(N),

‖(λ, λ1/2∇̄, ∇̄2)∂λUx1
(λ)H‖Bs

q,1(Ω) ≤ C|λ|−(1−σ/2)‖H‖Bs−σ
q,1 (Ω) for H ∈ Bs

q,1(Ω)
m(N)

(118)

for any λ ∈ Σϵ,ρ−1
1 λ1

. Let ux1 = ϕx1,dx1
wx1 and set

U1
x1
(λ)H = ϕx1,dx1

Div (αD(Ux1
(λ)H) + (β − α)div(Ux1

(λ)HI)
−Div (αD(ϕx1,dx1

Ux1(λ)H) + (β − α)div(ϕx1,dx1
Ux1(λ)H)I),

U2
x1
(λ)H = ϕx1,dx1

(αD(Ux1(λ)H) + (β − α)div(Ux1(λ)H)I)n
− (αD(ϕx1,dx1

Ux1
(λ)H) + (β − α)div(ϕx1,dx1

Ux1
(λ)H)I)n.

From (117) and Lemma 20, it follows that

‖Oλ(U
1
x1
(λ)H,U2

x1
(λ)H)‖Bν

q,1(Ω) ≤ Cx1 |λ|−1/2‖H‖Bν
q,1(Ω) (119)

for any λ ∈ Σϵ,ρ−1
1 λ1

and H ∈ Bν
q,1(Ω)

m(N). Moreover, by (116) ux1 satisfies equations

η(x)λux1
−Div (αD(ux1

) + (β − α)divux1
I) = ϕx1,dx1

g − U1
x1
(g,h) in Ω,

(αD(ux1) + (β − α)divux1I)n = ϕx1,dx1
h− U2

x1
(g,h) on ∂Ω.

Now, we shall show the theorem. let Ω ∩B2R = {x ∈ Ω ∪ ∂Ω | |x| ≤ 2R}. Notice

that Ω ∪ ∂Ω = (B2R)
c ∪ Ω ∩B2R. Since Ω ∩B2R is a compact set, there exist a finite

set {x0j}
m0
j=1 of points of Ω and a finite set {x1j}

m1
j=1 of points of ∂Ω such that Ω ⊂

(B2R)
c ∪ (

⋃m0

j=1Bd
x0
j
/2(x

0
j )) ∪ (

⋃m1

j=1Bd
x1
j
/2(x

1
j )). Let Φ(x) = ϕR(x) + (

∑m0

j=1 ϕx0
j
(x)) +

(
∑m1

j=1 ϕx1
j
(x)). Obviously, Φ(x) ∈ C∞(Ω) and Φ(x) ≥ 1 for x ∈ Ω. Thus, set ω0(x) =

ϕR(x)/Φ(x), ωj(x) = ϕx0
j
(x)/Φ(x) (j = 1, . . . ,m0), and ωm0+j(x) = ϕx1

j
(x)/Φ(x) (j =

1, . . . ,m1). Then, {ωj}m0+m1
j=0 is a partition of unity on Ω. Let us define the parametrix

operator TΩ(λ) and the remainder operator U i(λ) by

TΩ(λ)H = ω0SR(λ)H +

m0∑
j=1

ωjSx0
j
(λ)H +

m1∑
j=1

ωm0+jUx1
j
(λ)H,

U1(λ)H = UR(λ)H +

m0∑
j=1

U1
x0
j
(λ)H +

m1∑
j=1

U1
x1
m0+j

(λ)H,
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U2(λ)H =

m1∑
j=1

U2
x1
m0+j

(λ)H.

From (106), (107), (111), (112), (117), (118) and Lemma 20, it follows that TΩ(λ)
has (s, σ, q) properties for λ ∈ Σϵ,λ2

. Moreover, we see that v = TΩ(λ)Oλ(g,h),

U1(λ)Oλ(g,h), and U2(λ)Oλ(g,h) satisfy equations:

λv −Div (αD(v) + (β − α)divvI) = g − U1(λ)Oλ(g,h) in Ω,

(αD(v) + (β − α)divvI)n = h− U2(λ)Oλ(g,h) on ∂Ω.
(120)

Let λ2 = λ1ρ
−1
1 . Set U(λ) = (U1(λ),U2(λ)). By (108), (113) and (119), we have

‖OλU(λ)H‖Hν
q,1(Ω) ≤ C|λ|−1/2‖H‖Bν

q,1(Ω)

for λ ∈ Σϵ,λ2
, because the summation is finite number. Choosing λ3 ≥ λ2 so large that

Cλ
−1/2
3 ≤ 1/2, we have

‖OλU(λ)H‖Bν
q,1(Ω) ≤ (1/2)‖H‖Bν

q,1(Ω) (121)

for λ ∈ Σϵ,λ3
. Let

W(λ) =

∞∑
ℓ=0

(U(λ)Oλ)
ℓ.

Noting that λ
−1/2
3 ≤ 1, we see that

‖W(λ)(g,h)‖Hν
q,1(Ω) ≤ ‖OλW(λ)(g,h)‖Bν

q,1(Ω)

≤
∞∑
ℓ=0

‖(OλU(λ))ℓOλ(g,h)‖Bν
q,1(Ω)

≤
∞∑
ℓ=0

(1/2)ℓ‖Oλ(g,h)‖Bν
q,1(Ω) = 2‖Oλ(g,h)‖Bν

q,1(Ω)

≤ 2max(1, |λ|1/2)‖(g,h)‖Hν
q,1(Ω).

From (120) we see that u = TΩ(λ)OλW(λ)(g,h) satisfies equations:

η0λu−Div (αD(u) + (β − α)divuI) = g in Ω,

(αD(u) + (β − α)divuI)n = h on ∂Ω.

Let W̃ be an operator defined by W̃ =
∑∞

ℓ=0(OλU(λ))ℓ, and then by (121), we see that

the operator norm of W̃ does not exceed 2 and OλW = W̃Oλ. Thus, defining V(λ)
by V(λ) = TΩ(λ)W̃(λ), we see that u = V(λ)Oλ(g,h) is a solution of equations (5).

Moreover, since TΩ(λ) has (s, σ, q) properties, so V(λ) does. The uniqueness of solutions

follows from the existence of solutions to the dual problem. This completes the proof of

Theorem 3.1.
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5. About generalized resolvent problems for the Stokes equations

In this section, we consider the generalized resolvent problem for Stokes equations

with non-homogeneous free boundary conditions reading as
λρ+ η0divu = f in Ω,

η0λu−Div (αD(u) + (β − α)divuI− P ′(η0)ρI) = g in Ω,

(αD(u) + (β − α)divuI− P ′(η0)ρI)n = h on ∂Ω.

(122)

Recall that η0(x) = ρ∗ + η̃0(x), where ρ∗ is a positive constant and η̃0 ∈ B
N/q
q,1 (Ω), that

P (s) is a C∞ function defined for s ∈ (0,∞) such that P ′(s) > 0, and that Assumption

10 holds. For any domain D ⊂ RN , let J ν
q,1(D) = Bν+1

q,1 (D) × Bν
q,1(D) × Bν+1

q,1 (D) and

Dν
q,1(D) = Bν+1

q,1 (D)×Bν+2
q,1 (D). Their norms ‖ · ‖J ν

q,1(D) and ‖ · ‖Dν
q,1(D) are defined by

‖(f,g,h)‖J ν
q,1(D) = ‖f‖Bν+1

q,1 (D) + ‖g‖Bν
q,1(D) + ‖h‖Bν+1

q,1 (D),

‖(ρ,u)‖Dν
q,1(D) = ‖ρ‖Bν+1

q,1 (D) + ‖u‖Bν+2
q,1 (D).

Moreover, for (f,g,h) ∈ J ν
q,1(D), we set

‖(f,Oλ(g,h))‖Bν+1,ν
q,1 (D) = ‖f‖Bν+1

q,1 (D) + ‖(g, λ1/2h,∇h)‖Bν
q,1(D).

In what follows, we consider the two cases where ρ0 = ρ∗ and η̃0 6≡ 0. We shall show the

following theorem.

Theorem 5.1. Let 1 < q < ∞. Assume that the following conditions (1) or (2)

holds.

(1) If η0(x) = ρ∗, then −1 + 1/q < s < 1/q.

(2) If η̃0(x) 6≡ 0 and η̃0(x) ∈ Bs+1
q,1 (Ω), then −min(1− 1/q,N/q) < s < 1/q.

Then, there exists a large positive number λ4 ≥ 1 such that for any λ ∈ Σϵ,λ4
, (f,g,h) ∈

J s
q,1(Ω), problem (122) admits unique solutions (ρ,u) ∈ Ds

q,1(Ω) satisfying the estimate:

‖λ(ρ,u)‖Hs
q,1(Ω) + ‖(ρ,u)‖Ds

q,1(Ω) ≤ C‖(f,g,h)‖J s
q,1(Ω).

Moreover, there exist three operators Bv(λ), Cm(λ) and Cv(λ) with

Bv(λ) ∈ Hol (Σϵ,λ4
,L(Bs

q,1(Ω)
m(N), Bs+2

q,1 (Ω)N )),

Cm(λ) ∈ Hol (Σϵ,λ2
,L(Bs+1

q,1 (Ω)×Bs
q,1(Ω)

m(N), Bs+1
q,1 (Ω)),

Cv(λ) ∈ Hol (Σϵ,λ2
,L(Bs+1

q,1 (Ω)×Bs
q,1(Ω)

m(N)), Bs+2
q,1 (Ω)N )

such that Bv(λ) has (s, σ, q) properties and Cm(λ) and Cv(λ) have generalized resol-

vent properties for X = Bs+1
q,1 (Ω) × Bs

q,1(Ω)
m(N) and for any λ ∈ Σϵ,λ4 in the sense

of Definition 14 and solutions ρ and u are represented by ρ = Cm(λ)(f,Oλ(g,h)) and

u = Bv(λ)Oλ(g,h) + Cv(λ)(f,Oλ(g,h)).
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Proof. In what follows, we shall prove the theorem in the case where η̃0 6≡ 0

only. In fact, in the case where η0 = ρ∗ the theorem can be proved by using the similar

argument. In (122), setting ρ = λ−1(f − η0divu) and inserting this formula into the

second equations, we have

η0λu−Div (αD(u) + (β − α)divuI+ λ−1P ′(η0)η0divuI)

= g − λ−1∇(P ′(η0)f) in Ω,

(αD(u) + (β − α)divuI+ λ−1P ′(η0)η0divuI)n

= h+ λ−1P ′(η0)fn on ∂Ω.

(123)

For a while, setting G = g − λ−1∇(P ′(η0)f) and H = h + λ−1P ′(η0)fn, we shall solve

equations:

η0λu−Div (αD(u) + (β − α)divuI+ λ−1P ′(η0)η0divuI) = G in Ω,

(αD(u) + (β − α)divuI+ λ−1P ′(η0)η0divuI)n = H on ∂Ω.
(124)

Let VΩ(λ) ∈ Hol (Σϵ,λ3
,L(Bν

q,1(Ω)
m(N), Bν+2

q,1 (Ω)N )) be the solution operator of equa-

tions. Insert the formula u = VΩ(λ)Oλ(G,H) into (124) to obtain

η0λu−Div (αD(u) + (β − α)divuI+ λ−1P ′(η0)η0divuI)

= G− λ−1∇(P ′(η0)η0divu) in Ω,

(αD(u) + (β − α)divuI+ λ−1P ′(η0)η0divuI)n

= H+ λ−1(P ′(η0)η0divuI)n on ∂Ω.

We define an operator P(λ) by

P(λ)H = (∇(P ′(η0)η0divVΩ(λ)H),−P ′(η0)η0div(VΩ(λ)H)n).

Then, we have

(G,H)− (λ−1∇(P ′(η0)η0divu),−λ−1(P ′(η0)η0divuI)n) = (I− λ−1POλ)(G,H). (125)

We will show that

‖OλP(λ)H‖Bs
q,1(Ω) ≤ C(ρ∗, ‖η̃0‖Bs+1

q,1 (Ω))‖H‖Bs
q,1(Ω). (126)

Here and in what follows, C(ρ∗, ‖η̃0‖Bs+1
q,1 (Ω)) denotes some constant depending on ρ∗

and ‖η0‖Bs+1
q,1 (Ω) in the case where η̃0 6≡ 0. If we consider the case where η0 = ρ∗,

C(ρ∗, ‖η̃0‖Bs+1
q,1 (Ω)) is replaced with simply a constant C(ρ∗).

To prove (126), we shall use Lemma 7 and the fact that Bs+1
q,1 is a Banach algebra

(cf. Lemma 5). In fact, noting that N/q ≤ s+ 1 by Lemma 3, we have

‖uv‖Bs+1
q,1 (Ω)

≤ ‖(∇u)v‖Bs
q,1(Ω) + ‖u(∇v)‖Bs

q,1(Ω) + ‖uv‖Bs
q,1(Ω)
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≤ C(‖u‖Bs+1
q,1 (Ω)‖v‖BN/q

q,1 (Ω)
+ ‖u‖

B
N/q
q,1 (Ω)

‖v‖Bs+1
q,1 (Ω) + ‖u‖Bs

q,1(Ω)‖v‖BN/q
q,1 (Ω)

)

≤ C‖u‖Bs+1
q,1 (Ω)‖v‖Bs+1

q,1 (Ω). (127)

To prove (126), recalling that η0 = ρ∗ + η̃0, we write P ′(η0)η0 = P ′(ρ∗)ρ∗ + P1(η̃0),

where we have set

P1(r) = P ′(ρ∗)r +

∫ 1

0

P ′′(ρ∗ + θr) dθr(ρ∗ + r)

with r = η̃0. Note that P1(0) = 0 and ρ1 − ρ∗ ≤ η̃0(x) ≤ ρ2 − ρ∗ as follows from

Assumption 10. By Lemma 7, we have

‖P1(η̃0)‖Bs+1
q,1 (Ω) ≤ C‖η̃0‖Bs+1

q,1 (Ω).

Thus,

‖∇(P ′(η0)η0divVΩ(λ)H)‖Bs
q,1(Ω)

≤ |P ′(ρ∗)ρ∗|‖∇divVΩ(λ)H‖Bs
q,1(Ω) + ‖P1(η̃0)divVΩ(λ)H‖Bs+1

q,1 (Ω)

≤ |P ′(ρ∗)ρ∗|‖VΩ(λ)H‖Bs+2
q,1 (Ω) + C‖η̃0‖Bs+1

q,1 (Ω)‖divVΩ(λ)H‖Bs+1
q,1 (Ω).

Using Theorem 3.1, we have

‖∇(P ′(η0)η0divVΩ(λ)H)‖Bs
q,1(Ω) ≤ C(ρ∗, ‖η̃0‖Bs+1

q,1 (Ω))‖H‖Bν
q,1(Ω).

Analogously,

‖(λ1/2,∇)(P ′(η0)η0divVΩ(λ)H)n‖Bs
q,1(Ω)

≤ C(‖∇(P ′(η0)η0divVΩ(λ)H)‖Bs
q,1(Ω) + |λ|1/2‖P ′(η0)η0divVΩ(λ)H‖Bs

q,1(Ω)).

Here and in the following, we may assume that |λ| ≥ λ3 ≥ 1. We see that

‖P ′(η0)η0divVΩ(λ)H‖Bs
q,1(Ω) ≤ (P ′(ρ∗)ρ∗ + C‖P1(η̃0)‖BN/q

q,1 (Ω)
)‖divVΩ(λ)H‖Bs

q,1(Ω).

Therefore, we have

‖(λ1/2,∇)(P ′(η0)η0divVΩ(λ)H)n‖Bs
q,1(Ω)

≤ C(ρ∗, ‖η̃0‖Bs+1
q,1 (Ω))‖(λ

1/2∇̄, ∇̄2)VΩ(λ)H‖Bs
q,1(Ω).

Combining these estimates with Theorem 3.1 yields (126).

Choosing λ4 ≥ λ3 in such a way that C(ρ∗, ‖η̃0‖Bs+1
q,1 (Ω))λ

−1
4 ≤ 1/2 in (126), we have

‖λ−1OλP(λ)H‖Bs
q,1(Ω) ≤ (1/2)‖H‖Bs

q,1(Ω) (128)

for any λ ∈ Σϵ,λ4 . Let us define P∞(λ) by
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P∞(λ) =

∞∑
ℓ=0

(λ−1P(λ)Oλ)
ℓ

for λ ∈ Σϵ,λ4 . In view of (128), we see that P∞(λ) ∈ L(Hν
q,1(Ω)). If we define v =

VΩ(λ)OλP∞(λ)(G,H), then by (125) v is a unique solution of the following equations:

η0λv −Div (αD(v) + (β − α)divvI+ λ−1P ′(η0)η0divvI) = G in Ω,

(αD(v) + (β − α)divvI+ λ−1P ′(η0)η0divvI)n = H on ∂Ω.

The uniqueness follows from the existence of solutions to the dual problem, which has

essentially the same forms.

Let P̃∞(λ) =
∑∞

ℓ=0(λ
−1OλP(λ))ℓ, and then by (128), P̃∞(λ) ∈ L(Bs

q,1(Ω)) and

its operator norm does not exceed 2. Moreover, we have OλP∞(λ) = P̃∞(λ)Oλ. Let

W2
Ω(λ)H = VΩ(λ)P̃∞H, and then v = W2

Ω(λ)Oλ(G,H). Moreover, by Theorem 3.1 and

the similar argument to the proof of (103), we see that W2
Ω(λ) has (s, σ, q) properties for

any λ ∈ Σϵ,λ4 .

Setting G = g − λ−1∇(P ′(η0)f) and H = h+ λ−1P ′(η0)fn, we define u by

u = W2
Ω(λ)Oλ(g − λ−1∇(P ′(η0)f),h+ λ−1P ′(η0)fn). (129)

Obvisouly, u is a solution of equations (123) and satisfies the estimate:

‖λu‖Bs
q,1(Ω) + ‖u‖Bs+2

q,1 (Ω) ≤ C(ρ∗, ‖η̃0‖Bs+1
q,1 (Ω))(‖f‖Bs+1

q,1 (Ω) + ‖Oλ(g,h)‖Bs
q,1(Ω)).

And therefore, setting ρ = λ−1(f−η0divu), we see that ρ and u are solutions of equations

(122), and satisfy the estimate:

‖(λρ, ρ)‖Bs+1
q,1 (Ω) + ‖(λ, ∇̄2)u‖Bs

q,1(Ω)

≤ C(ρ∗, ‖η̃0‖Bs+1
q,1 (Ω))(‖f‖Bs+1

q,1 (Ω) + ‖Oλ(g,h)‖Bs
q,1(Ω)).

The uniqueness of solutions to equations (122) follows from the uniqueness of solutions

of equations (124).

In view of (129), if we define an operator ZΩ(λ) by

ZΩ(λ)(f,H) = W2
Ω(λ)H + λ−1W2

Ω(λ)Oλ(−∇(P ′(η0)f), P
′(η0)fn), (130)

then, we have u = ZΩ(λ)(f,O(g,h)). Therefore, we define an operator Cm(λ) by

Cm(λ)(f,H) = λ−1f − λ−1η0(x)div(ZΩ(λ)(f,H)).

Obviously, ρ = Cm(λ)(f,Oλ(g,h)).

To define Bm(λ) and Cm(λ), we observe that
∑∞

ℓ=1(λ
−1OλP(λ))ℓ =

λ−1OλP(λ)Q∞(λ), where we have set Q∞(λ) =
∑∞

ℓ=0.(λ
−1OλP(λ))ℓ. By (128), Q∞

is well-defined and ‖Q∞(λ)H‖Bs
q,1(Ω) ≤ C‖H‖Bs

q,1(Ω) for any λ ∈ Σϵ,λ4
. Moreover,

P̃∞(λ) = I+ λ−1Q∞(λ). Thus, in view of (130), we define Bv(λ) and Cv(λ) by
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Bv(λ)H = VΩ(λ)H,

Cv(λ)(f,H) = λ−1VΩ(λ)Q∞(λ)H + λ−1W2
Ω(λ)Oλ(−∇(P ′(η0)f), P

′(η0)fn).

Using Theorem 3.1, we see that Bv(λ) has (s, σ, q) properties. Using Theorem 3.1, the

similar argument to the proof of (103), and (127), we see that

‖(λ, λ1/2∇̄, ∇̄2)∂ℓλD(λ)(f,H)‖Bs
q,1(Ω) ≤ C|λ|−1−ℓ‖(f,H)‖Bs

q,1(Ω)×Hs
q,1(Ω) (` = 0, 1)

for D ∈ {Cm, Cv}. Namely, Cm(λ) and Cv(λ) have generalized resolvent properties with

X = Bs+1
q,1 (Ω) × Hs

q,1(Ω) in the sense of Definition 14. This completes the proof of

Theorem 5.1. □

6. L1 maximal regularity, A proof of Theorem 1.1.

In this section, we consider the following evolution equations (1) and we shall prove

Theorem 1.1. To prove the theorem, problem (1) is divided into the following two equa-

tions: 
∂tρ+ η0divu = f in Ω× R,

η0∂tu−Div (αD(u) + (β − α)divuI− P ′(η0)ρI) = g in Ω× R,
(αD(u) + (β − α)divuI− P ′(η0)ρI)n = h on ∂Ω× R;

(131)


∂tρ+ η0divu = 0 in Ω× (0,∞),

η0∂tu−Div (αD(u) + (β − α)divuI− P ′(η0)ρI) = 0 in Ω× (0,∞),

(αD(u) + (β − α)divuI− P ′(η0)ρI)n = 0 on ∂Ω× (0,∞),

(ρ,u)|t=0 = (ρ0,u0) in Ω.

(132)

First, we consider equations (131). We shall prove the following theorem.

Theorem 6.1. Let 1 < q < ∞. Assume that the following conditions (1) or (2)

holds.

(1) If η0(x) = ρ∗, then −1 + 1/q < s < 1/q.

(2) If η̃0(x) 6≡ 0 and η̃0(x) ∈ Bs+1
q,1 (Ω), then −min(1− 1/q,N/q) < s < 1/q.

Let λ4 be the positive number given in Theorem 5.1 and γ ≥ λ4. Then, for any right

members f , g and h with

e−γtf ∈ L1(R, Bs+1
q,1 (Ω)), e−γtg ∈ L1(R, Bs

q,1(Ω)
N ),

e−γth ∈ L1(R, Bs+1
q,1 (Ω)N ) ∩W 1/2

1 (R, Bs
q,1(Ω)

N )

for some γ ≥ λ5, problem (131) admits unique solutions ρ and u with

e−γtρ ∈W 1
1 (R, B

s+1
q,1 (Ω)), e−γtu ∈W 1

1 (R, Bs
q,1(Ω)

N ) ∩ L1(R, Bs+2
q,1 (Ω)N )

possessing the estimate:
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‖e−γt(∂tρ, ρ)‖L1(R,Bs+1
q,1 (Ω)) + ‖e−γt∂tu‖L1(R,Bs

q,1(Ω)) + ‖e−γtu‖L1(R,Bs+2
q,1 (Ω))

≤ C‖e−γt(∇̄f,g,Λ1/2h,∇h)‖L1(R,Bs
q,1(Ω)).

Here, the constant C depends on λ4 but is independent of γ when γ ≥ λ4.

Proof. First, we consider equations (131). Applying the Laplace transform to

equations (131), we have

λu+ η0divv̂ = f̂ in Ω,

η0λv −Div (αD(v) + (β − α)divvI− P ′(η0)uI) = ĝ in Ω,

(αD(v) + (β − α)divvI− P ′(η0)uI)n = ĥ on ∂Ω,

where f̂ = L[f ] and ĝ = L[g]. From Theorem 5.1, it follows that u = Cm(λ)(f,Oλ(g,h))

and v = Bv(λ)Oλ(g,h) + Cv(λ)(f,Oλ(g,h)). We define ρ and u by

ρ = L−1[u] = L−1[Cm(λ)(f,Oλ(g,h))],

u = L−1[v] = L[Bv(λ)Oλ(g,h) + Cv(λ)(f,Oλ(g,h))].

Then, ρ and u are solutions of equations (131). Moreover, by Propositions 13 and 15,

we have ∫ ∞

−∞
e−γt‖ρ(·, t)‖Bs+1

q,1 (Ω) dt

≤ C

∫ ∞

−∞
e−γt(‖f(·, t)‖Bs

q,1(Ω) + ‖(g,Λ1/2h,∇h)(t)‖Bs
q,1(Ω)) dt,∫ ∞

−∞
e−γt‖u(·, t)‖Bs+2

q,1 (Ω) dt

≤ C

∫ ∞

−∞
e−γt(‖f(·, t)‖Bs

q,1(Ω) + ‖(g,Λ1/2h,∇h)(t)‖Bs
q,1(Ω)) dt.

(133)

For the estimate of the time derivatives, we use equations, and then writing ∂tρ(t) =

−ρ0divu+ f , we have∫ ∞

−∞
e−γt‖∂tρ(t)‖Bs+1

q,1 (Ω) dt

≤
∫ ∞

−∞
e−γt(‖f(t)‖Bs+1

q,1 (Ω) + C(ρ∗, ‖η̃0‖BN/q+1
q,1 (Ω)

)‖u‖Bs+2
q,1 (Ω)) dt

≤ C(ρ∗, ‖η̃0‖BN/q+1
q,1 (Ω)

)

∫ ∞

−∞
e−γt(‖f(t)‖Bs

q,1(Ω) + ‖(g,Λ1/2h,∇h)(t)‖Bs
q,1(Ω)) dt.

To estimate ∂tu, we have to investigate the multiplication η0(x)
−1. From (2) we have

the following lemma:

Lemma 21. Let 1 < q < ∞ and −min(1 − 1/q,N/q) < s < 1/q. Let η0(x) =

ρ∗ + η̃0(x) such that η̃0(x) ∈ B
N/q
q,1 (Ω) and η0(x) satisfies Assumption 10. Then, for any
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u ∈ Bs
q,1(Ω), there holds

‖uη−1
0 ‖Bs

q,1(Ω) ≤ ρ−1
∗ ‖u‖Bs

q,1(Ω) + C‖η̃0‖BN/q
q,1 (Ω)

‖u‖Bs
q,1(Ω)

for some constant C > 0 depending on ρ∗, ρ1 and ρ2.

Proof. Note that η0(x)
−1 = ρ−1

∗ − η̃0(x)(ρ∗η0(x))−1. If we define F (t) by F (t) =

t(ρ∗(ρ∗ + t))−1, then F (η̃0(x)) = η̃0(x)(ρ∗η0(x))
−1. From (2), ρ1 − ρ∗ < η̃0(x) < ρ2 − ρ∗

for any x ∈ Ω. Set I = (ρ1 − ρ∗, ρ2 − ρ∗) and let s̃ is the smallest integer such that

s̃ ≥ N/q. Noticing that 0 ∈ I and using Lemma 7 we have

‖F (η̃0)‖BN/q
q,1 (Ω)

≤ C(1 + ‖η̃0‖L∞(Ω))
s̃‖F ′‖BCs̃(I,R)‖η̃‖BN/q

q,1 (Ω)
.

Notice that ‖η̃0‖L∞(Ω) ≤ max(ρ∗ − ρ1, ρ2 − ρ∗). Thus, using (13), we have

‖uη−1
0 ‖Bs

q,1(Ω) ≤ ρ−1
∗ ‖u‖Bs

q,1(Ω) + C‖η̃0‖BN/q
q,1 (Ω)

‖u‖Bs
q,1(Ω).

This completes the proof of Lemma 21. □

From equations (132), we write

∂tu = η−1
0 (Div (αD(u) + (β − α)divuI− P ′(η0)ρI) + η−1

0 g.

Using (133), we have∫ ∞

−∞
e−γt‖∂tu(t)‖Bs

q,1(Ω) dt

≤ C(ρ∗, ‖η̃0‖BN/q+1
q,1 (Ω)

)

∫ ∞

−∞
e−γt(‖u(t)‖Bs+2

q,1 (Ω) + ‖ρ(t)‖Bs+1
q,1 (Ω)) dt

≤ C(ρ∗, ‖η̃0‖BN/q+1
q,1 (Ω)

)

∫ ∞

−∞
e−γt(‖f(·, t)‖Bs+1

q,1 (Ω) + ‖(g,Λ1/2h,∇h)(t)‖Bs
q,1(Ω)) dt.

This completes the proof of Theorem 6.1. □

We now consider equations (132). We shall show the generation of C0 analytic

semigroup {T (t)}t≥0 defined on Hs
q,1(Ω). To formulate equations (132) in the semigroup

setting, we define a set Dν
q,1(Ω) by setting

Dν
q,1 = {(ρ,u) ∈ Bν+1

q,1 (Ω)×Bν+2
q,1 (Ω) | (αD(u) + (β − α)divuI− P ′(η0)ρI)n|∂Ω = 0}.

Let Am, Av and A be operators defined by

Am(ρ,u) = η0divu, Av(ρ,u) = η−1
0 (−α∆u− β∇divu+∇(P ′(η0)ρ)),

A(ρ,u) = (Am(ρ,u),Av(ρ,u))

for (ρ,u) ∈ Dν
q,1. Then, problem (132) is written as

(∂t +A)(ρ,u) = (0, 0) for t > 0, (ρ,u)|t=0 = (ρ0,u0) in Ω.
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From Theorem 5.1, Σϵ,λ4
is contained in a resolvent set of the operator A and for λ ∈

Σϵ,λ4
, we have

‖λ(λI+A)−1(f,g)‖Hs
q,1(Ω) ≤ C‖(f,g)‖Hs

q,1(Ω).

Therefore, there exists a C0 analytic semigroup {T (t)}t≥0 associated with equations

(132). Moreover, we have the L1 maximal regularity of {T (t)}t≥0 as follows.

Theorem 6.2. Let 1 < q < ∞. Assume that the following conditions (1) or (2)

holds.

(1) If η0(x) = ρ∗, then −1 + 1/q < s < 1/q.

(2) If η̃0(x) 6≡ 0 and η̃0(x) ∈ Bs+1
p,1 (Ω), then −min(1− 1/q,N/q) < s < 1/q.

Let T (t)(ρ0,u0) = (Tm(t)(ρ0,u0), Tv(t)(ρ0,u0)), that is Tm(t) and Tv(t) are the mass

density part and the velocity part, respectively. Then, there holds∫ ∞

0

e−γt(‖(∂t, ∇̄2)Tv(t)(f,g)‖Bs
q,1(Ω) + ‖(1, ∂t)Tm(t)(f,g)‖Bs+1

q,1 (Ω)) dt

≤ C‖(f,g)‖Hs
q,1(Ω).

(134)

Proof. In view of Theorem 5.1, we can write

(λI+A)−1(f,g) = (Cm(λ)(f,Oλ(g, 0)),Bv(λ)Oλ(g, 0) + Cv(λ)(f,Oλ(g, 0)).

As is known well, T (t)(f,g) = L−1[(λI +A)−1(f,g)]. By Proposition 13 and 15 we see

that (134) hold. This completes the proof of Theorem 6.2. □

Let ρ and u be solutions given in Theorem 6.1. By the time trace theorem, we see

that

‖(ρ,u)|t=0‖Bs+1
q,1 (Ω)×Bs

q,1(Ω) ≤ C(‖e−γt(∂tρ, ρ)‖L1((0,∞),Bs+1
q,1 (Ω))

+ ‖e−γtu‖L1((0,∞),Bs+2
q,1 (Ω)) + ‖e−γt∂tu‖L1((0,∞),Bs

q,1(Ω))).

Thus, combining Theorems 6.1 and 6.2, we can prove the existence part of Theorem 1.1.

The uniqueness of solutions to equations (1) can be proved using Duhamel’s principle for

the analytic semigroup {T (t)}t≥0. This completes the proof of Theorem 1.1.
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607–647.

[62] A. Valli and W. Zajaczkowski, Navier-Stokes equations for compressible fluids: global existence

and qualitative properties of the solutions in the general case, Commun. Math. Phys., 103 (1986),

259–296.

[63] A. I. Volpert and S. I. Hudjaev, The Cauchy problem for composite systems of nonlinear differ-

ential equations, Mat. Sb. (N.S.) 87(129) (1972), 504–528

[64] Y. Wang and Z. Tan, Global existence and optimal decay rate for the strong solutions in H2 to

the compressible Navier-Stokes equations, Appl. Math. Lett., 24 (11) (2011), 1778–1784.

[65] E. Zadrzynska and W. M. Zajaczkowski, On nonsstationary motion of a fixed mass of a viscous

commpressible barotropic fluid bounded by a free surface, Colloquium Mathematicum, 79 (2)

(1999), 283–310.

[66] W. M. Zajaczkowski, On nonstationary motion of a compressible baratoropic viscous capillary

fluid bounded by a free surface, SIAM J. Math. Anal. 25 (1994), 1–84

[67] X. Zhang. The R-bounded operator families arising from the study of the barotropic compressible

flows with free surface, J. Differential Equations, 269 (9) (2020), 7059–7105.

Yuko Enomoto

Department of Mathematical Sciences,

Shibaura Institute of Technology

Fukasaku 307, Minuma-ku, Saitama-shi

337-8570, Japan

E-mail: e-yuko@shibaura-it.ac.jp

Yoshihiro Shibata

Professor Emeritus of Waseda University

3-4-5 Ohkubo Shinjuku-ku, Tokyo, 169-8555, Japan.

Adjunct faculty member in the Department of Mechanical Engineering

and Materials Science, University of Pittsburgh, USA

E-mail: yshibata325@gmail.com


