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Values and derivative values at nonpositive integers of
generalized multiple Hurwitz zeta functions

By Simon RUTARD

March 21, 2026

Abstract. We establish the meromorphic continuation of certain multi-
ple zeta functions of generalized Hurwitz type. From this meromorphic contin-
uation, we obtain explicit formulae for their (derivative) values at nonpositive
integers along a given direction. As an application, we provide explicit formu-
lae for special values of Witten zeta functions of Lie groups of rank 2. Further-
more, by employing a Meinardus-type theorem, we investigate the asymptotic
behavior of the number of n-dimensional representations of the exceptional
Lie group Ga.

1. Introduction

Consider positive integers r,m € N, a tuple € = (z1,...,2,) and a matrix ¢ =
(cq.p)1<g<m,1<p<r such that z1,...,2, > 0 and R(c1,1),...,R(cm,») > 0. We define the
following Dirichlet series

r —Sr+j

((e,x,s) == Z H(ni‘in)_siH ch,i(ni-i-fﬂi) (1)

Niye.ynp>04=1 i=1

which converges absolutely for R(s1),...,R(sy+m) > 1. This series is a natural gen-
eralization of both Shintani zeta functions and multiple zeta functions of generalized
Mordell-Tornheim type, and may be regarded as a multiple zeta function of generalized
Hurwitz type. The analytic properties of various classes of multiple zeta functions have
been studied by many, including H. Mellin, P. Cassou-Nogues, P. Sargos, B. Lichtin,
M. Kaneko, K. Matsumoto, J. Zhao, D. Essouabri, and Y. Komori. In [Kom10], Ko-
mori studied the analytic continuation and the singularities of multiple zeta functions
of generalized Hurwitz—Lerch type. He proved that these functions admit a meromor-
phic continuation to the whole complex space and that nonpositive integers are points
of indeterminacy. In particular, the values at nonpositive integers of {(c¢,x, s) are not
well-defined. Values at nonpositive integers can nevertheless be assigned by taking succes-
sive limits, as introduced in [AETO01]. One can also consider directional values, which
consist of approaching a tuple —N = (=Np,...,—N,ym) € ZT;{)m along a direction
0 = (61,...,0,1m,) € Ct™. Komori proved in [Kom10] that these directional values
are well-defined for a large class of zeta functions, assuming certain conditions on the
direction 6. He also gave a non-explicit formula for directional values at nonpositive
integers involving generalized Bernoulli numbers.
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The Witten zeta function of a compact connected semisimple Lie group G corre-
sponds to the Dirichlet series

Cols) = Y (dimp) ™ (R(s) > 1),

©

where we sum over all (isomorphism classes of) finite-dimensional irreducible represen-
tations of Gﬂ Using the Weyl dimension formula, (s (s) can be expressed as an explicit
series involving linear forms in the denominator. A first example is the single-variable
. . - 28 .
MordellfT.ornhelm. zeta fu.nctlon Csus(8) = Do, mo>1 Tt The other Witten
zeta functions of simple Lie groups of rank 2 are

23
Cpu,(s) = > : (2)
ni,n2>1,n1=n2 mod 3 [nan(nl + 77,2)}5

Csping (5) = ) A , (3)

[n1n2(n1 —+ ng)(nl —+ 277,2)}8

ni,na>1

65
5 - ’ 4
Cs05(5) m>02;2>1 [(2n1 + 1)na(2n1 + no + 1)(2n1 + 2no + 1)]° @

120°
CGz (S) - Z [nlng(nl + ng)(nl + 2712)(77,1 4+ 3%2)(2711 + 3712)]8 ' (5)

ni,nz>1

In [KMT23| Chap. 15|, these zeta functions and their multiple variable generalization
called zeta functions of weight lattices of Lie groups have been introduced and studied.
They constitute a key motivation for investigating directional values of ((c,x,s). We
point out that Witten zeta functions of rank 3 and higher are not of the form of {(¢, z, s)
as defined in (I, because we assume all the coefficients ¢y, to be nonzero. This condition
is crucial for the techniques used in the meromorphic continuation of {(c,x, s), and we
refer to Remark [10] for more details on the matter.

Recently, the analytic properties of Witten zeta functions have been studied for
their connection with asymptotic formulae for some generalized partition sequence. We
denote by rg(n) (resp. fg(n)) the number of isomorphism classes of n-dimensional
representations (resp. irreducible representations) of a Lie group G. Such a sequence can
be seen as a generalization of partition numbers, because the generating series of rg(n)
corresponds to an infinite product. Indeed, we have that

+oo +oo 1
nZ:oTG(n)qn = };[1 W (6)

Romik [Rom17| and Bridges, Brindle, Bringmann, and Franke [BBBF24] proved an
asymptotic formula for rsuy, (n) and 7gpin, (1) respectively. Both formulae feature residues

at positive poles of (su,(s) (resp. (spin,(s)), and special values (su,(0), (g, (0) (resp.
Csping (0), C&pin, (0)). All these residues and values are now known, except for the special

IWitten zeta functions are also defined for Lie algebras. When G is simply connected, the Witten
zeta function of G coincides with the Witten zeta function of the Lie algebra of G.
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value (4, (0). We provide a formula for this value in Theorem B} which now makes the
asymptotic formula of rgpin, (n) fully explicit.

Main results. Consider a tuple —N = (=Ny,...,—N,1) € Z?&m, and a direc-
tion @ = (01,...,0,1m) € C"T™ satisfying the non-vanishing condition
m
VACLT], Y 0a+ Y 0rg #0. (7)
acA q=1

We define the directional values and directional derivative values of ((c,x, s) as the two
limits

¢(e,xz,—N) := lim {(¢,z,—N + 20),
2] z—0

(e, x, —3\7) = lim 9, (C(¢, z, —N + 20)).

z—0

Theorem [6] establishes an explicit meromorphic continuation to the whole complex space
of the function s — ((c,x,s). We also show that the single-variable function z
¢(e,x,—N +20) is regular at z = 0, which justifies the existence of the two limits above.
We then derive the following theorem on those two directional limits.

THEOREM A. For any tuple —N = (—=N1,...,—Nyym) € Z’;{)m, and any direction
0= (01,...,001m) € C™T™ satisfying the non-vanishing condition, we have that
i) the directional value ((c,x,—N) can be written down explicitly in terms of
0

Bernoulli polynomials B(xz;) (0<k, 1 <i<r);

i) the directional derivative value '(c,x, —IN) can be written down explicitly in terms
6
of Bernoulli polynomials By(x;) (0 < k, 1 < i <), and of derivative values of

Hurwitz zeta function and generalized Barnes zeta functions at nonpositive integers.

The explicit formulae for the directional (derivative) values are contained in Theo-
rems [20] and From both of them, we obtain explicit formulae for special values of
Witten zeta functions of rank 2.

THEOREM B. We have

G ¢a(0) Ca(-1) Ca(=3) ¢a(=5) ¢5(0)

PU; 3 0 0 0 In(27) + 3 In2

Sping % —% —% —% 2In(2m) — 1 In2+ % In(3!)
SOs 0 560 TRO3R0 TioTar0s 10 Fin2

Gz Ts  G2v0stor  TOBSIIR0SESAI10099490  TRIvIIsesaiosTerRbi0 28 08sss 3 In(2m) — & In(31)+ £ In(5!)

Table 1. Special values of Witten zeta functions of rank 2
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We checked that all of these Witten zeta functions vanish at small negative even
integers (up to s = —10). This fact was predicted in [KO13| by the Kurokawa—Ochiai
conjecture when s = —2. Au recently showed in [Au24] a lower bound on the vanishing
order at negative integers of (¢ (s) when G is simply connected, which implies in particular
the vanishing of (spin, (s) and (g, (s) at negative even integers. It is worth noting that
the formulae for the special values of (spin,(s) and (q,(s) were rediscovered in [Au25].

Applying a Meinardus-type theorem, we establish an almost-explicit asymptotic
formula for the number of n-dimensional representations of the exceptional Lie group
Ga, denoted by ra,(n).

THEOREM C. For N > 1, there exist explicit constants EQ, ceey §N+1 such that
N+1 3
C B,
rg,(n) = 5 €Xp (Aln% + Ayn 4 Agn%) 1+ Z - +0 (n_ N;Sl) ,
n—+00 116 j=2 n 20

where Ay, A, A3, C' are defined in §7.3

The coefficients in this formula depend on special values of (g, (s), and on its residues
at positive poles. We point out that these residues were expressed using integrals dif-
ficult to evaluate in [Rut24], and will not be computed in this paper. Recently, Au
obtained explicit formulae for the residues at positive poles of (g, (s) in [Au25], thus the
asymptotic formula for rq,(n) is now fully explicit.

Paper’s layout. In we fix some notation and introduce some functions used
throughout the text. In we show the meromorphic continuation of {(c,x, s) using
Crandall’s expansion techniques [Cral2], and following ideas of [BD18] and [Ono21]. In
E we compute the directional values ((c, x, _[9N) and ('(c, x, _éN)' Both formulae fea-

ture several parameter-dependent integrals studied in 5 and the values of ('(¢,z, —IN)
0

depend on derivative values of both Hurwitz and Barnes zeta functions at nonpositive
integers, studied in §6] In §6] we also compute the special values of Witten zeta functions
of rank 2. In ﬁﬂ we review a generalized Meinardus theorem proved in [BBBF24] and
use it to derive an asymptotic formula for the number of representations rq,(n). Finally,
in we compute some coefficients featured in the formula of ¢/(c, x, _5N ).

2. Notation

For all s € C, we write s = 0 + i7, with 0,7 € R. For any x € R, we set H, :=
{s € C| o >z}, and let H, denote its closure in C. We denote by D, (r) the open disk
centered at a € C with radius r > 0, and let D,(r) denote its closure in C. We write
[k,n] :=={k,...,n} for k,n € N. Throughout the paper, we assume that a product over
the empty set is 1, and a sum over the empty set is 0.

For any finite sets B C A and any complex tuple z = (z4)aca, We write |z|z 1=
> e 2. If B = A, we simply write |z| := |z||4. Note that if A = (), then z corresponds
to the empty tuple @), thus by convention |z| = 0.

For any finite sets A, B and any integer matrix © = (ua,b)(a,p)cAxB, WE S€t Ugp 1=
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(Uap)aca for all b € B, and wge := (uqp)pen for all a € A.
To simplify the notation of certain finite sums in the paper, we introduce two special
sum notations. Let m € Zs1, k € Zxo, j # £ € [1,m] be integers, and let n =

(n1,...,nm) € Z™ be a tuple. The sum ZM denotes the finite sum over all
w1+ Fur g=n1
unL,l"F""‘;'.;'Lm,k:nvn
matrices u = (uq,p)qe[[l_,m]]\{j’g} with nonnegative integer coefficients such that ugq +
pe[1,k]

codugr =ng (1< g <m, ¢#j,¢). Similarly, the sum ZJ denotes the
ul, 1+ Fur r=ni
unl,1+"'-;{trryb,k=nm,

finite sum over all matrices w = (ugp)qe1,m]\{;} With nonnegative integer coefficients

pE[1,K]
such that ug1 + -+ ugr =ng (1 <qg<m, q#3j).

REMARK 1. i)Ifk=0o0orm = 1,2 (resp. k¥ = 0or m = 1), then the only admissible
u in the first sum (resp. the second sum) corresponds to the empty tuple 0.

ii) If there exists an integer ¢ # j,¢ (resp. ¢ # j) such that n, < 0, then the first
sum (resp. the second sum) is 0 by convention.

We now introduce some terms and functions that will appear in the main results.
We denote the n-th harmonic number by h,, :== >, _, % We denote the binomial and
multinomial coefficients by

(s> s(s—1)---(s—n+1)

= (s € C,n € Zxy)

: n B ey .L. i n).
k kl'k[' =0 ' ‘ =0 Jj=1 ’

We assume that hg = 0, and if £ = 0 then k is the empty tuple (), and (8) =1.

DEFINITION 2. The Lerch zeta function ¢(z,s,x) is the meromorphic continuation
in s to the whole complex plane C of the Dirichlet series Z:i% ﬁ, (2] < 1,0 >
1,R(z) > 0). We denote by ((s,z) := ¢(1, s, z) the Hurwitz zeta function.

DEFINITION 3. Let ¢ = (c1,...,¢,) € Hf, ¢ = (21,...,2,) € Hj, and M =
(My,...,M,) e Z%. . The generalized Barnes zeta function is defined as the meromorphic
continuation to C of the Dirichlet series

Z (TLl +(E1)N[1 ~--(nr+:vr)MT'

Ca(s, M, zle) := (c1(nq +-Tl)+"'+cr(nr+xr)>s.

ni,...,n>0

Its derivative with respect to s is denoted by (g(s, M, x|c) := 0s¢p(s, M,z|c). By
setting M =0 := (0,...,0), we get the classical Barnes zeta function



6 S. RUTARD

1
(08l = D Tt ram e

Nn1,...,ne >0

DEFINITION 4. We denote the Euler Gamma function by I', and the Fuler—
Mascheroni constant by v := —I"(1) = 0.577215... We define the upper (resp. lower)
incomplete gamma function by

“+ o0

(s, t,z2) := / e Fys~ldy (seC, t>0, R(z)>0),
t
t

v(s,t,2) := / e FysTldy (o0>0,t>0, R(z) >0).
0

REMARK 5. If z = 1, we recover the classical incomplete gamma functions used
in the literature (see [EMOT81] Chap. IX]). We see that, for all ¢ > 0, the functions
(s,z) € Hyp x Hy — 7(s,t,z) and (s,z) € C x Hy — I'(s,t,2) are holomorphic, and we
have the identity

[(s)z7° =T(s,t,2) +7v(s,t,2) (c>0,t>0, R(z)>0). (8)

3. Meromorphic continuation of {(c,x, s)

For this section and the following section, we consider the linear forms l,(y) :=
Cqga¥r + -+ cgryr (1 < g <m), assuming R(cq,,) > 0 for all ¢,p. Our goal is to prove
an explicit meromorphic continuation of ((¢, x, s) in terms of the Hurwitz zeta function,
the Euler gamma function, and certain parameter-dependent integrals which will later
be evaluated at special values.

THEOREM 6. The function ((c,x,s) has an explicit meromorphic continuation
with respect to s = (S1,...,8++m) to the whole complex space given by

((e,x,s) = H(c,x,s,t) + Fe,x, s,t) (t > 0 small enough),

where the function F(c,x,s,t) is meromorphic (resp. H(c,x,s,t) is holomorphic) and
satisfies (resp. ) Moreover, its singularities belong to the set S, C C't™
defined as a union of all the hyperplanes

Hi = {s €T | s, = n} (1<p<r neN),

Hf,)n — {S c crtm | Spq1+ o+ Spam + Zsa :n} (Ag [[1,7“]], nEZST).
acA

Furthermore, if s € Sy \ (U1<p<,«7-[,(,},)1) is a singularity, then its multiplicity is 1.
1<n
3.1. Erdélyi’s formula
Erdélyi’s formula [EMOTS81] §1.11], as stated in the following lemma, is crucial
for rewriting integrands involving the Lerch zeta function, which appear in the next
subsection.
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LEMMA 7 ([Ono21l Lemma 2.2]). Letu € C\ (—o0,0]. We have

oo Nk
e (e, s,x) =T(1 —s)u* ! + Z ( ]g) C(s—k,z) (lu] <2mseC\N,z>0).
To prove that the above series is absolutely convergent, Onodera established a bound
using the Hurwitz formula. This bound will also be of use later in the paper.

LEMMA 8 ([Ono21l Lemma 2.1]). For any § € Ry, R € N, we set D(6, R) :=
{s € C| minpen|s —n| > 6, |s| < R}. We then have

107¢(s — k, z)] < El(k+1)R @)~ (k,n € Zso,s € D(S,R),e > 0).

3.2. Crandall’s expansion
Let s = (s1,..,804m) € C"*"™ such that o1,...,0,4, > 1. For all tuples n € Z%

we have I'(s,44)(lg(n + @)~ 5r+e = f0+°° e ta(mt)yysria—1dy thus we can write

400 400 m el n+m)yqy57+q 1
((e,m,s) = / / dy1 -+ - dym.
Z Hp 1 np + :pp F(Sr+q) m

Nn1,...,p- >0

Next, we split the range of each integral such that [0, +00) = [0,¢]U (¢, +00) for any given
t > 0. By using , one can then prove that the general term of the Dirichlet series
associated with ((c, x, s) satisfies the following identity

1
H:):l(np + mp)s” H:;l ly(n + x)sr+a
t m —l (n+m)UQy5T+q 1
= - dyl e dym (9)
Hp 1 np + xp / / 87+q)

(- )\AC\CI
> JICREIR
P£AC[1,m] qu[u,m]}\c (r+q) p=1
cCAs

X H F(37»+q, t, lq('n, + :]})) H lq(n + m)75r+q .
ge1,m]\C 4€C

On the right-hand side, we obtain two types of terms. The first one depends on an
integral over [0,¢]", and the second term is a finite sum of a non-empty product involving
upper incomplete gamma functions and linear forms. We now consider the sum over
ni,...,n, > 0 for each of these terms, and study the nature of each corresponding series.

PROPOSITION 9.  Lett >0, C C [1,m], and let K C C™"™ be a compact set. Then
the series

Z H qu[[l m]\C D(sr4q,t,lg(n+ ) (10)

1(np +2p)% [ e lg(n + @)t

N1,y >0
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is normally convergent on K in the variables (s1,...,Srtm)-

PrOOF. We proceed by bounding the general term of the series above. Let s € C,
t >0, z € Hy. By a change of variables, we have I'(s,t,z) = 2° f;;o e 2#¥ys—1dy. This
yields the following bound for the upper incomplete gamma function

ID(s,1, 2)] < 27~ RO2D(0,1/2,R(2)).
By the previous inequality, we find

H(np‘f'xp)—sp H F(5T+q7t7lq(n+w)) qu(n—I-:L’)_ST‘*'q
p=1 QGHl,mH\C qec
_ R(q(nt=))t

_ Maepme (270 5 T (00, t/2 Ry (0 + 2)
B H;:1(np + xp) 7P quc |lq(n + )| 7r+a

Note that © € Ry + ['(0,t/2, x) is increasing for any ¢ > 0,¢ > 0. Since R({;(n+x)) > ¢
(1 < g <m) where ¢ := mini<q<m,1<p<r(R(cqpxp)) > 0, we find

L(0r4q: /2, R(lg(n 4 ))) < T(0r4q,1/2,0).
Since K is compact, we have
|29+ | < 1, [(0r4q:t/2,¢) <k L.

Since the set [1,m] \ C is non-empty, and since £(cy ) >0 (1 < g <m,1 <p <r), there
exist dy,...,d, > 0 such that

T

H(np+$p)—sp H F(sr+q7t7lq(n—|—w)) qu(n+w)—ST+q
p=1 q€[1,m]\C oy
R(lg(n+t=))t
[cpimpee =
<<K 'r‘ ’ _ O(efdl(”1+m1)*"'*dr(’n7-+a:7-)).
[Tp—i(p + )7 Tec lla(m + )| 7740

Therefore, the series is normally convergent in the variables (s1,..., Sy4m)on K. O

REMARK 10. The series may diverge if we no longer assume R(c;;) > 0 for
all1<i<r 1 <5< m.

PropoOSITION 11.  The following series is mormally convergent in the variables
1y, Sptm ON any given compact set K C H} ™™,

! Y A § g 1
—lg(n+®)Yq, Srtq—
T ... e y ) dyl .o dy .
X momeh o I ( q "

n1,...,ne-2>0

Proor. It follows from bounding the exponential term in the integrand by 1. [
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From the previous proposition, we can perform a series-integral swap

P Ty Ay 1 (G T LR
P p

>0
= / / H (e—l;(y)qug(e—l;(y),Sp,xp)) Hy;;”"_ldm - dym, (11)
0 0 p=1 q=1
where 01,...,0,4m > 1 and

L) =cipyi + -+ cmpym (I<p<r). (12)

By @D, by , by Proposition and by Proposition@ we find the following expansion

((e,xz,s) = F(c,x,s,t)+ H(e,x, s,t) (01, yOppm > 1, £ >0), (13)
where
YT (@i g o) S S
F(e,x,s,t) ::/0 /0 H(e » YT (e ,sp,:tp)>HF(SHq)dyl-ndym (14)
—1)Mel

(
Hlewet = 2 (15)
0£AC[1,m] qu[[l,m]}\c F(ST+q)
CCA®

qu[[l m]\C F(ST-Fq? t lq (n + m))
8 Z [T, (np + )% [Lyec la(n + @)ora
5Ny 20 P P qeC 4

Such an equality is an analogue of Crandall’s expansion of the Mordell-Tornheim zeta
function (see [BD18]). By Proposition [0} we get that:

COROLLARY 12. Lett > 0. Then s — H(c,x,s,t) is entire and vanishes at all
nonpositive integers —IN € Z;Bm.

By the previous corollary, H(c,x, s,t) does not contribute to the directional values
of {(c,x,s) at nonpositive integers. Thus, only F(c,,s,t) determines those values,
which we ultimately compute using Erdélyi’s formula (see Lemma [7)).

PROPOSITION 13.  Let s = (s1,- .-, Sp1m) € (C\N)"™ such that oy, ...,00m > 1.
There exists tg > 0 such that, for allt € (0,1y), we have

B
Fle,m,s,t)= Y (_1)lkIHr(1_sb

ﬁ sap kmxap) (16)

p=1

S,,‘+q71 o
<[ / H RO | CRCLT s
p=1

Recall that we write A= {a1,...,aq} C [L,7], B={b1,...,b5} :=[1,7] \ A.
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Note that A or B can be empty, thus a or 8 can be 0. In such a case, we understand
that the product over an empty set is 1. Also, if a = 0, then the tuple k = (k1,...,kq)
corresponds to the empty tuple (), thus |k| = 0.

PrOOF. Let
Ehm(c;, R) := {s € Do(R)"™™ | mei%|sp —n|>6(1<p< r)} (17)

where 0 < § < 1 and R > 0 are both arbitrary. Applying Erdélyi’s formula on the
right-hand side of (14), we will prove that holds for all s € D,.,,(, R) such that
OlyevesOpgpm > L.

Let s € D, (0, R) such that o1,...,0,4m,m > 1. In particular, we have s, € C\ N
(1 <p <r). Note also that

Yy = (Y1, 5ym) € 0,07, Lyl <t (1<p<r). (18)

By Erdélyi’s formula we obtain the following for ¢ > 0 sufficiently small

W) (e W) et N~ (Sl ()
e P W gle” v 5y xp) =T'(1 - Sp)lp(y) P+ Z TC(SP —kp,zp), (19)
kp=0 P

with 1 < p < r and y € [0,{]™. We can then substitute the product
H;=1 (e_l;(y)”f’gb(e_l;(y),sp,xp)) in the integrand of F(c,x, s,t) using the right-hand
side of , and we will then perform another series-integral inversion. In order to justify
such inversion, we first need to bound each term on the right-hand side of for all
$ € Dy (6, R).

We first recall the following standard results:

i) The function I" is meromorphic on C with simple poles at nonpositive integers, and
the function 1/T" is entire.

ii) The Hurwitz zeta function is meromorphic on C with a simple pole at s = 1.

iii) As s, I'(1 —s,) is holomorphic on the compact set D, (8, R), it follows that

IT'(1—sp)| 1§5 1 (s =(81,--+,804+m) € Dyrm(d, R)). (20)

iv) Let € > 0. By Lemma [§| we have

‘C(Sp — kp, Tp)

o < (2m)*r (k, + 1) (s € Dyn(8, R), kp € Zso).
!

Moreover, the series Zzpoio(k‘p + 1)ft+e (i)k” converges for all ¢ > 0 sufficiently
small.

Using iv) together with bounds and , we can perform a series-integral
inversion
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t t T - (—I*(y)) k m L
/ / L1 = sl ()™ + Z pkl C(sp = kp,xp) H(qu+q tdy,)
0 0 p=1 kp=0 P gq=1
B a
= —1)l*l _ C(sa, — Fp, Ta,)
= X CoMIra-s) [T 2
AC[Lr] p=1 p=1
k1,....ka >0

t t m B a
x/ / [Tvy+ T16, @ T1E, ) dys - - dyn
0 0 q=1 p=1 p=1

Dividing both sides of by TT,21 D(sr44), we obtain (16). O

We now want to extend to the whole complex space. One major obstruction
is that the integral on the right-hand side of is not convergent when we no longer
assume o1,...,0,4m > 1, due to a singularity at the origin of the range of the integral.
For this reason, we shall perform a suitable change of variables in order to perform an
analytic continuation of this parameter-dependent integral.

3.3. Analytic continuation of a parameter-dependent integral
In this subsection, we fix A = {a1,...,a0} C [1,7], B={b1,...,b5} :==[1,7] \ 4,
and a tuple k = (k1,...,ka) € ZS,. We set

Vitt) :={y €0,8]" [y; 2y, A <qg#j<m)}  (1<j<m)

The range of the integral on the right-hand side of can be decomposed as [0,t]™ =
U, Vj(t) with pairwise intersections of measure zero. Let s = (s1,...,84m) € C"T™
such that o1,...,0.4,m > 1. By the additivity property of the integral, and using the
change of variables

(0,177 x [0,¢] x [0,1]™7 — V(t) _
@) ’ (1<j<m)
Yy = (yla'“vy’m) — (yly]77y]a 7ymy_])
we obtain
t t m ysrﬂfl B
a Ir pr_l I ”dy1 -dym,
[ [ T T 1T,
i t\k\—3+\3\\su[[r+1m+m]] ; ( ) (22)
= i, A k\C, S
= C(spq5)([k] — B+ [s]|B0fr+1,04m1) "
where [5,..., [} are linear forms defined in (12)), and where we have set
5T+q B .
fj_Ak,CS / / H* 0 pr 1Hl Y’ pdy1 dy...dym
S"""rq =1
q;éj

(23)
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with g7 = (Y1, Y1, Lyja1, - Ym), and  dyp---dy; - dym =
dys -+ -dyj—1dyjy1---dym. It is clear that the function s — f; 4x(c,s) is holo-
morphic over Hj ™.

In the next proposition, we establish a holomorphic continuation for the function
s — fjakr(c,s) involving a normally convergent series with respect to the variables
S1y+-ySrtm- We also provide a bound for this function, which will allow us to prove
that the right-hand side of converges for all s € C""™ except for some tuples s
contained in a union of hyperplanes.

PROPOSITION 14.  The function s — f; ar(c,s) has a holomorphic continuation
on C™™ given by

CY/
YD CRIRETINETN)

e

fiak(e,s) = "
A'ClL,m]\{j} u1,1,---,uqr >0 Hq:l (F(STJra’q)(erra’q + |Uq0| + |’Ua;1o|))
v1,1+Fvm, 1=k1

V1,0t FVUm,a=Fka

o m B o

ky v sp, — 1\ [ |tep] g,

XH<<U )H%?@H (o) G e, 24)
p=1 ep q=1 p=1 ep op

11—
S'r+b&71+|,vb;ol Jé] Sap Iu'})‘

1 1 ﬁ/ ﬂ,
Y
X/ / qu(s—/)H Cjb, + E Co; ,bpYq dyl"'dyﬁ/
€ € g=1 r+bq g

p=1

where € € (0,1) is sufficiently small, and where we write A’ = (a!,...,al,) C [1,m]\{j}

s Yol

and B" = (by,...,bg) = [1,m] \ (A"U{j}). Moreover, for any R >0, we have

, Ik| <
|fJ7»A7k(ca s)| ;i_ (mlgpgr?,élnéqgmkq’pb (Is1ls -5 |8r4m| < R). (25)

Before proving the proposition, we need the following elementary uniform bounds.

LEMMA 15.  For all R > 0, we have

<}§ 1 (n € Zzo, S € EQ(R))

<1,
R

1
‘F(S) ‘F(S)(8+”)

PRrOOF OF ProproSITION [T[4l  Firstly, we prove that the series on the right-hand
side of is normally convergent on any given compact subset of C"*™ (in the variables
s) by establishing bounds for each term of this series. Secondly, we show that holds
for all s1,...,$4+m € C such that oq,...,0,4, > 1, which will conclude the proof.

i) We begin by bounding the general term, denoted T as 4.(8), of the series on the
right-hand side of (24), on the compact set K := {s € C"*™ | Vk € [1,7 +m],sx €
Do(R)} with R € N. Let UL1,---5Uar3 > 0 and v11,...,Vm,a > 0 be nonnegative
integers such that v1 p, + -+ vmp =k, (1 <p < ). For all s € K, we have:

e From Lemma we obtain
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1

<1 1<qg<m, neZs), 26

‘r<sr+q><sr+q+n> % (I=g=m, n€Zx) (26)
1

— K1 1<qg<m). 27

‘r<sr+q> 5 ( ) 27)

By compactness, it is clear that

g el < (I<qg<m, zelel]), (28
€
623:1(87‘4—(1,:1+|uq"+|va;l‘) < EE::I |qu‘. (29)
R,e

By setting L := maxi<p<r1<q<m |Cqp|, We clearly have that

(v.p) H Cariy| < (v.) Ly (1<p<a) (30)

Using the bound

(Z_l)‘ < <R_/:k> (k € Z20, = € Do(R))

k
we obtain
8 o
-1 . w R . .
H <8bp ) <|u P|> H ca/q,g < L|u\ H <( + |u ;D|> (lu P|>> . (31)
et |ty Uep /o7 0| E = |tap| Uep

Let 1 <p<pgand (y1,...,ys) € [e, 1]5/. It is clear that
prflf‘““pl ’ pr,]_,h,{.p‘

RZ
Cjb, T g Cv! b, Yq < |¢jb, + E Cv, b, Yq ez,

Note that we have the following bound:
B’ B m
L< [ Rein,) + D Rl n,)e | < |ein, + D cbn,ba| <D legn,| <mL
=1

q=1 g=1

with L := maxi<p<r,1<q<m |Cq’p| >0, 1[:= minlgpgr’lgqgm %(Cq’p) > 0. Thus
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(mL)"bp*|“w\*1 if |cjp, + 25;1 b, Yq| = 1
and oy, — [tep| > 1,
p i —1-luel |1 if (e, + 0 ey, > 1
Cjb, T Zcb;,bpyq < and oy, — |uep| < 1,
o=t 1 if |cjp, + 25/:1 Cby by Yq| < 1
and oy, — [tep| > 1,
Ko~ |tep|—1 else.

By compactness, we also have:
op—|uep|—1 —|uepl op—|tep|—1 —|uepl
(mL) < (mL) , <1 i
R R

Finally, we find that
B/ pr_l_lu'P‘
Cjb, + Z Cvr, by Yg <}§ min(l, mL, 1)_|uop‘. (32)
q=1

From and 7 we get:

Sq,—1—
sT+bg—1+\vh;.\ 8 Sap [wepl

1 1 ﬁ/ y ,Bl
q
= Cib, + Co b, Y dy; - - - dyg
/6 /; ql;[l F(5r+b{1) 7:0p z; q%r 94 B

p=1 a=

< min(l, mL, 1)_|“"1".

R,e

From the above inequality and from , , , , , we find that

sl € (s ) H () T () ()

p=1

kp

Vep

«
By the multinomial theorem, we have Z H (<

v, 1+ +Um,1=k1 p=1

)Lkp) = (mL)™*l. Tt is

Ul,a“l’"'%’.vm?a:ka
straightforward to check that the series

oo 3 Gma) T ()

UL, 15y Ugl 32

converges absolutely for all 0 < € < % Therefore, the series on the right-hand

side of is normally convergent on the compact set K, for € > 0 sufficiently small.
ii) Let s = (81,...,804m) € C™™™ such that oy,...,0,4m > 1. We now want

to prove that holds for such s. Let A" = (af,...,al,) C [1,m]\ {j} and B’ =

s Yoyl
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(b5 b)) = [1,m] \ (A" U {j}). We set

o) <e (1<g¢<a’)

V.A/,j(g) = {(yl,...,g}',...,ym) [0 ]_]m 1 | b/ >€ (1<q<5’)} (0<€< 1)
We can then partition the following integration range:

{W- i oum) Ve £ Gyg €01 = | V(o)
A'CI1,m]\{5}

with pairwise intersections of measure zero. By the additivity property of the integral,
we get

fiAak(c,s)

m Sr+q—1 -
/ sz ()% 1]'[1 Yordyy -~ dy; - - - dym.
V.A' E)q 1

A'C[u I\ i1 [(sr+q)

(33)

We now aim to expand the integrand of each integral into power series around the origin.
Note that these power series converge uniformly on a sufficiently small compact disk.
Therefore we are able to perform a series-integral inversion.

Let A = (a},...,al,) C[1,m]\{j}and e € (0 L ). By Taylor’s

?mmaxi<g<m, 1<p<r [Cq,pl
expansion

? a

.....

we obtain the following expansion, uniformly in 47 € V/ w0 (e),
i, @)
Sy, — 1 |’LL | ﬁl ) «@
* Uqg . g
= Z ( |; | > (u P > Cjb, + ZCb{,,b,,yq H <caglgpy};q,p) )
Up,1ssUp of 20 *p op pr
Let p € [1,a] and k, € Z>¢. By Newton’s multinomial, we have

L@ =) ()“H%W@

v1,1+ +Um 1=k1 7&
97
V1,7t +Um a=ka

Plugging these last two expressions into the integrand on the right-hand side of , we
obtain
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S,+q71 B

H l?;p AJ pr 1 H l* /\ pdyl a—y: .. dynL

= kp\ o, ’ sp, — 1Y\ (| tep]

11 I L 11 |; | w (34)
UL, 1,0 3Uqr 520 p=1 °p = °p °p

v1,1+ +vml k1

V1,0t +Um a=ka

5/
/ cjvbp + z :cbgvbﬂyq
Var; E)p 1 q=1

S'r'+q

I
M

Using Fubini’s theorem, we then obtain that the integral inside that last expression is
equal to

o' c Sr+tal, +|uq.\+|va/ ol o
5 11 chf‘“é 11 HC”“’
a
q=1 P(sr-4ay) (Sra, + [tge] + |vage]) q=1 \p= g=1
q#j

y+b/—1+|vb’.\ B Sop —1=[thep]

/8/
/ / IT { o+ e, dyr -~ - dygr.
57"+b:2) qg=1

p=1

Plugging the previous equality into , and using , we get . O

REMARK 16. We proved that the series (with respect to (w,v)) on the right-
hand side of is normally convergent on any compact subset of C™*™ in the
variables si,...,S,4m. Therefore, one can compute the limit of f; 4x(c,s) at s =
(=N1,...,—N,4m) by interchanging the limit and the series on the right-hand side of
. One can also compute the directional derivative values of f; 4, by taking the
directional derivative values of the general term of the series on the right-hand side of

)

3.4. Meromorphic continuation of F(c,x, s, t)

We established that {(c, x, s) = F(c,x,s,t)+ H(c,x,s,t) (t > 0,01,...,004m > 1),
where s — H(c,x, s,t) is entire and vanishes when s € Z-{™. We also showed in an
explicit formula for F(c,x, s,t), where o1,...,0.4m > 1. Here, we extend this formula
to C™*™ which introduces singularities along a union of hyperplanes.

PROPOSITION 17.  Let 8 = (S1,..., Sr4m) € C"T™\ S,.1n. There exists to > 0 such
that for all t € (0,tg), we have
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F(e,x,s,t) Z HF (1—sp,) Z (~1)*If; ar(c,s) (35)

AC[1,r] p=1 ki,...,ka>0
1<j<m

t|k’|—ﬁ+\3\\8u[[r+1 r+m]

X
F(ST+])(|k| ﬁ + |3||BU[[7’+1 r+m]]

o
H Sap k'p7l'ap)

where we recall that A = {a1,...,a.} C[1,7], B={b1,...,bg} :=[1,r] \ . A. Moreover,
the singularities of s — F(c,x, s,t) belong to Sy .

Proor. By plugging into , we obtain that holds for all s € (C\N)"*+™
such that o1, ...,0.4m,m > 1. We now prove that the series on the right-hand side of
is normally convergent on a suitable compact set that does not intersect the set S, ,,
and we prove such a result by using bounds obtained for the Hurwitz zeta function and
for f; 4.k(c,s). We need to choose a suitable compact set by accounting for the possible
singularities arising from the right-hand side of .

Let R >0 and 6 € (0,1). We set

min,en, 1<p<r |$p—n|>d

K’I",m(67 R) = {S e EO(R)T-‘FTI’L ‘ minneZ<m’ -Ag[[lﬂ‘]] |Za€A Sa+z;n:1 Sr+qn’>§} . (36)

Note that the set K., (6, R) contains the compact set D,..,(5, R) as defined in (7).
Observe that each term of the series on the right-hand side of is holomorphic on
K, (0, R). Let A={a1,...,a0} C[1,7], B={b1,..., b5} :=[1,7]\ A4, j € [1,m]. For
all k = (k1,..., ko) € 2%, we have:

o If ky + -+ ko > B, then by Lemma [I5] we find that

1
<1 (s € Krm(6,R)).
F(Sr+j)(|k| - B+ |S||BU[[T+1,r+m]]) R,6

o If k1 + -+ + ko < B, we know that the function

1
L (spy5) (k| — B+ [8l|BUfr+1,r+m])

s € Ky (0, R) —

is entire. By compactness, we have

1
’F(Sr+j)(k| = B+ |sliBopr+1,r+m])

1 K, (6, R)).
Sl (KR

Since there is only a finite number of nonnegative tuples k satisfying ki + -+ - + ko < 3,
we get that

1
'F(3r+j)(|k — B+ sliButr+1,r4+m1)

<1 (s€ K R).kell). (37)

We see that the function s — ngl ['(1 — sp,) is entire on K. ,, (6, R). By compact-
ness we have
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B
H (1=sp,)| €1 (s € Kpm(6, R)). (38)
One can also prove that
‘t|k|_ﬁ+‘s‘\BU[[T+1,7‘+7nI| 1§<5 ¢kl (s € Kr,m(5, R),k ¢ Z§0)~ (39)

By , 7 , , and using Lemma [8) we obtain that

tlkl=B+Isl|Bulr+1,r4+m] o

Em

(Sa kpaxa )
f',A,k(cv 5) 1 — 5 R
J L(sr15)(|k| — B+ |s||Bufr+1,r+m]) i 1;[
k| o
MMAX ] <p<r1<q<m |Cq.pl R+e
t k 1 > 0). 40
= ( o ) It + 0™ >0 (40)

Note that the series Zk e >0(mmaX1§pS“15qg’"|c“’| Ik [To—i(kp + 1)%F converges
forall 0 <t <

., we conclude that the series on the right-hand side of is normally convergent
on K, ,,(d, R) in the variables s = (s1,..., Sy4m), for any t € (0 to). O

=: tg. Combining the previous fact with the bound
mmaxl<p<7‘ 1<q<m lcq,pl

spsrmlsas

Combining the expansion with the convergence result shown above, we obtain
a meromorphic continuation for (¢, x, s) to the whole complex space C"+™.

COROLLARY 18.  Let t > 0 sufficiently small. We have
((c,z,s8) =F(ec,x,s,t)+ H(c,x, s,1) (s € C™T™\ S,.).

From Corollary [I8] Proposition [I7} and Corollary [[2} we obtain Theorem [6]

3.5. Regularity of F(c,z,—N + z0,t) at z =0

Let N € ZZ™, and let § € C"*™ such that (7)) holds. We prove in this subsection
that the single-variable function z — ((¢, &, —IN+28) is meromorphic on C and regular at
z = 0. Thanks to Theorem@and Corollary it suffices to show that z — F(c,x, —N +
20,t) is regular at z = 0. To that end, we will show that holds around z = 0 after
setting s = —IN + z6.

PROPOSITION 19.  Let t,n > 0 sufficiently small. For all z € Do(n), we have

F(c,z,—N + 20, t) E H L1+ Ny, — 20,) E (=)l f; 4 k(=N + 20)
AC[L,r] p=1 Koo >0
1<j<m

tIRl=B=INlBur+1,r4+m] +210]|BULr+1,r+m]
X

F(_Nr—i-j + 2’97-+j)(|k| - B - |N‘|BU|IT+1,T+m]] + Z|9||Bu[r+1,r+m]])

= C(_Nap + zaap - kp; xap)
<T1 o .

(41)

p=1



Special values of multiple Hurwitz zeta functions 19

PrOOF. Let t > 0 be sufficiently small. By definition of S, ,, in Theorem @, we
have

1 1
—N+20 € STJTL — z € U 0—Z§|N|\Au[[r+1,r+m]] U U -—N
Ag[[l,r]]| [140E+1,r-4m] pellr] P
s.t. 0,70

We take a radius 7 so that the function z € Do(n) — F(c,x,—N + z0,t) has at most
one singularity in the disk, at z = 0. Let > 0 and R € N such that

Such an 7 exists because of the non-vanishing condition @ satisfied by the direction 6.
We clearly have

1
Op

1
EaE.A 0o + E;nzl 9T+q

1
7 = — min ( min , Iin
2 pe[l,r] s.t. 6,70 AC[1,7]

= N, .
R nggim( K+ Iﬁwlﬂ eN

Vz € Do(n) \ {0}, —IN +20 & S, ,,,,
and with our choice for n and R, we also have
{—=N +20|z2¢€ Do(n)} C Dy(R).
Therefore, for § > 0 sufficiently small, the compact set
K(n,0,R):=={-N +20 |z € Do(n)} N K,.m(3,R)

contains a non-empty open connected subset of the compact set K., (0, R) defined in
(36). We observe that holds for all z € Dg(n) such that —N + 20 € K, ,,(d, R).
Therefore, it remains to show that the series on the right-hand side of is normally
convergent on Do(n). We will then bound the general term of this series, and we will use
the same bounds as those used in the proof of Proposition

Let A={a1,...,a0} C[L,7], B={b1,...,08} :=[L,7]\ A, k = (k1,...,ka) € Z%,,
1 < j < m. By the definition of 7, no singularity arises from the terms {(—Ng, + z9a;—
kp,%q,) (1 < p < a) for z € Do(n). Thanks to (25), Lemma and Lemma we obtain:

||
HarN )] (o le,)

1<p<r, 1<g<m
‘ t‘k‘_B_‘N||BU[[1'+1,7'+"L]]+Z|0|\BU|IT'+1,7'+7H.]]
D(=Nryj + 20045)([k| = B — IN||sofr+1,04m] + 2

ﬁ C(=Na, + 204, — kp, xq,)
ke kp!

< tlkl
n

0| |BU|IT+1,r+m]])

< (2m)" ¥l f[(kp + 1)1 (e >0)

e,n

p=1

uniformly for z € Dy(n). By compactness, we also have
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B
HF(1+N(,p—20bp)<n<1 (z € Do(n)).

Therefore, the general term of the series on the right-hand side of is bounded by

(HEspsplsasm ol t) Il H 1(kp + 1)1t Assuming that ¢ > 0 is sufficiently small,

we get that the series on the right-hand side of converges normally on Dy(n). O

4. Computation of {(¢,z,—N) and {’(¢c,z,—N)
0 0

In this section, we state in Theorems [20] and [21] explicit formulae for the directional
(derivative) values of ((¢, x, s). The proof of both theorems relies on Crandall’s expansion
established in the previous section, as well as on the meromorphic continuations of the
functions F' and H. Those two explicit formulae clearly imply Theorem [A] Note that
both formulae involve some coeflicients C]Q, Ax(c, IN) and C Ax(c N ), and are computed

in Proposition They are first defined in terms of directional (derlvatlve) values of the
parameter-dependent integral f; 4 x(c, s) given in .

THEOREM 20. We have

li5+8
C(cva_‘eZV): Z MHN

0£AC[L,r] ‘ |\BU|IT+1 r+m] p=1

1<j<m
a
k x
N, ap
X E ].Ak C, N H L L )
kit +ka=B+|N||BU[r4+1,74m] p=1

where we write A = {a1,...,ao} C[1,7], B={b1,...,bg}:=[L,7] \ A, and
CO up(e, N) 1= (~1) Nt 4N bt N1 (<N, (42)

THEOREM 21. We have

o~

= J = r+ u
Cemp=S0 I e ) )
j=1 ur,1+t+ur r=Npy1 = as
um,l+"'+1.l:7.n,7‘:N7‘+m 977

Sl

CB( T+J7M(N7j7u)7m|cj°)7(77th+j)NT+j!

5 ﬁ (Ny, + [ttap, |)!
Ny, +|ue +1
02 AT pt (€, )Nt

a Jkp
Cj’aPC(_NaP - |u"ap‘ - kp’ Jjap)
x > I1 -

k1+"‘+ka:N7‘+j+z£:1 (Nb, +|web, |+1) p=1

IB @ «
j C(iN —k ) L )
SR~ =t YRS SR ) | f e
0#AC[1r] 1 IBUErLrEm] g kitotho  i=lp v
1<j<m =B+IN||BULr+1,74+m] p

(—1)Nlis+6g
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1 C _Nai — ]{11‘,33,“
X <aC]1,A,k(c7 ‘ZX) ( k.| ) + eai CJQ,A,k(Ca N)

C/(_Nai — ki’mai)
k;!

where we have set

M(N7j7 u) = (Np + |UOP|)p€[1,r]] (1 <j<m, u= (uq,p)qe[[17ﬁ,l]]\ﬂ{j})7 (44)
pe(l,r
Canle ) = N T -1 (4
=1
oy
B
X fJI‘,A,k(C, —g\r) + fjak(c,—N) <9T+j(th+j )+ Z pr(hNbp B 7))1 .
p=1

Note that both coefficients C7 4 (¢, N) and O} 4 (e, ];T) are computed in Propo-
sition 27] To prove the theorems, we first notice that by Corollary [I2] and [I§] we have

C(vav_ézv) :F(vav_-ez\rvt)a (46)

C’(C,iL‘,—éV) :F’(qw,—é\f,t)+H’(c,w,—é\7,t), (47>

for t > 0 sufficiently small, where we have set

F(e,x,—N,t) := lim F(c,x,—N + 20,1),
2] z—0

/ _ — _
F'(c,x, tg\f,t). ;%GZ(F(C,Q:, N +20,1)),

H'(e,z,—N,t) :=lim 9, (H(c,z, —N + 20,1t)).
2] z—0

In the following subsections, we compute the three directional limits to prove Theorems

20l and 211

4.1. Lemmata
We state two key lemmata to compute the two special values ((c,x,—N) and
0

C/(C,w, _ézv)

LEMMA 22. Leta,be C\ {0}, N € Z> and n € Z. Then we have

! [ CREN (g )2 £ O(2) =0
[(az — N)(bz +n) 20 (_1):aN!z+O(z2) i 40

where hy is the N-th harmonic number. Moreover, we have (1/T) (=N) = (—=1)NV N1

Proor. It follows from applying Gamma’s functional relation, and using the first-
order Taylor expansion of 1/T" at nonpositive integers. O

LEMMA 23.  Let (n1,...,n4) € ZS,. We have



22 S. RUTARD

ii—r)%az <ﬁ (—N,» —nj +z9¢)> _ (é 0;(hn, — hN#ni)) ﬁ (—]\Zi— 1).

i=1

ProoF. It follows from Leibniz’ rule and from

lim 0. ((‘Ni‘ﬁz‘%)) _g, ”f (=Ni= 1) (ZNg— L= j) -+ (=Ni — 1)

250 n; — ;!
j:

n;—1
—N; — 1\ ¢ 1
:62 ' E )
( n; )j—O —N;—1—3j

where (—=N; — 1 — j) indicates that the factor (—N; — 1 — j) is omitted from the product.
Note that the last sum yields a difference between harmonic numbers. U

4.2. Proof of Theorem
Using and Proposition we obtain

0 | k| = C(_Nap - kpaxap)
C(Cﬁ&—é\’) = > II™! D EO¥fane,-N ] o
AC[1,r] p=1 E1,eoka >0 p=1 P
1<j<m

! t|k|*ﬁ*‘N|\Bu|[r+1m+m]]+Z\9|\Bu|[r+1,r+m]] (4 )
X lim . 8
520 D(=Nyyj + 20,45)([k] — B — |N|i5Ufr+1,r4+m) + 210 BULr+1,04m])

Let A = {a1,...,a0} C [1,r], j € [1,m], k = (k1,...,ka) € Z,. By Lemma
we find that

1
lim
zﬁOF(—NT_,'_j + 29T+J)(|k| - ﬂ - |N||BU[[T+1,T+m]} + Z|0||BU[[7'+1,7"+77L]])
0 if [k[ # B + [N||sufr+1,r+m]
= (—1)Nrti 0,4 Ny ! . (49)
riitrl otherwise.
[60]|BULr+1,r+m]

In particular, if A = (), then k corresponds to the empty tuple (), and so |k| = 0. Since
0 < 8 = m, we conclude that the limit on the left-hand side of vanishes when A = 0.
Using and splitting the sum on the right-hand side of as follows

> = > + > :
ki,.ska 20 kit Fka=B+|IN|iurt1,r+m] k1t +kaZB+HIN||BU[r+1,r+m]
we obtain Theorem 201 O
4.3. Computation of F’'(¢c,xz, —N,t)
0

One can evaluate at z = 0 the derivative with respect to z termwise, via (41)).

PROPOSITION 24.  There exists a function F*(c,z,—N,t) = plot + Z:i% Ant™
]
without constant term (i.e. Ao = 0), defined for all 0 < t < 1 where { € Z<q, such that:
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F'(c,x,—N,t) = F*(c,z,—N,t) (50)
] o
ﬁ (03 «
(71)‘N|IB+ﬂGT+j C(_Nap - kpa-rap>
S  E A VD ) | =
0£AC[1,r] [BU[r+1,7+m] p=1 kqdetky i=1 p=1 P
1<j<m =B+IN[|BULr+1,r+m] pFi
1 C(_Nai — ki?xai) CI(_Nai - khxai)
x| =Cj arle.IN) 5 +0a,C 4 g (e, N) .
« [ k;! k;!

where Cf 4 (¢, N) and Cj 4 4(c, N) are defined in and (45)).

Proor. Differentiating with respect to z and taking the limit at z = 0, we
obtain

F’(c,:c,—g\f,t) (51)

8
STt S0~k AN e (Tj{{ik +T2 +TJ4(7?:L)‘7klnt),

AC[1,r] p=1 k1 oo ko >0

1<j<m

with

1
z=0 (F(_Nr+j + 20,45)(|k| — B — [N jsufre1, r+m]] + 210|BUr1, r+m]])>

le((_Nasz ki?xai) (fJ,Ak —‘,—ZQ[, hNbp fg,Ak( N))

i=1

"(=Ng, — ks, Tq, < k; s Ta,
Moy —hoza) e, ]H p Ta,)

7® = 1lim 9, ( L )
Ak 250 D(=Nyyj + 200 15)(|k| = B = [N iBufr+1,r4+m] + 210]|1BU[r+1,r+m])

5 C(=Na, — kp,2q,)
x fiak(e,—N) ] T £
N

p=1

. 1
z=0 (F(—Nr+j + 20,1 5)([k] = B — [N ||BU[r41,r+m] + Z|9|BU[[T+1,T+m]])>

- C(*Nap —k ’xap)
X \9|\8Uﬂr+1,r+mﬂfa‘,A,k(07 —-N) H Tl = .
p=1 L
It remains to compute the limits for each term. Let us fix A = {a1,...,a4} C [1,7],

jel,m], B={b1,...,bs} :=[1,7]\ A and k = (k1,...,kq). Thanks to Lemma [22]
we have

1
F(_Nr+j + Z@T_H)(“Cl - B - |N||Bu[[r+1,r+m]] + Z‘el\BU[[T+1,T+mﬂ)
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24
(1) V743 0y Ne ! 2 .
|k‘_ﬂ_‘N|\BU[[Z‘+1.7‘j»m]] z+ O( ) if |k| 7& /8 + |N|\BU[[T+1>T+7R]]’
250 )| (D0 Nt (D0 Negst 2
101 5ULr+1,74+m] [0l BULr+1,7+m] (’Y hN,,,+j) z+ O(Z ) else.

Therefore, many terms actually vanish depending on an equality satisfied by |k|.

i) If k| # B+ IN|sop+1,r1m) we find that T/ = T, =
= () then k corresponds to the empty tuple @), thus |k| = 0 < 8 = m and then

(1) (3
T]@k = TJ@k 0.

0. In particular, if

il) If |k| = 5 + |N||BU|I’I‘+1,’I‘+1’TL]]7 we ﬁnd

(_1)Nr+j6T+jNT+j! (52)
|0|\BU[[7'+1,7“+77L]]

N - _
Tjan=

o B
C(_Nai - ki7xai)
S (antes 00+ fante ) S o, - ) z
i=1 p=1 z
Na klvxa - k 7:1;0' )
+ eaq‘, ijA,k(c7 7N) < ( ; ] H - :
p=
p;ﬁ
( ) 7+]9 T+| @ C( —k xa)
T®  — = (v = hw,y,) fiar(e, —N) S
JAk |9|\Bu[[r+1,r+m]] ( ) id pl;Il kp'
(53)
Using i) and ii), and splitting the series >3, ;4 in (B1), we obtain
B
F'(e,x,—N.t) = F*(e,a,~N,t) + ) = (=17 INlsersroem TT N | (54)
0 0 0£AC[1,r] p=1
1<j<m
(1) (2)
X > (Tj,A,k + Tj,A,k)
k1t tka=B+|N||sufr+1,r+m]
where
B
F*(c,z,—N,t) := Z (=) HIN st H Np, !
0 0£AC[1,r] p=t
1<j<m
(3)
X Z T] A, kl
ki+-tka=B+|N||su[r+1,r+m]
B
+ > 1w > O
AC[1,r] p=1 kit tka#B+|IN||BULr+1,r+m]

1<j<m

By plugging formulae and into (54)), we notice that the coefficients C;-),A’k(c, N)
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and C A, k(c N ) defined in and . ) both appear in the summand, and we finally
obtain (50). O
4.4. Computation of H'(c,z, —N,t)
By , we have ’
(—1)lA%\Cl
[oepimpe T(=Nryq + 20r44)

H(c,z,—N + 20,t) =

0#£AC[L,m]
CCAC

(55)

X Z [epmpe V(= Nrig + 20r44, 1,1y (n + @)

~ H (np + xp)—Np+20p HqGC lq(n + w)—Nr+q+297‘+q
for any ¢t > 0 and any z € C. Thanks to Proposition [9} we know that all the series above
are normally convergent with respect to z over any compact subset of C. In particular,
we can differentiate the right-hand side of termwise with respect to z. By taking
the limit at z = 0 of such derivatives, many terms vanish because 1/T" has a zero of order
1 at nonpositive integers. Therefore, we obtain the following relation

m 1
H _N.t) = lim 0,
(C7CB, 8 ) ZZI_I)% (F(N,q.j + 207«4,-]‘))

x> T(=Negj t.lj(n+2) [Ty +2p)™ [T (n+ ) Ve,
ni,...,np>0 p=1 g=1
75J

By Lemma [22] and by the multinomial theorem, we get

m - m T

/ _ ] J Nriq Ugp

Hew -NO=Y 0y Y I <( o ) TT e ) (56)
J=1 ur,1tetur,r=Nrpp1 ¢=1 p=1

q#]
um,1+"'+u7n‘7‘=N7‘+m

X (—1)Nr+er+j! Z F(—NT+J,t l n + iI} H np + Tp N +|u0p|.

N1y ynp >0

We observe that this last expression is not very explicit due to the presence of the series
on the right-hand side of . In we will show via another Crandall’s expansion
that this series can be written as a derivative value of a generalized Barnes zeta function,
plus an explicit constant term.

4.4.1. Crandall’s expansion for generalized Barnes zeta function
We ﬁx M = (M, ..., M,;) € Z%,, j € [1,m]. By applying Corollary., 18} Proposition
and ([15)) with suitable data for the generalized Barnes zeta function

ny + )" - (ng 4 @) M
3 ( ) ( )

M, alc;.) =
(s, M, x[cjs) (cja(n1 + 1) + -+ Cjp(ny + 7))

(05 1),
ni,...,ne->0
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we obtain the following Crandall expansion for the generalized Barnes zeta function
CB(s, M, x|cjs):

CB(S, M,:L'|cj.) = HM(CJ‘.,QZ, S,t) =+ FM(Cj.,w, S, t), (57)

where t > 0 is sufficiently small, and

r

1
Hu(cje,@,5,1) = T(s) > Tt ljn+a) [ +mp) ™ (s € C), (58)
NY,eeey n,>0 p=1
oMy T C;‘?f;p (—M,, — kp,z,,)
Frlese,@,5,) := T > DM ™ (59)
AC[Lr] =1 Cjy  kiveeika>0 p=1 P

5= | M| j5—B+|k| 1 .
“ ) — M5 — 5+ [K]) (57 L0, IM] + 7).

We denote by Hj, and F}, the derivatives with respect to s of the two functions defined
above. We now give an expression for both of these functions at nonpositive integers.

PROPOSITION 25.  The function s — (g(s, M, x|cje) is meromorphic over C, and
is reqular at nonpositive integers. Moreover, there exists a function with no constant
term Fpp(Cje, @, —Nypij,t) = plnt+ :Lriof Ant™ defined for all 0 < t < 1 where { € Z<y,
such that

Fhg(€je @ ~Nyijot) = Fig(je @ —Noj, 1) + Nosslly = hw,.,) (60)
B
M ' _Ma _k ;xa
% j: b P P p)

a o
II——= > | :
) »

0#£AC[1,r] p=1 (_Cj’bp ki+-t+koa=Npt;+|M|z+8p=1

r

Hpg(Cjo, @, —Npyjit) = (=D)N Nt Y T(=Noyj t, (4 @) [ (g + 2) ™.
N1,eny n,>0 p=1

(61)

PROOF. By applying Theorem [6] to (g, we know that the function s
¢B(s, M, x|cjo) has a meromorphic continuation to the whole complex plane, given by
Crandall’s expansion written in . Differentiating with respect to s, and using
Lemma we obtain . To obtain , we take the derivative of , and the

computations are similar to the ones in the proof of Proposition O

4.4.2. Explicit formula for H'(c,z, —N,t)
0

Via Propositionwe eliminate the non-explicit series on the right-hand side of
by first writing

s /J\ s NT+ - u
H'(c,z, —gV,t) = ZGTH‘ Z H (( w q) H Cq,q15p> (62)
j=1 w11+ tur, =Ny q:l q. p=l1

qF#]j
Um, 1t FUm,r=Nrim
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% (S (= Nosss M(N i w), @1e) = Fra(av g (~Nrtss €jos @.1))

where M (N, j,u) is the tuple defined in . By plugging into , we obtain a
function with no constant term Hj;(cje, @, —Ny4j;,t) = plnt + Zzz Ant™ defined for
all 0 <t < 1 where £ € Z<g, such that

H'(e,x,—N,t) = H*(c,z,—N,t) (63)
2] 2]
m 0 m N, r . ’
+Z€T+j Z H (( u+q> ch,lsz) [Cé(_NT+j7M(ijau)vmlcj°)
7j=1 wy, 14 Fur - =Npy1 a° p=1
U 1o F o =Nr

2 (Ny, + [ten, |)!

Noj, +|tep, |+1

- (,‘Y - hNT+j)Nr+j! Z
P£AC[1,r] p=1 (=¢in,)

(6% kP
¢;? ((—Ng, — |Uea,| — kp, Ta,)
J,ap P P P
: > 11 -

k1+'“+ka:N7‘+j+Z§:1 (Np,, +|web, |+1) p=1

4.5. Proof of Theorem [21]
By , recall that we have {'(c,xz,—N) = F'(¢c,x,—N,t) + H'(¢,z,—N,t) for
0 6 6
t > 0 sufficiently small. A crucial step for the proof of Theorem [21] relies on the linear
independence of (Int, (t"),>¢).

LEMMA 26. Let £ € Z<o, and let (A\y)nez~, and (pn)nezs, be two sequences of
complex numbers such that the power series ZZ:& Any™ and Z:::f) wny™ have a positive
radius of convergence R. Let us also assume that

+oo —+oo
Yy € (0,R), Y Ay + ) pny"Iny = 0.
n=~{ n=/,

Then for alln € Z>,, we have A\, =0 and p, = 0.

Proor. If all y, vanish (resp. all A, vanish) for all n > ¢, the result is trivial.
Otherwise, let us assume that there exist two integers i,j > ¢ such that A\; # 0 and
pj # 0. Suppose i = min{n | \,, # 0} and j = min{n | u, # 0}, then \;y* + p;3’ Iny +
o(y? Iny) + o(y?) o 0, thus ;97 *Iny o i, hence the contradiction. O

By adding and , we obtain that ¢’(e,z,—IN) is equal to a constant term
0

(with respect to t) that corresponds to the right-hand side of , plus a function in
the variable ¢ with no constant term H*(c,x,—N,t) + F*(¢,z,—N,t). This equality
0 0

holds for all ¢ > 0 sufficiently small, yet ¢'(¢, 2, —IN) does not depend on ¢, therefore by
0
Lemma [26] we obtain for all ¢ > 0 sufficiently small,

H*(e,z,—N,t)+ F*(¢,z,—N,t) = 0.
0 0
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5. Computations of C7 4, (¢, N) and Cj 4, (c, ];7)

Throughout this section, we fix a set § # A = {a1,...,a,} C [1,7], a tuple k =
(K1, ka) € 2%y, and for convenience we also set B = {b1,...,bg} := [1,7] \ A. We
have

PROPOSITION 27.  Let® # A= {a1,...,aa} C[1,7], B={b1,...,b5} :=[1,7]\ A4,
Jel,m], and k = (k1,...,ka) € Z%,. We have

~

C9 k(e N) HNW 3 3 (64)

v1,1+ +vm1 ki wp i+ +u1,3 =N,41—|v1e|
V1,0t +'Um a=ka Um, 1+ F+Um = Nr+m |vm.\

() R ) i

p=1 p=1
q#]

~

Clakle, ) = HNTH > > (65)

vi,1+- Jrvml k1 wupit +u1/3 =N,41—|vie]

V1,0t +vm a=ka Um 1+ +Um, s=Nrim—|Vme|
B
<Z Ob, (Y = Iy 4w, +10C50,) + Z Ortq(y — th+q)>

p=1 g=1
o m : B _N. —1 | . | 3 . m .
<1l (( )U ) 1l ( e )(Z> w MH b
- - - q#]

+ H Nriq! ZQHE > ZN H (( ) H@“aﬁ)

vi, 1+ +Um1 ki wi+4-- +u113 Nyj1—|vie| =
Z#J

V1, +Um a=kaq Um, 1+ FUm, B=Nrim—|Vme|

B
_Nb -1 Ue uq P
X H v el H Cy? | WB.jtn(N w) Nesr —|vee| (€)
|ty Uep
p=1
q7537
where n(N,u) := (No, + |@e1l, ..., No, + |tag|), and W is the constant defined in (76)).
We recall that C?7A7k(c, N) (resp. ClAk(c N)) is defined in (resp. ([A5)) by
the value f; 4 x(c, —IN) (resp. by the values fLA)k(c —N) and fJ'-Ak( ,—N)). Here, we
” 0
will derive from two explicit expressions of f; 4,x(c, —IN) and f] 4 x (e, —IN), which
6
yield explicit formulae for the coefficients C 4 ;.(c, N) and O} 4 (e, N ).
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NotaTION. Let A" = {a},...,al,} C [1,m]\ {5}, B = {b,..., ;3,} = [1,m] \
(A" U{j}). We consider two matrices u = (ugp)i<g<a’,1<p<gs U = (Vgp)i<q<m,i<p<a
with nonpositive integer coefficients. We denote

a/
S0 (g el o)

1 €
T Ak A uv(C S, €)= 7 (66)
g “0 [a=1T(srtq) TT02) (Sr4ar, + [tige] + [Vare])
q#j a4 K
7 Sa 717"“’" ’
1 1 8 B P ! Sy — 14|y o
></ / IT {eim + D corbuva ITwv " dyr - dyp
€ € p=1 q=1 q=1

ORI

For convenience, since we already fixed the data ¢, A, j and k for this section, we simply
write T4r u.v(8,€) := T} Ak A uw(Cs 8, €).

Recall that we proved in Propositionthat the series on the right-hand side of
is normally convergent on any compact subset of C"*™ in the variables (s1,. .., S;im)-

Therefore, by exchanging the limits and series, and by plugging the resulting formulae
for fj ak(c,—N) and f;Ak(c, —N) into and , we find
JA, p

O?,A,k(ca N)
= (—l)NT+1+'~-+NT+_]‘+-«*+N7‘+""N.r_;’_j! Z Z TA’,u,v(—N, 6) (67)
A'C1,m\{j} w11, uqr 5>0
v1,1+ +v,n 1=kq
V1t -‘rvm a=ka
Chan(e ) = Cau(e, N) <9r+j<hm+j Y e, - v)> (©9)

PN Y T (N

A’gﬂl’m]]\{J} ulylv"'!ua’,ﬁzo
v1, 1+ Fvm,1=k1

Vot FUm,a=ka
where we set 17, ,, ,,(=IN, &) = lim; 0 0.(Ta w0 (=N + 28,¢)). We observe that both

values Tar u,o(—NN,¢€) and T, ,, ,,(—=IN, €) vanish for most of the matrices u and v.

LEMMA 28. Let e € (0,1), we have

Taruw(—N +20,¢)



30 S. RUTARD

o) if A =[1,m]\{j}, andVq, |uge| + |Vare| = Nyiay,
O(z) f A =[1,m]\{j}, and 3¢ s.t.
N |[wee| + |'Ua20| # Nr—i—a; and Vg # £, |uge| + |’Uag.| = Nr+a;7
O(Z) Zf A/ = [17m]] \ {]54}7 and qu |uq0| + |'Uag.| = Nr—‘,—a;v
2

) else.

PrROOF. Observe that the second and third lines on the right-hand side of
define entire functions in the variables (si,..., S;1m). By substituting s = —IN + 20 in
, and recalling that the function 1/T" has a zero of order 1 at nonpositive integers,
we find that the function z — T4/ 4 o(—IN + 20, ¢) has a zero at z = 0 of order at least

m—1—{q € [1,a] | [uge| + |vare| = Nrtar }| -

d

Lemma [28|indicates that there is only one situation to check when looking at the di-
rectional values of T 4/ 4, +, and only three situations to check when studying its directional
derivative values. In particular we will study the function T ar 4, , when A" = [1,m]\ {j},
and A" = [1,m] \ {4,¢}, and we wish to simplify the notations used for the matrix

u = (Uq,p)i<g<a’,1<p<p for the rest of the section. In the first case A’ = {a},...,a,,_1}
(e. o' =m —1), we replace u by U = (Ugp)1<qzj<m,1<p<p Where Uq; , = g, for all
integers ¢,p. Similarly, in the second case A" = {a},...,a,, 5} (i.e. &/ =m —2), we

replace u by U = (Ugp)1<gsj e<m,1<p<g Where ﬂa;,p = uq,p for all integers g, p.

5.1. Computation of C} 4, (c, N)

Considering (67)), it is enough to study the value T4 4 »(—IN,€) to obtain .
By taking s = (—Ny,...,—N,y,,) in , we obtain two possible types of values for
Tar uv(—N,¢), depending on whether the matrices v and u satisfy certain conditions
on their components.

PROPOSITION 29.  Let A" C [1,m]\ {j}-

i) If A ={1,....7,....,m} and |uge| + [Vge| = Nysq, then

Ty uw(—N,e) = H ((_1)Nr+qu+q!) (69)
q=1
q#]
« m B m
kp Vq,p _Nbp -1 |u'P| —Np, —1—|uep| Ug,
(o) e ) I (o ) (s T |
p=1 P/ g=1 p=1 P °P q=1
q#]

it) Otherwise, we have T s 4 (—N,€) = 0.

PROOF. i) Taking the limit of when s = (—=Ny,..., —Ny1m), we get an ex-
pression of T4 4,»(—IN,¢). Note that this expression contains an integral over a domain
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given by an empty product, so by convention, the corresponding integral is 1. The rest
of the terms are straightforward to compute using Lemma
ii) The second case follows from Lemma O

This last proposition shows that there are only finitely many terms contributing to
the series on the right-hand side of . By plugging into , we get .
5.2. Computation of Cj 4, (c, ](y)
From (68), it is enough to study the derivative value 1", ,, ,,(—IN,£) to obtain (65).
U g

The computations are done in a similar fashion as in
ProposITION 30.  Let A" C [1,m]\ {j}.

i) IfA ={1,....7,...,m} and |Uge| + |Vge| = Nryg (1 < g # j < m), then there
exists T, , »(€) = Ane with A € C such that

Nitq Nr+q H <(’U.p> H CZ?&’]’J)

:1 p=1
#J

’,:]3

T.,lé\’,u,v(_éz\r7€) = T.:Z/,'u.

m

Zeb,,(hzvb — Ay, +luepl T 10C50,) + 29r+q vy = hn.,)

qg=1
q#j

B
b - 1> <|u'p|) _Nbp_l [tep] qu
X ¢,
1,1;[1 ( |tap| Uep H
q#]
i) If A = {1,...,7,....m}, and if there exists an integer £ € A’ such that |use| +
o0l # Noe nd el + 0ga] = Npig (1S 0 .0 < m), then Ty o (~N <) €

Celweeltlveel =Nrve (45 o polynomial in ).

iii) If A" = [1,m]\ {4, €} and |uge| +|Vge| = Nyp1q (1 < g # j,€ < m), then there exists
a function with no constant term TA,)u’v( €) = plne + ::iol Ane™ defined for all
0 <e <1 where i € Z<g, and such that

m « m
Pl ) = T e [0 TL((07) T
_1 [ ]

p=1 q=1
q#]
B m
—Nb -1 |u. |

p P Uq,p
X WB7j,€7n(N,u),Né+r—|vz.‘(c) H < |u | u H CQabP

p=1 P P/ g=1

q#j

where W(c) corresponds to the constant defined in (76)), and where n(IN,w) is the
tuple defined in Proposition [27
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iv) Otherwise, we have T', ,, ,(—=IN,€) = 0.
v\

PrROOF. By , we obtain a formula for the derivative 0,T 4/ v o(—IN + 20, €).
Taking the limit of the resulting formula at z = 0, and using Lemmata 22} 23] and [40]
we prove the four claims of the proposition. O

We now compute CJ{AJC(C, ];f) By and Proposition we have

B
C},A,k(ca J(Y) = C?,A,k(Q N) <9r+j(thﬂ- -7)+ Zebp(hmp - “/)) +G"(¢) (70)
p=1
bY e e

v1,1+FUm, 1=k1

V1ot Um0 =ka

-~ m ,
J VR4
x > +> >
w114 +ur,a=Nriy1—|vie| £=1 uq 1+ 4u1,3=Nri1—|v1e|
e ‘j ces

m1t+ FUm, B=Nrim—|VUmel| Um, 1+ FUm, =N m —|Vme|
/! *
(TA’7u,v(_éZV> 6) - TA’7u,v(_-BZV7 €)>

where G*(e) = plne + >, 5, A\ne™ is a function with no constant term, defined for 0 <
£ < 1, with i € Z<o. In the last line of (70)), we understand that A’ is either [1,m]\ {j}
or [1,m]\ {4, ¢}. Since C},A’k(c, J;T) is independent of ¢, it follows from Lemma |26| that

G* () = 0. Therefore the constant term (with respect to €) of the right-hand side of
is equal to the coefficient C} 4 (¢, J(}T) By replacing T% ,, »(—IN,€) = T4 (=N, €)
s U g WUt g

with their corresponding values obtained in Proposition we get .

6. Some values and derivative values of Hurwitz and generalized Barnes
zeta functions

In this section, we give explicit formulae for several of the terms appearing in ,
in specific cases. We start by recalling some well-known formulae for the Hurwitz zeta
function in In we prove a formula for the generalized Barnes zeta function
when the coefficients are rational numbers. Finally, we use Theorems [20] and [2]] to
establish Theorem [Bl

6.1. Particular Hurwitz zeta values and derivative values
Let us first recall that the values at nonpositive integers of the Hurwitz zeta function

are given by Bernoulli polynomials by the relation {((— N, x) = —B]]V\;’iﬁz) (R(z) >0, N €

Z>(), where the Bernoulli polynomials are given by the generating series ezfizl. Recall

that the Hurwitz zeta function also satisfies the multiplication formula (see [MA98])
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k—1
Y ¢ (sx + %) — k(s kx)  (R(z) >0, s£1, ke N). (71)
n=0

Little is known about derivative values of ((s,z) in general. We have ('(—1,1) =
& —InA and ¢/(0,2) = InT(z) — % (R(x) > 0) where A = 1.2824271... is the
Glaisher-Kinkelin constant. Also, by writing ((s,z) = (s, + 1) + -, we have

((~Nyz+1)=(-N,2) + 2V Inz  R(z) >0, N € Zsy). (72)

6.2. Explicit formula for generalized Barnes zeta functions with rational
coeflicients

In this subsection, we fix ¢ = (c1,...,¢,) € QYy, ¢ = (21,...,2,) € Hj, and

M = (My,...,M,) € Z%,. We establish an explicit relation between the generalized
Barnes zeta function (g(s, M, z|c) and the Hurwitz zeta function ¢(s,z). To that end,
we adapt a strategy used by Aoki and Sakane in [SA22], which originally led to formulae
for higher derivative values of classical Barnes zeta functions with rational coefficients.

NOTATION. Let ¢; = q—’ where p;, ¢; € N are coprime integers (1 <i <r). We set

o lem(py,pr Lz ,
c::%,andcizieﬁl(lgzgr).

ProrosITION 31.  We have

r ~M;
i—1Ci T+ u;
Cs(s, M, z|c) = Ll—}s > <s,M, ( ) I(l,.--,1)> - (13)
C < C; .
0<u1 <& —1 ie[1,r]
0<uy <én—1

ProOOF. By the analytic continuation principle, it is enough to check that

holds for all s € C such that o > 1. Let ¢ = lem(qy,...,¢-) and p = lem(qcy, - . ., gc,).
By [SA22| Proposition 2], we know that % = ¢. Using the decomposition Zs>o =

L5k (€iZ>0 + ;) for each 1 < i <r, we get

u,i:O

r ) \M;
Cpls, M zle)=c > 3 [Ti—y (i + ;) S
~ B q r . o e
0§u1§c1—1 ni=ui mmod &1 (p Ei:1(czx1 + cu; + cl(nl u»))

0<u,<ér—1n,=u, mod &,

By a change of variables n, — &n; +u; (1 <i<7r), we get

T (Emg w4 @) M
s Mzle)=c* Y Y [Ty @i tus k)™
r ~
0su1 <8 ~1 71120 (% > iz (Cims + ciuy + Cicmi))
0<uy <&r—17,>0

By factoring 6% in the numerator, and by noticing that %fi =1(1<i<r), we get
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M,
r uitw;
T, & [liza (7% + ci)
CB(SvM"'B‘C):% Z Z r q s
0<u <é1—1 120 (21«:1 (nz + (e + cwﬂ))
0<u,<ér—1n-2>0

Since % = I(ciwi + ciug) (1 <i <), we find that holds when o > 1. O

We now establish a formula for (g(s, M,z|(1,...,1)), by slightly modifying On-
odera’s original proof of a formula for certain Barnes zeta functions with numerator
terms (see [Ono21l Proposition 4.1]).

PROPOSITION 32. Let s € C\N. We have

B
Cp(s,M,z|1) = Z (_1),3+|MMB—1HMbi! (74)
0£AC[L,r] i1
k' C(S B k/ﬂ |$|) . C(_Mai - kivxai)
. 2 (=1) i l '
Kkt =| M| 5 +6-1 i=1 ’

Before proving this proposition, we first state a lemma provided by Onodera.
LEMMA 33 ([Ono21l Lemma 4.2]). Let ¢ € Z. We have

> Hewra™+ ot 30 Lo+

ni,...,np>0 i=1 ni,...,np<—11=1
nit-Fne=~L nyt-Fne=~L

B x gk
ST I L S L

- (_]‘)klc(_M(ll - ki) Iai)
0AAC[L,r] i=1 k' 4ki+-+ko=|M| z+B8-1 i=

PROOF OF PROPOSITION [32]  On the convergence domain of (gp(s, M,z|1) we
have

400 1

CB(S,M,CE“.) = Z W Z H(nt —|—l‘,)M1
n’=0 Nni,...,n->0 =1

!
ni+-+n,=n

By Lemma [33] we get

B
s, M,z|1)= >  [[M >

0#£AC[1,r] i=1 kit +ko+k'=|M|z+B—11

S (DR (=M, — ki, 1)
k;!
=1
X (0 A+ |z
L= K0 + [2])*

Since ((s — K, |z|) = S5, %, we obtain (74). O
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By plugging into , we finally get

[T &” BHIM| 51 a
CB(SaM,:l:|C) = T Z (_1) B Hsz'
0FACLT] i=1
AT pra—

) o
(& »
x D > 1T ,
K k! !
0<ur <E1—1 k' +ky+-+ka i—1
0<ur <&, —1 =1 Mljs+6-1

where we set (¢, 4+ u) :=¢1(x1 +u1) + - + ¢ (z, + u,-). By evaluating the derivative
with respect to s at nonpositive integers, we get:

COROLLARY 34. Let N € Z>o,

r B
(=N, M, xle) =" [[&" > ()M ] M,

=1 0£AC[1r] i=1
Ogul Sélfl

0<u, <én—1
Lo, +Uq,
k' k“ 7& i )

<« ¥ SIE L

k' 4kt ko =| M| g+8—1 l.
o) ez
z c

ExAMPLE 35. Let us denote by A the Glaisher—Kinkelin constant. We have

In(27) 1 In2 Inm InA 1
/! _ _ . / — _ _
CB(O7071|(171)) - 1nA+ 127 CB(07071|(172)) 4 + 9 ) + 247
5In3 mA 2l (§) WDP(3) 1
; 1/(1,3)) = — In(27) — —— — 4 24—
¢5(0.0,1/(1,3) +1In(2m) — = . 22+ o
11ln3  13In2 4ln7  InA 2InI(3) 1 L
7 1/(2,3)) = — il el - VA S -

6.3. Application: Formulae for special values of Witten zeta functions
Here we compute the derivative values at s = 0 of Witten zeta functions of rank 2.
We begin with the following lemma, which simplifies where N = 0.

LEMMA 36. We have

(¢, x, (0)) = Z 0,+iC5(0,0,z|c;je)

Jj=1

n Z % Z Hp 1 ]ap Ze kiaxai) ﬁ C(_kpaxap)
a; |
v TR R LN R R iy S R !
1<j<m

=
—_

o

N
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—1)8 :
+ Z | |( 1) 9r+g Z H kp,'ZZ?ap lnp 1 japzeb lncjb

0£AC[L,r] Bl HLrtm] g | Tk —pp=1 ITp=1 it p=1
1<j<m

m «
vip Ve,
+Y Oe Y Wejeo-wal(©]] CjapClay | |
UJP o

= v +v =k p=1
02 3,1 e 1=FR1

v, a+w a=kao

PRrROOF. It directly follows from , and from the two following equalities

k
Ha:1c'p
Can(e,0) = ===,
Hp:l Cjabp
o
| | e | |
Tt Gy |9||Bu[r+1,r+m]]’7+ = jap Z@b Incjp,
leﬂb Hp 16,bp p=1

+ Z Orre Y, Wejiro (@ ]] (( pr )c}ff;;cﬁﬁ;) :
=

=1 v 1+Ue 1=k1 p=1
t#£]

C;,A,k(ca (0))

vj, a+w a=ka

Using the expressions of Witten zeta functions of rank 2 in , , , and , we
have

CPUs(S) :ZQSC((l 1)?(%’%) (5 s 5))’ CSpi%(s) ZGSC((%%)7(171)3(53"'75)%

Cs0s5(5) =3°C((33),(5.1),(s,...,9)), Cau(s) = 120%¢C ((i%) ,(1,1),(3,...,3)) .

We apply Theorem [20] and Lemma [36] with the above data to obtain explicit formulae
for the special values of each Witten zeta function. To clear out some constants in the
formulae for the derivative values, we use Examples [35| and , the multiplication
formula , and Euler’s reflection formula. We then obtain the last row of Table

7. Application: Asymptotic formula for rg,(n)

Bridges, Brindle, Bringmann, and Franke [BBBF24| established a more general
variant of Meinardus’ theorem. We apply their results to obtain an asymptotic formula
for the number of n-dimensional representations of the Lie group Go.

7.1. Statement of the Meinardus-type theorem
Let f: N — Z>o. We set for all ¢ =e™* (z € Hp), the functions

2= prn)g" = 1] (1_qln)f(n) Li(s)i=2 @

n>0 n>1 n>1
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Let A:=Zx¢ \ f71({0}). We assume that:

(P1) Let o > 0 be the largest pole of Ly. There exists an integer L € Z>( such that, for
every prime number p, |A\ (pZ>o NA)| > L > 5.

(P2) There exists a real number R € Rsq such that Ly is meromorphic on H_p =
{z € C | R(2) > —R}, and is holomorphic on the line (R(z) = —R). We also
assume that the meromorphic function L}(s) := I'(s)((s + 1)Ls(s) has only real
poles a := 3 > ..., and that these poles are simple except at s = 0, where the
pole may be a double pole.

(P3) There exists a real number a < g such that, on each vertical strip o1 < o < 09
contained in the domain of holomorphy of Ly, we have

Li(s) = Ogo, (eam) (s =0 +ir).

|T] =400
THEOREM 37 (|[BBBEF24, Theorem 4.4]).  We assume conditions (P1), (P2), and
(P3). Let L be the real number from (P1) and R be the real number from (P2). Moreover,

we assume that Ly has only two poles o > 3 > 0 in Hy, and that there exists £ € N
satisfying the inequality ”%ﬁ <a< é_ilﬂ. Then we have

{41
C a s G=DB | -2 ,
R a @ . o +o¢ +2-7
), 5 O (AT AT 3 A
j=
N E . p 20— R
x [ 1+ E —L +OLR(n_m‘“{2<a+1>’a+&}>
nvi ’
Jj=2
with (A;);>3 explicit constants, 0 < vo < --- running over the positive elements of

N + M described in formulae [BBBE24, (1.9),(1.10)].

7.2. Proof of Theorem
As seen in @, we know that the generating series of rg, (n) corresponds to an infinite
product. The associated L-function is Ly, (s) = (g, (8) = D, 4,51 P(n1,12)7%, where

P(ny,ng) := m”?(”1+"2)(”1+2n§)("1+3”2)(2”1+3”2). Following notations of [BBBF24],
we denote L7, (s) = (g, (s)I'(s)¢(s + 1). From [KMTll Theorem 3.1], we have that
Ca,(s) has only two poles in Hy, at o := 5 and § := 7, and the integer ¢ = 2 satisfies

the hypothesis of Theorem |37} Moreover, L}GQ (s) has a pole of order 2 at s = 0. We set
wq = Res,_1 (a,(s) and wg := Res,_1 (g, (s). Let A:=Z>0\ fézl({O}) We now check
the conditions (P1), (P2), and (P3) of Theorem [37}

(P1) For any prime number p, we have [A\ (pZ>o N A)| = +oo. Indeed, each sequence
defined in the following

u(2) = (P(8k + 1,1))kez,» u(3) := (P(9% + 1,1))kez~,
u(5) = (P(25k + 1,1))rez s u(p) == (P(kp+1,1))kez., ifp=>T.



38 S. RUTARD

is strictly increasing, and for every prime p, we have u(p) C A\ (pZ>o N A).
Therefore, any real number L > % satisfies condition (P1).

(P2) Thanks to [KMT11], Theorem 3.1], we know that the poles of (g, (s) belong to the
set Sa, 1= {1/5} U{k/3 | k € Z<1,k # 0 mod 3}. Also, Theorem [6] implies that
all the poles are simple poles.

(P3) The polynomial P satisfies the HoS condition of the article [Ess97]. Therefore, from
[Ess97, Theorem 3], (g, (s) admits a polynomial bound on each vertical strip.

In the conditions (P1) and (P2), L, R are arbitrarily large. From the definition of the
sets (1.8), (1.9), and (1.10) in [BBBF24], we find that the sequence v; in [BBBF24,
Theorem 4.4] corresponds to vy = 2—10, vy = %, vy = 20, ... Applying Theorem |37 to the
integer sequence fg,(n), we get Theorem |C| with the coefficients:

ot (wr()e(5)" 2o -
b BIB) - - Thgice
Ay = 2k @l (B)CB) g

3wl (3)¢(5))" (@l (3)C(5)7

These coefficients were recently explicitly computed by Au in [Au25].

8. Annex

We introduce a few elementary but technical tools used to derive our main results.

PROPOSITION 38. Let K= Q(c) be the field generated by the coefficients cq,. Let
B={bi,....b5} C,7], 5, £ €[l,m], " € Z, n = (n1,...,n5) € Zéo. We have the
following partial fraction decomposition, in the y variable,

5
U I (e, + conw) ™
p=1

A UB.jtnn' k g Inltp VB tmn vk
= QB uman (y) + Y —DLbnnth | % 5
j.,m,n’ ; y 102::1 P Cjb +CEby)k ( )

where UB j o.mn ks VB,jtnn pk € K, and where QB jonn (y) € Kly] is a polynomial.

NOTATION.  Let Qg jenn (y) denote the antiderivative of the polynomial
@B,j.e,nn (y), normalized so that it vanishes at y = 1. Let

a UB, 0! k
W, jtmm(€) = =Qp,jtmn (0 Z - (76)
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In|+8

1 Ve
7J> "lTL,P, 1—-k 1 k
—z > ((eam +e0n,) ™ = el3t)

£,b

+ZVB’J@'ﬂn,p,11n(1+cjb )

»wp

ExXAMPLE 39. Let j # £, then Wy ; 49 0(c) =0, and

1 Ceb, 1 Ceb,
Wipyie00(e) = _Cj ) In (1 + cﬂ)) ) Wipyje01(c) = —1In (1 + )

Ce,b, Cj.b,

LEMMA 40.  There ezists a function with no constant term Gy ; , ,, . (€) = plne+
anl. An€™ defined for all 0 < e < 1 with i € Z, and such that

1 B
11— —1—
/ y o [ (e, +een,y) T Ay = GE i (€) + W e (€),
€ p=1

where Wg_j om0 (€) is the constant defined in (76)).

Proor. Plugging into the integrand, we get

1
11— —1-n,
/ " H Cjby + Cb,Y) dy = =Usjtmm 1lne
€ —

= UB,j,Z,n n’ k(]- - Elik)

- QB,j,f,n,n/({‘:) - Z ’ kﬁ_ 1

k=2
¢ c
+ — ZVB,],Z,n n’,p,1 <ln (]_ + E,bp> —In (1 + ME))
Cé,bp p=1 CjJ)p cj,bp
B |n|+8 Visie )
o, Z Z J S ((cip, +cop,) " = (cjp, +cop,)'7F).
by p=1 k=2
We conclude via a Taylor expansion of (cj, + cep,e)' % and In (1 4 ey 5) near & —
0. -
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