Asymptotic expansion for a class of second-order
evolution equations in the energy space and its
applications
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Abstract. In this paper, we mainly discuss asymptotic profiles of solutions to a class of
abstract second-order evolution equations of the form u” + Au + «' = 0 in real Hilbert
spaces, where A is a nonnegative selfadjoint operator. The main result is the asymptotic
expansion for all initial data belonging to the energy space, which is naturally expected.
This is an improvement for the author’s previous work [Math. Ann. Vol. 380 (2021), 1-19]
(required sufficient regularity of the initial data). As an application, we focus our attention
to damped wave equations in an exterior domain 2 in RN (N > 2) with the Dirichlet
boundary condition on 9. By using the asymptotic expansion in the present paper,
we could derive the optimal decay rates of the energy functional of solutions to damped
wave equations. Moreover, some decay estimates of the local energy (energy functional
restricted in a compact subset of €2) can be observed via the asymptotic expansion.
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1 Introduction

In this paper, we consider the initial-value problem of the following second-order evolution
equation in a real Hilbert space H:

u'(t) + Au(t) + /(1) =0 in Ry,
(u,u')(0) = (ug, u1),

where R, = (0, 00) and A is a nonnegative selfadjoint operator in H (with the inner prod-
uct (-, -) and the norm || -||) endowed with domain D(A). The pair (ug, u;) belongs to the
energy space H = D(A'Y?) x H and in this case a weak solution v € C(]0, 00); D(AY2)) N
C([0,00); H) of the problem (1.1) uniquely exists (see, e.g., Cazenave-Haraux [1] or
Pazy [26]). The aim of the present paper is to provide the asymptotic expansion of weak
solutions to (1.1) for arbitrary initial data in the energy space H.

First, the energy functional

(1.1)

E(u;t) = |[u' ()| + [|AY?u(t)]?
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for the solution u of (1.1) plays a central role to analyse properties of u. In particular,
the energy identity

t
E(u;t)+2/ |/ (s)||*ds = E(u;0), t>0
0

is well-known. In Ikehata—Nishihara [14], they tried to analyse the problem (1.1) via
the energy method with a technique inspired by Morawetz [21] and found that the weak
solution u of (1.1) has the asymptotic behavior v(t) = e~*(ug + u1) with the estimate

lu(t) = v(®)]l < Csll(uo, wr) [l (1 +¢)7" (1 + log(1 + 1))

for (ug,u1) belonging to the energy space H (with the norm ||(ug,u1)|3, = HUOHD(Al/z) +

1/2+5 £>0

|u1]]?), where {e=*4};5¢ is the Cy-semigroup on H generated by —A. Actually, the dis-
cussion in [14] was motivated by the observation of the behavior of weak solutions to the
initial-boundary value problem of the damped wave equation

OPu(z,t) — Au(z,t) + u(z,t) =0 in Q xRy,
u(z,t) =0 on 002 X R, (1.2)
(1, 00)(2,0) = (uol), en(z)) i 9,

where Q = RY (N € N) or Q is a connected exterior domain in RY (N > 2) with a smooth
boundary 0€2; note that N denotes the set of all positive integers. The logarithmic factor
on the right-hand side of the above inequality is removed by Chill-Haraux [2]. In Radu—
Todorova—Yordanov [27], applying spectral analysis, the authors proved the following
estimate

lu(t) = v(®)ll < Ot (lle 2 uoll + [le™ 2w ]) + Ce 15 ([fuoll + [[(1 + AY*) i), ¢ > 0.

As a consequence of these previous works, it has been clarified that the Cy-semigroup
{e7™},50 indicates the asymptotic behavior of weak solutions to (1.1).

In the recent research Sobajima [30], it is shown that if the pair satisfies (ug,u;) €
D(A™2) x D(A™2) for some n € N, then the solution u of (1.1) satisfies

n—1
_ Zw(t) < Cnt_(n_E)H(uO’ul)HD(A"*%)xD(A"’%)’ t >0, (1.3)
=0
where vg(t) = e " (ug + u;) and for £ € N,
¢ ; -1
Y 20 (_tA)] —tA 20—-1 tA) —tA
vet) = A (;(“J') e (uo + u % pap ) e ) (L)

The above work can be regarded as a generalization of the result in Takeda [34] about
the asymptotic expansion (with a different representation) for the Cauchy problem of the
damped wave equation

{afu(x,t) — Au(z,t) + Opu(x,t) =0 in RN x Ry,
0)

(U7 8tu)(x, = (UO(J}),ul(q;)) in RN, (15)
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It is remarkable that the asymptotic expansion in [30] is also applicable to the exterior
problem of the damped wave equation (1.2).

Of course, there are many previous works dealing with the problem (1.5) via the
solution formula with the Fourier transform. In the pioneering work [20] by Matsumura,
it is shown that the solution u of (1.5) satisfies

|z

9% 0u(t) 12 < CL+8) 75075 o, un) lrmnznysam iy, €20

(and also L*®-estimates) with ¢ € [1,2] and m = k + |a|, where k € Zs, a € Z%,
(Zso = NU {0} and |a| = S_  oy). Here we have used the notations of the Lebesgue
spaces L7 = LI(RY) and the Sobolev spaces H™ = H™(RY). Although there are many
subsequent papers for asymptotic behavior of weak solutions to (1.5) and also (1.2),
we will not enter details (for subsequent papers related to the Matsumura estimates
and the asymptotic behavior in various situations and their applications to nonlinear
problems, see e.g., Hsiao—Liu [8], Kawashima—Nakao—Ono [19], Karch [18], Yang-Milani
[35], Ikehata—Ohta [15], Nishihara [23], Narazaki [22], Hosono-Ogawa [7], Ikeda—Inui-
Okamoto—Wakasugi [9], Ikeda—Taniguchi-Wakasugi [13] and the references therein).

It should be pointed out that the asymptotic behavior can be found in [14],[2] and also
[27] with initial data in the energy space H, but the estimate (1.4) with n = 1 requires
the additional regularity u; € D(Al/ 2). The purpose of the present paper is to fill the gap
explained above, that is, to justify the asymptotic expansion with initial data in energy
space ‘H without any additional regularity.

To state the result of the present paper, we give the precise definition of weak solutions
to (1.1) and the corresponding asymptotic profiles.

Definition 1.1 (Definition of weak solutions). Let A be nonnegative and selfadjoint in
the Hilbert space H with domain D(A). For (ug,u;) € H = D(AY?) x H, the function
w: [0,00) = H is called a weak solution of (1.1) if u belongs to the class C'([0,00); H) N
C([0,00); D(AY2)) and U(-) = (u(-),u'()) € C([0,00); H) satisfies U(t) = e**(ug, up) for
all t > 0, where {e'£}>¢ is the Cy-semigroup on H generated by L(f,g) = (9, —Af — g)
endowed with domain D(£) = D(A) x D(AY?).

Definition 1.2 ([30]). For (ug,u;) € H, define a family of functions {v,()}eez., as

vo(t) = e (ug + uy),

20 tA)Y L1\ (—tA
’Ug(t):AZ(Z(g—l—j)( j|> tAU ‘I—Ul Z(€+k})—|)e tAU()), ¢ e N.
— !

Jj=0

—_

n—

Also we define another family {V,(-)}nez., as Vo(t) = 0 and V,,(t) = » wv,(t) for n € N.
0

o~
Il

The following is the main result of the present paper describing asymptotic expansion
for general initial data.



Theorem 1.1. For every n € Zsq, there exists a positive constant Cy,, (depending only
on n) such that the following assertion holds: For every (ug,ui) € H, the corresponding
weak solution u of (1.1) satisfies

u(t) = Va(OI* + tE (u = Vast) < Crnt ™" [|(uo, )3, ¢ > 1
where {V,(+) }nezs, 15 given in Definition 1.2.

Remark 1.1. For the case n = 1, the estimate in Theorem 1.1 matches the result of [2]
and [27]. We can also see the decay estimate for the energy functional E(u;-) for solution
u to (1.1).

Remark 1.2. The short-time estimate (¢t < 1) depends on the regularity of the initial data.
In contrast, for the large-time behavior, we can observe all asymptotic profiles without
any additional regularity.

Incidentally, the above asymptotic expansion stated in Theorem 1.1 has several ap-
plications to the exterior problem of the damped wave equation (1.2). In this case, the
corresponding choice is H = L*()) and A = —Agq, where Aq is so-called Dirichlet Lapla-
cian in L?(2) endowed with domain D(Aq) = H*(Q) N Hi(Q). To ensure only such a
domain characterization, we have assumed that 9 is smooth (C'! is sufficient). Here-
after, we will use the corresponding energy space

E(Q) = D((~Aq)"?) x H = H)(Q) x L*(9)

and
LY(Q) = LY(Q) x L1(Q)

for additional integrability conditions. As is expected, the Dirichlet heat semigroup
{e!29},~ plays a crucial role for the analysis of (1.2). To describe the detail, we in-
troduce the energy functional Eq(u;-) for the problem (1.2) as

Eg(u;t):/Q<|8tu(x,t)|2+|Vu(:v,t)\2> dv, t>0

for u € C*([0, 00); L*(Q))NC([0, 00); H}(2)). Applying Theorem 1.1 with the usual LP-L?
estimate (1 < p < g < o0)

we can find the following assertion.

Corollary 1.2. For every q € [1,2] and m € Zs, there exists a positive constant Ca 4,
such that the following assertion holds: If (ug,u1) € E(Q)NLI(QY), then the corresponding
weak solution of (1.2) satisfies

1

2 —-N(GE-H—2m
() = Via (Ol 72y + 1B (u = Vinit) < Cogunt ™ ™27 [ (g, 1) [aomaqeys =1,

where {Vin}mezs, is given in Definition 1.2 with A = —Aq in L*(12).

4



Remark 1.3. Ono [25] gives the estimates

_N
2

C(1+t N >3,
)0y + (1 + 6B 1) < { s
(note that Cs — oo as § — 0) under the assumption (ug,u;) € E(€2) N LY(Q), which can
be understood as a generalization of the Matsumura estimates. For the two-dimensional
exterior problem, Saeki-Tkehata [28] found the decay estimate Fq(u;t) < C(1+1t)"2 also
for non-compactly supported initial data in E(Q2) with the additional condition dg(uy +
uy) € L2(Q) with do(z) = |z|log(32) and rq = inf{|z| ; = € 9Q}.

TQ
The case of two-dimensional exterior domains is something exceptional. Actually, in
Grigor’yan and Saloff-Coste [6], it is observed that Dirichlet heat semigroups {e*22},sq
in two-dimensional exterior domains satisfy a peculiar behavior which originates from
the recurrence property of the Brownian motion in R?. This can be translated into the
following inequality for {e!22}50:

€29 f|| L2y < Ct™3 (1+ log(1 + t))’1 H (1 + log Lfc—|) f
Q

, t>0 (1.6)
LH(9)

(for its alternative proof via the comparison principle, see also Appendix in Ikeda—
Sobajima-Taniguchi-Wakasugi [12]). If we use (1.6) instead of the usual LP-L? estimates,
then the following assertion can be found out.

Corollary 1.3. Let Q be a two-dimensional exterior domain. Then for every m € Zx,
there exists a positive constant Cs,, such that the following assertion holds: If (ug,u1) €

E(Q) with

+ H (1 + log m)u1

raQ

M = ”(1+10gm>u0
ro

< 00,
LY(Q)

LY(Q)
then the corresponding weak solution u of (1.2) satisfies
u(t) = V(D) |2y + tBa (u = Vinit) < Gt 2" (log )72 (|| (w0, wn) [y + M?), ¢ =2

where {Viu(-) Ymez, is gwen in Definition 1.2 with A = —Aq in L*(9).
Remark 1.4. The case m = 0 can be found in Ikeda—Sobajima—Taniguchi-Wakasugi [12].
Corollary 1.3 also provides a slight improvement in the estimates for m > 1.

We also provide the optimality of these estimates in the following sense. The essential
tool for the proof is the test function method with positive harmonic functions satistying
Dirichlet boundary condition (similar treatment can be found in Sobajima [32] for one-
dimensional Schrodinger semigroups).

Proposition 1.4. Let u be the weak solution of (1.2) with (ug,u1) € C§(Q2) x C§(£2)
satisfying ug > 0,u; > 0 and ug + uy Z 0. Then the following assertions hold:
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(i) If Q=RY (N €N) or Q is an exterior domain in RN (N > 3), then the following
quantities are both finite and strictly positive:

lim sup (t% ||U(t)||%2(g)>, lim sup (t%HEQ(u; t))

t—o00 t—o00

(i) If Q is a two-dimensional exterior domain, then the following quantities are both
finite and strictly positive:

lim sup (t(log t)2||u(t)||%z(9)), liltri)sup <t2(log ) Eq(u; t))

t—o00

Remark 1.5. We will prove the same conclusion with slightly generalized initial data in
Section 3.

Another application of Theorem 1.1 is the estimation for a localized version of the
energy functional

Bontwt)= [ (10,0 + [Vulw0P) dr. ¢ 0
QNB(0,R)

with R > Rq = sup{|z| ; * € 0Q} (or Rgx = 0), where B(y, r) denotes the N-dimensional
ball centred at y € RY with radius r. This is the so-called “local energy”. The consequence
is as follows:

Proposition 1.5. Let Q2 be an exterior domain in RN (N > 2). Let u be the weak solution
of (1.2) with (ug,u1) € C§°(2) x C§°(§2). Then there exists a positive constant Cy such
that u satisfies for every R > Rq,

C4RN_2t_N ZfN > 3,
FEqr(u;t) < 2
.0(47) C, (1 + log r—i) t2(logt)™ if N=2

for every t > 2, where Rq = sup{|z|; x € 0Q} and rq = inf{|x| ; = € ON}.

Remark 1.6. In Shibata [29] (for N > 3) and Dan-Shibata [3] (for NV > 2), the same esti-
mate has been derived without logarithmic factor. More precisely, the following estimates
were shown: If (ug, u1) € E(Q) satisfies supp uoUsuppu; C B(0, R), then for every ¢ > 1,

Eo,r(uit) < Crt™"||(uo, u1>||2E(Q)'

The method in [3] (and also [29]) is the asymptotic analysis of resolvent operators related
to the damped wave equation. Proposition 1.5 for the case N > 3 may be regarded as
an alternative proof of their result. A novelty here is the appearance of the logarithmic
factor (logt)~ in the estimate for the two-dimensional case, which is slightly faster than
the decay rate of the energy functional Eq(u;-) in Corollary 1.3. But we do not know
whether its decay rate is optimal or not.



Here we briefly explain the crucial idea in the present paper. The derivation of asymp-
totic profiles has been provided in [30]. However, if we directly apply the decomposition
in [30], then the initial data are required to be regular enough. Therefore we further
introduce a procedure for the regularization. Here we use a pair of reasonable operators
I, J, - H— D(A") satistying 1y = I, + A"J,, where 1y denotes the identity map from
H to itself (see Lemma 2.7). This gives the decomposition u = u, + A"u,, with the
respective initial data

(s, 1)) (0) = (Lyug, Louy),  (Uss, vl,)(0) = (Jpug, Jpug).

This expression is reasonable because u, and u.. are regular enough (., U € D(A”Jr%))
and A™u,, can be expected to have an extra decay property coming from the factor A™.
At this moment, we can apply the procedure in [30] to u.. The rest is a straightforward
computation based on the energy method.

For the optimality of decay rates for energy functionals, we use the test function
method with positive harmonic functions satisfying the Dirichlet boundary condition for
linear equations together with the Gagliardo—Nirenberg and Nash inequalities. In the case
of two-dimensional exterior domain, we further need a Nash-type inequality involving a
logarithmic weight function found in [12].

The present paper is organized as follows. At the beginning of Section 2, we start with
the basic facts in the analysis of the second-order evolution equation (1.1) from the view
point of the auxiliary quantity
1 2
u'(t) + iu(t)
(a similar explanation can be found in Sobajima [33]). In the middle of Section 2, we
would give an alternative proof of asymptotic expansion for regular initial data stated in
[30] via the use of the auxiliary quantity ||u(t)|2,. Then at the end of Section 2, we shall
give a proof of Theorem 1.1 via the regularization with 7,, and J, explained above.

As applications of Theorem 1.1, we discuss the profile of weak solutions to the exterior
problem of the damped wave equation (1.2) in Section 3. First we prove the decay
estimates for L?>norm and the energy Eg(u;-). We also show the optimality of their
decay rates via the test function method with positive harmonic functions satisfying the
Dirichlet boundary condition. Finally, we discuss decay estimates of the local energy
Eq r(u;t) for weak solutions to (1.2).

()3 = 1A >u()l|* + + L llu®)]? (1.7)

2 Analysis for the abstract evolution equation

Here we consider the initial-value problem of the second-order evolution equation in a
real (or even complex) Hilbert space H (with the inner product (-,-) and the norm || -||),
which is of the form

{u”(t)+Au(t)+U’(t) , teRy, (2.1)

=0
(u,u')(0) = (ug,u1) € D(AY?) x H.



Here A is a nonnegative selfadjoint operator in H endowed with domain D(A). We discuss
the asymptotic expansion of weak solutions to (2.1).

2.1 Basic facts with a derivation

As usual, existence and uniqueness of weak solutions to (2.1) is obtained by the Hille—
Yosida theorem. Here we use the following space and operator; note that the choice of
the norm for the product space is slightly different from the usual one but equivalent to
it.

Definition 2.1. (i) Define H = D(A'/2?) x H as a Hilbert space with the inner product

((f1,91), (for g2) ) = (A2 o, AV o) + ;1<f1,f2> + <91 + %fl,gz + %f2>

for (f1,91), (f2,92) € H; note that the norm || - ||3 is equivalent to the usual norm:

1 1 3
A2 + SIA+ Sl < G 9) 1 < NAY2F + 170 + Dol

(ii) Define the densely defined operator £ : D(L) (C H) — H as
D(L) = D(A) x D(A'Y?)
L(f.9) = (9,—Af = 9);

note that by using £ we can reduce the second-order evolution equation (2.1)
to the first-order equation jt(u u) = L(u,u) equipped with the initial condition
(u, @)|t=0 = (uo,u1).

(iii) We also define for £ € C*([0,00); H) N C([0, 00); D(AY/?)),
1@ ex = 1(6(), €' (1)) [l

Remark 2.1. The following identity suggests that the inner product (-, -)3 might represents
a reasonable dissipative structure for the problem (2.1): for every (f,g) € D(L),

(L(f,9),(f,9))u = (9. —Af — 9),(f.9))n
= (AY?g, A2 f) + < Af— 9,9+ f> (g,f>

1
=5 (1427112 + l1g]?)
The solvability of the abstract problem (2.1) is verified by the Hille-Yosida theorem.

Proposition 2.1. The operator —L is m-accretive in H, and therefore, L generates a
Co-semigroup {e'*}1>o of contractions on H. In particular, for every n € Zsq, one has

etﬁ(uo,ul) € ﬂ Cn_k([0700>3D(£k))

k=0
provided (ug,uy) € D(L").



The following lemma is the merit of the use of the quantity [|u(t)||2,.

Lemma 2.2. Let u be the weak solution of (2.1) with (ug,u1) € D(L). Then one has

%E(u;t) + 2l (#)]* =0, t>0, (2.2)
d
@z + Bty =0, >0, (2.3)

Proof. For the convenience, we also give a proof of the well-known identity (2.2). By the
standard computation with the equation in (2.1), we have
%E(u; t) = 2(u/ (1), u" (1)) + 2(AYV2 (1), AV ?u(t))
= 2(u'(t),u" (t) + Au(t))
= =2/l ()]
For the second identity (2.3), we argue in the following way:

d d
SOz = S e (o, w3 = 2 (L6 uo, wr). (o, wr)) e = = Eus ),

where we have used the computation in Remark 2.1. O

Therefore we can observe the well-known estimate of |Ju(t)||? + (1 + ¢)E(u;t) for the
solution u to (2.1) via the identities in Lemma 2.2.

Lemma 2.3. Let u be the weak solution of (2.1) with (ug,u1) € H. Then
t

2ult) | + tE(ust) + 2 [ (JAV () + (14 ) 6)) ds < 2o, u)lfy ¢ 0.
0

Decay estimates for higher derivatives of the weak solution u to (2.1) are proved via
an iterative procedure. The second lemma is helpful to derive a desired estimate for each
step in such an iteration.

Lemma 2.4. Let w be the weak solution of w” +Aw+w" = 0 with (w,w")(0) = (wg, w,) €
H. Then for every k > 0, there exists a positive constant Cs, depending only on k such
that

u+mﬂmwﬁw¢mmw)5£u+wwmmng+a+ﬂmwwﬂw

t
s&k@m@mm%+/u+$FWM@Ww),tzo
0



Proof. This is a direct consequence of the following computation:

d (4k + t)k+?
— [ (4k + ) |Jw@®) ||} + ——L—E(w; t
& [+ orroon + G b
1 4k +t
= (4k +t)F Iz — E(w;t) + = E(w;t) — ——|w'()|]?
(k4 0F | 2 o) — Blast) + (s - {501
k 1 4k +1
< (4k+t)F | — 2 ZB(wit) — ——|lw'@®)|]?| .
<tk 0f | ol =GB - S5 O
Integrating it over [0, t], we deduce the desired estimate. O
Decay estimates for v = jt—Zu and A™?y of the weak solution u to (2.1) are stated

as follows.

Lemma 2.5. For everyn € N, there exists a positive constant Cy,, such that the following
holds: for every (ug,u1) € D(L"), the corresponding (strong) solution u of (2.1) satisfies

(12 + (1 +DE@;8)) < Cond + 0oy w) [y, t20  (24)
and
(14" 2@ + (1 4+ HE(A™2u3)) < Con(1+ )|, w)l[eryy £20. (25)
Proof. We first show (2.4) by proving
(402 (™ @12 + tB@;1))

t
s [ s (AP @+ (1 V) ds < Clllun, ) ery (20
0

for some series of positive constants {5n}n6220~ We argue by induction as explained
above. In view of Lemma 2.3, we already have (2.6) with n = 0. For the estimate (2.6)
with n € N, we assume the validity of (2.6) with n = m — 1 holding with m € N. Then
Lemma 2.4 with (w, k) = (u(™,2m) gives for every ¢t > 0,

(L+ 02 (™ (1) |3 + LB ;1))

b [ (AP 4 (18 6)) ds
< Cham (H<u<m><o>, WO+ [ (14 )P ds)

< Cram (11£7 (o, u) I+ Conea | (10, ) e ) -

For (2.5), a similar induction argument via Lemma 2.4 with (w, k) = (A™/?u, m) provides
the desired inequality. O
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2.2 Asymptotic expansion

Here we consider the asymptotic expansion for weak solutions to (2.1) as ¢ — co. Namely,
we would explain how to construct a family {v,(t)} ez, satisfying for every n € Zx,,

[on(®)]l = O@™"),  u(t) = Va(B)[| = O(™) as t — oo,

where Vj(t) = 0 and V,,(t) = 375 ve(t) for n € N.

2.2.1 Asymptotic expansion for regular initial data (revisited)

If the initial data are regular enough, then the asymptotic profiles of (regular) solutions to

(2.1) have been found in [30] as in Definition 1.2. The profiles {ve(-) }¢ez., are successively

derived by the following procedure. Put voo(t) = e *(up +u;). Then using the equation

(2.1), we have
u”(t) + A(u(t) — voo(t)) + (u(t) —voo(t)) =0, te€R,.

Putting U, (t) = fg (u(s) — vop(s)) ds formally and integrating both sides of the above
equality, we arrive at for every t > 0,

u'(t) + AUL(t) + u(t) — voo(t) = u'(0) + u(0) — vo(0)
IU1+Uo— (U()"—Ul)
= 0.

Then rewriting the equation in term of the unknown function Uy, we deduce

{U{'(t) + AUL(H) + Uf(t) = —vho(t) in Ry,
(U1, UD(0) = (0, ).

This consideration actually can be justified that U] decays faster than wvgo. Similarly,
define {vy}ren successively via the following relation

vy o(t) + Avgo(t) = —vp_1(t) in Ry,
v0(0) = (=1) w1

Finally, we obtain the decomposition

= —=veo(t) + ——Un(t), (2.7)



where {U, }sen are determined by the solution of the following problems:

{U;;(t) + AU (t) + U (t) = —v,_10(t) in Ry, (2.8)

(Un, U3)(0) = (0, (=1)"un).
The expression

vealt) = (1) [zz: ( ) e (g + 11 ei (5 B 1) A)je_muo] (teN)

J 7=0

can be found via a direct computation with the Duhamel formula

t
veo(t) = (=1) ey —/ e~ =904y, 1o(s)ds, teRy
0

and the induction. Therefore the /-th order asymptotic profile of the solution u to (2.1)
is expected to be the following:

¢
dtt

(for the detail, see [30]). In [30], it is proved that if the initial data are regular ((ug,u1) €
D(A™2)x D(A""2)), then this family actually gives the asymptotic profiles of the solution
u to (2.1). The precise assertion is the following.

Ug(t) ——Ur0, { e Z20~

Theorem 2.6 ([30, Theorem 1.1]). For every n € N, there ewists a posz’tz’ve constant
Cr.n such that the following assertion holds: If (ug,u;) € D(A™~ 2) x D(A™2), then the
corresponding solution u of (2.1) satisfies

(a1
lu(t) = Va@®ll < Cra(1 + ) 2| (w0, wr) | pan-1/2)xpian-1/2y, ¢ 20,
where the family {V,,(-) }nen s given in Definition 1.2.

Remark 2.2. One can see that the asymptotic profiles {ve(-)}eez., satisfy
loe@®)Il < Cet™" (| (o, wr) |z, ¢ =1

with some constants Cy depending only on ¢. Therefore Theorem 2.6 actually provides a
justification of asymptotic expansion.

Here we provide a brief explanation of the proof of Theorem 2.6 by using the quantity
|| - |les- This is not a novelty, but some arguments based on energy methods are slightly
simplified.

Sketch of the proof of Theorem 2.6. Let n € N. To derive the estimate for dt—ZU (t), we
start with the usual energy estimate for U, and then proceed a similar argument as the

proof of Lemma 2.5.

12



Put for ¢,k € Zso, vo1(t) = (—1)*e " (ug + u;) and

¢ . -1 .

—tA) — 1\ (—=tAYy
N GHE IR st =
o J: im0 N/ J:

which satisfies %vm = A*vyy,. Using (2.8), we can find a couple of equalities

M

ver(t) = (—1)F

S B(U 1)+ 20O = -2 (Avy1(0), V(1)

CNV) 2+ B 1) = =2 {Aveaa(8), U 0) — (AV 01,6, AV2UL(0)

Therefore by a straightforward calculation, we have

U0 + T3 B 0)| + B(Uni 1) + (& + )| U0

< 2] Ava 1 O NIU 1 + A 20012 OIIIAY2U 1))

1
+ 5 B(U ) + (4 + D) Ava- O TL @)l
12 +1 3 4+1
+ 1 Ave 11 (O + 7EUn; t) + ——= T, (0]

< 1A v ()7 +

and therefore
d 4+t 1 4+t
— [HU ()13 + TE(Un»t) + 3 E(Unst) +—HU’( )|

1241
<A 200 (O + = [ Av ()

Since the right-hand side of the above inequality is integrable on (0, 00) via the estimate
> m mtl m
| QAT AR < Col sy (€ Zo, € DA™)

for some positive constant C,, (see e.g., [30, Lemma 2.1]), we arrive at

IUn ()12 + (1 + 1) E(Uns 1)

t
+ / (14201 + (4 ) WU ()7 ds < Clllatg + 1l + e [ 072
This is the desired estimate for U, (t). To find the estimate for U/ (t), we proceed a similar
argument as Lemma 2.4 (but with inhomogeneous terms). Putting wy(t) = U/ (t) for

simplicity, we can see that w; satisfies

{w'{(t) + Aw (t) + w)(t) = —vl_y o(t) = —A%v,_1(t) in Ry,
(w, w;)(0) = ((—1)"ur, —(=1)"uy — vy (0)).

13



Noting that (14 ¢)|jw;(t)||* is integrable on (0, 00) and |Jw:(2)]|%,
we further find

% e+ rtonz + O pwin]

= 28+ ) Jw(®)l[E — (8 +1)° | E(w; ) + 2(A%0-12(8), wi () + (A%, 15(t), A2u0n (1)) |

< E(wn;t) + 2[lwi (1),

5B+ Ew; 1) — 58+ 0P [l ()7 + <A2vn_12<t>7w’1<t>>}
< A8+ Dlw O ~ 52+ )8+ 1B (w; 1) — 28+ 1)’ (1)]
(84192 [6ll AP 2O + |40 12 OIF] + 58 + 67 A (D

This shows that (1 +¢)*E(U/;t) is bounded and (1 + ¢)3||U”(t)||* is integrable on (0, c0).

Repeating this argument for the m-th derivative of U, (m = 2,...,n — 1), we can find
that (1 +1)2" ' E(£=U,;t) is bounded. Therefore, we can conclude that

(1+ 62 u(t) = Va®)[? = (1 + 6> || U, ()|
<1+t E(E U, t)
<C

for some positive constant C'. It should be pointed out that to complete all procedure
stated above, we have to assume the regularity (ug,u;) € D(A""2) x D(A""3). O

Remark 2.3. The above procedure also provides the following inequality

(@407 (ut) = Vi) + U+ B~ V1)) < Cra(lluollbam + lnllbean), 20

2.2.2 Asymptotic expansion for general initial data

In contrast, Theorem 1.1 asserts the same consequence as that of Theorem 2.6 with-
out any additional regularity for the initial data. To prove Theorem 1.1, the following
decomposition of identity 1 via the resolvent operator J = (15 + A)~! is crucial.

Lemma 2.7. For every n € N, there exists a pair of linear bounded operators (I, J,)
from H to D(A"™) such that 1y = I,, + A" J,,.

Proof. Observing that
1H — (1H +A)2n—1J2n—1

2n—1

n—1

M(: ( ) Ak g 1) +aAng (HZZ (2”+ k) Ak g 1)

14



we can choose I, and J, respectively as
~— [2n—1 ~— [2n—1
1) - k n—1 1 - k n—1
I,=J (kg_o( I )AJ ), J,=J (k_()(n—l—k‘)AJ )

By using [,, and J,,, we decompose the solution u of (2.1) as
u(t) = Lyu(t) + A" Ju(t). (2.9)

Then we can see that the decomposition in [30] (explained in the beginning of Section
2.2.1) is applicable to the term I, u.

Lemma 2.8. Let u be the solution of (2.1) with (ug,u1) € H and let n € N. Put U, as
the solution of the following problem:

{U:f<t> + AUL(t) + UL(t) = =Ly _yo(t) i R,
(U*7 UL)<0) = (07 (_1)nInu1)7

where v,_1 s given in the beginning of Section 2.2.1. Then one has

dn

—U,(t).
dtm (t)

n—1
dn
Lu(t) = Lw(t) + T Ua(t) = LVa(t) +
£=0

Proof. Since u, = I,u satisfies the following problem (especially, the regularity of the
initial data):

uw)(t) + Auy(t) + ul(t) =0 in Ry,
(ty, ) (0) = (Tyug, Lyuy) € D(A™Y2) x D(A™),

the decomposition in [30] is applicable, which is the desired assertion. O

Proof of Theorem 1.1. We employ Lemmas 2.7 and 2.8 to the weak solution u of (2.1).
Then

u(t) — Vi) = Lyu(t) + A" Jyu(t) — LV () — A" J, Vi (t)
- %U*(t) AT Tu(t) — AT V(1)

Hereafter we always consider estimates for t > 1. Applying the procedure of Theorem 2.6
and also Remark 2.3, we can deduce

1

d?’L

—U,(t
T Ux(0)

2
dn ~ _on
L tE (%U*;t) < Crnt "I, Inwr) | hanyx piany:

15



Moreover, since J,u satisfies (J,u, J,u')(0) = (Joug, Joui) € D(L*), Lemma 2.5 gives for
t>1,

|A™ Tou(t) || + tE(A™ Jous t) < Cognt™ || (Jntto, Jutir) [[hyzon-
Furthermore, the boundedness of (—tA)*e~* in t (for all k) gives for £ =0,...,n —1,
|A™ Jyve(t)]|* + tE(A™ v t) < CE2"|(uo, wn) |7y

for some positive constant C' (depending only on n and ¢). These yield a reasonable
estimate for A".J,,V,,(t). Combining these inequalities, we arrive at the desired inequality.
The proof is complete. O

3 Application to the damped wave equation

In this section, we consider the following initial-boundary value problem of the N-dimensional
damped wave equation
Ou(z,t) — Au(z,t) + du(z,t) =0 in Q x Ry,
u(z,t) =0 on 002 x R, (3.1)
(u, Opu) (2, 0) = (ug(x), ur(x)) in €,
where (2 is either the whole space R or an exterior (connected) domain with a smooth

boundary 92. We shall discuss several properties of weak solutions to (3.1) as an appli-
cation of the asymptotic expansion in Theorem 1.1 under the assumption

(ug,u1) € E(Q) NLIQ) = (Hy(Q) N LUNQ)) x (L*(Q) N L1(Q)) (3.2)
with ¢ € [1,2). Here we fix
voo(z) = uo(z) +wi(x), x €.

For the Cauchy problem (Q = R and ignoring the boundary condition in (3.1)), we use
A = Ag~ (endowed with domain D(A) = H?(RY)) and the usual heat semigroup

_Jz—y|?

8 () = Do f(z) = (dmt) N2 / e fly)dy, © RV,

RN

For the exterior problem, we use the Dirichlet heat semigroup {e*22},5 which is generated
by the Dirichlet Laplacian Ag endowed with domain D(Aq) = H?*(Q) N Hi(Q), and
we assume 0 ¢ Q and set positive constants rq and Rq as rq = mingg |z| and Rgq =
maxyq ||, that is, B(0,7q) C Q¢ C B(0, Rq) (for the convenience put rgy = 0, Rgny = 00).
We discuss the large-time behavior of weak solution u and also the one for the energy
functional

Eolu;t) = /Q <|8tu(x,t)|2 n |Vu(x,t)|2> dz.

16



Here we again use the same notations as in Definition 1.2 with A = —Agq, that is,

¢ , -1
20 tAq)’ 20— 1\ (tAg)*
ve(t) = (—Aq)" <Z / +j> ( Q) et — Z (g N k:) ( kil) etA”u()) , feN
! £ !

and also Vy(t) = 0 and V;,(¢) = S we(t) for £ € N,

3.1 Decay estimates for L?>-norm and the energy functional

The comparison principle shows that [e"22f| < e®=V|f,| for any f € L?*(Q), where
f. : RY — R is the zero-extension of f. This immediately gives the usual L?-L? estimate

1

_N¢1_ 1
€' fllzey < Ct 22 fllpagy, t>0

for f € L9(Q2) with ¢ € [1,2]. Therefore under the condition (3.2), we additionally have
the decay property

In this case, we can also find the respective decay properties for u — V,,, (m € N). These
can be formulated as the following.

Proposition 3.1. For every q € [1,2) and m € Zs, there exists a positive constant Cs 4,
such that the following assertion holds: If (ug,u1) € E(Q)NLY(RY), then the corresponding
weak solution u of (3.1) satisfies

CN(L_1y_9m,
[u(t) = V(D) [1720) + tEa(t = Vins t) < Cr gt 5272 (ug, w) [ hynacey, £ > 1,
(3.3)

where the family {Vi, () }mezs, @8 given in Definition 1.2 with A = —Aq.
Proof. Fix mg € N satisfying
SO e X ()
2 \qg 2 2 \qg 2
Applying Theorem 1.1 with n = m + my, we have
[u(t) = Vintmo (@Hiqg) +1Eq (U = Vintmo; 1) < Crmgmot 2" || (0, u1) | Ba
1

CN(L—1)_om
SCI,m—i-mot N(q 2) ? ||(u07U1)||]23(Q)

On the one hand, note that V1., — Vi = Z;lmo_l v and for any £ = m,m~+1,--- ,m+
mo — 1, we have

_ t 1
[on(t) gy + o (1) < O ([l 2 umg][Zaiay + 5202 )
< NG (g, ) gy )

Combining these estimates, we can reach the desired inequality. O

17



3.1.1 Optimality of decay rates for 2 = RY (N € N)

Proposition 3.1 with m = 0 actually provides the optimal decay rate for the L?-norm and
the energy of weak solutions with general initial data except the case of two-dimensional
exterior domain, which will be discussed later.

The following proposition gives the optimality of the decay rate for the case Q = RY
(N € N).

Proposition 3.2. Let Q = RY(N € N) and let u be the weak solution of (3.1) with
(ug, u1) € E(RN) NLYRY). Then the following assertions hold:

(i) If Jon(uo 4+ w)dz # 0, then the following quantities are both finite and strictly
positive:

timsup (£3 u(®) Faev) ). limsup (13 B (u:1) ).
—00

t—o00

(i) If uy = —up and fRN ugdxr # 0, then the following quantities are both finite and
strictly positive:

lim sup <t%+2HU(t)“iz(RN)>, lim sup <t 23 Bn (u; t)>

t—o00 t—o00

To prove this, we use the following Sobolev-type inequality.

Lemma 3.3. There exists a positive constant Cy such that for every f € H}(Q) N L'(Q),

N+4

1+2
AN <09||f||LNfé§{2 ||Vf||N“

Proof. If N = 2, then this is nothing but the Nash inequality

244
IR < Cnaan 11 IV 2. (3.4)
If N > 3, then we just adapt (3.4) with the Holder inequality Hf|]L1+N < [|fll;x N“ HinV;E?) .

If N =1, then we combine (3.4) with the Gagliardo-Nirenberg inequahty of the form
| fllsmy < C’GNHfHLz(R HJWHL2 . The proof is complete. O

Proof of Proposition 3.2. (i) First note that Proposition 3.1 with (¢, m) = (1,0),(1,1)
gives that

N N
t2 |Ju(t) |72 @ny + 12 Erv (ust) < Cgoll(uo, ur) | p@mynpr @y, ¢ > 1
and

N _
t7 [Ju(t) = vo(t)1 720 +t2+1ERN(u — o3 1) < Cs 10t 2| (w0, ur) | pemyrwr @y, £ > 1,

18



where vy(t) = €=V (ug + u1). The first inequality assures that both quantities in the
assertion are finite. Moreover, we see that

N N
2 [ Voo ()| 72y < 26 [|vo(t/2) 172 vy

Therefore it suffices to show only the lower bound for ||Vuvy(t)|| 2r~). Here we employ
the strategy of the test function method in Ikeda-Sobajima [10]. Fix a non-increasing
function n € C*(R) satisfying 1 _,, 1) <7 < 1(_1) and set for the parameter p > 0,

1
2

|2 + ¢
Cp($7t> = n(gp(x7t))7 gp(.flf,t) = p )
where 1p denotes the indicator function on D. Since the dominated convergence theorem

gives

lim (up + up)(, dx = / (uo + up) dx # 0,

=0 JpN RN

we can choose a positive constant p, such that for every p > p,,

ZCOZ— > 0.

1
/ (Uo + Ul) dx
2 RN

Multiplying the equation vy — Avy = 0 to ¢, and integrating it over RY, we see from
integration by parts that

d
0= / (Orvg — Avg)(, dr = —/ voC, dr — / vo(0iC, + AC,) du.
RN dt Jgn RN

/ (Uo + ul)Cp dx
RN

Integrating it again over R and using the Holder inequality (and putting @ = RY xR,),
we have

+%

+%
- ' J[ w0+ a) o
Q

2
~
< ( [ 106+ ag)x dxdt) oY (p),
Q
where we have set

Y T 1_;,_& dp T 1+%
(T) = |vo| N]l[;ﬂ(fp) dxdt | — <log?2 lvo ()| . dt ).
0 o) 2 P 0 LN (RY)

Noting that

/ (UO + U1)<p dﬂf
RN

// 10, + AG| 2+ dadt < C
Q

for some positive constant C' independent of p, we arrive at the following lower bound for
Y with the logarithmic function:

RS T 142
Y(p.) + 2~ log — < V(T) < log2 Ol i gy @ T >
0+ g YD) <log2 [ I, e T
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Applying Lemma 3.3, we deduce
T
/ IVvo(t) |52, dt = Slog T, T > p,
0

for some positive constant § > 0. This gives lim sup (t%“HVvo( )I? 12(RN) ) >
t—00

(ii) In this case, the first asymptotic profile vanishes, that is, vo(t) = €*®(ug+u1) = 0.
Proposition 3.1 with (¢, m) = (1, 1), (1, 2) gives that

22 |u(t)|2agny + 12T B (ut) <

2
Jorp@y 21
and
N N _
t2 2 |u(t) — o1(t)|72@ny + 12 EBrv (u — v1;t) < Cg ot QHUOH?f{é(Q)le(Q)’ t=>1
and therefore the quantities in the assertion are both finite. Observe that the second

asymptotic profile of u is given by v1(t) = Ae'®ug. As in the proof of (i), we can find

lim sup (t 2 “HVemuoHLg(RN)> > 0.

t—o00

Using the interpolation estimate ||V f|[3.@n) < [fll72@m IVAS|l2@y) and the L*-L!
estimate, we also have

N 3 N 4/ N
<t2+1||V€tA'LL0||%2(RN)> < <t4 ||€tAU0||L2(RN)> <t2+3||VA€tAU()”%2(RN)>
N
< Clluollfs oy (3 IVor ()22 )

Therefore we find that £2 3|V, ()17 gy and also t2 42 ||uy (¢ t)[|72 @y are bounded below
by positive constants. The proof is complete. O

Remark 3.1. The assumption u; = —up in Proposition 3.2 (ii) can be weakened in the
following sense. Roughly speaking, a similar phenomenon occurs when e (ug+u;) decays
faster than Ae'®uo. For example, if ug € H'(RY) N LY(RY) with [,y ugdz # 0 and
up = —up + Awy for some wy € H*(RY) N LY(RY), then the profiles vy(t) = e (up + uy)
and vy (t) = AePug — (2 4 tA)Ae™ (ug + uy) satisfy

oo (®)an) = O3, Bgw(vg;t) = O(t~57),
Egn(vi5t) = ||VAetAU0||%2(RN) + O(t—%—S)'

However, the same argument as in the proof of Proposition 3.2 shows that the following
quantities for V; are both finite and strictly positive:

lim sup (t 2 +2||AetAuoHLQ(RN)> lim sup (t%HHVAetAUOH%?(RN))-
t—o00 t—o00

In this case, actually we could check that the asymptotic behavior of u is clarified as
Aet®uy which differs from the usual one vy(t) = e®(ug + u1). This phenomenon occurs
also for the exterior problems.
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3.1.2 Optimality of decay rates for the exterior problem (N > 3)

In this case we employ the test function method with positive harmonic functions satis-
fying the Dirichlet boundary condition. The following lemma describes the asymptotic
behavior of the positive harmonic function at spatial infinity similar to 1 — |z|>~". The
construction is well-known (see e.g., Jost [17, Section 22]), but for the reader’s conve-
nience, we give a sketch of the proof.

Lemma 3.4. Let §) be an exterior domain in RN (N > 3). Then there exists a unique
solution hg € C(Q2) N C>(§2) of the problem

Ahg(x) =0, x€Q,
ho(z) =0, z €09, (3.5)
hQ(ZL‘) > 0, x €

satisfying ‘ llim hqo(x) = 1. Moreover, hq satisfies
T|—r00

2NTINRG?
|I|N_1 !

|Vhq(z)| < x € B(0,2Rq)".

Proof. For n € N satisfying n > Rq, take the unique minimizer Iy, for the functional

/ |Vh|?dx
B(0,n)

restricted to the closed convex set {h € H}(B(0,n)) ; h > 1qgc}. Letting n — oo, we have
the increasing limit h(x) = lim,_, h,(z) which satisfies

N-2 N-2
e 7 Rg
P < h(z) < Pt x €.

This is verified via the Stampacchia’s theorem and the maximum principle. Then we can
see that the function 1 — h(z) satisfies (3.5). If |zg| > 2Rgq, then the mean-value theorem
for harmonic functions (see e.g., Evans [4, Section 2.2]) gives

2N QN-INRY 2
|Vha(xo)| < thQHLm(aB(IO,\%I)) S TNt
The proof is complete. n

Remark 3.2. If N = 2, then the above procedure gives h = 1 (hq = 0) which is not
meaningful. We will discuss the case of two-dimensional exterior domain later.

The optimality of decay estimates in Proposition 3.1 with m = 0,1 can be found via
the use of hq.
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Proposition 3.5. Let Q be an exterior domain in RY (N > 3) and let u be the weak
solution of (3.1) with (ug,u;) € E(Q)NLY(Q). Let hg be given in Lemma 3.4. Then the
following assertions hold:

(i) If [o(uo + w)hgdx # 0, then the following quantities are both finite and strictly
positive:
lim sup (t%Hu(t)H%z(Q)), lim sup (t%HEQ(u; t))
t—0o0 t—o0
(i) If vy = —ug and fQ uohq dr # 0, then the following quantities are both finite and
strictly positive:

lim sup (t%”Hu(t)H%z(Q)), liItIl sup <t%+3EQ(’U/; t))

t—o00 —00

Proof. We first note that by Proposition 3.1, all quantities are verified to be finite. We
would only explain the difference compared to the proof of Proposition 3.2. For (i), fix n
as in the proof of Proposition 3.2 and

(la] = 2Ra)J? +¢

Zp(mvt) - 77(5;)(%75))7 gp(I>t) - P

Then we can check that
~ ~ ~ ~ ~ K ~
0:Coho) + AGoha)| < (1G] + 18G Y ho +21VG, - Vhal < 11y (&)

for some positive constant K. Using the above estimate, we can proceed the test function
method with the functional

r 1+2 = dp
YQ(T) = |’U0| N ]]_[%’1} (€p>hQ dxdt —.
0 Qx(0,00) P

Using Lemma 3.3 with hg < 1, we could find the lower bound of t%HHVvo(t)H%Q(Q) and

also t%Hvo(t)H%g(m. The proof of (ii) is completely the same as the one of Proposition
3.2. O]

3.1.3 Decay estimates for the two-dimensional exterior problem

In the two-dimensional case, the series of estimates in Proposition 3.1 can be improved
by restricting the choice of initial data. To describe this, we use unbounded positive
harmonic functions satisfying the Dirichlet boundary condition, which is the reason why
the two-dimensional case is exceptional.
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Lemma 3.6. If () is a two-dimensional exterior domain, then there exists a unique solu-
tion hg € C*>(Q2) of the problem

AhQ(CL’) 0, xe€f,
ho(z) =0, z €09, (3.6)
ho(z) >0, 2

satisfying log (' |> < ho(z) < log ('7,—> and |2|*Vheo(z) —x € L>=(2;R?). In particular,
there exists a positive constant R (> o(> Rq) such that for every x € B(0, R 6)%

ha(z)
log |z|

l\:)ln—

—1‘+|x'VhQ( ) —1] <

Proof. The function hg can be constructed via the Kelvin transform K : y — # and the
Green function on the set {K(z) ; = € 2} U{0}. O

Hereafter we shall use the non-degenerate positive harmonic function
Hqo(x) =14 hg(z), z€9Q,
where hq is given in Lemma 3.6. Then we introduce the weighted L!-space

Ly, ={f e L' (Q); Hof € L'(Q)}, 1fllzy, = 1Haf Ly @);

note that f € Ly, is equivalent to the condition (1 + log %) f € LY(Q), which appears

in Introduction. We list several properties of the Dirichlet heat semigroup {e/2%};50 on
L3(2) (see e.g., [12, Appendix]).

Lemma 3.7. The following inequalities hold:
(i) For every f € L*(Q)N Ly,

e fly, < Ifls,. =0,

(ii) There exists a positive constant Cyg such that for every f € L*(Q),

G e | gy < Crot™# (14 10g(1 +1)) | fllzaqey, > 0.

(iii) For every f € L*(Q) N Ly,,
_1 -1
22 fll 20y < Clot™2 (1 +log(L+)) [ fllzy,. t>0,
where the constant CY, can be chosen as the same constant Cyg in (ii).

Remark 3.3. The estimates (ii) and (iii) are due to Grigor'yan and Saloff-Coste [6].
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We also need a modification of the Nash inequality with the measure du = Hq dzx.

Lemma 3.8 ([12]). There exists a positive constant Cyy such that for every f € Hi(2)N
L,

1
156 o) < Cull flley IV fllzzo)

Decay estimates of the L2-norm and the energy for this case and their optimality are
the following. Here we use the notation

1 71 1
L, = Ly, X Lg,-

Proposition 3.9. Let ) be a two-dimensional exterior domain and let u be the weak
solution of (3.1) with (ug,u1) € E(Q) NLy,. Then the following assertions hold:

(i) For every m € Zsy, there exists a positive constant Cha ., depending only on Q and
m such that

lut) = Vi (O 22(0) + tEa(u = Vinit) < Cramt ™" (log ) || (o, 1) lpoprny,» 22

where the family {Vi, () }mezs, is given in Definition 1.2 with A = —Aq.

(ii) If fQ(uo + uy)hg dx # 0, then the following quantities are both finite and strictly
positive:

lim sup (t(log t)2Hu(t)H%2(Q)), lirtn sup (tQ(log t)? Eq(u; t))
—00

t—o00

(iii) If uy = —ug and fQ uohq dx # 0, then the following quantities are both finite and
strictly positive:

lim sup (tg(log t)2||u(t)||%2(9)>, 1irtri>igp <t4(log t)? Eq(u; t)>

t—o0
Proof. (1) Applying Theorem 1.1 with n = m + 1, we find the following inequality:
[u(t) = Vi1 (Oll22(0) + tBa(u = Vinr1it) < Crmat™ || (w0, 1) ), ¢ = 1.

Noting that u(t) — Vy,1(t) = u(t) — Vi (t) — vm(t), we check the estimate for v,,(t). By
t

) =
Lemma 3.7, we have for ¢t > 2,

lom(®) 3y + tBa(vmi ) < CE2 (e8] 2a 0y + 1652003 )

< Ot~ 7" (log t) ™[ (uo, w1

for some constant C,,.
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(ii) In this case, we adopt the strategy of the test function method in Ikeda—Sobajima

[11] to find a lower bound for vy(t). Let 7, ¢, and &, be as in the proof of Proposition 3.5
and let hg be given in Lemma 3.6. Then we see that

- ~ ~ - ~ K -
10:(Cpha) + A(Cha)l < (10:6] + [AC]) ha + 2|V, - Vhg| < ?ﬂ[%,u@p)(l + he)

for some positive constant K'; note that the difference compared to the case of Proposition
3.2 (N > 3) is just hg ¢ L®(Q2). Choose p, > 2 such that for every p > p,,
>Co =7

- 1
/vg(phg dx 5 /vghg dx
Q Q

Then a computation similar to the proof of Proposition 3.2 gives for every p > p,

G ([[[ 108+ AL+ ho) dodt) 57(5) < Kplog s (o).
QXR+

where we have put

v= [ (/] P )1+ o)) L

This implies that

= & logT ~ o1 )
Y (ps) + e log (logp*) <Y(T) < 10g2/0 [ Hgvo(t)|72(q) dt-

Therefore Lemmas 3.8 and 3.7 give

2 T
) log T /
! < Vug(t dt.
KC1110g2||vo||L}lu o8 (logp*> 0 Voo (@) 22 ()

This implies lim sup, . (t2(log )2 Eq(v; t)) > 0. The estimate for L?>-norm can be found
via [[Vvo () [172(9) < 267 vo(t/2)[172(q)-

(iii) In this case we note again that vy(t) = 0 and therefore Vi (t) = v (t) = AePouq
actually gives the asymptotic profile of u. As in (ii), in this case we have

lim sup <t2(log t)2||VetA9uo||%2(Q)> > 0.

t—o00

Then it is enough to observe that

SIS
N[

2(log 1)* [ Ve uo |22y < (#(log 1) [ uo32(0)) * (£ (10 £ 2| A g 22 )
< Crllug oy, (£ (Qog £)? |02 (8) 22(0y)
and
t*(log t)?||or ()1 72(q) < (t%(log t)||V€tAQUO||L2(Q))%(t4(10g t)?*IVAE 2 ug 1720y
< (Crlluallzy, )3 (¢ (log £ Ea(or: 1) .

The proof is complete. 0

wln
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3.2 Estimates for the local energy

For R > Rq, we consider the large-time behavior of a localized version of the energy
functional given by

Eqr(u;t) = / <|8tu(x,t)|2 + |Vu(x,t)|2> dx
QNB(0,R)

for R > Rq as an application of asymptotic expansion (Theorem 1.1). Here we again use
the space LI(2) = L%(Q) x L9(€2) and do not restrict ourselves to the case of compactly

supported functions. The first assertion is for the large-time behavior of the local energy
in Q =RV,

Proposition 3.10. Let Q = RY (N € N). For every q € [1,2) and m € Zsq, there
exists a positive constant Chogm such that the following assertion holds: If (ug,u;) €
E(RY)NLY(RY), then the corresponding weak solution of (3.1) satisfies for every R > 0,

N g
Beo = Vinit) < Crogun RV 7" () [Bgvyoagerys 2 1.
where the family {Vi,(-) Ymezs, in Definition 1.2 with A = —A = —Agn.

Proof. Fix R > 0 arbitrary. We apply Theorem 1.1 with n = m + N, that is, u — V.. n
satisfies

Ean g(u = Vinynit) < Ban (U — Vinyvit) < Cama vt 2N 2| (ug, ua) | pgny, 2> 1.

Therefore it suffices to consider the estimates for v, (¢ =m,...,m+ N —1). By the basic
property of heat semigroup, we see for ¢t > 1,

E]RN,R(Ué;t) < (Hatvé(t)H%w(RN) + vae(t>|‘%oo(RN)) HHB(O,R)HLl(RN)
_N_o9p
< CRNt o« % 1||(U0au1)||%ﬂ(RN)‘

Consequently, the estimate for Egn p(u — V;,;t) only reflects the worst one Egn g(vn;t).
The proof is complete. n

For the exterior problem, the gradient of the heat kernel does not have a good decay
property in general (see e.g., Jimbo-Sakaguchi [16] and also Georgiev—Taniguchi [5]). The
following assertion can be regarded as a modification of the result in [29, 3]. A precise
dependence of the parameter R for the constant is explicitly given.

Proposition 3.11. Let Q be an exterior domain (N > 2). For every q € [1,2) and
m € Zxq, there exists a positive constant Ci3 4 such that the following assertion holds:
If (ug,uy) € E(Q) NLY(Q), then the corresponding weak solution u of (3.1) satisfies for
every R > Rq,

_N_9om
EQ,R(U - Vm; t) S Cl3,q,mRN_2t 1 ? ||(U0, ul)“]%‘,(Q)mL(I(Q): t 2 1.

where the family {Vi, () }mezs, is given in Definition 1.2 with A = —Aq.
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Proof. Fix R > Rq arbitrary. We apply Theorem 1.1 with n = m + N — 2, that is,
u — Vi, n_o satisfies

Ear(tu = Viin-2;t) < Eq(u — Vi n—9;t) < Cp g n—at 272753 (wg, UI)H]QE(Q)u t>1.

Therefore it again suffices to consider the estimates for v, (¢{ =m,...,m+ N —3). Let n
be as in the proof of Proposition 3.2 and put

which satisfies 1p,r) < (r < 1p(o,2r)- Then by integration by parts, we can compute

/ |va|2dx§/|va|2CRdx
QNB(0,R) Q

1
_E/U?ACRCZI—/U@AU[CRCZZL’
Q

Q
1
< Sllvell @ 1ACRIL @ + lvellor o | Avell v ICallL )

_N_
< CRN=% 74 %HWO;UI)H%/J(Q)

where we have put 1** = <25 (N > 3) and 1™ = oo (N = 2). And also

[ o do < 0wl ey sl o
QNB(0,R)

_N(L_L1y_9p_
< CRN_2t N(q ~)—2¢ 2||(U0,U1>||iq(g)

N oy
= CRN %% 1||(U0>U1)||%q(9)-

As a consequence, it is clarified that the factor Eq gr(v,;t) has the worst decay rate

#7972 The proof is complete. O

To close the paper, we finally discuss some refinement of the decay rate of Eq g(u,t)
when 2 is a two-dimensional exterior domain. Thanks to the decay estimate for the
Dirichlet heat semigroup involving the logarithmic function with initial values in L<1iu
(Lemma 3.7), we also obtain a decay estimate involving the logarithmically decaying
factor (logt)~2.

Proposition 3.12. Let ) be a two-dimensional exterior domain and let u be the solution
of (3.1) with (ug,u1) € BE(Q)NLy,. Then for every m € Lo, there exists a positive
constant Cly ., (depending only on Q@ and m) such that for every R > Rq,

R\* . _
Eor(u—Vyu;t) < Clam (1 + log T—> 7272 (log t) 4||(u0,u1)||2E(Q)mLéM, t>2,
Q

where the family {Vy,}mez., is given in Definition 1.2 with A = —Aq and rq = inafQ |z].
2 xe
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Proof. Fix R > Rq arbitrary. We apply Proposition 3.11 with m replaced with m + 1.
Then we already have the following estimate for u — V.01 = u — V,;, — vy

Eor(u—Viyiiit) < 013,1,m+1t72m74H(anUl)“?g(g)mm(g), t> 1.

Then we consider the estimate for Eq g(vy,;t) via Lemma 3.7. Using the same function
(R as in Proposition 3.11, we see that

/ Vo ()2 da
QNB(0,R)
1 2
< §/va(t) ACRda:—/va(t)Avm(t)CRdx

1, _ _
< §||H91Um(t)||ioo(n)HHstACRHLl(Q) + [ Hg v (0| 220y | Hg ' Avm ()] 22(0) [ HC R | = ()
R\* (.. _ _
<C (1 + log E) (||Hglvm(t)||%oo(m + ||H91Um(t)HL2(Q)||H91A?Jm(t)||L2(Q)>'

Here we put v,,.(t) as

LN tA) 2 = (2m—1\ (A
0

m+j 7!

3

b
Il

J=0

which satisfies v, (t) = €322(—A)™v,,,(t). Putting s = ¢/3, we can control the first term
on the right hand side of the above inequality as

| o (8) e ) < Cros™ (108 5) 21 (=)™ e (1) 220
< CCios™ (l0g s) 772" (€22 (g + wn) [F2(0) + ™o 3 )

< C'Clys ™" (log 5) ™| (uo, ua) I, -

On the one hand, we see that for t > 2Rg and f € L*(Q) N Ly,

1Hg e*32 fll 20y < I1Hg e fll 20np,va) + 1Ha ¢ fll 2 (50,5
< Hg e fllze@ 1Ll 2@nmo.van + 1Hg e (s0.v50)
< CCho(log 8) | fll 2y -

"2 f | 20

We also see that the remaining term can be estimated as follows: for 7 =0, 1,
1Hg (= 2) v ()| z20) < CCro(log 8) M [(=A)™ v (8) | 220
< 'O (log )™ (652 (g + w)llxey + leF w0l xo
< C’"C’fos_m_“%(log ) 72| (u, u1)||L5u.

The proof is complete. 0
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