A COMMENT ON BRIANCON-SPEDER POLYNOMIAL II

MUTSUO OKA

ABSTRACT. In our previous paper on Briancon-Speder Polynomials, we
gave a classification of the connected components of y*-constant strata
on the space of weighted homogeneous polynomials of three variables
which generalize Briangon and Speder type polynomials. In this paper,
we give further remarks on the p*-constant strata of higher dimensional
weighted homogeneous polynomials.

1. INTRODUCTION

The notion of p* invariants of an analytic function germ f : (C",0) —
(C,0) was introduced by B. Teissier [17, 18]. Recall that p* invariants consist
of n integers (,u("), . ,,u(l)) where ;) is the Milnor number of fH where
fH is the restriction of f to a generic subspace H of dimension j passing
through the origin. Note that p*-constant strata can be defined as semi-
algebraic sets (or equivalently by constructible sets) ([2]). Therefore if f
and g are in the same connected component of a p*-constant stratum, then
they can be joined by a complex analytic (or more precisely by a piecewise
complex analytic) path in this component. By a result of Teissier [17, 18], a
w*-constant complex analytic family f;, t € U with fo = f, fi =gand U isa
neighborhood of [0,1] in C gives a canonical Whitney regular stratification
S = {V \ U,U}, which implies that the local topologies of f and g are
isomorphic. Here V = {(z,t) € C"x U | fi(z) =0} and U = {0} x U. On the
other hand, if f and g belong to different connected components, then their
topologies (of various j-plane sections) may be different in general. Thus
it is very important to know the structure of connected components of p*
constant strata. For n # 3, a u-constant family is topologically constant by
Lé-Ramanujam theorem [9] but if f;(z) is not a p*-constant family, then the
families given by the generic j-plane sections are not necessarily p-constant
families and therefore the topology of the j-plane section may change.

In our previous paper [16], we gave the structure of the connected com-
ponents of p*-constant strata on the space of certain weighted homogeneous
polynomials of three variables. In the three variables case, the hyperplane
sections are plane curves and the topology of a plane curve is described by
the Puiseux pairs of the irreducible components and linking numbers among
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them ([8, 20]). Note that p-constant families of plane curves have always a
constant multiplicity (=u") + 1) by Ferndndez de Bobadilla and Petka [4].

In this note, we consider p*-constant strata for weighted homogeneous
polynomials of n variables for arbitrary n > 4. The situation is much more
complicated in higher dimensions.

Our main results are as follows. First we divide the situation into two
cases p; < p2 (Case 1) or p; = pa (Case 2) under the assumption p; < py <
.-+ < pp where P = Y(py,...,pn) is the weight vector of f. In Case 1, our
main result is Theorem 9 and in Case (W2), our main result is described in
Theorem 17 under the assumption (b).

2. PRELIMINARIES

Let f(z) be a weighted homogeneous polynomial of degree e under the
weight vector P = Y(py,...,p,) with an isolated singularity at the origin.
We denote the space of such weighted homogeneous polynomials as W(P, e).
We first prepare a key lemma. Recall that the degree of a monomial M =
Zy* - zkn with respect to the weight vector P is defined by degp M =
>, pivi and for a given polynomial R(z), d(P, R) is the minimal degree
of the monomials in R with respect to P. Let R(z) = ), a,z” where
v:=(vi,...,vy) and z” := z{* --- z%». Then the face function Rp(z) of R
with respect to P is defined by the partial sum of monomials which have P-
degree d(P, R) i.e., Rp(2) = } qeq, sv—q(p,r) @2” - The following assertion
results also from fact (2), p.445, [5] but for the consistency of the paper, we
give a brief direct proof.

Lemma 1. Suppose that f is a weighted homogeneous polynomial of degree
e with respect to a weight P ='(p1,...,pn) and f has an isolated singularity
at the origin, i.e., f € W(P,e). Suppose that R(z) is a polynomial with
d(P,R) > e. Consider the family fi = f(z) + tR(z) for 0 <t < 1. Then
p(fe) = p(f) for any t,0 <t < 1.

Proof. Consider the C*-action on C" defined by soz = (sP1z1,...,sP"z,), s €
C* which is associated with the weight vector P. Consider also the unit
sphere $?"~1 centered at the origin. Consider the links Vj’ = VjﬂSQ”_l, j=
1,...,n in $?"~! where V; = {z € C"| g—zfj(z) = 0}. As f has an isolated
singularity at the origin, N,V = (. Take a sufficiently small Sl-invariant

open tubular neighborhood Uj; of V;.’. This is possible as g—i(s °0z) =

se_pjg—gj(z). Here we consider S C C*. Let W; := $?"~1\ U; and we put
W; = ﬂ‘z;llﬁl\ Uj for j = 2,...,n. Note that W; is Sl-invariant for j =
1,...,n. Weassume that U; (1 < j < n) are small enough so that N, U; = 0)
and U?lej = 5?"~1 Note that W; is a compact subset. Consider the punc-
tured cone Wj(e) == {soz|0 < |s| < e,z € W;}. Put € :=d(P,R) > e.
. B) OR
Put M; := mln{|87];(z)| |z € W;} and M} = max{] o (z)| |z € W;}. Then
by the assumption d(P, R) > e, there exists a positive number £y so that
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8f (soz)| > M;s“7Pi and \8R(soz)\ <2M;s “'=Pi for z € W(ep). Take a

sufﬁmently small rg < &g so that S§2n=1 UFlVV (€p) for any 0 < r < rg
and

of
5@ > |5 @), Ya € W(eo).
This implies
Of .
( )#O(ZEW(EU) ]_17>n70§t§1)
0z
Consider the jacobian J(f;) = (22 (z),.. af (z)) of f;. Then the normal-
ized jacobian mapping ¢y : 572,(?_ 5’2” 1'is defined for any 0 < ¢t < 1

by vi(z) = J(ft)/||J(fe)||(z). As the Milnor number of f; is given as the
mapping degree of ¢; with a sufficiently small ¢ (see [10]), this proves the
assertion. O

Remark 2. In Lemma 1, we do not assume that f is Newton non-degenerate
but it is enough to assume that f~1(0) has an isolated singularity at the
origin. The assertion is well-known for a function which is Newton non-
degenerate and convenient ([14]).

For the stability of the Milnor fibration of f;, 0 < ¢t < 1, we have to
show the existence of a uniform stable radius®. The existence of a uniform
stable radius of Milnor fibration for the family f;, 0 <t < 1, is more subtle.
We show the existence for Newton non-degenerate weighted homogeneous
polynomials.

Proposition 3. Assume that f(z) is Newton non-degenerate and R(z) is
strictly above the Newton boundary T'(f). That is, d(Q, R) > d(Q, f) for any
strictly positive weight vector Q. Then there exists a uniform stable radius
ro for fi, 0 <t < 1.

Proof. This is essentially proved with a little different assumption in [13].
We give a simple direct proof for the reader’s convenience. Assume the
assertion is not true. Then using Curve Selection Lemma ([10]), there
exists an analytic family (z(s),#(s)), 0 < s < 1 such that V(fys)) and
the sphere of radius ||z(s)|| are not transverse at (z,t) = (z(s), (s)) and
z(0) = 0, 0 < ¢(0) < 1. Then we have a meromorphic function A(s) such
that grad fys)(z(s)) = A(s)z(s). Namely

8 t(s .
(1) gz(j)(z(s)) = A(8)z(s), j=1,....n,

where the bar denotes the complex conjugacy. Let I = {1 < i < n|z(s) #
0}. For simplicity, we assume I = {1,2,...,m}. First we note that A(s) # 0,

*ro is a uniform stable radius for f;,0 < ¢t < 1 if f;*(0) intersects transversely with
the sphere S?"~! for any 0 < r < 1o and any 0 < ¢t < 1.
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because grad fy(5)(z(s)) # 0 by Lemma 1. Consider their Taylor and Laurent
expansions:
zj(s) = a;js% + (higher terms), a; € C*, ¢; > 1, j €1
A(s) = bs” + (higher terms), be C*, v € Z
Put Q =%(q1,...,qm), a = (a1,...,an). PutalsoQ := (¢1,--sqm:N,...,N) €
7' with a sufficiently large N so that dQ, f) = d(Q, f1), d(Q, R) = d(Q, R")
and (ft)g = fé. Here f! = f|cr where C! := {z|2; =0, j ¢ I}. By the
assumption, we have d(Q, R) > d(Q,f). As fys)(z(s)) = 0 and d(Q,f) <
d(Q, R), we have fé(a) = 0. Note that
i) o
@) 142 (5(5)) = 2

J

(a)s“@:F)=% 4 (higher terms).

By the Newton non-degeneracy of f, there is some jo € I such that an (a) #
0. Then by (1) we must have the equality:

3) Q) =gy = v+ 0300 P22 (a) = bay.

If ¢; < gj, for some j, d(Q, f1) —gq; > v +q; which gives the equality ba; = 0
by (1) and we get a contradiction to b # 0. Thus we have g, < ¢; for Vj € I
and comparing the leading terms of (1), we get

an( { 0, ifQj>qu

82] baj, if qj = Qjp-

Put Iy = {i € I'|¢; = gj,}. Multiplying ¢;@; to both sides of this equality
and summing up for j € Iy, we get

(4) quaaa a) :bij|aj|2'

Jj€lo j€lp

oL [
The left hand side coincides with 3, ; ¢;a; 8%? (a) which is equal to d(Q, f1) fé (a)
by Euler equality and it vanishes as we have seen in the above discussion.
However the right hand side of (4) is clearly not zero which is a contradic-
tion. ]

Lemma 4. Let again f € W(P,e) and let V. = f~1(0). For any K C
{1,...,n} with |K| = n — 1, VK = (f5)~10) c CX has at most 1-
dimensional singularity.

Proof. We may assume for simplicity that K = {2 n} Let hy(z") be
the polynomial of 2, ..., 2, defined by hi(zX) := 8Z1 (O z). The locus of

singular points of f¥ is given by

K K
2(79) = 12X e ) @) = - = )~ 0)
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and the set of singular points of f in C¥ is the intersection of X(f¥) and
Y1 = {2 | hi(z") = 0}. As f e W(P,e), 2(f%)N L1 = {0}. This implies
dim ¥(f%) <1 and the assertion is proved. (]

3. RESULT IN THE PREVIOUS PAPER

For an integer n, let P(n) be the set of partitions of n by positive integers.
Namely a partition A € P(n) corresponds to a collection of positive integers
A= {w,...,y} with vy +--- 4+ 1y = n and v; > 1 for any j. We recall
the main result in the previous paper [16]. In [1], Briangon and Speder
considered polynomials of three variables in W(P,e) with P = (1,2,3)
and e = 15. In [16], we consider similar weighted homogeneous polynomi-
als of three variables. Let a > 2 and k be positive integers. Consider a
weight vector P = ¢(1,a,a + 1), and e = (a + 1)(ak + 1) and consider the
space W(P, e) of weighted homogeneous polynomials of degree e with re-
spect to P having an isolated singularity at the origin. For a given partition
A={r,...,v} € P(my), 0 < my <k, choose mutually distinct non-zero
complex numbers {aq,...,as} and we associate a weighted homogeneous
polynomial of degree e with respect to P:

L l
ha(y, z) = z1Tma H(z“ —a " my = ZVZ', m=k—m;.
j=1 i=1
If m;y = 0, P(0) = {0} and we define hy = 2z!T%*. Then we consider
polynomials

hi4(£7y7 Z) = hA(Z/? Z) + $R(y, Z)
fa(z,y, z) = Aa + Wy (z,y,2), A€ C”

where R(y,z) is a weighted homogeneous polynomial with d(P,R) =e — 1
such that

*) {(y,2) | 2% — a;y°*" = R(y,2) = 0} = {(0,0)}, ifv; >2
R(y,0) # 0, if m # 0.

Note that f4 is a weighted homogeneous polynomial of degree e, and if
m > 0, (%) says that f4 has monomial zyletDE+HL - Eagiest and simplest
choice of R(y, z) is R(y, z) = y@tVk+1 With a generic A, the polynomial
fa has an isolated singularity at the origin by Bertini theorem (see for ex-
ample page 137, [6]). Thus fa4 € W(P, e). The topology of the generic plane
section of f4 does not depend on the choice of ay,...,a, and R satisfying
(). Considering ay,...,ap and A as parameters, fa(z,y,z) is a family of
almost Newton non-degenerate polynomials in the sense of [15] and thus
their Milnor numbers are constant and do not depend on {ay,...,ap} or
on the choice of R(y, z). This implies that f4 is a p*-constant family with
respect to the mutually distinct parameters aq,...,ay and generic coeffi-
cients of R(y, z), and therefore the topology of f4 = 0 is constant by [17].
Let W.(P,e) be the set of connected components of p*-constant strata in
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W(P,e). In [16], we defined a correspondence 1 : Pt (k) — W.(P,e) by
Y(A) = [fa] for A € PE (k). Here PN (k) = Ufzop(i) and [fa] is the

connected component of the p*-constant stratum which contains f4.

Theorem 5 ([16]). The correspondence 3 : P (k) — W.(P,e) is bi-
jective. Namely for any f € W(P,e), there are unique m1,0 < m; < k
and A € P(mq) so that [f] = ¥(A) = [fa]. In particular, the number of

connected components of u*-constant strata in W(P, e) is Zﬁuzo |P(m1)].

4. GENERALIZATION TO HIGHER DIMENSIONS

In this section, we consider polynomials of n variables with n > 4. Let
P ="%(p1,...,pn). Recall that W(P, e) is the space of weighted homogeneous
polynomials f(z1,...,2,) of weighted degree e with respect to the weight
P which have isolated singularities at the origin. It seems very difficult to
classify p*-constant strata completely for the space of W(P, e) with arbitrary
n > 4. We divide the situation into two classes and give examples which
shows the complexity of this problem in higher dimensions.

4.1. Two classes. First we consider the space of polynomials W(R e) de-
fined by

W(P,e) :={g € Clz1,..., 2] [d(P,g) = ¢, gp € W(P,e)}
where gp is the face function of g by the weight P. Thus we have the
inclusion W(P,e) C W(P,e). However a polynomial g € W(P,e) can have
monomials with P-degree greater than e. Note that for g € W(P, e), ulg) =
u(gp) by Lemma 1. In general, a generic hyperplane section of g € W(P, e)
get monomials which have larger degree than e and it does not stay in
W(P,_1,€). Here P,_1 :='(pa,...,p,). We consider also W(P,e)(!) which
is the set of polynomials g such that its P-face function gp has singularities
of dimension one and g = 0 has an isolated singularity at the origin. Thus
in general, for g € W(P,e), its generic hyperplane section is contained in
either W(Pn,l, e) or W(P,_1,e)) by Lemma 4. The latter case happens if
p1 < pj,J =2,...,n and g|,,—o has one-dimensional singularities. There are
two cases which give different geometrical behaviors for hyperplane sections.
Let us consider weighted homogeneous polynomials with respect to P =
Y(p1,...,pn). For simplicity, we assume hereafter p; < ps < --- < p,. We
divide the situation into two cases by the first two integers p1, pa:

(W1) p1 < pa.
(W2) p1 = pa.

Remark 6. Consider the case P = '(1,...,1). This is a special case of
(W2). Then W(P,e) is nothing but the space of smooth projective hypersur-
face of degree e up to a scalar multiplication in P"~1. Any generic hyper-
plane section gives a smooth projective hypersurface of dimension n — 2 in
W(Py_1,¢€). Thus for any f € W(P,e), p9(f) = (e—=1)7 forany1 <j<n
by [11] and W(P,e) has a unique p*-constant stratum and it is connected.
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4.2. Case (W1). We will give an example such that several different p(?~1)
can be taken by generic hyperplane sections in W(P,e). Suppose P =
Y(p1,...,pn) is a weight vector with p; < py and py < -+ < p,. Note first
that P,_1; may not be a primitive integral vector. Let d be the greatest
common divisor of po,...,p, and put P,_; := (ph,...,p,) with p, = p;/d.
Then P! _, is a primitive integral vector. In the definition of W(P,_1,¢), we
do not assume P,_; to be primitive and it is identical with W(P)_,,e/d).
Note that the Milnor numbers given by Milnor-Orlik’s formula for the two
weight vectors coincide. Put ¢’ = e/d. Then W(P,_1,e) = W(P)_,,¢’) and
for f € W(Pp—1,€),

n n n

w(f) = ]te/pi = 1) = T1((e/d)/(pi/d) = 1) = [ ](¢' /) — 1)

=2 =2 =2

Thus we do not need to assume the weight vector to be primitive for the
calculation of the Milnor number.
Suppose that W(P,e) # 0 and W(P,,_1,¢) # 0 so that there is a weighted

homogeneous polynomial of n — 1 variables zs, ... 2, of degree e with respect
to P,—1 which has an isolated singularity at the origin.
Consider a weighted homogeneous polynomial f(z) = f(z2,...,2,) of

degree e with respect to P,,—1 and assume that f = 0 has either an isolated
singular point at the origin or has some non-isolated singular points outside
of {z|z9---2, = 0}. They correspond to isolated singular points of f =0
in the weighted projective space P*~2(P! ). Consider a polynomial g €
W(P, e) which is written as g(z1,2) = R(z1,2) + f(z) where z = (22, ..., z)
and z1|R(z1,2). In this case, we note first

Proposition 7. Assume that g € W(P,e) and f ¢ W(Pn—_1,¢). Thend =1
and P, _, = P,_;.

Proof. By the assumption, e = d(P,_1, f) and e = 0 modulo d. On the other
hand, ¢ has an isolated singularity at the origin. Thus for any singular
point ¢ = (0,p) € {z2...2, # 0} of f, ¢ is a regular point of g. This
implies that there exists some monomial M = 2z125% ... 2% in R(z1,2) so
that %(O,p) #0. As e = d(P,M) = p; modulo d and P is primitive, this
is possible only if d = 1. O

Consider an admissible toric modification m : X — C"~! for a generic
hyperplane section g”/. (Recall that g is the restriction of g to H.) Assume
feW(Py_1,e)V. Let f be the defining function of the strict transform of
g =0 to X. Take a toric coordinate chart C?~! associated with a regular
cone

o = Cone(Q1,Q2,...,Qn-1), Q1= Pu_1,

T]P)”fz( ' _1) is the quotient space of C"~'\ {0} by the standard C*-action associated
with P,_;.
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with coordinates (ui,...,un—1). Let E(P,_1) be the exceptional divisor
which is associated with P,_1. Let E(P,—1) = E(P,—1) NV where V is the
strict transform of the hypersurface f = 0 and assume their singular points
p1,---,ps are in the torus E(P,_1)* where

E(Py_1)" = {(0,u2,...,un1)|ts... up_1 #0}.

We will show that these singular points correspond to the singular points of
the weighted projective hypersurface V(f) in P*~2(P,_1)*. Here

P 2(Py_1)* i={[w1 : - wp_1] | w1 ... wp_1 # O}
Consider (n — 2)-dimensional torus in the parallel hyperplanes to E(Pn_l):
Ef={u, = (u,...,up_1)|u1 =7,ug...up_1 #0}, 7 #0.

It is clear that E(P,_1)* and E* are isomorphic. The restriction of 7 to the
toric coordinate space C?~! is denoted by 7,. Recall that 7, is defined by

To(Us) = (21,. .., 2n—1) wWith
zj = u w1 < j <n—1, where 0 = (pij)1<i,j<n—1-
Here we identify o with the unimodular matrix (Q1,...,Qn—1), where Q; =

Yp1jy--spny)s 1 <j<n—1.As P,_y = Q1 and Py1 = “(p2,...,pn),
Pj = Pj—1,1, J = 2,...,n. We consider the C*-action on Cn~! defined by

To(Up,...,Up—1) = (TUL, U2, .., Up_1).

Consider the restriction of 7, on the torus 7/, : (CZ;(”_I) — C*(»=1) Then f
is a group isomorphism. On the base space C" ™!, we consider the C*-action
associated with P,,_1, which is defined by 7oz = (7P2z1,...,7P"z,_1).
We can write the pull back of f as

n—1
(5)  mf(us) = uff(uo), f(ug) = hius,... un1) [ uf' @

j=2
and E(P,_1)* is defined by f = 0 (or equivalently h = 0) in E(P,_1)*.
Note that 7, is an C*-equivariant mapping i.e., 7,(7ou,) = Tom,(u,). We
consider the associated map:

Yi=wo To|fr * Ei‘ — P 2(P,_)".

Here w is the quotient map w : C*~ 1\ {0} — P"2(P,_1).

Proposition 8 (Proposition 3.2, [3]). Two hypersurface germs (f =0, p;) C
Ef and (f = 0,9(p;)) C P 2(P,_1)* are isomorphic by ¢ fori=1,...,s.

Proof. Note that (E(P,_1)*,V(f)) is canonically isomorphic to (E¥, V'(f))
by the translation (0,ug,...,un—1) > (1,ug,...,uy—1) where

V'(f) :={(1ug, ... un_1) € CV| Flug, ..., un_1) = 0}.

Note also that both C*-actions on Ci" " and C*=1) are free, B is canon-

(n—1)

ically isomorphic to the quotient space of Cy and ¢ is also isomorphic
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to the quotient space of C:* which is P~ 2(P,_1)*. As v(V'(f)) = (f =
0) C P"~2(P,_1)* by (5), the assertion follows. O

Theorem 9. Let f and g be as above and assume g € W(P,_1, e)(l). We

assume also that the singular points p1,...,ps of f = 0 are in the torus

E(Pn,l)* and they are Newton non-degenerate. Then g™ is an almost New-

ton non-degenerate function in the sense of [15] and it has Milnor number
n

wg™) = T1(e/pi = 1) + (p2 — pr)p**
=2

where pt°t is the sum of Milnor numbers ,u(f, pi) of f at p; (1<i<s).

Proof. Note that a generic hyperplane section g¥ of g is given by the sub-
stitution z; by agze + - -+ + anz, with generic coefficients ao,...,a,. Let
H be the hyperplane H = {z1 = > , a;z}. Take z := (23,...,2y,) as the
coordinates of H. Note that the P, _1-face function of g/, (¢/)p. _,, is given
by f(z) as d(Pn—1,R') > e where R/(z) := R(} ", aiz;,z). Consider an ad-
missible toric modification 7 : X — C"~! of f = 0 and take a toric coordi-
nate chart C?~! associated with a regular cone o = Cone(Q1, Q2, ..., Qn_1)
with coordinates (u1,...,u,—1) and Q1 = P,—1. Let us write R(z1,2) =
S, 24 Ri(z). Here m is an integer such that mp; < e and R; is a weighted
homogeneous polynomial with d(P,_1,R;) = e —ip1. As (0,p;) is not a
singular point of g, we need to have Ri(p;) # 0 for i = 1,...,s. As-
sume that 9 = max{i|2 < 4,p; = p2}. Then after the substitution
21 = Y. 50z, the lowest term from R(z1,z) is given by (32, aiz)Ri(z).
As d(P,R1(z)) = e — p1,

o

d(Py1,9")=e, and d(Py-1,()_ aiz)Ri(z)) = (e — p1) + pa.
i=2

Thus the pull-back of ¢/ by 7 is written as

Here f (ug,...,up—1) is the defining polynomial of the strict transform of f
and c is a non-zero constant which depends on as,...,a,,. By the assump-
tion, at each singular point p; we can find an admissible analytic coordinates
change v; = (vi2,...,v;(n—1)) of u= (uz,...,u—1) so that (u,v;) are local
analytic coordinates centered at p; and f (v;) is Newton non-degenerate at
p;i- This implies that the Milnor number of f at p; is equal to that of f at
Y(p;) in P""2(P,_1). Using coordinates (u1,v;) (v; := (vi2,...,vin-1)), ()
is written in the neighborhood of p; as

n—1
(#)i : g™ =g H u?(Qi’gH) (f(v,,) + cul®"P' + (higher terms)) :
=2
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Thus by (#);, 7*g" is Newton non-degenerate and it behaves exactly as Lé-
Yomdin singularity and the argument of the proof of Theorem 3.3 of [3]
works. We will give an outline of the proof briefly so that the readers may
skip the reference [4]. The key points are the following equalities.

(6) =1+ (=1)""u(g") = deg (i (1),
(1) deg (g o)(t) = =1+ (=1)"" [ [[(e/pi = 1) =€ u(f,p))
i=2 j=1
+ Z deg C(ﬂ'*gHmj)(t)'
j=1
Here C(W*9H7pj)(t) is the zeta-function of 7*g at pj- As g™ has an isolated

singularity at the origin, the equality (5) follows from the definition of the
zeta function and by the connectedness of the Milnor fiber of g" by Milnor
[10]. The equality (6) follows from Theorem 8 of [15]. Now the assertion of
Theorem 9 is reduced to the following Lemma.

Lemma 10.
deg C(ﬂ'*gH,pj)(t) = (_1)n_1(€ + (p2 - pl))lu(fa p])

Proof. For the proof, we use Varchenko formula for the zeta functions ([19]).
See §1 of [15] or Theorem(5.3), p.147 ([14]) for further detail. First we recall
Varchenko formula for a Newton non-degenerate function germ h(z1,. .., z,)
at the origin.

V) <) =T1a®, ) =gep, (1 — t4@HD)=A@/AQR

where h! is the restriction of h to the coordinate subspace C! and d(Q, h') is
the minimal value of the monomials in h! with respect to the weight vector
Q. Here C! := {z|z; = 0,5 ¢ I}. For I C {1,...,n} such that A is
not zero, Py is the set of primitive integral weight vectors of the coordinate

subspace C! which correspond to the maximal faces of I'(h!). The integer
B(Q) in (V) is defined as follows:

B(Q) = (=)= 1)1vol  C(A(Q; k1), 0).

Here A(Q;h') is the face of T'(h!) where @ takes the minimal value and
C(A(Q;h1),0) is the cone over A(Q;h!) with vertex at the origin. Using
A := A(Q), we use also the notations 3(A) := B(Q) and hl = hé.

Now we consider f(v;) and 7*¢™ (uy, v;). They are Newton non-degenerate
at p; and their Newton principal parts are given respectively by the polyno-
mials

fNew(Vi)v UT(fNew(Vi)"_cquipl)u C#O
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where frew (v;) is the Newton principal part of f(vi). Let T = {I C
{2,...,n—1}| fL #0} and
Pr={A|A CT(fl, p;), dimA = |I| —1}.
These data are used to describe the zeta function (( f,pi)(t)‘ Let Z and P;
be the corresponding data for g. Then we observe easily that
7 = {I:=ITu{1}|TeZ}u{J}, J={1},
Pr = {A:=(e+py—pi)ei+ (ees + A)|A e Pr}U{(e+py—pi)er}

where e; = (1,0,...,0) € R""! and ‘+ is the Minkowski sum in R*~1. The

face function (7*gf) 5 is us( fa(vi)+cul?P1). Then by asimple determinant
calculation, we have

(8) B(A) = =B(A) x (e + p2 — p1).
Thus we have
deg C(ﬂ'*gH,pi)(t) = (6 +p2 — pl) - Z Z ,B(A)
I€T AePy
where the first term corresponds to J = {1}. Thus using (7), we get
deg (iregti oy (t) = (e+p2—p1)+ >, > (e+p2—p1)B(A)
I€eT AePy

= (e+p2—p1)— (e+p2—p1)deg(;, (1)

= (e+p2—p1) +(e+p2—p)((=1)" " u(F,pi) = 1)

= (=1)" e +p2 —p)ulf, pi)-

]

Thus combining (5) and (6), the assertion for Milnor number of g follows.
O

Example 11. For simplicity, we consider the case n = 4. We consider the
weight P3 = 1(2,3,4). Take a weighted homogenous polynomial f(x,y,z) of
degree 16 with 1-dimensional singularity on C*3. We will show that there
exist at least four strata. For example,

film,y, 2) = a® = 32°2° — 209%2° + 'z + 32

6 2 15
fa(w,y,2) = a® — §5U2?J4 - ;a:y222 + y4z — 32223 + 724

18 54 3
f3(z,y,2) = a® — 33323/4 - giﬂ y?22 + 9ytz + ba?ed — 524

D 13 2 13 1
f4(£,y, Z) = x8 - §x3y22 - §$2y4 + §$223 — gfﬁ y222 + 3y42 — §Z4.

fi has 1-dimensional singularity along the C*-orbit of p = (1,1,1) which is
A; singularity in P?(P3) fori=1,2,3. fi has 2A, singularities on the orbit
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of p1 = (1,1,1), po = (1, —1,2) respectively. Consider polynomials
gi(wa z,y, Z) = le + Cwy5 + fl(l‘a Y, Z)a = 1> 27 3’ 4

with a general coefficient c. Then g;,i = 1,...,4, are weighted homogenous
polynomials of degree 16 under the weight vector P = %(1,2,3,4). Note
that g; has an isolated singularity at the origin and thus g; € W(P, 16) with
wu(gi) = 1365 fori=1,...,4. Here the variables are ordered as (w,x,y,z) so
that degpw = 1. A generic hyperplane section gZH is given by substituting
w = ax + by + cz in g; and its Ps principal part is given by fi(z,y,z)
which has non isolated singularities by our construction. However giH has
an isolated singularity by the help of monomial axy®. This implies that
gl e W(Ps,16)(M). On the other hand, for a generic member h € W(P,16),
we can_assume that hf has a Newton non-degenerate principal part and
R € W(Ps,16). Thus u(h™) = 91 by Milnor-Orlik’s formula. On the other
hand, 13 (g;) is given by 91 +i = 92,93,94 for i = 1,2, 3 respectively and
,u(?’) (94) = 93 by Theorem 9. It is interesting to observe that generic plane
sections of f1,..., fa (or of gi,i = 1,2,3,4) and of k' are in VNV(PQ, 16), and
their Py = *(3,4) principal parts are isomorphic to the curve ay*z + bz* =
0, a,b# 0. Thus u®(g;) = 13 for any i.

Example 12. Consider the weight vector P = '(1,k,... k) with k > 2.
Take g € W(P,e). We assume that W(P,_1,€) # 0. In particular, e = 0
modulo k. Note also that there are no monomial of degree e of the form
21R(z2,...,2,) as degp R = 0 modulo k. This implies that the generic
hyperplane section g of any g € W(P,e) is contained in W(Pn,l,e) =
W(P,_1/k,e/k) where P,_1/k ='(1,...,1). Thus its principal part corre-
sponds to a smooth projective hypersurface in P"~2. As in Remark 6, any
following generic hyperplane sections correspond to smooth projective hyper-
surfaces of degree e/k. Thus W(P, e) has a unique u*-constant stratum and
it 1s connected.

4.3. Case (W2). Consider P = (p1,...,p,) with p; < --- < p,, as before

and assume that p; = --- = ps < psy1 with s > 2. Let W(Pj,e)’ be the
image of W(P,,e) by the sequences of generic hyperplane sections in the
space of polynomials of z,_ji1,..., 2.

() (Conjecture) For any g € W(P,,e) and for any (n — j)-dimensional
generic hyperplane H with j < s, the face function (gH)pnfj s contained in
W(P,—j,e). This means (gH)pnfj has an isolated singularity.

Note that (n — j)-dimensional generic hyperplane g’ is the same as the
j-times repeated generic hyperplane sections of g.

Remark 13. For g € W(P,—j+1,€), the generic hyperplane section g
has an isolated singularity at the origin but the face function (gH)pnfj may
not have an isolated singularity if (b) does not hold. We do not know if

for g € W(Pn_j+1,e) and if there exists some generic hyperplane H such
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that (gH)pn_j has isolated singularity, the assertion holds for any generic
hyperplane in the sense of Teissier [17]. This is related with conjecture (b2)
at the end of this paper.

Theorem 14. Assume p1 = -+ = ps < Per1 < - -+ < py with s > 2. Under
the above conjecture (b), we have the sequence of generic hyperplane sections

(GHS) : W(P,e)—W(P_1,€)... —W(Pp_s41,6€)
with Pp_sy1 = t(ps,pS_H, ...yPn). The image of one connected component
of pu*-constant strata of W(Pj,e) s contained in a conected component of
w*-constant strata of W(Pj_l, e) forj>n—s+2.
This means cardinality of W.(P,e) is less than or equal to the number
connected components of u*-constant strata of W(Pn_5+1, e).

Proof. The assertion follows from (b) and Lemma 1. O

Example 15. Let a > 2 and k be positive integers. Consider the weight
vector P ="1(1,...,1,a,a+1) and e = (a+1)(ak+1) and consider the space
W(P,e) of weighted homogeneous polynomials of degree e with respect to P
having an isolated singularity at the origin. A generic hyperplane section is
defined by substituting z; — 2?22 c;jz; for generic coefficients ca, ..., c, and
the restriction of f to the hyperplane H = {z1 — Z?:Q cjzj = 0} is denoted
by fH. We say that a hyperplane H is Milnor number generic if u(f) is
minimal among all hyperplane sections. Milnor number generic hyperplanes
are easier to be handled for our purpose. A generic hyperplane in the sense
of Teissier [17] is Milnor number generic.

For a given partition A = {v1,...,v} € P(m1), 0 < my <k and mutually
distinct non-zero complex numbers {ai,...,ap} and b # 0, we associate
a weighted homogeneous polynomial of degree e of variables zp_1,z, with
respect to Py = t(a,a + 1) with fived generic coefficients b, ay, . .., ay:

)4
(9) ha(zn_1,2n) = bzltme H(zg — a;z°T1) where m = k —my.

j=1

If mi =0, P(0) = {0} and we define hy(zn_1,2,) = z-TF¢. We define for
any j <n—2,

9i,A(z5) = g;a(2;) +ha(zn-1,2n), 95,.400,...,0,201,2,) = 0,
n—2
Dk+1
(10) fia(z) = D (tizf + sizi2l M) 4 haznet, 20)
i=j
where z; = (2j,...,2n), i, s; are generic and g; A, fj o are weighted homo-

geneous polynomials of degree e with respect to P,_ji1. Furthermore f; a
have an isolated singularity at the origin. Put

09;,4
0z,

Sk(zZn—1,2n) == (0,...,0,2n-1,2n), k=73,...,n — 2.
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This implies g} 4(z;) = ZZ;JQ 2,8k (2n—1,2n) + Rj(z;) where R; = 0 mod-
ulo M? and M; is the ideal (2;,...,2n—2). Consider the two-dimensional
coordinate subspace L := {(0,...,0,2,—1,2,)}. We do not assume g; o has
an isolated singularity at the origin but we assume that gja satisfies the
following condition.

Assume g(z;) is weighted homogeneous polynomial of degree e with respect
to Pn_ji1 such that g¥ = ha. We say g satisfies (FC) condition if the fol-
lowing condition is satisfied.

(FC): g(z;) has no singularity on L\ {0} as a function of variables
{zj,...,zn}.

Note that this condition is equivalent to the non existence of the common
solution of Tj(zn—1,2n) = -+ = Tn—2(2n-1,2n) = 0 with X(ha) \ {(0,0)}
where X(hy) is the set of the singular points of ha =0 and Tk(zn—1,2n) =
%(O,...,O,zn_l,zn), fork =j,...,n—2. (FC) condition for j = n — 2

corresponds to (x) on page 5 in the casen = 3. f; 4 is a typical such example.

Observation 16. For any g;a,j <n — 2 and let ng be a generic hyper-
plane section of gj a. Then the face function (ng)pn_j also satisfies the
face condition (FC) and (ng)pnfj(O, ooy 0,21, 2n) = ha(zn—1, 2n) (stays
unchanged). Let g4 be a polynomial of zp—2, zn—1, zn, obtained by a chain of
generic hyperplane sections of g1 4. Then ga satisfies (FC) condition and
the generic plane section of g4 is a plane curve with an isolated singularity
at the origin and its topological equivalence class is determined only by ha
or equivalently A by the argument in the proof of Theorem 5. See the proof
of Theorem 2,[16].

Proof. 1t is enough to observe that

n—2
(ng)pn_].(sz) = ha(zn—1,2n) + Z 265y (2n—1, 2n) modulo ./\/l]2-+1
k=j+1
and S}, is a generic linear combination of Sj,. .., S,_a. U

In the above observation, it is not necessary for g4 to have an isolated
singularity at the origin.

Theorem 17 (Generalization of Theorem 5). Under the conjecture (b), for
P="1,....,1,a,a+1) and e = (a + 1)(ak + 1) as above, there is a corre-
spondence 1 : P (k) — W.(P,e) which is bijective.

Proof. For any A € P (k), we choose fi 4 as (10). We define 1(A) by
[fi1,4]. Here [fi a] is the connected component of the p*-constant strata
which contains fi 4. For a fixed A = {v1,..., 1} € P(my) C Pt (k) with
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myp = Z§:1 vj, define
W(Pj,e, A) ={f e W(Pj,e) | f(O,...,0, zn—1, 2n) = ha(zn-1, 2n, %), 3x}

where x = (2o, ...,x¢), x € C*+1) T #xi i £ J, i, > 1, Py ="pp_ji1,..., Pn),

and
¢

hoa(Zn_1,2n,X) = zo 22T H(sz — x;20H ).
j=1
Note that p* of f € W(P,e, A) is uniquely determined by A. By Obser-
vation 16, W(P, e, A) is mapped into W(Ps,e, A) by a sequence of generic
hyperplane sections and by Theorem 6, [16], the composition
U 2 POD (1) 5, (P, e) = We(Po, €) = We(Pa_1,€) = -+ — We(Ps, e)

is bijective. Thus it is enough to show that the composition map P
We(P,e) — W(Ps,e) is bijective. It is clearly surjective. To prove the
injectivity of ¢/, it is enough to show that W(P, e, A) is connected. We
fix ha, fi,4 as in (9) and (10). We will show that Vf € W(P,e, A) can be

connected to some f1 4 in W(P, e, A). Take an arbitrary f € W(P,e, A).
Assume

f@0,...,0,2p-1,2n) = ha(zn—1, 2n,X0), IXg € cHt.

Let A4 be the supporting edge of hy and let I'y = I'(f1,4). We assume
that the integral points on I'y \ A4 are {ny,...,ny}. These points are
independent of A. A generic polynomial g € W(P, e, A) is written as

N

9(z,¢c,x) = Z ciz™ + ha(zn—1, 2n, X).
i=1

Here ¢ = (c1,...,cn) € CV and x = (g, ...,2¢) € CHL. Let 2 := Usz; Lij
where

Liji={x e C™" |w; =a;}, 1<i,j <L, i #],
Consider the set

Q(P,e, A) :={(c,x) € CVx(C**N\E)| g(z, c, x) is Newton non-degenerate
on any face A’ # Ay of T'4.}

Here A’ can be I'y itself. Then Q(P,e, A) is a Zariski open set. See the
appendix, [12] and Theorem 6.1, [7]. We may assume that f € Q(P,e, A)
by a small perturbation if necessary. For the definition of Newton non-
degeneracy, see [7, 12, 14]. It is well-known that a Zariski open set is path-
connected and we can take a piecewise linear path (c(s),x(s)), 0 < s <1so
that f(z,c(0),x(0)) = fi1,a(z) and f(z,c(1),x(1)) = f(z). Now we give a
simple proof for this assertion for reader’s convenience. Consider the pencil

fr(z) =7f(z,c(1),x(1)) + (1 — 7) f1,4(z), T € C.
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Note that fo = fi1,4 and fi = f. By the Zariski openness, there exists a
finite set B C C such that f, € Q(P,e, A) for any 7 € C\ B. Thus we can
take a piecewise linear path ¢ : [0,1] — C\ B with ¢(0) = 0,¢(1) = 1 in

the complex plane C and define fs := fy(5),0 < s < 1. This gives a desired
path from f to fi 4 in W(P, e, A) and the assertion is proved. O

Remark 18. Note that the number of the p*-constant connected components
of W(Py,e)" and W(Pa,e) (=the image of W (P,,e) by generic hyperplane
sections) are different in general. Here VNV(PQ, e)" is the set of polynomials f
which have an isolated singularity at the origin and fp, is Py-principal part
of a generic section of a polynomial in W(Ps,e). Consider, for example,
P3; = %1,4,5) and k = 2 and e = 45. By Theorem 5, the number of the
connected component of W(Py,45) is 4 = [P (k)|. Corresponding pn®
can be 82,85,85,88. Consider a monomial 28 52 |2¢ of degree ¢’ > e in
fe W(Pg, e) with a > 1. This gives monomial z*T82¢ of degree ¢’ + 3a >
48 under a hyperplane section. (By the same argument, if f has already
a monomial zfll_lzf;, as f comes from some g € W(P,,e) after (n — 3)
times generic hyperplane sections, we can easily see that 4b' + 5¢' > 48.)

Thus in W(P,,45)", any lowest degree monomial whose degree is greater
that 45 has Py-degree 48. As W(Py,45)" \ W(Py,45) has two monomials
2S94 2Ty3 which have Py-degrees 46 and 47 respectively with y = z,_1 and
Z = Zn, ,u(2) can take also 83 and 84. We can take for example, polynomials
91,92 € W(P3,45)" \ W(P»,45)" as

91(y,2) = 2(z* = y°)? + 28, ga(y, 2) = 2(2* — )2 + 2705

Without the conjecture (b), we have

Proposition 19. Assume that P =%(1,...,1,a,a+1) and e = (a+1)(ak +
1). Then the cardinality of We(P,e) is greater than or equal to [Pt (k)|

Proof. For any A € P®!(k), we consider the mapping A ~ [f1 a]. As the
generic hyperplane sections of fi 4 satisfy (FC) condition and Observation
16 says that their generic two-dimensional sections are isomorphic to the
plane section of f,,_2 4. Thus assertion follows. O

Remark 20. In the situation of Theorem 17, the following sections are
Milnor number generic.
=0 =0 =0 n—3=0
FA 2D o a2 a2 T f o

As a problem which is related to Lemma 1 and Conjecture (b), we give
another conjecture:
(b2) (Conjecture) Suppose we have a p-constant family g. = fi + Ry, 0 <
t <1 and f; are weighted homogeneous polynomials of variables z1, ..., z, of

degree e with respect to a weight vector P ='(p1,...,pn) and Ry is a family
of polynomials with degp Ry > e, Vt. Assume that fi, t # 0 has isolated
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singularity at the origin. Then fy has also an isolated singularity at the
origin.
Correction. In our previous paper [16], §3.3, there was an error. The
correct pu® of 2% 4 23 + zy® and 2° 4 23 + 2y? are 7 and 8 respectively.

I would like to thank the referees for the precious comments and sugges-
tions and also pointing out this error.
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