INTERLACING OF ZEROS OF PERIOD POLYNOMIALS
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ABSTRACT. By a lot of previous work, it is known that the zeros of the period polynomial for a
newform f € Si(I'o(N)) all lie on the circle |z| = 1/v/N. In this paper we show that these zeros
satisfy various interlacing properties for fixed N and varying k£ when either k or N is large. We
also present a complete result when N = 1. Lastly, we establish the interlacing properties when k
is fixed and N varies.

1. INTRODUCTION

Let f € Sk(I'o(N)) be a normalized newform of even weight k and level N. Suppose the Fourier
expansion of f is given by f(z) = Y>>, an(f)¢". The associated L-function of f is defined as
L(f,s) =721 an(f)/n®. The completed L-function,

A(f.s) = (g) D(s)L(/. ),

satisfies the functional equation A(f,s) = e(f)A(f,k — s). Here, e(f) = £1 is called the sign of f
[8, Section 1]. The period polynomial associated to f is the degree k — 2 polynomial
ri(z) = (T)(r — 2)*2dr.
0

Using L-functions we may rewrite the period polynomial as

k—2 .
(k—2)! (2miz)"
Tf(z):_(Qﬂ-i)kflz n L(ka_n_]-)v
n=0
or equivalently as

k—2
k—2 n
_ k1 n—(k—1)/2 , o
ri(z) =1""N r;)( . ) <zsz> A(f,k—1—n). (1.1)
The functional equation for A(f,s) gives the following functional equation for r¢(z):

r(2) = —i*e(f) (\/Nz>(k_2)/2 Ty <_1> ) (1.2)

This implies that if p is a zero of r¢(z) then so is —1/(Np). An analogue of the Riemann hypothesis
indicates that zeros of r¢(z) should all lie on the center of symmetry: the circle |2| = 1/v/N. When
N =1, this was proved by El-Guindy and Raj [4]. For a general level N, Jin et. al. [8] showed that
all the zeros of 7¢(z) are on the circle |2| = 1/v/N. This result was therein called as the “Riemann
hypothesis” for period polynomials of modular forms. Actually, more information was obtained in
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[8] on the zeros of r¢(z): for example, they showed that the zeros become equidistributed when
either k or N is large.

This paper is devoted to further studying properties of the zeros of period polynomials, especially
the relationship between zeros of period polynomials associated to different newforms. This work
is motivated by works of [11] and [6], in which two types of interlacing properties were established
for the zeros of Eisenstein series, respectively.

We now recall the definitions of these two interlacing properties. First, the standard or regular
interlacing is given as follows.

Definition 1.1 ([7], Definition 1.3). Let I C R be an interval. Let m,n € N be such that |m —n| <
1. Suppose that X = {x1,z2,...,xm} and Y = {y1,y2,...,yn} are two strictly increasing ordered
sets of points in I. Then, X and Y interlace if and only if the following conditions hold:

(1) if m > n, then x; < y; < xip1 for all 1 <i < n;
if m <, then y; < x; < y;aq for all1 <i<m;

2) if th forall1<i<

(8) if m = n, then either
(a) x; <y; forall1 <i<n andy; <xiy1 foralll <i<n-—1, or
(b) yi <z for all 1 <i <n and z; < yi+1 for all1 <i<n-—1.

Notice that Definition 1.1 is symmetric on the sets X and Y. Besides the standard interlacing
property, we also consider the Stieltjes interlacing, which we now define.

Definition 1.2. Let I C R be an interval. Let m,n € N such that m > n — 1. Suppose that
X ={x1,29,...,xm} and Y = {y1,y2,...,Yn} are two strictly increasing ordered sets of points in
1. Then

(1) we say X Stieltjes interlaces with Y if there lies at least one element of X strictly between
any two elements of Y,

(2) we say X strongly Stieltjes interlaces with Y if (1) is satisfied and furthermore, x1 < y1 and
T > Yn.

We want to point out that the notions of standard interlacing and Stieltjes interlacing have their
origins in the theory of orthogonal polynomials; see Szegé [13, Theorems 3.3.2-3.3.3]. We mention
a few results that have established various interlacing properties for zeros of certain modular forms:
Nozaki [11] showed the standard interlacing between zeros of Eisenstein series Ej12 and Ej; in [6]
the Stieltjes interlacing was established between zeros of Ej and F, with k& > ¢; the strong Stieltjes
interlacing was shown in [5] for the zeros of j,, and j, with m > n, where j,, = mT,,(j — 744)
is essentially the modular function obtained by applying the mth Hecke operator on the Klein
j-invariant. To state our results we need to fix some notation. We first introduce the following
notation of sample angles, following [8, Theorem 1.2].

Definition 1.3. Let k = 2m + 2 with m > 1. When e(f) =1, i denotes the (unique) solution in
the interval [0,27) to the equation

2
Ly Rl

5 Wi sin 0y, ¢ (1.3)

mbye =

for0<£<2m—1.



Definition 1.4. Let k = 2m + 2 with m > 1. When e(f) = —1, ¢r ¢ denotes the (unique) solution
in the interval [0,2m) to the equation

27
m = {1+ ——sin
Pkp ~ o,
for0<£<2m—1.

We will show later that these sample angles are very close to the corresponding actual angles in
Ay (Definition 1.5) below as long as N or k is sufficiently large. We next introduce the notation of
angles for actual zeros of 7¢(2).

Definition 1.5. By the result of [8] we will write the zeros of r¢(2) as
(R 1

ekl or —
iV N ivVN
depending on whether e(f) =1 ore(f) = —1. Here, k =2m+2,0<{<2m—1,0 < 65 ,, ¢} , < 2m,
and each 0y, (resp. (ﬁ,’;j) denotes the angle closest to the sample angle 6y ¢ (resp. ¢i¢) in Definition

1.8 (resp. Definition 1.4). Note that the angles 0, or ¢, are the angles of the actual zeros of
r¢(2) plus w/2. For each newform f € Sp(T'o(N)) we define:

(1) ife(f) =1, then

i
e k,27

Aj = {le}e 07
(2) if e(f) = —1, then

Ag = {dk i (1.4)

Remark. (1) We only consider half of the actual zeros or actual angles because (1.2) implies that
if € Jiv/N is a zero of r§(2) then so is €/>™=%") /ix/N. This means that

0;:727,1_1_5 =21 —Op, for0<L<m-—1 and ¢Z,2m—£ =21 — (;SZ@ for1 <f<m-—1.

(2) When e(f) = —1, it follows from (1.1) and the functional equation that +1/iv/N are always
zeros of r(z). This is the reason why, in (1.4), we have removed the angles ¢; , = 0 because they
are always the same as the sample angle ¢ o = 0. 7

(8) We shall show later (Lemma 3.10) that, as long as k or N is reasonably large, these actual angles
0;;75 or qS,’;’g are well-defined, i.e. they are uniquely determined and are ordered by their indices £.
(4) Strictly speaking, we should include f in the above definitions of various angles because both
sample and actual angles are related to the specific newform f. However, to lighten the burden of
notation we simply drop [ throughout the paper.

We shall establish the interlacing properties of zeros of period polynomials in various scenarios.
First, we consider the case when either k or N is large.

Theorem 1.6. Suppose either k' > k > 78, or N > 335464 and k' > k > 6. Let f,h € Si(To(N)),
g € Ski2(To(N)) and f € S (To(N)) be newforms. Then

(1) If e(g) = (f), the set Ay interlaces with the set Ay.
(2) If (f') = e(f), the set Ay strongly Stieltjes interlaces with the set Ay.
(3) If e(h ) e(f), the set Ay interlaces with the set Ay.
4) If e(f') = —1, e(f) = 1, then the set A Stieltjes interlaces with Ay.
f !
(5) If (') =1, a(f) = —1, then the set Ay strongly Stieltjes interlaces with Ay.
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Remark. (1) The conditions in parts (1) and (3) are not satisfied for N = 1, as e(f) = 1 when
k=0 (mod 4), and e(f) = —1 when k =2 (mod 4), but could be satisfied for some other values of
N.

(2) It is not hard to see from definitions of interlacing that Theorem 1.6 part (2) implies part (1)
by taking k' = k + 2.

Next, we consider the case when k = 4.

Theorem 1.7. Let f € S4(T'o(N)), g € S¢(To(N)), and f' € Sp(To(N)) be newforms with k' > 6.
When N > [335464441],

(1) If e(g) = (f), the set Ay interlaces with the set Ay,
(2) If e(f") = e(f), the set Ap strongly Stieltjes interlaces with the set Ag.
(3) If e(f") #e(f) and k' > 10, then the set Ay strongly Stieltjes interlaces with Ay.

Remark. (1) In Theorem 1.7 one has |A¢| =1 when e(f) =1, and |Af| =0 when e(f) = —1.
(2) We have numerically verified Theorems 1.6 and 1.7 in small cases for k' < 104 and N =
1,2,3,10 using Pari/GP [9, checking pari.sage|. Thus, it is natural to conjecture that Theorems 1.6
and 1.7 hold true in general; see the following Theorem 1.8 for a complete result when N = 1.

Theorem 1.8. Suppose k' >k > 12, k, k"' # 14, and N = 1. Let f € Sk(To(1)), f € Sk (To(1)) be
newforms. Then

(1) If e(f") = e(f), the set Ap strongly Stieltjes interlaces with the set Ag.
(2) If e(f') = —1, e(f) = 1, then the set Ap Stieltjes interlaces with Ay.
(3) If e(f') =1, e(f) = —1, then the set Ay strongly Stieltjes interlaces with Ay.

Lastly, we also establish some interlacing results between Ay and Ay when k' = k and N’ # N
(that is in the level aspect); see Propositions 9.3, 9.6 and 9.9 for the precise statements.

An argument similar to that of [5, Corollary 6.1] or [6, Proposition 7.2], by counting the number
of elements in Ay, reveals the following corollary on indivisibility between period polynomials. For
brevity we only state it for N = 1.

Corollary 1.9. Suppose k' > k > 12, k, k' # 14, and N = 1. Let f € Si(To(1)), f € Sk (To(1)) be
newforms. Then

(1) ife(f') =e(f) =1 and 2k > k' + 4 then r¢(2) t rp(2);

(2) ife(f') =e(f) =—1 and 2k > k' 4+ 6 then r§(z) {rp(2);
(3) ife(f') = —e(f) = —1 and 2k > k' +8, then r¢(2) { rp(2);
(4) ife(f') = —e(f) =1, then re(z) frp(2).

Proof. Proofs of (1)-(3) are similar, so we only present the proof of (1) here. Suppose on the contrary
that 7¢(2) | 7¢(2). Then we have Ay € Ap. On the other hand, by the Stieltjes interlacing between
Ay and Ay established in Theorem 1.8, we know that Ay must have at least another |Af| — 1
elements strictly between elements of A¢. Therefore, [Ap| > |Af|+|Af|—1. Since e(f') = e(f) =1,
we obtain m’ > 2m — 1, or equivalently (k' — 2)/2 > k — 3, or ¥’ > 2k — 4, a contradiction.

(4) In this case, since i/v/N (corresponding to the actual angle 0) is a zero of 7(z), by Lemma
3.11 (2) for kK’ > 78 and computer check for k' < 78 it is never a zero of ry/(z), so rg(z) trp(z). O

The main idea of proving various interlacing properties is as follows. The first step is to show

these interlacing properties for the sets of sample angles. Then, we need to show that the distances
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between sample angles and actual angles are small enough for the sets Ay and Ay of actual angles
to retain these properties. Lastly, there are two key ingredients in establishing the strong Stieltjes
interlacing between Ay and Ay: one is to show that the distance between any two adjacent elements
in Ay is always smaller than those of A, and the other is to make sure that the two extreme elements
of Ay are outside the range of Ay.

We now give an outline of the paper. In Section 2, we will make explicit and strengthen the
estimates in [8] on the distances between angles of the actual zeros of r(z) in Definition 1.5 and
the sample angles in Definitions 1.3 and 1.4. In Section 3 we will establish various bounds for the
distance between sample angles and the distance between actual angles to be used throughout the
paper. We will prove parts (1) and (2) of Theorem 1.6 when either N or k is large enough in
Sections 4 and 5, respectively. Section 6 will treat the remaining parts of Theorem 1.6. Next, we
will prove Theorem 1.7 in Section 7, and will show Theorem 1.8 in Section 8. Finally, we shall
establish interlacing properties in the level aspect in Section 9.

2. DISTANCES BETWEEN ACTUAL AND SAMPLE ANGLES

Following [8], we will make explicit the constants involved in [8, Theorem 1.2], thus provide
explicit bounds for the distances between the sample angles (Definitions 1.3-1.4) and actual angles
(Definition 1.5). Let us first treat the case when m > 2, or equivalently k = 2m + 2 > 6. By the
functional equation, we see that [8, (1.6)]

r (Z ZN> = FINTE=D 2 (f) <Pf(z) +e(f)Py (i)) :

where
2m+1
Pi(z) = (2m)! <\g§> L(f,2m+1)Q¢(z),
and [8, (6.1)]
Qf(z) = 2"exp (zf}%) + S1(2) + Sa2(z) + S3(2),
" i) — 1 2 ! (L(f.2m+1— ) X
&= 2 g () (),
a1 [ 21 \!
s =" 5 ()
and
1 or 2m~+1 A (f, E)
5O =300 (77)  Trsy

When &(f) = 1, the zeros of the period polynomial r;(z) are located at 1/iv/N times the zeros
of Re(Q(2)); when £(f) = —1 the zeros of 7;(z) are 1/iv/N times the zeros of Im(Q(2)), see [8,
Section 7]. For z = € on the unit circle,

}Qf(z) ~ exp <im9 + j%-“’)‘ < 151(2)] + 1S2(2)] + [S5(2)]-
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By [8, (6.3)], (2.6), and the fact that [8, Section 6]

m—+2 2
a(3) < (3] e (3)
[S1(2)] + [52(2)] + 153(2)]

() ) St ) B ) ()

we obtain

2(m!) \V/N

for all m > 2 and N > 1. For later application we define

s 0 oo (35) )+ () (s 2 (4352) ) o

Thus, for all z = %

'Qf(Z) ~ mexp (3/%)‘ — |B()| < Bew,

where E(z) = S1(z) + S2(2) + S3(2). Recall that, for each 0 < ¢ < m —1, 65, < 7 denotes a sample

angle in (1.3) and 0% ¢ denotes the angle of the closest actual zero (Definition 1.5). Note that e'0h.c
is also a zero of the real part of Qf(z) ([8, Section 7)):

Re(Qf(2)) = Re (exp (im@ + j%(cos@ _isin 9))) + Re(E(2)

—oxp (T cos0) - (cos (0~ T sing ) ) + Re( () (2.2
Define

- . (2.3)

Then, under the assumptions of Theorem 1.6, that is either N > 335464 and k' > k > 6, or
k' > k > 78, we have

289.596 or 0<§ <2.434><107
omy/N BN TgmyN

respectively, by [9, zgap.sage, 4bigO.sage]. Also, note that under these assumptions

4 260 J J
0< \/—%cos <H—2i_kN> sin (— k2N) +mdpn < % (2.4)

Now, we want to show that for each 0 </ <2m —1

0<(5k,N<

‘9}675 — 9;:’@‘ < 5]@71\7.
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It suffices to show that if we plug ) ¢ £ 65 n into (2.2) then there is a sign change. We first do this
for 01,0 + 6k,N3

2
cos (m (Ore + 0k.N) — \/—% sin(6y.¢ + 5k7N)>

=cos <<m9k75 — jﬂ-ﬁ sin 9&5) + %(Sin Or,0 — sin(br¢ + 0.n)) + m5k,N>

2
= COS <72T + I + \/—%(sin Or,0 — sin(br¢ + 0.n)) + m5k7N) (by (1.3) )

. [ A4Ar 20k0 + 0k, N\ . Ok,N
=+ sin <\/N cos <2> sin ( 5 ) + mék’N) :

As sin(—6; n/2) > =0k N /2, we get

41 20k€+5kN> ( ) < 27T>
— +mépn > (m— —=) o n.
cos< mog, N m N k,N

As for 0 <2 < 7, sinz > 2z/7, by (2.3) and (2.4), we have
exp (27T cos 0y, g) sin ( el cos (20]61 i 5k’N> sin (— 5k’N> + mdy, N)
VN ’ VN 2 2 ’
> exp (27T cos 0}, g) sin <<m — 27T> O N)
VN ’ VN
> exp <277 cos 0y, g) exp (27r> Bi N
VN ’ VN ’

In conjunction with (2.2), this means that Re(Q(2)) for z = €' %.¢+9%nN) /i\/N has the same
sign as cos (m(Oe + 0p.N) — 2—\/% sin(6x¢ + 5k,N))- Similarly, repeating the above calculations for
Or,e — Ok, N, We get

2T .
Cos (m(ek,é —0p,N) — N sin(0r,¢ — 5k,N))

— tin 47 29&@ — (5]{7]\7 - (5ij —mé
==£s \/NCOS > sin ( == mog, N

= Fsin Am cos 20k = Ok.N sin —6k’N + md
=F \/]V B) 9 kN |

which has the opposite sign as cos (m(&w +0pN) — %sin(ﬁk,g + (5;67]\7)). Thus, following the
same argument as above we find that Re(Q(2)) for z = €'%k¢=% ) /ix/N has a sign opposite
to cos (m(@k,g +0pN) — 3% sin(fk,¢ + N)) Therefore, we have established a sign change and
thus have completed the proof of (2.5).

When e(f) = —1, since ¢'?%¢ is a zero of the imaginary part of Q 7(2) ([8, Section 7]), we obtain
a similar bound for 0 < ¢ <2m —1

|Pre — Phe| < Ok
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Thus, we have established explicit bounds for ‘Gk,g — 02‘;75‘ and ’(Zﬁk,g — gﬁ,’%) when k£ > 6. To get a
meaningful bound when k = 4, or equivalently when m = 1, we need to take a different approach, by
making explicit the constants in [8, Section 3]. When e(f) = —1, we already know that the only two
zeros of r¢(z) are given by £1/iv/N. On the other hand, when e(f) = 1, from [8, Section 3] we know

that the two zeros of 7;(z) are located at +e'i0 /iv/N, where 0 < 010 < T and cost, = —ﬁg;g;

Now, we need to give some explicit estimates on the values of A(f,2) and A(f,3).

First, we give a lower bound of A(f,3). More generally, we have the following lower bound for
A(f k/2+1).

Lemma 2.1. Suppose f € Sk(To(N)) is a normalized newform for k > 4. Then
k/2+1
k N k 2 k—1)?
A<f,2+1> > (é;) F<2+1> C(i)Q’ and L(f,k—1)><(k_11)2. (2.6)
¢(3) ¢(*3)

Proof. Since k/2+1 > (k+1)/2 is within the region of convergence of the Euler product of L(f,s),
we can write

L(.9) =TT (1= apw +772) L0 - app) ™

p|N

ptN
=TI —apPp) ™ (1= B ™*) " ] (1 = ap(f)p)
pIN

p|N

where |a,(f)| = |8,(f)| = p*~1/2 by Deligne’s Theorem if p{ N and Li [10, Theorem 3] |a,(f)| <
pk=1)/2 if 4 | N. Therefore,

t(eden) = () vz ene (r 1)

JN k/2+1
> (2> L(k/2+1) H(1 +p(k—1)/2p—k/2—1)—2 H(l + ptk=1)/2)y=k/2-1)~1
" PN p|N
k/2+1
> <\gﬁ> T(k/2+ 1) [ +p )2 ] +p%2)
" pIN pIN
k/2+1
P
k/2+1
N 3)2
= (C) [(k/2+1) C(3)2.
¢(3)
A similar argument gives
((k —1)°
L(f,k—1)>
C(5)°

This completes the proof. O



Next, we give an upper bound of A(f,2). The original bound A(f,2) < N%4*¢ in [8, Section
3] which utilizes the Phragmen-Lindeldf principle is inexplicit. Following [2, Lemma 2.4] we shall
provide an explicit albeit weaker bound.

Lemma 2.2. Let f € Sp(T'0(N)) be a normalized newform, such that e(f) = 1. Then

(15 =2(£) <)

x | 2VEkIn(ek) +9 - 2%/ (g) (‘/ﬁ>3/4r <3> . (2.7)

T 4
Proof. Following the proof of [12, Theorem 3.66] or [3, Theorem 5.10.2], we obtain

A(15) = O+ 0w [ st ay

1

2

= (E(f) + 1)Nk/4 Z an(f) /?O 6727rnyyk/271 dy

n=1 VN

_ B[4 (90— k/2 — k/2-1 _
= (e(f) + 1)N*/4(2 /Z nk/Q /Qm Ve (x = 2mny)

k/2
VN |a )l o T k/2-1

k2 oo .
<2 <\/N> . Z d(n)/ e~ T k21 o (lan(f)| < d(n)n(’f—l)ﬂ)_
%ﬁ

o nl/2
n=1

Now, splitting the sum inton < k and n > k + 1 we get

= d(n) (> _, k/2-1
Z—nl/z /me T dx

n=1 VN
k 00
_ ~zk/2-1 o= T /21
an/Q ﬁm dx + %1 n1/2/ x dx
k
< Z d n T k/2 . + Z —:c$k/2—l dx
=tk k+1 1/2 i
— ne =
k oo 00
<r Z —) Z (—e_ e 2k 271 g
2 / / 2mn ’
n=1 =k+ VN

Now,

U

3

k k/m
SR Y e S Y [ P dum S < ok ek,
mn<k

n=1 m<k m<k
9



and

/ o t/2k /2 g 2k/2/ otk gy < ok/2r <’;> '
W T
As d(n) < 9n'/* for n > 1 ([1, Lemma 4.2]), we get

- d(n) —zn > —x — . — —7n
Z n(1/2)€ VN N P25k271 4o <9 . 2F/2D (K /2) Z n~1/Ag=mn/VN
n=k+1 VN n=k+1
<9- 2k/2r(k/2)/ w Ve VN gy
0
3/4
N
=9. 221 (k/2) (*ﬁ> I(3/4).
s
The desired upper bound (2.7) is obtained by combining the above calculations. ]

We summarize the above calculations and make explicit [8, Theorem 1.2] in the next result.

Proposition 2.3. Retain the notation and assumptions of Definition 1.5 and Theorem 1.6. Then
the following hold.

(1) Suppose that k = 4, or equivalently m = 1. If e(f) = —1, then Ay is empty and the zeros
of ¢(2) are given by +i/V/N, or equivalently $10 =0 and ¢, =m. If e(f) = 1, then the
unique element of Ay satisfies

. m  C(4,N)
64,0_7‘< N1/8 Y

2
¢ (3 ? (4n(4e) 36-T (3
C(4,N) ::< <(3()2)> <N§/8)+ W3/£4)).

(2) If k, k' > 6, then for all0 <{<m—1and0<{ <m'—1

for

C(k,N)
0* —9 5 */ [ | < 7’, 28
1050 = Onel s |50 — drre P (2.8)
where )
21/ N 2
C(k,N) := 77r27rexp (W) By N,
TN VN

and By, n is defined in (2.1).
We also have the following decreasing properties for the constants C(k, N) introduced in Propo-

sition 2.3. Their proofs are by a straightforward induction and are omitted.

Lemma 2.4. If N > Ny > 1, then C(4,N) < C(4, Ny). Thus, for k=4 and N > Ny > 1

o* W‘ C(4a NO)
40 o 1/8
Ny

2
Lemma 2.5. If either N > 79 > 872 and k > 6, or k > 54 > 167 + 2, then
(1) C(k,N) > C(k+2,N),

10



(2) C(k,N) > C(k,N +1).
Therefore, for k > 6, N > 335464, and 0 < /¢ <m —1
N . C'(6,335464 289.596
1070 — Ore| » | Ghp — D] < ( )

< )
2m/ N 2m+/ N
and for k>78, N>1, and0<{<m—1

)

C(78,1) _ 2.434-1077
omy/N omy/N

3. BOUNDS FOR THE SAMPLE AND ACTUAL ANGLES

1050 = One| s |05 0 — dre| <

In this section, we first present a few preparatory lemmas that will be used in this section.
Then, we establish interlacing and bounds for the sample angles and actual angles that will be used
throughout the paper.

3.1. Preparatory Lemmas. The first two lemmas establish some bounds on the difference be-
tween sines and cosines.

Lemma 3.1. For any two angles 61 and 63, |sinfy —sinfy| < |01 — 03] and |cosO; — cosby| <
|61 — 62].

Proof. Tt follows immediately from the identity of difference of sines or cosines and the well known
fact [sin(z)| < |z|. O
Lemma 3.2. Suppose 0 < 01 < 0y < 7. Then
(03 — 01) cosby < sinfly —sinby < (03 — 1) cosb;.
Proof. As
0>
sinfy —sinf; = / cos 6d#,

01
and cos @ is a monotonically decreasing function on [0, 7], we get

62 02 02
(03 — 01) cos by = / cos 01do > / cos 0df > / cos 0adf = (02 — 61) cos O,
01 01 01

as desired. O

The next simple observation will be used in Section 5.
Lemma 3.3. Suppose M € N. Let f(m,m’) : N x N —= R be a function satisfying:

(1) f(M,M +1)>0 for M >1,
(2) flm+1,m+2)> f(m,m+1) for allm> M,
(3) flm,m/ +1) > f(m,m'), "' >m+1 forallm >m+1>M+ 1.

Then, f(m,m') >0 for allm’ >m+1> M + 1.

Proof. Suppose the above conditions hold. Then by induction, for all m > M, f(m,m+1) > 0

by conditions (1) and (2). On the other hand, again by induction and conditions (2) and (3), for

a fixed m, we have that for all n € N, f(m,m +n) > 0, that is for all m > M, m' > m + 1,

f(m,m’) > 0. O
11



3.2. Interlacing and Bounds for the Sample Angles. The next few lemmas will collect some
facts about sample angles. Observe that the sample angles split into m angles in the interval [0, )
and m angles in [7,27) in either case of £(f).

Lemma 3.4. We have Oy, $p.m > 7 and O m—1, opm—1 < m. Additionally, 00 > 0 and ¢ = 0.
Lemma 3.5. Suppose m > 2w /+v/N.
(1) For0 <{<m—2,
Ore < Ok o1 and ¢pp < Qg p41.

(2) Furthermore, for 0 < ¢ < m—2, we may bound the difference of consecutive sample angles by

7T T
o cos 0 < 0k,f+1 - Hk,f < o cos 0 3 (31)
m VN k41 m VN k.l
™ T
S T <¢k,f+1_¢k,€<migicos¢ :
VN k41 VN k.l

Proof. (1) First suppose €(f) = 1 and suppose 8y ¢ > 6, s41 instead. Taking the difference of (1.3)
for £ and £ + 1 gives

2T . .
MmOk — Ok s1) = =7+ —= (sinby ¢ — sin by p41) - (3.2)

VN

Using Lemma 3.1,

27
m(Ore — Oppr1) < —7 + Nidi (O, — O o41)

which contradicts the assumption that m > 27/v/N. The argument for the case when e(f) = —1 is
identical.

(2) When ¢(f) = 1, by Lemma 3.4 and (1), we have 0 < ¢ < 011 < O m—1 < 7. We may
immediately apply Lemma 3.2 to (3.2) to see that

27 27
T+ ﬁwk,ul — Or0) cosOp g1 < M(Oppp1 — Opp) <7+ ﬁ(ek,Z—H — Or.r) cos O
which implies the desired statement. The argument for the £(f) = —1 case is the same. U

Lemma 3.5 leads to the following simpler bounds.

Lemma 3.6. Suppose m > 27r/\/ﬁ. Then for all0 < £ <m — 2,

s
. < Okerr —Ore <

m+ﬁ

3
=

and

T
< Pkl — Pk < ———5—-
m

2
mEUN VN
Lemma 3.7. Let k' =2m' +2 > k = 2m + 2, and suppose m > 277/\/N. Then

_ (m’—m)m .
(1) O o < Ok, and furthermore, Oy — O o > 2(m+2w/\/ﬁ)/(m/+2n/\/ﬁ)’
(2) G < Gi1, and furthermore, $i1 — G > g S

(m'—m)m

(m+27/VN) (m'+27/VN)

(3) Ok m—1 < O my—1, and furthermore, O pr—1 — Of 1 > 5
12



(m'—m)m

(4) Orm—1 < Or' -1, and furthermore, Gp ym/—1 — G m—1 > (e 2m W) (! 2m V)

Proof. By Definition 1.3,

T 27 T 27
mlyo = =+ ——sinfo, and MmOy o= =+ ——sinby o, 3.3
kO = 5 N k,0 HOZ g N k.0 (3.3)
from which we obtain
2 . .
m (0o — Or0) + (m/ — m)0p o = —\/N (sin @y o — sin by ). (3.4)
For the sake of contradiction, suppose 0y > 0. Then, Lemma 3.1 and Lemma 3.4 gives
2T
m(Qp o — 0 <m(Op og—0 +m'—m¢9/§—0/—0 .
(00 = Ok,0) <m(Or0 — Ok0) + ( )0k 0 \/N( k0~ Ok0)

Now, the assumption 6 o > 60}, leads to a contradiction when m > 2w/ V/N.
Then since 00 > Oy o, by (3.4) and Lemma 3.1,

2
m(O,0 — O 0) — (m' —m)bi o > ——= (00 — Ok 0),

VN

which shows . 0
Oo— B0 > =00

2r
VN
Applying (3.3) yields

o> —— > i . (3.5)

- 2m/ 21
2 (m'+ %)

Combining these two equations yields

—m)T

2o ) 0 )

Oro — O o >

For part (3), recall the following equations:
MmOy m—1 = g +(m— 17+ j% Sinfgm—1, and MmO 1 = g +(m' =17+ j% Sin O/ mr—1.
Taking their difference yields
Ot — Ot 1) — (' — )01 = —(m — m) + j%(sin Ot — i O 1) (3.6)

Suppose on the contrary that 0y ,,—1 > 0 y—1. Then by Lemma 3.1,

27
MmOy m-1 — O y—1) — (M — M)yt 1 < —(m — )T+ ——=Op -1 — O sy —1),
(k, 1 K, 1) —( )k, 1< —( )T \/N(k’ 1 K, 1)

or
(m’ — m) (7r — Oy m’—l) < —ZW -m (Qk. m—1 — O m’—l) .
’ VN ’ ’

By Lemma 3.4, 0/ n,y—1 < 7, thus we get a contradiction since m > 2w /v/N.
13



As we have shown 0/ —1 > 0p 1, by (3.6) and Lemma 3.1,
2T

MmO mi—1 — Ok m—1) + (M — m)Ops 1 > (M — m)mw — 7N (O mr—1 — Okm—1)

which implies

(m/ —m) (7 — O yr—1)

ak’,m’—l - ek,m—l >

2 :
mt N
On the other hand by (1.3),

1 2
™= Qk’,m’fl =T = <7T + (m/ — 1)7'(' + il sin 9k’,m’1>

m' \ 2 VN
mm’ — 5 47 —m'n 2T 0
= - SN O s —1
m/ m/'v/ N
T 27 -
= - SIN U mr—1
2m/ m// N o
™ 2w

- 2m/ m’\/ﬁ(ﬂ B ek/’mlfl)’

where the last inequality comes from the fact that sin(z) < 7 —z on [0, 7). Thus

™ ™

o (14 -252) 2 (m+ 22

T O =

Finally, combining (3.7) and (3.8) gives

(m' —m)m

8 ()

ek’,m’—l - ek,mfl >
2(

as desired. The case for ¢ is proved similarly.

In this next lemma, we instead compare 6 and ¢.
Lemma 3.8. Suppose m > 27 /v/N. Then

(1) ¢ < Ok1 and O m—2 < Ppr nr—1,
(2) O o < a1 and Gpm—1 < Oy —1-
Proof. (1) Taking the difference of Definitions 1.3 and 1.4, we have
2
01— 1) = (m — / T 2T (i 0.1 — si ’1).
m(Ok,1 — Prr 1) = (M’ —m)p 1 + 5 T \/ﬁ(sm k1 — Sin g 1)
We must have ¢y 1 < 0 1, otherwise by Lemma 3.1, we have the inequality
7 2
m(dp 1 — Op1) < —(m' —m)dp 1 — 5+ ﬁ(mu —0k1),
which cannot hold for m > 27/v/N. On the other hand, we similarly have

2

m (Gt i1 — Opym—2) = (M —m) (7 — P mr—1) + T4+ = (Sin Gps m/—1 — sin O 1n—2) (3.10)

2 "N

14



We must have 6 ,—2 < ¢/ pm/—1, otherwise by Lemma 3.1 and (3.10), we get

2
— ! oo ! < — r_ — / - i —— - ' m/
m (Opm—2 — Gprr—1) < — (m' —m) (7 — G 1) 5 T i (Okm—2 — Prrmr—1) 5
which cannot hold for m > 27/ VN , by Lemma 3.4.
(2) The proof is similar to (1). O
This next lemma will be useful in Section 6.
Lemma 3.9. If m > 21/v/N, then
(1) (l)kl < 9]67@ fO?” all1 < 14 <m-—1 and 9k7g — (bk:,f > m,
(2) 9]@[ < ¢]€7@+1 fO'l" all 0 S / S m — 2 and ¢k,g+1 - 9]@@ > m
Proof. Recall Definitions 1.3 and 1.4:
2T
m =/{m+ ——sin , 3.11
oy iy Gre (3.11)
Ore = © 4+ bm+ 2 sing (3.12)
mbpe =5 +lm N in b, .
me (4 )r+ 2 sing (3.13)
g e —_— . .
k,£+1 \/N k,£+1

(1) Assume for the sake of contradiction that ¢y ¢ > 6, . Taking the difference of (3.11) and (3.12)
yields

(e — Og) = _g i j%(sin re — sinOg.g). (3.14)
By Lemma 3.1,
27
)+ 5 < T (e — Ore),
m( Pk, — Or0) < \/N(d)k,é k0)

which is a contradiction for m > 27 /v/N.
Now that ¢y ¢ < 6k, (3.14) and Lemma 3.1 gives us

Ok = Ohe =2 ——— -
2 (m + fﬁ)
(2) Assume for the sake of contradiction 0 > ¢ 41 and take the difference of (3.12) and (3.13)
to obtain
(Ot = Brenn) = 5 = 7+ —(sinbis — sin 1)
m - =— — 7+ ——(sinfyp — sin :
ke~ Prpr1) = 5 N k0 k,e+1

By Lemma 3.1,
T 2
0 ¢ — — < — (0. — 3.15
m (O, ¢>1c,e+1)+2 < \/N( ket — Dot1), (3.15)

a contradiction for m > 27/v/ N.
15



We have shown 0y ¢ < ¢y ¢+1. Thus by (3.15) and 3.1,

™

2(m+ %)

as desired. O

Gkor1 — O >

3.3. Interlacing and Bounds for the Actual Angles. The remaining lemmas in this section
establish similar properties for the actual angles 07 , and ¢; , when either k or IV is large enough.

First, we provide conditions to show that each 01’;5 is ordered and unique, that is, each actual
angle 0 , is close to only one sample angle, namely 6 0. Recall that for k > 6, C'(k, N) is defined
as in Proposition 2.3.

20(k,N)

VN kK >k > 6, and m > 2n/V/N. Then the following

Lemma 3.10. Suppose
hold:

(1) for all0 <€ <m—2, 9,’;75 < 9,’&”1;
(2) for all 1 <€ <m—2, ¢}y < $f g1
(3) for all 0 <O <m =2, 0 0 <03 pr 5
(4) for all 1 < 0" <m' =2, ¢y < G iy

s
Y

Proof. We will only show (1) and (3), as the proofs for (2) and (4) are similar.
(1) By Lemma 3.6 and (2.8),

Ok o1 — Ore = Oroe1 — Okev1) + Orer1 — Ok o) + (O — Orp)

> (Ok,e1 — Ore) — |Oke — 00| — |05 001 — Oke1]
T 2C(k,N)
o m ’

>

(3) Although this statement looks identical to (1), notice that we only impose a condition on £,
not k’. It is easy to show with induction on m that

s S 2C(k,N)
m’+% 2m'\/N

g

The next few results provide conditions for the ordering between the first (resp. last) elements

of Ay and Ay when e(f') = e(f).

Lemma 3.11. Let f' € Sp(To(N)),f € Sk(To(N)) be newforms, and k' > k > 6. Suppose
e(fy =e(f) and m > 21 /v/N. Then

m'—m)m C(k C(K' *
(1) if m+27r/f)(m)+27r/f) > QQWE\/’]X) + 2 ( N) , then O, o <O and O | <04 . 1.
(2) i fm+27r/f>2§,flf/i) then920>0and9 1 < T

m'—m)m 2C (k,N 20 k' N
(3) i m+27r/\F)(m)+27r/\F) > QT'E\F) + 5 )  then Gy < Gy and Gy < O —1-

(4) i fm+2ﬂ/\/ﬁ>2§yf/@ then¢k1>0and¢km L <.

16




Proof. (1) By Lemma 3.7 and (2.8),
Ok0 — ko= (Oko — Oko) + (Oro — Ok 0) + (B0 — Ops )

> 00 — Ow0 — |00 — Oko| — 680 — Ok
- (m' —m)m _C(k,N) C(K',N)
2 21 2myN  2m'\/N
2(m ) (' F) TN 2N
> 0.
A similar argument shows
. N (m' —m)m 20(k,N) 2C(K',N)
Qk/ m/—1 — Hk m—1 > — - > O
’ ’ 21 14 o2m 2my/N 2m'\/N
(m+3) (m'+ %)
(2) By (3.5) and (2.8),
N N ™ C(k,N
60> 0o — 650 — Oko| > _— fn )0,
2(m+ ) 2N
We can similarly show
T C(k,N)
= 0% 1 > - > 0.
' 2m 2my/ N
2 (m + \/N> VN

Parts (3) and (4) follow similarly to (1) and (2).

The next lemma resembles the previous lemma except we are instead comparing 8* and ¢*

Lemma 3.12. Suppose m > 27/v/N.

m’'—m 2C(k,N 2C
(1) If m+2w/\ﬁ)(m)+27r/\ﬁ) = 2"5\/N) + 277E ¥ then Pra <Opy and Op o < by
(' —m)m 00kN) 4 220m(,f) then 03, o < ¢y q and @5, < O 0y

(2) If (m+27/vV/N)(m'+27/v/N) = 2my/N
Proof. (1) Since sin ¢y > 0, we have ¢p 1 > m/m’ > 7/(m’ +27/v/N), and thus by (3.9), Lemmas

3.1 and 3.8 part (1),
m' —m)pr 1+ 5 F— 2
( Yor 1+ 5 - (m' —m)m < . 7T)

Ok — Prrp > T
m+ I 2 (m + %) VN
Thus, in the same way as Lemma 3.11, we may bound the difference of the actual angles:
(m' —m)m 2C(k,N) B 2C(K',N)

9;:,1—@;/,1 > ( ) - N N

2 /g 2m
m+35) (' +
. o x
As in Lemma 3.10, it is easy to see m — ¢ps ypr—1 > o VN

(m' —m)w (m' —m)w

T2 )

Thus,

(1" = m) (7 — G me-1) 2

17



Now, by (3.10) and Lemmas 3.1 and 3.8 part (1),

¢k’,m’—1 - 9k,m—2 >

VN
Therefore,
Ok mi—1 — Okm—2 > (m" —m) (7 = o w-1) + 3 > (m' —m)m
(m+5—%) 2(m+\ﬁ)(m/+5%>
so that akin to the proof of Lemma 3.11, we may write
(m! —m)m _ 2C(k,N) 2C(K,N)

¢Z/ m/—1 " 07; m—2 > - / :
’ ’ 2m 1y 2 2my N 2"/ N
(m+ ﬁN> (m + hN)
(2) The proof is similar to (1), using Lemma 3.8 part (2). O

This next lemma will be useful in Section 6.
20(k,N)
+2w/f) 2m/N
(1) ¢rp <05y for alll <l <m-—1,
(2) 05 p < fpyq for all0 <€ <m—2.

Lemma 3.13. If then

>

Proof. The argument is identical to Lemma 3.11, using Lemma 3.9 and (2.8). g

4. THE CASE k¥ > k > 6, N > 335464, AND e(f) = e(f)

In this section, we will consider parts (1) and (2) of Theorem 1.6 when N > 335464. The
first subsection will treat the case when e(f’) = ¢(f) = 1 and the second will give the result for

e(f) =e(f)=-1
For N > 335464, by (2.9), we have a tighter bound for the distance between actual angles and
sample angles. That is, for all £ > 6 and all levels N > 335464, we have the bound

C(6,335464)

07 ) — O | < )
e =Ondl < =500
where C(6,335464) < 289.596 by Lemma 2.5 and [9, zgap.sage|. In addition,
VN > 20(6,335464). (4.1)

Lemma 4.1. If
m(w-m-F5) sowN) 200w
(m + 2—\/%) (m’ — %) 2my/N om'\/N

then for all0 </ <m—2and 0 <V <m' -2,

* * * *
‘ek’,€’+1 - ek/’zl < ‘gk‘,f-l—l —

and for all1 <f{<m—2and 1<V <m' -2,

|Gk o111 — D z' ‘ﬁbk 41—



Proof. By our assumption on N, we have m > 27/v/N. Recall from Lemmas 3.5 and 3.6,

7T T
7271_ < ‘0k75+1 - ek,f‘ < 72” (42)

=

In addition, as we let

7 (m! —m - 4z) _20(k,N) | 20(K,N)

(e ) (=) TR TR

we have the equivalent expression
7r 2C(k,N) - T 2C(K',N)

Tt iars (4.3)
m+ L YN T o/ —Z% 0 2wyN
On the other hand, by (2.8) we get:
2C(K',N)
O oy — 0% 0| <Ok proq — Opr o | + ———= 4.4
|05 041 = O o] < |01 — Owr g N (4.4)
and
2C(k,N)
05 — 0, > 10 —Op | — ——==. 4.5
0% 011 — O3 0| > 10k,041 — Or el N (4.5)
Thus, by (4.2), (4.3), (4.4), and (4.5),
‘9;;/’4/_&_1 - 0;;’,(’ < ‘9;:1+1 — 9;}5‘ .
The same argument proves ‘¢Z',£’+1 — gbz,j, < ¢lt,£+1 — gb;é’. O

We need a few more lemmas before we can show parts (1) and (2) of Theorem 1.6 for N > 335464
and k > 6.

Lemma 4.2. For allm' >m > 2 and N > 335464,

W(m’fmf‘l—w)

w(m' —m) - VN
27 27 27 or )
(m+Z) (m+ &) (m+ &) (v~ %)
Proof. This can be shown easily. g
Lemma 4.3. When N > 335464, for all m' > m > 2,
4
rom- )

(e 3 (- 3) ™

Proof. By our assumption on N, m' — 2w /v/N > 0. Thus, it suffices to show

4 2
5m? (m’—m—\/%) —3m/ (m+\/%> > 0.

Let



It is straightforward to apply Lemma 3.3 by taking M = 2 to show f is positive. g

4.1. The case ¢(f') = (f) = 1. The next lemma establishes sufficient conditions for strong
Stieltjes interlacing (1.2) to hold (and therefore regular interlacing) for Ay and Ay. Recall
kK =2m’' + 2 and k = 2m + 2 in the following.

Lemma 4.4. Suppose k' > k > 6 and N > 335464. Then, the following statements hold for
0<l<m—2and0< ¥V <m —2:

(1) Oy <O pr and O p < Oy
(2) O 011 = Opr o0 < Ok o1 — Or s
(3) 0< 0}, 0<0;oand by <0, <.

Proof. (1) Since 2% < 1, it is clear that for m > 2,

VN
S S S
m + 3—% m+1 27
By (4.1) and Lemma 2.5, we have v/N > 2C(6, 335464) > 2C(k, N), so
™ 1 20(k,N)

m + 5—% ” om omy/N '
Thus, the desired statement follows from Lemma 3.10.
(2) Firstly, by Lemma 2.5 and (4.1), we have the estimate
2C(k,N) 2C(K',N) < 2C'(6,335464) n 2C'(6,335464) < 1 n 1 _ i
2my/N 2N T 2myN om'/N T 2m - 2mil T gmtl
On the other hand, by Lemma 4.3 and a simple estimate, for m > 2 we have

4
W<ml—m—ﬁ) L
VN VN

so that
m(m—m=22) oo N) 200, N)
> R
e ) P A
Thus by Lemma 4.1 and part (1), O 011 = Opr o0 < Ok g1 — Oy
(3) By Lemma 4.2 and part (2),

4
w(m' —m) . W(m’—m—ﬁ) - 2C(k,N) 2C(kK',N) (4.6)
2 2n 2 _2n 2my/N om'\/N '
(m+Z%) (m+ &) (m+Z%) (- 5) VN vy
We have already shown
T S 2C(k,N)
21 m ’
so by Lemma 3.11, 0 < 0*/70 < 9,’;70 and 97;,7m_1 < 9,’2,7m/71 < 7. O
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The next proposition proves Theorem 1.6 part (1) and (2) when e(f’) = e(f) = 1 for N > 335464
and k > 6.

Proposition 4.5. Let k' > k > 6, and [’ € Sp/(To(N)), f € Sk(To(N)) be newforms with (f') =
e(f) = 1. Then, Ay strongly Stieltjes interlaces with Ay.

Proof. Lemma 4.4 part (1) implies that the elements of Ay and Ay have the same order as their
¢ indices. Suppose that for some ¢, no element from Ay lies in the interval (9;;75, 0.0 +1)- Thus by
Lemma 4.4 part (3), we have that 0}, ; < 0,’;[ < 9:;',m'—1 for all 0 < ¢ < m — 1. Then there exists
some 0 < ¢/ <m' — 2 such that 0}, , < 0% < Y% or1 <G iy This implies that 0, — 0, >
O o1 — 0;;75, violating Lemma 4.4 part (2). Thus, we have strong Stieltjes interlacing between A
and Ay. In particular, this implies that for &' = k 4+ 2, Ay interlaces with Ay. U

4.2. The case (f') = e(f) = —1. Here, Lemma 4.6 and Proposition 4.7 are proved identically to
Lemma 4.4 and Proposition 4.5, respectively.

Lemma 4.6. Suppose k' >k > 6 and N > 335464. The following statements hold for 1 < £ < m—2
and 1 <0 <m!'—2:

(1) (ﬁzl < ¢Z7é+1 and ¢Z,/7€/ < ¢Z/7él+1;
(2) Gpr o1 — P < Phprr — Prps
(3) 0< @y <Py and ¢}, < Gy pyr—q < T

Proposition 4.7. Suppose e(f') = e(f) = —1, N > 335464, and k' > k > 6. Then Ay strongly
Stieltjes interlaces with Ay.

Therefore, we have completed the proof of Theorem 1.6 parts (1) and (2) for N > 335464.

5. THE CASE k' > k > 78 AND e(f') = &(f)

In this section, we will prove Theorem 1.6 parts (1) and (2) under the assumptions that &' > k >
78 and e(f') = e(f). By Lemma 2.5 and [9, zgap.sage], for all levels N and k' > k > 78, we have
the bound
C(78,1) - 2.434 - 107
2my/N 2my/N
Recall that ¥’ = 2m’ +2 and k = 2m + 2. The following lemma will be shown later to be a sufficient
condition for strong Stieltjes interlacing.

HZ,Z — (9167[‘ <

Lemma 5.1. For all k¥’ > k> 78 and N > 1,

22 - om 2m’

5 - 5 (m o o ; u 5 > —3C(78,1) - (2":_m/> > 0. (5.1)
_&T / 2T ki m/ — £

(m+ W) (m + m) VN VN

Proof. When N increases, the left hand side of (5.1) increases, so we only need to prove this for

N = 1. Define f(m,m’) to be the left hand side of (5.1) with N = 1. Then for M = 38, it

is straightforward to apply Lemma 3.3 to see that f is always positive for m’ > m > 38, or

equivalently k' > k > 78. O
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5.1. The case ¢(f') = e(f) = 1. Our next lemma compares the first angles of Ay and Ay.
Lemma 5.2. For all ¥’ > k> 78 and N > 1, we have

(1) O — O o > o 8,1) + C(78,1)

2my/N - 2m'\/N’
(2) 0o < 0o
(3) 05 1 < s -
Proof. (1) By (5.1),
272 m' —m m 3C(78,1) 3C(78,1)
2m / 2 2n m! — 2n > oam + om’ )
(m+3%) (m+ ) \ & N
Since 7/(m’ — 21 /v/N) > 0, we get
272 m' —m 3C(78,1) 3C(78,1)
2 > m + m/ ’
Il A
VN VN VN
which implies
m(m' —m) c(78,1) C(78,1)
> + . (5.2)
21 21 2my/N — 2m'\/N
3(met J) (me ) - 2N 2N
By Lemma 3.7 part (1), we have
(m' —m)m w(m' —m) C(78,1) C(78,1)
Oro — O o > > + .
’ ’ 2m 2m 2r 2m 2my/ N 2m'\/N
2(m+ 25) (' 2) 3 (m 3) (v + 2%) Vi VN
(2) By Lemma 2.5, C(78,1) > C(k,N) > C(k', N),
(m' —m)m S C(78,1) N C(78,1) S C(k,N) N C(K',N)
2r 21 2m/N ~ 2m'\/N = 2myN  2m'\/N~
o 5] () PR B
Thus by Lemma 3.11 part (1),
Ok0 — ko >0,
as desired.
(3) This follows similarly to (2) from Lemma 3.7 part (3) and Lemma 3.11 part (3). O

The following lemma resembles Lemma 4.4 part (1).
Lemma 5.3. Suppose k' >k > 78 and N > 1. Then for all0 </ <m —2 and 0 <V <m' — 2,
O 1 — O > 0. and 8, — O > 0.
Proof. Since (m' +27/v/N)/(m' —m) > 1 and by (5.2),
7r 30(78,1)  3C(78,1)  20(78,1)
m+ & o dN YN andN
Therefore, by Lemma 3.10 parts (1) and (3), we have

(5.3)

Ores1 —0ke>0 and 6O piy —0Opp >0,
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as desired. O

For each 0 < ¢ < m—2, we would like to find some 6,, ; that is close to 6 ¢4 where 0 < {<m'—2.
We need the following definition:
Definition 5.4. For each 0 < ¢ < m — 2, we define the set
(78,1 C(78,1
Ug22{0§€/§m1—229k17g/<9k,4+1— ( )— ( )}

omy/N  om'\/N

We define 7 to be the largest element of Uy.

Remark. By Lemma 5.2 and Lemma 3.5 part (1),

C(78,1) C(78,1 C(78,1) C(78,1
Qk/70<9k70_( ) C(78,1) (78,1) C(78,1)

< - )
om N on'yN P onyN T e YN

so0e Uy and U exists.

For each 0 < ¢ <'m — 2, we would like a bound on the distance between 60 o1 and 6,, ;.

Lemma 5.5. Suppose k' >k >78 and N > 1. For all0 </{<m — 2,
C(78,1) C(78,1) T C(78,1) C(78,1)
+ + >0 —0,,> + .
omy/N | om'N | omi— 2 T R TIRET om /N T gm /N

2

Proof. By the definition of l
Ouirs— 0, ;> C(78,1)  C(78, 1)'
’ £ omy/N - 2m'\/N
Suppose for the sake of contradiction that
C(78,1) C(78,1) T

< Opps1— 0, ;.
2my/N - 2mN ml - O kbl = Vg g

By Lemma 3.7 part (3), O m—1 < i/ py—1. Then by Lemma 3.5 and our assumption, Oy ,r—1 >
Okm—1 > Ok es1 > 0y, ;, and £ <m' — 2. By Lemma 3.6,

C(18,1)  C(78,1)

T
< o < Okp1— 0, ; — - — ,
k', m’—% o Kl om/N  om'\/N

0 6

kL 0+1

and thus
0 p C(78,1) C(78,1)
win SO T S N T N
Therefore £ + 1 € Uy, a contradiction, and
C(78,1 C(78,1
(81 Cs1)

> Opor1 — 0, 5,
2nV/N - 2m/N o oml - kot = Oy g

as desired. 0

Lemma 5.6. Suppose k' >k > 78 and N > 1. Then for all0 < £ <m — 2, 9,’:7@“ > 9*/57'
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Proof. By Lemma 5.5 and (2.8), we get
B ‘GZ,Z—H - 9k,€+1}

HZ,Z+1 - 02/’2 Z <6k,f+1 - ek/,é) - ‘ek‘/,é — 02/7£
cs ) cs)

o C(78,1) n C(78,1) B B
2my/N  2m'\/N  2m'\/N = 2my/N
completing the proof. O
Lemma 5.7. Suppose k' >k > 78 and N > 1. Then for all0 < ¢ <m — 2,
001 — Orp > 9*,7é+1 — 9;’;,7@.
Proof. By (5.1),
212 m' —m 77 C(78,1) C©(78,1) 2C(78,1) 2C(78,1)
27 ), 27 2r m! — 2% T om om/ > om + om’
(m+ 35) (w4 )\ VN
Since m/ > m > 38 > /2,
272
5 5 <1,
s / s
VN (m+35) (m+ 25)
so that
o2 <m/ —m ™ C(78,1) C(78, 1))
P P 2w o /. 2m o m o m’
2C(78,1)  2C(78,1)
. 4
2m * om’ (54)
Next, since |cos(f)| < 1,
22 <m’ —m ™ C(78,1)  C(T8, 1))
21 B 21 om T om!
VN (m - % cos ek’£+1) (m’ - 2—\/% cos Hk/,é) VN m' =75 2 VN 27N
2C(78,1)  2C(78,1)
> + . 5.5
2my/N 2m'\/N (5:5)
By Lemma 5.5 and Lemma 3.1,
C(78,1)  C(78,1) T
>0 —-0,,;,> 0., ;—cosb ,
2N 2N om/ - 2% kbl = U g > COS Oy = COS Ok 41
giving us
( L cos 6 > ( 27 cos 6 >
m — — = (m—-—
\/N k 76 \/N k,[“rl
2 <m’ —m  C(78,1) C(78,1) ™ )
27  om T om! B _ 2 |-
Therefore,
m B T
27 cos Oper1  m — % cos Qk,j
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y o2 (m’ —m  CO(78,1) C(78,1) 7 )
27  om T om! N _ 2m |-
VN (m - % cos 9k,£+1> (m’ - % cos 9k/,é> VN 2N 2m'\/N  m/ N
Combining this with (5.5), we get

7 B 7r _20(181)  20(18,1)
m — % cosb o1 m — j—% cos b, ; omy/N om'\/N
Recall Lemma 2.5 states C(78,1) > C(k,N) > C(k',N). By (3.1),
20(78,1)  2C(78,1)  2C(k,N) 2C(K',N)
0 —0 —(0,,,,,—06,; > + > + .
( k41 k,ﬂ) ( k041 k 7[) Qm\/]v Qm’\/ﬁ Qm\/ﬁ Qm’\/ﬁ
Therefore by (2.8),
(Ok,e+1 = Oke) = (O 50y = Op i) > Oeer — O pg1) + (O g — i)
Oy 1 = i) T O i = 04 )

which implies

— o

* * *
Orer1 = Ore >0, K 0

4+1
our desired result. O

The next proposition proves Theorem 1.6 parts (1) and (2) when e(f') =e(f) =1 for ¥’ > k > 78
and N > 1.

Proposition 5.8. Let k' >k > 78, N > 1, and f" € Sp(To(N)), f € Sk(To(N)) be newforms with
e(f") =e(f) =1. Then, Ay strongly Stieltjes interlaces with Ay.

Proof. As proved in Lemma 5.3, for all 0 < ¢ <m—2, 67 , <6} ,,,. Suppose for some ¢, no element
from Ay lies in the interval (65 ,, 05 ,,,). In particular, 92/2 Z (0% ¢» Y% ¢41)- By Lemma 5.6, we have
02,2 < Ok o415 SO 9’:/’2 < 0% - Thus,

* * *
‘gk/,é < Ok <O oy

By Lemma 5.7, 9]:,7@“ - 9;72 < 0% 41 — U4, which implies that 9;’;,7@1 < b 441+ Since 91:/,é+1 4
* * * *
(05,007, p41), We have Gk,jﬂ < 0 4. So,
9;:/,12 < 9;:/,12“ < Ore <Okii1- (5.6)

By (5.3), we have

—_ + R
m—l—% omy/N  om'\/N = omy/N = om'\/N

which by Lemma 3.6 and (2.8) implies

™ C(8,1) CO(m,1) _C(18,1)  O(7,1)

. . C(78,1) (78,1
Okev1 = Oke + (Oke = O 0) + (0, 5y — O 1) > QT(n\/N) 2’51’\/N)'

Equivalently,
o C(78,1) n C(78,1)
MALT omN 2w \/N '
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Combining this with (5.6), we get
0 0 s C(78,1) C(78,1)
REL T IR T om /N o' N
Therefore, { + 1 € Uy and is larger than l contradicting Definition 5.4. This gives us Stieltjes

interlacing of A" and Af. To complete the proof of strong Stieltjes interlacing, by Lemma 5.2 part
(2) and part (3),

Oro <Oro and O, 1 <Oy vy
Thus, strong Stieltjes interlacing between Ay and Ay is proved for k' > k > 78, N > 1, and
e(f)=e(f) =1 O
5.2. The case ¢(f') = ¢(f) = —1. This proceeds similarly to the previous section, so we just state
the corresponding lemmas without proof.

This first lemma is similar to Lemma 5.2.

Lemma 5.9. For all k' > k > 78 and N > 1, we have

C(78, C/(78,
(1) dpg — b1 > 25,1\8/%) + 27&?/%;
(2) $jrq1 < i1

(3) ¢Z,m—l < ¢Z’,m’—l'
Here, we have a lemma that matches Lemma 5.3.

Lemma 5.10. Suppose k' >k > 78 and N > 1. Then for all1 </ <m—2and1 <0 <m' -2,
¢]t;,f+1 - ¢z7g > O, and ¢Z’,f’+1 - d)Zl’g/ > 0.

The next definition is similar to Definition 5.4.
Definition 5.11. For each 1 < { <m — 2, consider the set
C(78,1) C(78,1)
any/N 27N }

Vp = {1 <O <m =2 dpp < P —

We define € to be the largest element of Vj.

Remark. By Lemma 5.9 and Lemma 3.5,
c(78,1) C(78,1) C(78,1) (C(78,1)

11 < ra — - < - :
Orr 1 < Pk o dN | am N k041 o N om' /N

solelV,.

The following lemmas match Lemmas 5.5-5.7, respectively.

Lemma 5.12. Suppose k' >k >78 and N > 1. For all1 </{<m — 2,
C(78,1)  C(78,1 n C(78,1) (8,1
(31 COSY . x oD s

+ + + .
2myN - 2WYN o oml - o2my/N — 2m'\/N
Lemma 5.13. Suppose k' > k > 78 and N > 1. Then, ¢} ,. | > &7, 7

Lemma 5.14. Suppose k' > k > 78 and N > 1. Then, for all1 <{<m — 2,

*

Ghir = Ohs > Oy i1 — B
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The next proposition proves Theorem 1.6 parts (1) and (2) when e(f") =e(f) = =1 for k' > k >
78 and N > 1.

Proposition 5.15. Let k' > k > 78, and f' € Sp(Lo(N)), f € Sp(To(N)) be newforms with
e(f") =e(f) = —1. Then, Ay strongly Stieltjes interlaces with Ay.

Combining Propositions 4.5, 4.7, 5.8, and 5.15, we have completed the proof of Theorem 1.6 for
parts (1) and (2).

6. THE CASE WHEN &(f’) # (f)

This section is devoted to the proof of the remaining parts of Theorem 1.6. First, we prove part
(3). Suppose f,h € Sk(I'o(N)) and e(f) # e(h). The following lemma is similar to Lemma 4.4.

Lemma 6.1. Suppose either k > 6 and N > 335464, or k > 78. Then, we have the following:

(1) for all 1 <€<m—1, ¢y, <O;

(2) for all 0 <€ <m—2, 05, < &j 41

(8) for all0 <L <m—2,07 , <6, and ¢}, < ¢} p 15
(4) 050> 0 and ¢y, | <.

Proof. (1) Recall k = 2m + 2, so m > 2r/+/N in either of the supposed conditions. When N >
335464 and k > 6, we may take C'(6,335464) < 289.596 as in Section 4. Then, by Lemma 2.5, since

VN > 20(6,335464) > 2C(k,335464) and 27/VN <1,
we get the following expression:
™ ™ 1 20(6,335464)  2C(k,N)
> > — > > .
S R e R TV STV
By Lemma 3.13, we have proved (1) for N > 335464 and k > 6.

On the other hand, when k > 78 and N > 1, we know that C(78,1) < 2.43 - 107 as in Section 5.
Applying Lemma 2.5 for m = 38 we have

™

2C(78,1 2C(k, N
5 > 20 + 2) ~ 0.035 > 0.00018 ~ (2m’ ) > Qﬂs\}ﬁ)

By Lemma 3.13 we have proved (1) for k > 78.
(2)-(4) are clear from the proof of (1) by applying Lemmas 3.13, 3.10, and 3.11, respectively. [

Lemma 6.1 directly implies the following.

Proposition 6.2. Suppose either k > 78, or N > 335464 and k > 6. Let f,h € Sp(To(IN)) be
newforms with e(f) =1, e(h) = —1. Then, Ay, interlaces with Ay.

Next, we will prove parts (4) and (5) of Theorem 1.6. Let f' € Sp/(To(N)) and f € Sip(To(N))
be newforms with £(f’) # (f). Then, we have the following proposition:
Proposition 6.3. For k' >k >78 and N > 1, or k' >k > 6 and N > 335464:

(1) Ife(f') = =1 and e(f) = 1, Ap Stieltjes interlaces with Ay;
(2) If e(f') =1 and e(f) = —1, Ay strongly Stieltjes interlaces with Ay.
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The technique of proving this proposition is exceedingly similar to the techniques that have
already been established in Sections 4 and 5. Therefore, we will prove some similar lemmas and
then give a proof outline of Proposition 6.3.

When N > 335464, the following lemma mimics Lemma 4.1.
Lemma 6.4. If

m (m’ —m— 47%) _20(k,N) | 20(K,N)

(e ) (=) TV

then for all1 </ <m—2and 0 <V <m' -2,

‘92/7€/+1 — 6;:/7£/ < }(bz,f-i-l - ¢Z,€} )

and for all0 </{<m—2and1 <V <m' -2,

|G 1 — Bhrr| < |O50s1 — Oke] -
Proof. Identical to Lemma 4.1. O

Definition 6.5. For each 0 < ¢ < m — 2, we define the set

1 1
W= {O <O <m' =2 gy < Oppsr — oy )} '

omy/N — 2m'\/N
Let U denote the largest element of Wy.
Stmilarly, for each 1 < <m — 2, we define the set

C(78,1 C(78,1
Zg::{ogflfm/—Q:0k173/<¢k,4+1— ( ’) ( ’)}

omyN 27\ /N
Let ¢ denote the largest element of Zy.

Remark. By Lemma 3.12 and a similar argument to Lemma 5.2, these sets are well defined.

The following lemma mimics Lemmas 5.5-5.7.

Lemma 6.6. Suppose k' >k > 78 and N > 1. Then for all 0 < ¢ < m — 2, we have

C(78,1) | C(78,1) - B . C(18,1)
(_Z) Qm\/ﬁ "‘ 2""/\/N + m’—QW/\/N > ek’g_i_l ¢k’,€ > 2m\/ﬁ +
(2) 9;:,’7@-}-1 > ¢*/7Z7
(3) O ir =Y > O i — O

C(78,1)
om/\/N’

Proof. (1) By the definition of /,
C(78,1) C(78,1)
0 - ) > + .
kl+1 — P g oy N o N
Suppose for the sake of contradiction that
C(78,1) C(78,1) T

< 0 - 7 e
NIV At
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By Lemma 3.8 part (1), Ox m—2 < @k m—1. Then by Lemma 3.5 and our assumption, ¢ps -1 >
Ok.m—2 > Oko11 > by j» and £ < m/ — 2. By Lemma 3.6,

C(18,1)  C(78,1)

Dy AN b i < sz < Okev1 — Opr g — - 7 )
’ ’ m/ — ﬁ ’ 2m\/N 2m \/N

and thus
c(78,1) C(78,1)

) < 0 - - .
¢k J+1 k.41 om/N om' /N
Therefore, ¢ + 1 € Wy, a contradiction and
C(78,1) C(78,1) . 7T

> O g1 — o 7
Qm\/ﬁ Qm/\/ﬁ m,_% k,0+1 ¢k @

as desired.
(2) Identical to the proof of Lemma 5.6.
(3) We will follow the proof of Lemma 5.7. By (2) and Lemma 3.1,

C8,1)  C(18,1) .
2m\/N 2ml\/N + m — on > 9k,f+1 - (;Sk/j > COs ¢k2',g — COS 0]6’5_;'_1,

VN
giving us
(m’ _2m COS @y g) — (m _ A cos 0}, g+1>
VR VN
o <m’ —m  C(78,1) C(78,1) ™ )
27  om  om/ N _2n |-
Therefore,

™ ™

_ 27 T 2m .
m mCOSOk75+1 m mcosd),f,’é

272 (
27  om T om/ o _ 2m
VN (m — j—”ﬁcos 9k,£+1) (m’ - %cos ¢k',é> N 2my/N om'\/N  m/ T
and by (5.4), we get

>

m' —m  C(78,1) C(T78,1) - )

w - . | 20(18,1)  20(18,1)
m— % cosOp o1 m — j—% cos ¢k',é omy/N om'\/N
Recall that Lemma 2.5 states C(78,1) > C(k,N) > C(k’, N). By (3.1),
20(78,1)  20(78,1)  2C(k,N) 2C(K',N)
9 - 9 - !y - 1) > + > .
( k41 k’,f) (qbk A+1 ¢k ,E) Qm\/ﬁ 2m/\/ﬁ Qm\/ﬁ 2m/\/]v
Therefore by (2.8),
(Ok,e+1 — Ok0) — (Dpr 11 — Ppor i)
>(9k,€+1 - QZ,EH) + (9;:,12 - ek,f) + (¢z/7é+1 - ¢k/j+1) + (¢k/j - ¢Z/7g)a

which implies

* * * k
Okev1 = ke > P i — P
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our desired result. O

The next lemma follows from Lemmas 5.12-5.14, by applying the same proof as Lemma 6.6.

Lemma 6.7. Suppose k' >k > 78 and N > 1. Then, for all1 </{<m —2,

cs1) | o) . B . C(18,1) , C(78,1)
(1) Suvs + awryw tmmamvw = Ohtrt — O > 5o + o me
(2) Gt pv1 > O o

(3) 1 = Phe > Oy — O i

Similarly to Lemmas 5.2 and 5.9, we show the smallest element of Ay is less than the smallest
element of Ay, and the largest element of Ay is greater than the largest element of Ay.

Lemma 6.8. Suppose either k' > k > 6 and N > 335464, or k' > k > 38. Then

(1) 0 < ¢y <Oy and O . 5 < ps iy <,
(2) 0 <0y < by and ¢y g <Oy <0

Proof. (1) By (4.6), when k' > k > 6 and N > 335464, we have

w(m' —m) - 2C(k,N) n 2C(K',N)
2 2T m m’ ’
(m+35) (w+3) VN 2N
and when k' > k > 78, by (5.2),
w(m' —m) - C(78,1) n C(78,1)
2 2 omy/N — 2m'/N '
2(m+ %) (m+ %) VN VN
Thus, by Lemma 3.12, the desired statement holds.
(2) The proof is identical. O

Proof of Proposition 6.3. (1) When k' > k > 78, similarly as the proof of Proposition 5.8 using
Lemmas 5.3, 5.10, 6.6, and 6.8 part (1), we can achieve the desired statement. On the other hand,
when N > 335464 and k' > k > 6, similarly to Proposition 4.5, we can use Lemmas 4.4, 4.6, 6.4, and
6.8 part (1), to show A strongly Stieltjes interlaces with A\ {00, 0km—1}. If Opo < P 1 < Ok 1,
then Ay Stieltjes interlaces with Ag\ 0y ,,—1. Else, if ¢/ 1 < 00, by Lemma 6.4, there exists some
¢ such that 09 < ¢p ¢ < 0p1, and again Ap Stieltjes interlaces with Ag \ g m—1. We can use a
similar argument to add 0y ,,,—1 back in to obtain that A Stieltjes interlaces with Ay.

(2) When k¥ > k > 78, following the proof of Proposition 5.8 using Lemmas 5.3, 5.10, 6.7, and
6.8 part (2), we can achieve the desired statement. On the other hand, when N > 335464 and
k' > k > 6, identically to Proposition 4.5, we can use Lemmas 4.4, 4.6, 6.4, and 6.8 part (2), to
show that Ay strongly Stieltjes interlaces with Ay. O

7. THE CASE WHEN k£ =4

In this section, we will prove Theorem 1.7. For brevity, we will define Ny := [335464*4]. We

only need to consider the case when e(f) = 1, since Ay is empty when (f) = —1; see Definition
1.5. Recall that 649 = 7/2. Thus, by Proposition 2.3 and Lemma 2.4 we know that for N > N,
s * 6(4, No)
5 ol < N
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where C(4, Ny) ~ 871.455 [9, 4bigO.sage].

7.1. When ¢(f) = 1. To prove strong Stieltjes interlacing between Ay and Ay, it suffices to show
0 <0, <0io<05 1 <. The following proposition proves Theorem 1.7 parts (1) and (2).

Proposition 7.1. For k =4, k' > 6, and N > Ny = [335464%41] the following are true:

(1) 0o < 00 < 0y,
(2) 0< 0;;/70 and HZ’,m'—l <.

Proof. We have already shown in Lemma 4.4 that part (2) holds when N > 335464 and k' > 6, so
the statement certainly holds for N > Ny. Thus, we need only show 9}:,’0 <0ip< 9;:/,m'—1'

Firstly, using Definition 1.3 and Lemma 3.1, we have

2mm/ —
oS ——T o and Oy > T 1)
/2T / e
2 (m' - %) 2(m'+ %)
By Proposition 2.3 and Lemmas 2.4 and 2.5,
010 — 00 = 020 — 00— [050 — 10| — |05 0 — O o]
ST 7T _C(4,No) C(K', No)
) N
o7 ™ C(4,Nyg) (C(6,335464)
S o2(woz) M WN
ST T 871.455  221.628
=9 5 o 1/8 92 /N
2(2- 7)) MS VN
~ 0.0015 > 0.
Next, by Proposition 2.3 and Lemma 2.5 we may bound
O s 1 — 0.0 > Okt omr—1 — 00 — |05 0 — Oa0| — [Okr 1 — Okt 1|
2mm/ — 7  C(4,No) C(K',Ny)
2 (o) 2 NS gwyn
T
2 (m'+ %)
2rm/ — m  C(4,No) (C(6,335464)
= 2 2 NB om'\/N
2 (' + 3%)
S A — 7 m  871.455  221.628
=l 22\ 92 1/8 92 /N
gy 1 B
~ 0.0015 > 0.
So for all N > Ny and &’ > 6, 6*,’0 < 9230 < 9,‘;,7m,71. O
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7.2. When ¢(f') = —1. This section will proceed similarly to above. The following proposition
proves Theorem 1.7 part (3).

Proposition 7.2. For k' > 10 and N > Ny, the following hold:
(1) ¢y <050 < P nr_1-
(2) 0< ¢Z’,1 and gbZ/’m/_l <.

Proof. We have already shown in Lemma 4.4 that (2) holds when N > 335464, so the statements
certainly hold for N > Ny. Thus, we need only show (1). Firstly, by Definition 1.4 and Lemma 3.1,

/

T m — 1)mw
gb/ < —_ and ¢/ ’_ >¥.
k'l > ; o k' m'—1 Z ; o

m’ — = m + =
VN VN

Similarly to Proposition 7.1, by Proposition 2.3, Lemmas 2.4 and 2.5,
050 — Phra = 010 — drra — 050 — ba0] — [Pk 1 — dwrn
ST T 871.455  221.628
=9 4 4_ 2z 1/8 o4
2 N N 25V No
~ 0.0015 > 0.
Then identically to Proposition 7.1, by Proposition 2.3 and Lemmas 2.4 and 2.5, we have

(7.2)

s — B0 > burmr-1 — B30~ Wi — Bsol — 6 e — G
S 3T m  871.455  221.628
S 4y 2 97 T8 9d /N
4 + \/7]7\;—0 2 NO/ 2 No
~ 0.0015 > 0.
Thus ¢4, < 010 < Gy, for k' > 10 and N > [335464%41]. O

8. THE CASE N =1

When k < 78, the upper bound of the difference between actual and sample angles given by (2.8),
is too large. Nevertheless, we can directly compute the actual angles and prove strong Stieltjes
interlacing between Ay and Ay for &’ large enough. This would allow us to verify finite cases when
both k£ and %" are small. In this way, we prove Theorem 1.8.

Definition 8.1.
D(f):=min{lz —y|:x #y € Ay U0U7} and D := min{D(f) : f € Sp(I'o(1)),k < 76}.
In [9, distance.sage|, we compute D > 0.03629.
Lemma 8.2. Recall k' = 2m’ +2. When k' > 188, we have
2C(K',1
L 200

m — 27 om’

< D. (8.1)

Proof. Recall C(k, N) is given in Proposition 2.3. By [9, zgap.sage], we have C(188,1) < 8.9 - 105.
Thus, when m' = 93, &% + 220881 < 003623 < D. By Lemma 2.5, the left side of (8.1)
decreases as k' increases, so (8.1) holds for every k' > 188. O

In the next lemma, we gather various results scattered in (7.1), (7.2), and Lemma 3.7.
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Lemma 8.3. Suppose k' > 188. Then

(1) O o < (m,” 75 <
(2) dr1 < ;ans

(3)71-_9]“/ ! 1<2m’<m —277

(4)7r_¢k’m’ 1<m’<m’ O

(5) Okt o1 — O < 7o 7 forallO <V <m'—2,
(6) b 41— o < o=, for all 1 <0 <m/ —2.

Proposition 8.4. Suppose k' > 188 and k < 76. Let f' € Sp(To(1)), f € Sk(To(1)) be newforms.
Then Ay strongly Stieltjes interlaces with Ay.

Proof. By Lemmas 5.3 and 5.10, when k' > 188, Ok o < O pryq for all 0 < ¢ < m' — 2, and
Opr o < Bpr gy for all 1 <& <m’ — 2. Combining (8.1), Lemma 8.3 part (5), and applying (2.8),
we get

20(K',1) T 20(K', 1)

2m’ m' — 27 2m’

Similarly, using Lemma 8.3 part (6) results in qbz,’g, 41— P < D. Thus, regardless of the sign of
f"or f, the distances between consecutive angles of Ay are always less than those of Af. In order
to show strong Stieltjes interlacing between Ay and Ay, it suffices to show that the first element
of Ay is smaller than the first element of Ay, and the last element of A is larger than the last
element of Ay. When e(f’) = 1, by Lemma 8.3 part (1), (2.8), and (8.1),

C(K',1) T 20(K', 1)
om’ m!' — 2w om’
Similarly, when e(f’) = —1, by Lemma 8.3 part (3), ¢prq < D. Thus, the first element of Ay is
smaller than the first element of A;. Next, when (f’) = 1, by Lemma 8.3 part (2), (2.8), and (8.1),
/ /
Similarly, when (f’) = —1, by Lemma 8.3 part (4), 7 — Pkr mr—1 < D. Therefore, the last element

of Ay is greater than the last element of A;. This completes the proof that Ay strongly Stieltjes
interlaces with Ay. O

< D.

Op 041 — O o < Orrory1 — O +

< D.

9;:/’0 < ek/70 +

< D.

™ — HZ’,m’—l <7 — Hklvmlfl +

In [9, checking.sage|, we have verified that Theorem 1.8 holds for all £ < 76 and k' < 186. Thus,
with Theorem 1.6 and Proposition 8.4, we have proven Theorem 1.8.

9. INTERLACING IN THE LEVEL ASPECT

In this section, we will consider the interlacing in the level aspect. Let f' € Sg(T'o(N')) and
f € Sp(To(N)) be newforms such that N’ > N. Depending on the signs of f" and f, we divide the
discussion into three cases.

9.1. The case &(f') = e(f) = 1. In this case, we write N’ = N(1 +¢) for 27" < & < 27"F! and
n > 0. To lighten the burden, we will denote the sample zeros by 0y, and 0y ¢, respectively. We
first compare sample angles and obtain a result similar to Lemma 3.9.

Lemma 9.1. Suppose m > 277/\/]V and N' > N. Then
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(1) for all0 <l <m—1, Oy ¢ < Ony and
21(N' — N)
21 2 '
m + ﬁ) (m+ W) VNN (\/N+ \/ﬁ)

(2) for all0 <l <m—2, 0y <On 41 and

One— Onr o > (

T
ON' 041 — Onyg >

27
Proof. (1) By Lemma 3.1 and Definition 1.3, it is not hard to see that Oy > Oy 4. At the same
time,

m(One —Onry) = j% (sin On,e —sinfn g ) <57L — \ﬁ) sin O ¢
o 2 Oy — ) 4 Y =N Onr . (9.1)
VN VNN (VN + V)
Recall from (3.5) and (3.8) the following bounds for Oy 4
GN/’Z>27’T”>2(m+W2”)’ vz o
VN’ \ﬁ
When 0 < 2 < Z, we have sin(z) > 2%; if Z < 2 <, then sin(z) > ( ) Thus, by (9.1):
27(N'=N)__gin O 4 2n(N'—N) 1
One — One o > \/NN/(\/NH/T)F 7 > NNV \/;r) m+r
m + N m—+ N

(2) On the other hand, it is not hard to show On/ o171 > Oy, and
2T . 2
m(HN%H — HN,Z) =T+ W S1n 0N’,€+1 — ﬁ S 9]\77@
2T, . .
> T+ ﬁ (SIHHN/,Z_H — sin GN,Z) .
By Lemma 3.1 again, we obtain

T
Onrop1 —Ong > ————.
y ” m+ 27

This completes the proof. O

We also have the following result that is similar to Lemma 4.1.

Lemma 9.2. Suppose m > 21/v/N and N' = N(1 +¢) with 27" < e < 27! and n > 0.

(1) If (m+27:r/\/ﬁ)2 > 257(,? iv)(l + 27" then for all 0 <0 <m —1, One > 0Ny
™ C(k,N) | C(k.N')
(2) If m+27‘r/\/ﬁ omy/N + om./N’’

then for all0 <€ <m—2, 0%, ,,,1 >0y,
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Proof. (1) By Lemma 9.1, we obtain

2me

m+ 25 (m+ 2 ) VNVITe (1+VT+e)

e

(m+2) (m+ Z)VEQ+e)

9]\[,4 — 0N’,€ > (

Therefore by (2.8),
e C(k,N) C(k,N')

ve = e > (m+2) (m+ Z5) VN(L+e) YN YN

which, combined with Lemma 2.5, implies

™ 2C(k,N)

Ong— Onig > 5 (1427,
B ) + 2771_ 2
(m+3%)
(2) This follows immediately from (2.8) and Lemma 9.1. O

We are now ready to establish the following interlacing property when e(f’') = ¢(f) = 1.
Proposition 9.3. Suppose N' = N(1+¢) where 27" < e < 27"t andn > 0. If k > 78+ 2n, then

(1) forall0 <€ <m—1, «9}“\,’4 > 0% 0

(2) for all0 <L <m—2, 0%, ,., >0y,

(8) for all0 <L <m—2,0%, <0y, and Oy , <03 ;1\ 1.
(4) 0 <Oy and Oy, | <.

Proof. (1) Since k :=2m + 2, if k > 78 + 2n, then m > 38 + n. Combining this with Lemma 2.5,

C(78,1 2C(k,N Y
(237 )(1 27(vz—n ) (1 +2 +1) .

By [9, zgap.sage], C(78,1) < 2.434 - 107, so that
™ 20(78,1)
>
MmTUN
holds for all m > 38 + n. Thus by Lemma 9.2 part (1), Hj‘w >0 forall0 < <m—1
(2) When m = 38 by Lemma 2.5,

+2) >

20(k, N)

men

(1+2) > (14277

20(78,1) _ C(k,N) C(k, N’
s ™~ 00709 > 0.00008 ~ 2CT8 D L Ok N) | Ok, V)
m+T7JLV m 4+ 27 2m om/N om./ N/

Therefore it is clear that for m > 38 4+ n,
T >C’(k:,N)+C(k,N’)
m+ % YN 2m/N
and by Lemma 9.2 part (2), the desired statement holds.

Parts (3) and (4) follow from Lemma 3.11 part (2) and Lemma 5.3. O
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9.2. The case £(f’) = (f) = —1. This section proceeds similarly to the previous subsection.
However, the lower bounds for sample angles are slightly different. First, similar to Lemma 9.1, we
have the following.

Lemma 9.4. Suppose m > 27/v/N and N' > N. Then
(1) for all1 <l <m—1, ¢n1y < dny¢ and
27(N' — N)
27 2 '
m+ 2 (m+ 2) VNN (VN + V)

(2) foralll1 <l <m—2, ¢ns < On' 41 and

OGNy — N > (

AN’ 041 — PN > L 2
VN

Proof. The proof is almost identical to that of Lemma 9.1, except that we instead use the lower
bounds

™ ™ T T
¢k’N>E> 5 and 7 — ¢ N > e > N\
T m = LT
2 (m + \/N) JN 2 (m + \/N)
which can be obtained similarly as in (3.5) and (3.8). O

The next lemma resembles Lemma 9.2 and is proved identically.
Lemma 9.5. Suppose m > 2m/v/N and N' = N(1 +¢) with 27" < ¢ < 27" and n > 0.

(1) If (m+27:r/\/ﬁ)2 > 2?},&{:[)(1 + 277N then for all 1 <0 <m —1, PN > PNy
C(k,N")

g C(k,N)
(2) If m+27‘r/\/]v > Qm\/ﬁ + Qm\/ﬁ;

then for all1 <€ <m —2, ¢} 11 > Oy

The following proposition establishes the interlacing between Ay and Ay when e(f') = e(f) = —1,
and is similar to Proposition 9.3.

Proposition 9.6. Suppose N' = N(1+¢) where 27" < e < 27"t andn > 0. If k > 78+ 2n, then
(1) For all1 <0 <m—1, ¢}, > Oni s
(2) For all1 < <m—2, $ppy1 > Oy

(8) For all1 <{<m—2, ONe < ONr1 ond Oy g < Dir i1
(4) 0 <Oy, and Oy, | <

Proof. The proof is identical to the proof of Proposition 9.3. O

9.3. The case &(f’) # (f). This case is similar to the preceding sections.
Lemma 9.7. Suppose m > 2w /v/N. Then:

(1) for all1 <L <m—1, Ons— dnr g > m

(2) if N' > N > 16, then for all0 < ¢ <m —2, ¢n/ g1 — Ong > 50 — mQ“N.
(3) if N' > N > 16, then for all1 <l <m —1, 0N, — OnNe > 5~ —

2w
s m\/ﬁ‘
(4) for all0 < £ <m —2, pnpr1— Onrg > mt2n VN
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Proof. (1) Suppose on the contrary that ¢, > 0y . Taking the difference of Definitions 1.3, 1.4,
and applying Lemma 3.1,

2T sin ¢
— S1n /
JNT O
(9Ne — ONnr )

m (One — dnrg) = sinfy,¢ —

w\>1 w\ﬂ

f
\ﬁ

This leads to a contradiction since m > 27 /v N. Thus Oy > ¢y ¢ and

s
OnNe — OnN — 4+ —(on10— 0
m (On — dnrg) = 5 \/»(¢N ¢ —Ony),
implying that
7r
One — OnN g > — o\

(2) Taking the difference of Definitions 1.3 and 1.4,

T 2m 2T .

m(oN 1 — 9N,£) = b) + W sin QN g1 — ﬁ sin 0y ¢

T 2m

2 VN
Since N > 16, we get ¢/ 11 > Oy and onr o1 — Onyg > 5 — m%

Parts (3) and (4) are similar to parts (2) and (1), respectively. O

The next lemma is similar to Lemma 9.2 and is proved similarly.

Lemma 9.8. Suppose m > 27/v/N. Then

(1) if 5 m+27r/f) > ;(nk\/]%) —i—;(nk\%,for all1<t<m—1,0y,> dny
(2) if 5 mf > ;Ef\/]jv) + gm\/ﬁ’ forall0 < L<m—2, ¢y 41 >0,
(3) if 5 m\r>gik\’/z%)+gim,foralll<€<m 1, 0% 0> Ny
(1) if mm/f)>§§k%+fiﬁ,forazzo<e<m 2, Sy a1 > Oy

The following proposition establishes interlacing between Ay and Ay when e(f’) # e(f).
Proposition 9.9. Suppose N’ > N > 17 and k > 32. Then

(1) for all0 <L <m—1,0%,> ¢x,-

(2) for all0 <L <m—2, ¢}y > 0%,

(3) for all0 <L <m—1,0% ,> Ny

(4) for all0 < <m —2, ¢7v,,e+1 > 93‘\,%.

(5) for all0 <€ <m —2, 0%, >0y, and O3,y > 07y
(6) for all0 <L <m —2, ¢}y > Sy, and Gy gy g > iy

(7) 0 < b1y Pny and Oy 1,08 g < -
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Proof. (1) By [9, zgap.sage|, we may bound C(32,17) < 141.671. We first wish to show
T S 2C(32,17)
27 omy/N
2(m+ %) VN
When m = 15 and N = 17, we have 0.095... > 0.002..., and as N increases, the left hand side

increases while the right hand side decreases. Additionally for a fixed N, as m increases it is clear
this inequality will continue to hold. Thus, by Lemma 2.5,

. _ 20(32,17)
on 2m /N
2 (m + \/N) VN
_CN) | Ok N)
omyN — 2my/N'’

so that by Lemma 9.8 part (1), we have 03 , > ¢}, for all 0 < £ <m — 1.

(9.2)

(2) Here we want to show
T 27 - 2C(32,17)
When m = 15 and N = 17, we have 0.003... > 0.002.... Again, as [N increases, the left hand
side increases while the right hand side decreases, and for a fixed IV, as m increases it is clear this
inequality will continue to hold. Using Lemma 2.5,

™ 27 C(k,N) C(k,N")
2m mV/N 2 /N | 2nyN
Parts (3) and (4) follow from (9.2) and (9.2) using Lemma 9.8 parts (3) and (4).
For the remaining parts, by (9.2) and Lemma 2.5,
s S s S 2C(k,N) S QC(k,N’)‘
m+ 2% m+ % 2m/N omy/N’
Thus by Lemmas 3.10 parts (1) and (2) and Lemma 3.11 parts (2) and (4), the remaining statements
follow. O
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