ALMOST COHERENCE OF HIGHER DIRECT IMAGES

TONGMU HE

ABSTRACT. For a flat proper morphism of finite presentation between schemes with almost coherent
structural sheaves (in the sense of Faltings), we prove that the higher direct images of quasi-coherent
and almost coherent modules are quasi-coherent and almost coherent. Our proof uses Noetherian ap-
proximation, inspired by Kiehl’s proof of the pseudo-coherence of higher direct images. Our result allows
us to extend Abbes-Gros’ proof of Faltings’ main p-adic comparison theorem in the relative case for pro-
jective log-smooth morphisms of schemes to proper ones, and thus also their construction of the relative
Hodge-Tate spectral sequence.
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1. INTRODUCTION

1.1. One of the first important results in algebraic geometry is the fact that the coherence for modules
is preserved by higher direct images by a proper morphism. The Noetherian case is due to Grothendieck
[EGA III4, 3.2.1], and the general case is due to Kiehl [Kie72, 2.9°]. The goal of this article is to extend
the following corollary to almost algebra, motivated by applications in p-adic Hodge theory.

Theorem 1.2 (Kiehl [Kie72, 2.9’], see [Abbl0, 1.4.8]). Let f : X — S be a morphism of schemes
satisfying the following conditions:

(1) f is proper and of finite presentation, and

(2) Og is universally coherent.

Then, for any coherent Ox -module M and any q € N, RYf, M is a coherent Og-module.

We say that Og is universally coherent if there is a covering {S; = Spec(4;)}ier of S by affine open
subschemes such that the polynomial algebra A;[T4,...,T,] is a coherent ring for any ¢ € T and n € N.
Indeed, such a condition on Og implies that the coherent Ox-module M is actually pseudo-coherent
relative to S, which roughly means that if we embed X locally as a closed subscheme of Ag , then M
admits a resolution by finite free modules over AY . Theorem 1.2 is a direct corollary of Kiehl’s result
[Kie72, 2.9’], saying that the derived pushforward Rf. sends a relative pseudo-coherent complex to a
pseudo-coherent complex.

1.3. Almost algebra was introduced by Faltings [Fal88, Fal02] for the purpose of developing p-adic Hodge
theory. The setting is a pair (R, m) consisting of a ring R with an ideal m such that m = m?, and the
rough idea is to replace the category of R-modules by its quotient by m-torsion modules. An “almost”
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analogue of Theorem 1.2 is necessary for Faltings’ approach to p-adic Hodge theory. Indeed, under the
same assumptions of 1.2, Abbes-Gros [AG20, 2.8.14] proved that R?f, sends a quasi-coherent and almost
coherent Ox-module to a quasi-coherent and almost coherent Og-module, by reducing directly to 1.2.
This result plays a crucial role in the proof of Faltings’ main p-adic comparison theorem in the absolute
case (see [AG20, 4.8.13]), and thus of the Hodge-Tate decomposition (see [AG20, 6.4.14]). Later, Zavyalov
[Zav21, 5.1.6] extended the same almost coherence result to formal schemes.

However, the almost coherence result [AG20, 2.8.14] is not enough for Faltings’ main p-adic compar-
ison theorem in the relative case (thus neither for the relative Hodge-Tate spectral sequence), since we
inevitably encounter the situation where Og is universally almost coherent but not universally coherent.
Thus, under the assumptions that

(1) f is projective, flat and of finite presentation, and that
(2) Og is universally almost coherent,

Abbes-Gros proved an almost coherence result [AG20, 2.8.18] by adapting the arguments of [SGA 6,
I11.2.2], where the projectivity condition on f plays a crucial role. This is the reason why Faltings’ main
p-adic comparison theorem in the relative case (and thus the relative Hodge-Tate spectral sequence) was
only proved for projective log-smooth morphisms in [AG20, 5.7.4 (and 6.7.5)].

1.4. In this article, we generalize the almost coherence result [AG20, 2.8.18] to proper morphisms, which
allows us to extend Abbes-Gros’ proof of Faltings’ main p-adic comparison theorem in the relative case
to proper log-smooth morphisms, and thus also their construction of the relative Hodge-Tate spectral
sequence (see Section 8).

Let R be a ring with an ideal m such that for any integer [ > 1, the I-th powers of elements of m
generate m. The pair (R, m) will be our basic setup for almost algebra (see Section 6). The main theorem
of this article is the following

Theorem 1.5 (see 7.1). Let f: X — S be a morphism of R-schemes satisfying the following conditions:

(1) f is proper, flat and of finite presentation, and
(2) Ox and Og are almost coherent.

Then, for any quasi-coherent and almost coherent Ox-module M and any q € N, R1f. M is a quasi-
coherent and almost coherent Og-module.

Our proof is close to Kiehl’s proof of [Kie72, 2.9], see Section 7. We roughly explain our ideas in the
following:

(1) We may assume without loss of generality that S is affine. As M is not of finite presentation over
X in general, we couldn’t descend it by Noetherian approximation. But M is almost coherent,
for any 7 € m we can “z-resolve” M over a truncated Cech hypercovering X, = (Xn)mjea~, (by
affine open subschemes) of X by finite free modules F¢ as in [Kie72, 2.2], where each F? is a
“resolution” of M|x, modulo 7-torsion, see Section 6. By Noetherian approximation, we obtain
a proper flat morphism fy : X — S\ of Noetherian schemes together with a complex of finite
free modules F3 . Over a truncated Cech hypercovering of X, descending f and F¢.

(2) Asin [Kie72, 1.4], the descent data of M over X, are encoded as null homotopies of the multipli-
cation by a certain power of 7 on the cone of a*F;3, — Fn (where o : [m] — [n] is a morphism in
the truncated simplicial category A<y), see Section 3. We can descend the latter by Noetherian
approximation, from which we produce some coherent modules over X, see Section 5.

(3) Applying the classical coherence result for fy : X\ — Sy, we see that the Cech complex of F JWRE
“pseudo-coherent” modulo certain power of 7, see Section 4. The same thing holds for the Cech
complex of F2 by base change (due to the flatness of fy). Since this Cech complex computes
RI'(X, M) up to certain degree and modulo certain power of 7, the conclusion follows by varying
T in m.
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deeply grateful to him for posing the question, conducting a meticulous review of this work, and offering
numerous helpful suggestions. Additionally, I would like to extend my appreciation to the anonymous
referee for their incredibly thorough examination and detailed feedback, which have further enhanced the
clarity and depth of this article.
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2. NOTATION AND CONVENTIONS
2.1. All rings considered in this article are unitary and commutative.

2.2. Let & be an abelian category. When we consider “a complex in &/, we always refer to a cochain
complex in &7, and we denote it by M*® with differential maps d" : M™ — M"*! (n € Z). For any a € Z,
we denote by 72%M*® (resp. 0=*M*®) the canonical (resp. stupid) truncation of M*, see [Sta22, 0118].

2.3. Let A be the category formed by finite ordered sets [n] = {0,1,...,n} (n € N) with non-decreasing
maps ([Sta22, 0164]). For k € NU {oo}, we denote by A<y, the full subcategory of A formed by objects
[0],[1],...,[k]. For a category C, a contravariant functor from A< to C sending [n] to X,, is called a
k-truncated simplicial object of C, denoted by X,. Let P be a property for objects of C'. We say that X,
has property P if each X, has property P.

3. ISOMORPHISMS UP TO BOUNDED TORSION

In this section, we fix a ring R and an element 7 of R. Consider an abelian category &/ with a ring
homomorphism R — End(id ), where End(id,) is the ring of endomorphisms of the identity functor.
Thus, 7 defines a functorial endomorphism on any object M of «7. We denote by K() the homotopy
category of complexes in &7.

Definition 3.1. (1) We say that an object M in & is w-null if it is annihilated by w. We say that
a morphism f: M — N in & is a w-isomorphism if its kernel and cokernel are m-null.

(2) We say that a complex M*® in &« is m-ezxact if the cohomology group H™(M?*) is m-null for any

n € Z. We say that a morphism of complexes f : M* — N°® in & is a w-quasi-isomorphism if it

induces a m-isomorphism on the cohomology groups H"(f) : H*(M*®) — H™(N*®) for any n € Z.

Lemma 3.2 ([AG20, 2.6.3]). Let f: M — N be a morphism in < .

(1) If there exists a morphism g : N — M in &/ such that go f = w-idp and fog=7-idy, then f
s a w-isomorphism.

(2) If f is a w-isomorphism, then 7 -idy and w - idpy; uniquely factor through N — Im(f) and
Im(f) — M respectively, whose composition g : N — M satisfies that go f = w2 -idy and
fog=mn?-idy. In particular, the morphism g is functorial in f.

Lemma 3.3. Let f: M®* — N*® be a morphism of complexes in </ . Assume the following conditions:

(1) for anyi >0, M* = N* = 0;

(2) there is n € N such that for any —n < i <0, M* is projective and - H'(N*®) = 0.

Then, there exists a morphism s : M? — N~ for any —n < i <0, such that

(3.3.1) a7 fi=r.s Tl od 4+ d7 oS!

as morphisms from M® to N, where we put s' = 0. In particular, the morphism of canonically truncated
complezes

(3.32) atl. fo 2T M — 727N

is homotopic to zero.

Proof. We construct s’ by induction. Setting 0 = s' = 52 = ..., we may assume that we have already

constructed the homomorphisms for any degree strictly bigger than i with identities (3.3.1). As 7% -
frl =g.512 0 d'! 4 d% o st we see that

(3.3.3) do(r ™ fl—sTlod)y=a"" fiflod" — (¢ i — .52 0d™) o d" = 0.

Thus, the map 7=%- f¢ — 5Tt od’: M* — N factors through Ker(d* : N* — N**1). The assumption 7 -
HY(N*®) = 0 implies that the map 7! =% f{ —7-si*1od’ : M — N factors through Im(d*~! : N*=1 — N?).
As M? is projective, there exists a morphism s’ : M? — N*~! such that 7!7% f' —7-s"tlod? = d* 1o’
which completes the induction. In particular, for any ¢ > —n, we have

(334) 7Tn+1 . fz _ (Wn+i+1 . Si+l) ° dz + difl ° (Wn+i . Si).

Recall that 72~ "M*
antl.forZTn M 7

0 - M~"/Im(d""!) - M — ... = M° — 0). Thus, we see that
~"N* is homotopic to zero. ([

\Y%
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Proposition 3.4. Let P® be a complex of projective objects in <7, and let M® be a w-exact complex
in o/. Assume that there are integers a < b such that P* and M" vanish for any i ¢ [a,b]. Then, the
R-module Homg (o) (P*, M*) is wbm et ol

Proof. 1t follows directly from 3.3. O

Corollary 3.5. Let P* be a complex of projective objects in </, and let f : M* — N°® be a w-quasi-
isomorphism of complezes in of. Assume that there are integers a < b such that P?, M* and N*
vanish for any i ¢ [a,b]. Then, the map Homg g (P*, M®) — Homg/(y)(P®, N*) induced by f is a
72(=a+3) isomorphism of R-modules.

Proof. There is an exact sequence of R-modules
(3.5.1) Homg (o) (P*®, C*[~1]) = Homg () (P*, M*®) — Homg () (P*, N*) — Homg ) (P*, C*®)

where C*® is the cone of f ([Sta22, 0149]). As C* and C*[—1] are m%-exact and vanish outside [a—1,b+1],
the outer two R-modules are 72(—2+3)_null by 3.4, whence we draw the conclusion. O

Lemma 3.6. Let g : P* — N*® and f: M®* — N°® be morphisms of complexes in o/ . Assume that there
are integers a < b such that

(1) M* = N*=0 for any i > b, and that

(2) P is projective for any i € [a,b] and zero for any i ¢ [a,b], and that

(3) the map H'(f): H'(M®) — H'(N®) is a w-isomorphism for i > a and m-surjective for i = a.
Then, w2(0=a+1) . ¢ lies in the image of the map Homg (o) (P®, M*®) — Homg ) (P*, N*®) induced by f.

Proof. Let C*® be the cone of f, and let ¢ : N®* — C* be the canonical morphism. Applying the homological
functor Homp ) (P*, —) to the distinguished triangle 75*71C® — C* — 72°C*® — (r=°71C*)[1] in the
derived category D(7), we obtain an exact sequence of R-modules ([Sta22, 0149, 064B])

(361) HomK(d)(P', Téa_lc') — HOH]K(LW)([:).7 C') — HOHlK(L(Z{)(f:).7 TZaC.).

The first term is zero by assumption (2), and 72¢C*® is 72-exact by assumption (3). As 72%C*® vanishes
outside [a, b] by assumption (1), the third term is 72(*=*+1_null by 3.4. We see that 72—+t . (0 g) is
zero in Homg () (P*®,C*). Therefore, the conclusion follows from the exact sequence ([Sta22, 0149])

(362) HomK(d) (P., M.) — HOIIlK((Q{) (P., N.) — HOHlK(%) (P., C.)

4. PSEUDO-COHERENCE UP TO BOUNDED TORSION

In this section, we fix integers a < b, a ring R and an element 7w of R. We remark that the universal
bound ! that shall appear in each statement of this section depends only on the difference b — a but not
on R or .

Definition 4.1. Let M*® be a complex of R-modules.

(1) A 7-[a,b]-pseudo resolution of M*® is a morphism f : P®* — M* of complexes of R-modules, where
P* is a complex of finite free R-modules such that P* = 0 for any i ¢ [a, b], and where the map
of cohomology groups H'(f) : H/(P®*) — H*(M?*) is a m-isomorphism for i > a and m-surjective
for i = a.

(2) We say that M*® is 7-[a,b]-pseudo-coherent if M = 0 for any i > b and if it admits a 7-[a, b]-
pseudo resolution. We say that an R-module M is 7-[a, b]-pseudo-coherent if the complex M|0]
is 7-[a, b]-pseudo-coherent.

We follow the presentation of [Sta22, 064N] to establish some basic properties of this notion. The
author does not know whether this notion is Zariski local on R or not (cf. [Sta22, 066D]). This ad hoc
notion only serves for the proof of our main theorem.

Lemma 4.2. For any integers o’ > a and ' > b with a’ < V', a 7w-[a,b]-pseudo-coherent complex of
R-modules is also w-[a’, b']-pseudo-coherent.

Proof. We only need to treat the case a = a’ and the case b = V' separately. If a = o/, then it is clear that
M? =0 for any i > b’ and a 7-[a, b]-pseudo resolution of M* is also a m-[a, ¥’]-pseudo resolution. If b =¥/,
then a 7-|a, b]-pseudo resolution P* — M* induces a m-[a’, b]-pseudo resolution 0=% P* — M?*. O
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Lemma 4.3. Let M*® and N°® be complezes of R-modules vanishing in degrees > b, and let o : M* — N*
be a morphism inducing a T-isomorphism on cohomology groups H'(a) : H (M®) — H'(N*®) for any
1> a.
(1) If M* is 7-[a, b]-pseudo-coherent, then N*® is w2-|a, b]-pseudo-coherent.
(2) If N* is m-[a,b]-pseudo-coherent, then M® is w'-[a,b]-pseudo-coherent for an integer | > 0 de-
pending only on b — a.

Proof. (1) We take a m-[a, b]-pseudo resolution f : P®* — M®. In particular, H'(f) is a m-isomorphism
for any i > a and m-surjective for i = a. Hence, H'(a o f) = H'(a) o H!(f) is m2-isomorphism for any
i > a and w2-surjective for i = a, which shows that a0 f : P®* — N*® is a w2-[a, b]-pseudo resolution.

(2) Let g : P* — N*® be a m-[a, b]-pseudo resolution. We obtain from 3.6 a morphism f : P* — M*
lifting 7' - g up to homotopy for [ = 2(b — a 4 1). Thus, for any i € Z, we have

(4.3.1) Hi(x'-g) = H'(a) o H'(f).

Notice that H(w! - g) is a 7'+ !-isomorphism for i > a and 7'*!-surjective for i = a, and that H'(a) is
a m-isomorphism for i > a. We see that H'(f) is a 7/*t2-isomorphism for i > a and 7'*2-surjective for
i =a. Thus, f: P* — M* is a 7'72-[a, b]-pseudo resolution. O

Proposition 4.4. Let M*® and N°® be two complezes of R-modules vanishing in degree > b. Assume that
they are isomorphic in the derived category D(R). Then, if M*® is w-[a,b]-pseudo-coherent, then N*® is
nl-[a, b]-pseudo-coherent for an integer | > 0 depending only on b — a.

Proof. Let P* — N* be a bounded above projective resolution with the same top degree. The assumption
implies that there is a quasi-isomorphism of complexes P* — M*® ([Sta22, 064B]). The conclusion follows
from applying 4.3 to P®* — M*® and P®* — N°. ]

Lemma 4.5. Leta: M? — M3 be a morphism of w-[a, b]-pseudo-coherent complexes of R-modules. Given
m-[a, b]-pseudo resolutions f; : P — M? (i =1,2), there exists a morphism of complezes o' : P? — Py
such that (7' - a) o f is homotopic to fo 0’ for an integer I > 0 depending only on b — a.

Proof. Tt follows directly from 3.6. O

Lemma 4.6. Let MP - M3 SN M3 AN M? 1] be a distinguished triangle in the homotopy category
K(R). Assume that M} is w-[a + 1,b + 1]-pseudo-coherent, M3 is 7-[a,b]-pseudo-coherent, and Mi = 0
for any i >b. Then, M3 is 7'-|a,b]-pseudo-coherent for an integer | > 0 depending only on b — a.

Proof. We take a m-[a + 1,b + 1]-pseudo resolution f; : Py — M} and a m-[a,b]-pseudo resolution
f2: Py — Mg3. By 4.5, there exists a morphism o/ : P — Py lifting 7' - « in K(R) for an integer [ > 0
depending only on b—a. If we denote its cone by Ps, then we have a morphism of distinguished triangles
in K(R).

’ B/ ,Y/

(4.6.1) P >~ Ps P Pp1]
Wl.fll/ f2i f’;l \Lﬂl'fl[l]
. o . B . 2 .
Ml MQ M3 Ml []‘]

Let CF, C3, C% be the cones of 7! - fi, fa, f3 respectively. We obtain a distinguished triangle C7 —
C3 — C3 — C?[1] in K(R) ([Sta22, 05R0]). By assumption, 7=(+DC? is 72+ exact and 72°C3
is m2-exact. Thus, we see that 72¢C3 is m2(*2)_exact. As P§ vanishes outside [a,b], P§ — M} is a
72(42)_[a, b]-pseudo resolution. O

Proposition 4.7. Let 0 — Mp %5 M3 N M3 — 0 be an exact sequence of complezes of R-modules.

(1) Assume that My is w-[a + 1,b + 1]-pseudo-coherent and M3 is w-[a,b]-pseudo-coherent. Then,
M3 is w'-[a, b]-pseudo-coherent for an integer | > 0 depending only on b — a.

(2) Assume that M and M3 are w-[a, b]-pseudo-coherent. Then, M3 is 7'-[a, b]-pseudo-coherent for
an integer Il > 0 depending only on b — a.

(3) Assume that M3 is w-[a — 1,b — 1]-pseudo-coherent and M3 is w-[a — 2,b — 1]-pseudo-coherent.
Then, M7 is m'-[a — 1,b]-pseudo-coherent for an integer | > 0 depending only on b — a.
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Proof. Let C* be the cone of o : M — Mj3. Then, the natural morphism C*®* — M3 is a quasi-
isomorphism.

(1) In this case, Mt = 0 and C* = 0 for any i > b, and actually C*® is 7!-[a, b]-pseudo-coherent for an
integer | > 0 depending only on b — a by applying 4.6 to the distinguished triangle My — M3 — C* —
M?[1] in K(R). Thus, M3 is 7%-[a, b]-pseudo-coherent by 4.3.(1).

(2) In this case, M4 = 0 and C* = 0 for any i > b, and C' is m!-[a, b]-pseudo-coherent for an integer
I > 0 depending only on b — a by 4.3.(2). Thus, M3 is 7'-[a, b]-pseudo-coherent for an integer [ > 0
depending only on b — a by applying 4.6 to the distinguished triangle C*[—1] — M} — M3 — C* i
K(R).

(3) In this case, Mj = 0 and C? = 0 for any i > b— 1, and C*® is 7'-[a — 2, b — 1]-pseudo-coherent for an
integer [ > 0 depending only on b — a by 4.3.(2). Thus, M} is 7'-[a — 1, b]-pseudo-coherent for an integer
1 > 0 depending only on b — a by applying 4.6 to the distinguished triangle Mg[—1] — C*[-1] - M7 —
M3 in K(R). O

Corollary 4.8. Let M*® be a complex of R-modules vanishing in degrees > b. Assume that the cohomology
group H'(M®) is m-[a — i, b — i]-pseudo-coherent for any i € [a,b]. Then, M* is 7'-[a, b]-pseudo-coherent
for an integer | > 0 depending only on b — a.

Proof. We proceed by induction onb—a. If a = b, then 72*M* = H%(M*)[—a] is 7-[a, b]-pseudo-coherent
by assumption. Thus, M* is 7'-[a, b]-pseudo-coherent for an integer I > 0 depending only on b — a by
4.3.(2). In general, consider the exact sequence of complexes of R-modules

(4.8.1) 0 — 7= 5 M — (M /Ker(d®Y)[1 — b] — M°[—b]) — 0.

As the natural morphism of complexes N* = (M°~!/Ker(d*~1)[1 — b] — MP[—b]) — HP(M*®)[-b] is a
quasi-isomorphism, N*® is 7'- [a b]-pseudo-coherent for an integer | > 0 depending only on b—a by 4.3.(2).
Notice that 7=®~DAse is 7l- -[a, b]-pseudo-coherent for an integer ! > 0 depending only on b —a — 1 by
induction. The conclusion follows from 4.7.(2). O

Lemma 4.9. Let M*® be a w-exact complex of R-modules vanishing outside [a,b], and let N® be a complex
of R-modules. Then, M* ®Ij3 N*® is wl-ezact (i.e. any complex representing the derived tensor product
M* @% N* is wl-ezact) for an integer 1 > 0 depending only on b — a.

Proof. We proceed by induction on b — a. If a = b, then the multiplication by 7 on M*® = H*(M*)[—a]
factors through zero. Hence, M*® ®% N*® is m-exact. In general, consider the distinguished triangle in the
derived category D(R),

(4.9.1)  (r=CVM) LY N* — M oL N* — HY(M®*)[-b] @% N* — (7=C-D ey ok No[1].

Notice that (Tg(b_l)M.) ®I§ N* is wl-exact for an integer | > 0 depending only on b — a by induction.
By the long exact sequence of cohomology groups, we see that M*® ®I§ N* is wl-exact for an integer [ > 0
depending only on b — a. O

Proposition 4.10. Let M*® be a m-[a,b]-pseudo-coherent complex of R-modules, and let S be an R-
algebra. Then, 72%(S ®I;-i M?®) is represented by a w'-[a, b]-pseudo-coherent complex of S-modules for an
integer | > 0 depending only on b — a.

Proof We take a bounded above flat resolution F'* — M® with the same top degree. By 4.3.(2), 024 1 F*®
is a m!-[a, b]-pseudo- coherent complex of flat R-modules for an integer [ > 0 depending only on b — a.
Let P* — 022 1F* be a 7'-[a, b]-pseudo resolution, and let C* be its cone. Consider the distinguished
triangle in K(S5),

(4.10.1) S@prP* — S@po=""'F* — S®@rC* — S®g P°[1].

Notice that 72¢C*® is a m2l-exact complex vanishing outside [a, b] and that S ®@p C* =2 S ®@% C* in D(9)
by construction. After enlarging | by 4.9, we may assume that 72%(S ®@p C®) = 72%(S ®% 729C*) is
ml-exact. By the long exact sequence associated to (4.10.1), we see that S @z P* — S ®g 0>‘1 1F*is a

2_[a, b]-pseudo resolution of complexes of S-modules, and thus so is the composition
(4.10.2) S@prP* — SQ@p o= 1F* — 729S @ 02 F®) = 729(S @R F*),

where the target is a complex of S-modules representing 7=%(S ®% M*) and vanishing in degrees > b. O
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Definition 4.11. Let M be an R-module. We say that M is of w-finite type if there exists n € N and a
m-surjective R-linear homomorphism R®" — M.

This definition is a special case of 6.1 below.

Lemma 4.12. Assume that R is Noetherian. Let M be an R-module.

(1) If M is of m-finite type, then it is w-[a, b]-pseudo-coherent for any integers a < 0 < b. Conversely,
if M is w-[a,b]-pseudo-coherent for some integers a < 0 < b, then M is of w-finite type.

(2) If M is of w-finite type, then so are its subquotients. Conversely, if M admits a finite filtration
of length 1 ([Sta22, 0121]) whose graded pieces are of T-finite type, then M is of '-finite type.

Proof. (1) If M is of m-finite type, then there is a finitely generated R-submodule N of M such that
7M C N. Since R is Noetherian, N is pseudo-coherent ([Sta22, 066E]). Hence, M is 7-[a, b]-pseudo-
coherent for any integers a < 0 < b. Conversely, if M is m-[a, b]-pseudo-coherent, we take a 7-[a, b]-
pseudo resolution P* — M|0]. As a subquotient of a finitely generated R-module, H°(P*) is also finitely
generated as R is Noetherian. Hence, M = H°(M][0]) is of m-finite type.

(2) Let N be a finitely generated R-submodule of M such that 7M C N. Let My C M; be two
R-submodules of M. Notice that N N M; is a finitely generated R-module as R is Noetherian. The
conclusion follows from the w-surjectivity of NN M; — M, /My. Conversely, assume that there is a finite
filtration 0 = My C My C --- C M; = M such that M;,1/M; is of w-finite type. Then, we see that M is
of r!-finite type by inductively using [AG20, 2.7.14.(ii)]. O

Proposition 4.13. Assume that R is Noetherian. Let M*® be a complex of R-modules.
(1) If HY(M?®) is of m-finite type for any i > a and if M* = 0 for any i > b, then M* is 7'-|a, b]-
pseudo-coherent for an integer | > 0 depending only on b — a.
(2) If M*® is 7-[a, b]-pseudo-coherent, then H'(M®) is of m-finite type for any i > a.

Proof. (1) follows from 4.12.(1) and 4.8; and (2) follows from the same argument of 4.12.(1). O

5. GLUEING SHEAVES UP TO BOUNDED TORSION

In this section, we fix a ring R and an element 7 of R.

5.1. Let E/C be a fibred site, and let O = (Oa)acon(c) be a sheaf of R-algebras over the total site
E ([SGA 4y1, VI.7.4.1]). We say that an O-module F = (Fa)acon(c) on E is m-Cartesian, if for every
morphism f : 8 — « in C, the induced map f*F, — Fz is a m-isomorphism of Og-modules.

5.2. Let E be a category. Recall that a semi-representable object of E is a family {U;};cr of objects of
E. A morphism {U,},er — {V;};jes of semi-representable objects of E is given by a map a : I — J and
for every i € I a morphism f; : U; — Vi) ([Sta22, 01G0]). Assume that E is a site ([SGA 4, I1.1.1.5])
where fibred products are representable. For a semi-representable object K = {U; };cs of objects of E,| let
E/kx = [l;e; E/u, be the disjoint union of the localizations of E at U; ([Sta22, 09WK]). We note that for
any morphism K’ — K of semi-representable objects of £, the canonical morphism of sites E,xr — E/x
induced by the cocontinuous forgetful functor E,x: — E/ is also induced by the continuous base change
functor E, i — E/i ([Sta22, 0D85, 0D87]).

Let 7 € NU {oo}. For an r-truncated simplicial semi-representable object K¢ = (Kp)mjeoba-,) of £
(where each K, is a semi-representable object of E), we denote by E,k, the fibred site over the r-truncated
simplicial category A<, whose fibre over [n] is E/k ([Sta22, 0D8A]). We denote by v : E/k, — E the
augmentation, and by v, : E g, — E the corresponding morphism of sites for any n € Ng, ([Sta22,
0D8B]).

Lemma 5.3. Let E be a site where fibred products are representable, let

(5.3.1) y' 2o x/
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be a commutative diagram in E, and let F a sheaf on E,x:. Then, the following diagram is commutative

(5.3.2) T g foF — flg"* [* [.F
af/|g*f*;T ifig’*ﬁff
g [ F fig™F
g*f*ag/lfi Tﬁylfig’*}'

9 f+9. 9" F ——=g*g. flg" F
where ay (resp. ag) is the adjunction morphism id — fLf"™ (resp. id — gl.g™* ), By (resp. Bg) is the
adjunction morphism f*f. — id (resp. g*g. — id), and the horizontal isomorphisms are induced by the

canonical isomorphisms f"*g* —= (gof')* = (fog')* <— ¢*f* and f.g. = (fog')s = (gof')s <— g« f_.
We call the morphism

(5.3.3) g foF — flg"F

defined by the composition in either upper or lower way of (5.3.2) the base change morphism.
Moreover, if the diagram (5.3.1) is Cartesian, then the base change morphism g* foF — fLg*F is an
isomorphism.

Proof. As (E/uy)ucob(r) forms a fibred site over E' ([SGA 411, VI.7.3.2]), the commutativity of (5.3.2) is
a special case of [SGA 4y, XVII.2.1.3] applied to the asssociated fibred topos. One can also check it by
unwinding the definitions. Indeed, for any object V' of E,y, we have

(5.3.5) Pl FVIY) = ¢*F(V xy YY) = F(V xy Y'/X").

One can check by definitions that the composition g* f, F(V/Y) — fLg"*F(V/Y) in either upper or lower
way of (5.3.2) coincides with the restriction map of F along the canonical morphism V xy Y’ — V x x X’
over X’. Moreover, if the diagram (5.3.1) is Cartesian, then V Xy Y’ — V x x X' is an isomorphism so
that g* f. F(V/Y) — fLg"*F(V/Y) is an isomorphism. O

Proposition 5.4. Let E be a site where fibred products are representable, let O be a sheaf of R-algebras
on E, and let {U; — X}ier be a covering in E. Consider the 2-truncated Cech hypercovering ([Sta22,
01G6])

(5.4.1) Ko = ({U; xx Uj xx Ur}ijer === {Ui xx Uj}ije1 == {Ui}ic1),

regarded as a 2-truncated simplicial semi-representable object of E,x. Let Fo = (}—n)[n]eA32 be a -
Cartesian Ok, -module over the 2-truncated simplicial ringed site E/g,, and we put F = v.F, where
v:E/g, = E/x is the augmentation. Then, the canonical map vgF — Fo is a n8-isomorphism.

Proof. For any 4,7,k € I, we denote by f; : Uy = X, fi; : Ui xxU; = X, fijp : Ui xx U; xx Uy = X
the canonical morphisms, and denote by G;, G;;, G;jr the restrictions of Fy, F1, Fa to U, U; xx Uy,
U; xx U; xx Uy, respectively. By definition ([Sta22, 09WM]), we have

(5.4.2) F=Ea([] G = T FireGir)-
jeI j.kel

We need to show that the canonical map (note that the restriction functor f;* of sheaves commute with
any limits as it admits a left adjoint f;),

(5.4.3) FF=Ea([[ 7 :G5 = 1] F fimeGie) — Gi
JEI kel

given by composing the projection on the i-th component with the adjunction morphism f; f;.G; — G;, is

a m8-isomorphism for any i € I. Fixing i € I, for any j, k € I, we name some natural arrows as indicated
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in the following commutative diagram

h;
(544) Uz Xx Uj Xx Uk$-Uj XxUk

SN o

giw {U; X x Uj Uj | fik
\ 9 f]'
ol
U; X

Thus, we have a canonical commutative diagram of sheaves on E,y,,

(5.4.5) gj*g;fgi 95+ Gij gj*h}k'gj ~ I i

L l |

9ikx9 1 Gi — GikxGijk <—— Gik=l5.Gik < [ FineGin

] T |

Ik 91Gi G+ Gik G NGl <——— [} f1s Gk

obtained by the following steps:
(1) The structure of F, gives a canonical commutative diagram

(5.4.6) Brg; i B Gij Bl G <—— Bih} f; fixG; =——= hj,a; f; f3+G;
9519 Gijk WGk <—— W fie finn G == hjpag 7 fixous G

where the two horizontal arrows on the right square are induced by the adjunction morphisms
[; fjx — id and [} fjk« — id. The right square is commutative since the adjunction morphism
f;‘kfjk* — id is the composition of f7 f;. — id with ajag. — id.

(2) Applying Bi« to (5.4.6) and composing with the adjunction morphism id — B3}, we obtain a
canonical commutative diagram

(5.4.7) 979 Gij h:G; h:f7fixGj

R |

Bix5Gi — BrxGiji < Bl Gk <—— Wi [ finsGin

where we used the fact that the vertical arrow on the right of (5.4.6) is the the image of the
vertical arrow on the right of (5.4.7) under j;.

(3) Applying g;. to (5.4.7) and composing with the adjunction morphisms id — g;.g; on the right,
we obtain a canonical commutative diagram

(5.4.8) 9597 Gi 9jxGij 9ixh;G; <— [ [ix9;

L | |

9jks 95191 — GikxYijk < ik Gk <—— fi firneGjk

(4) Going through the construction and using the fact that the adjunction morphism id — gjk-« g;’fk
is the composition of id — BBy with id — g;.g;, we see that the two horizontal arrows in the
right square of (5.4.8) are the base change isomorphisms defined in 5.3. Hence, we obtain the
first row of (5.4.5). Replacing the second row of (5.4.4) by hy, : U; x x Uy — Uy, we obtain the
second row of (5.4.5) in the same way.

Since

(5.4.9) {gjk : Ui Xx Uj Xx Uk — Ui}j’kej <:>E {gj : Ui Xx Uj — Ui}je[
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is a 1-truncated Cech hypercovering of U;, the equalizer corresponding to the first column in (5.4.5) is
equal to

(5.4.10) G = Bq([[ 95299 = ] 90-95:91)

jerI j,.kel

by the sheaf property of G; on E/y,. Since F, is m-Cartesian, the horizontal arrows in (5.4.5) are w2
isomorphisms by 3.2 (see [He22, 7.3]). Therefore, the morphisms between the equalizers corresponding
to each column in (5.4.5) (see the second row of (5.4.11) in the following) are m*-isomorphisms. In order
to show that the canonical map fFF — G; (5.4.3) is a m5-isomorphism, it remains to prove the square in
the following natural diagram is commutative,

(5.4.11)

/ g fi TG
Eq(]] 959 ;G = ngk*g]kgz) ——Ea([19j+Gi; = [19jk+Gijx) = Ed(l] f7 [5G = [LF finnGjr) = i F

where ¢ is the natural map making the left triangle commutative, and in each equalizer, j goes through
I for the first product, and j, k go through I for the second product. Consider the commutative diagram
for any j,k € I,

(5.4.12) U; xx Uj xx Uy

/\

UiXXUj UXXUkH-Uk

\ / \fk

from which we obtain the following natural commutative diagram

(5.4.13)
g]*gzg / /f fz*gz
g]k*QZJk <~ Eq(H g]*gzg j Hggk*gijk f flk*g’Lk <~ Eq Hf f]*g] = Hf f]k‘*gjk)
gk*gzk Grxhi. G Ii e Gr

Indeed, the natural map 7 : f fir«Git = [ fixge«Gir — gr+Gir is defined by applying the adjunction
morphism [ f;x — id to gr.Gix, and other natural arrows have appeared in the diagrams (5.4.5) and
(5.4.11). Thus, the commutativity of (1) follows from applying the adjunction morphism f7 fi. — id
to the canonical map G; — gr«Gik, and the commutativity of (2) follows from the following natural
commutative diagram

| T !

Iexhy G <—— [ fixGua NGt === [ frshish G <—— [ frsGr

where the vertical arrows are induced by the canonical map h;Gr — G, and the composition of the
second row is the base change isomorphism [} ft.Gr — gr«hjGr by 5.3 (we indeed used both two
constructions of the base change isomorphism, see the construction of (5.4.5)). In particular, we see that
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the natural diagram extracted from (5.4.13),
(5.4.15) gi I [ixGi
Eq(I19j+9i; = [19k+Gijr) Eq(T1f7 £5+G; = 11 F7 FikeGin)

9+ Gik I frx G

is commutative for any k € I. This shows that the diagram (5.4.11) is commutative, which completes
the proof. ([

Remark 5.5. We expect a generalization to any 2-truncated hypercovering K, of X as in [Sta22, 0DSE].

Example 5.6. Let X be a quasi-compact and separated scheme, and let Ko = {U; — X }o<i<k be a finite
open covering of X consisting of affine open subschemes. For any n € N, we define a semi-representable
object of the Zariski site Xz, of X,

(561) K, = {Uig n---N Uin — X}OSio,--- in<k-

These K, naturally form a simplicial semi-representable object of Xz, Ke = (Ky)mjeob(a), called the
Cech hypercovering associated to Ky of X. We put

(5.6.2) Xo= [ Uen--nUi,
0<i0,.nyin <k

which is a finite disjoint union of affine open subschemes of X, and denote by v, : X,, — X the canonical

morphism. It is clear that the site Xz, /k, is naturally equivalent to the Zariski site X, za;. We also

obtain a simplicial affine scheme X¢ = (X, )[n)cob(a), and an augmentation v : X, — X (where we omit

the subscript “Zar”).

For any Ox,-module F,, we consider the ordered Cech complex C’;rd (Xe, Fs), whose degree-n term is
the R-module ([Sta22, 01FG])

(5.6.3) CraXe.F)= ][ FU,N---0T,).

0<io<-<in<k

In general, for any complex of Ox,-modules F?, we consider the total complex of the ordered Cech
complexes Tot(C2.4(Xe, Fe)), whose degree-n term is the R-module (see [Sta22, 01FP])

ord
(5.6.4) Tot"(Coa(Xe, F2)) = P II Fwi,n--nu,).
P+g=n 0<ip<-<ip<k

Indeed, it depends only on the k-truncation (F})njcob(a,)- If F¢ is the pullback of a complex of quasi-

coherent Ox-module F* (i.e. FJ = v*F*), then there is an isomorphism in the derived category D(X)
(see [Sta22, 01FK, 01FM, OFLH]),

(5.6.5) Tot(Coq(Xe, F2)) — RI(X, F*).

Lemma 5.7. Under the assumptions in 5.6 and with the same notation, for any quasi-coherent Ox, -
module Fo, F = Vi Fe is a quasi-coherent Ox -module.

Proof. By definition, F = Eq(vo.Fo = v1+F1). As v; is affine (1 = 0,1), v F; is a quasi-coherent
Ox-module. Hence, the equalizer F is also a quasi-coherent O x-module. (]

Proposition 5.8. Under the assumptions in 5.6 and with the same notation, let r € N>o U {00},
sk (Xe) = (Xn)mlcob(a.,) the r-truncation of Xe, Fe a quasi-coherent Og, (x,)-module of finite type.
Assume that F, is w-Cartesian (see 5.1). Then, there exists a quasi-coherent Ox -module F of finite type
and a 7 -isomorphism v*F — F,.

Proof. If we also denote by v : sk,.(X,) — X the augmentation, then F' = v, F, is a quasi-coherent Ox-
module by 5.7 and the canonical morphism v F’ — Fy is a 7°-isomorphism by 5.4. We claim that the
canonical morphism v*F’ — F, is a m%-isomorphism. Indeed, for any integer 0 < n < r the morphism
vp @ X, — X is the composition of vy : Xg — X with a projection f : X,, — X associated to a


https://stacks.math.columbia.edu/tag/0D8E
https://stacks.math.columbia.edu/tag/01FG
https://stacks.math.columbia.edu/tag/01FP
https://stacks.math.columbia.edu/tag/01FK
https://stacks.math.columbia.edu/tag/01FM
https://stacks.math.columbia.edu/tag/0FLH

12 TONGMU HE

morphism [0] — [n] in A. Since f*Fy — F, is a m-isomorphism by assumption, we see that v F" — F,
is a m9-isomorphism.

For any 0 < ¢ < k, we denote by G; the restriction of F{ to the component U;, which is a quasi-coherent
Ox,-module of finite type by assumption. By 3.2.(1), there exists a 7'6-isomorphism G; — F’
that F’ is the filtered union of its quasi-coherent O x-submodules of finite type by [EGA I,ey, 6.9.9]. Thus,
there is a sufficiently large quasi-coherent Ox-submodule F of finite type such that the m!6-surjection
Gi — F'|v, factors through F|y, for any 0 < i < k. Thus, the inclusion F C F’ is w'¢-surjective, which
implies that the induced morphism v*F — F, is a m2°-isomorphism. O

Lemma 5.9. Under the assumptions in 5.6 and with the same notation, let F3 — G2 be a w-isomorphism
of complexes of quasi-coherent Ogy, (x,)-modules. Then, the map

(5.9.1) Tot(Corq(Xe, F2)) — Tot(Cora(Xe, G2))
is a m-isomorphism. In particular, it is a w2-quasi-isomorphism.

Proof. By taking sections on an affine scheme, F!(U;, N ---NU;,) = GI(Ui, N---NU;,) is still a -
isomorphism. This shows that (5.9.1) is a m-isomorphism. The second assertion follows from 3.2. g

Lemma 5.10. Under the assumptions in 5.6 and with the same notation, let a be an integer, Fg — Go
a morphism of complexes of quasi-coherent Ogy, (x,)-modules. Assume that for any 0 < n <k, the map
HY(F2) — HY(G?) is a w-isomorphism for any i > a and w-surjective for i = a. Then, the map

(5101) HZ(TOt( ord(X"]:.))) — HZ(TOt< ord(th )))

2(k+1)_

is a w5+ isomorphism for any i > a+ k and w -surjective for i =a+ k.

Proof. As the functor C’grd( ,—) (5.6.3) on quasi-coherent Oy, (x,)-modules is exact, we see that
HI(C? ((Xe, F2)) = CP (Xe, HI(F?)), where HI(F2) = (HI(Fy ))[njeob(A <) 18 a quasi-coherent Ogy, (x,)-
module. Thus, there is a spectral sequence

(5.10.2) Byt = HY(Cga(Xe, HI(F))) = HPT(Tot(Co,q(Xe, F2)))s

which is convergent, since C? ;(X,, Fd) = 0 unless 0 < p < k ([Sta22, 0132]).

Let ICg be the cone of F§ — G?. The assumption implies that Hi(IC:L) is m2-null for any 0 < n < k
and ¢ > a. The convergent spectral sequence (5.10.2) for K3 implies that for any i € Z, there is a finite
filtration of length < (k + 1) on H(Tot(C®.4(X.,K?))) whose graded pieces are subquotients of E5* ™7
where 0 < p < k. Since EL""? is 72-null for any i > a+ k, we see that H*(Tot(C®.,(X.,K2))) is w2*+1).
null for such ¢. The conclusion follows from the long exact sequence of cohomology groups associated to
the distinguished triangle in K(R),

(5.10.3)  Tot(Caa(Xe, F)) — Tot(Coa(Xae, G2)) — Tot(Cara(Xe, K3)) — Tot(Cora(Xa, F)I1].
O

Proposition 5.11. Under the assumptions in 5.6 and with the same notation, let a < b be two integers,
Fe a complex of quasi-coherent Ogy, (x,)-modules vanishing in degrees > b. Assume that

(1) R is Noetherian, and that
(2) the R-module HP(C®  (Xo, HI(F?))) is of m-finite type for any 0 < p <k and ¢ > a (see 4.11).

Then, the complex of R-modules Tot(C®

* ((Xe, F2)) is w-[a + k,b+ k]-pseudo-coherent for an integer
I > 0 depending only on b —a and k.

Proof. Consider the convergent spectral sequence (5.10.2). Notice that for any 0 < p < k and ¢ > a,
a subquotient of EL? = HP(C® ,(X., HY(F?))) is of m-finite type by 4.12.(2). Since there is a finite
filtration of length < (k + 1) on Hl(Tot(C'grd (X., F?))) whose graded pieces are subquotients of E2*?
where 0 < p < k, we see that H*(Tot(C2 4(Xe, Fe))) is of 7# T -finite type for any i > a + k by 4.12.(2).
As Tot(C® 4 (X,, F2)) vanishes in degrees > b+ k by definition, the conclusion follows from 4.13.(1). [
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6. ALMOST COHERENT MODULES

In this section, we fix a ring R with an ideal m such that for any integer [ > 1, the I-th powers of
elements of m generate m (in particular, m = m?, see [GR03, 2.1.6.(B)]). Let E be a site with a final
object *, and let O be a sheaf of R-algebras on E.

Definition 6.1 ([AG20, 2.7.3]). Let M be an O-module on E.

(1) We say that M is almost zero if it is w-null for any = € m. We say that a morphism f: M — N
of O-modules is an almost isomorphism if its kernel and cokernel are almost zero.

(2) We say that M is of w-finite type for some element m € R if there exists a covering {U; — *};er
in E such that for any ¢ € I there exist finitely many sections s1,...,s, € M(U;) such that the
induced morphism of O|y,-modules O%"|y;, — M|y, has m-null cokernel. We say that M is of
almost finite type if it is of w-finite type for any = € m.

(3) We say that M is almost coherent if M is of almost finite type, and if for any object U of E and
any finitely many sections s1,. .., s, € M(U), the kernel of the induced morphism of O|y-modules
0%y — M|y is an O|y-module of almost finite type.

We refer to Abbes-Gros [AG20, 2.7, 2.8] for a more detailed study of almost coherent modules. They
work in a slightly restricted basic setup for almost algebra [AG20, 2.6.1], but most of their arguments
still work in our setup (R, m) by adding the following lemmas.

Lemma 6.2. Let M be an O-module on E, and let w1, m9 € R. If M is of m;-finite type fori = 1,2, then
it is of (xzm + yms)-finite type for any x,y € R. In particular, if there exists an integer I > 1 such that
M s of m-finite type for any ™ € m, then M is of almost finite type.

Proof. The problem is local on E. We may assume that there exist morphisms of O-modules f; :
0®% — M (i = 1,2) with m;-null cokernels. Thus, the cokernel of f; @ fo : OF" § O®"2 — M is killed
by xm; + yme. The “in particular” part follows from the assumption that the ideal m is generated by the
subset {n! | 7 € m}. O

Lemma 6.3. Let M be an O-module.

(1) Assume that there exists an integer I > 1 such that for any m € m, there exists an almost coherent
O-module M, and a 7*-isomorphism M — M,. Then, M is almost coherent.

(2) Assume that there exists an integer I > 1 such that for any m € m, there exists an almost coherent
O-module M, and o w*-isomorphism M, — M. Then, M is almost coherent.

Proof. (1) The 7'-isomorphism M — M, induces a 7w2!-isomorphism M, — M by 3.2. Such an argument

shows that (1) implies (2). We also see that M is of 73 -finite type. Hence, M is of almost finite type by
6.2. For any object U of E, and any morphism of O|y-modules f : O®"|; — M|y, consider the following
commutative diagram

(6.3.1) 0 — > Ker(f) — = 0%, —L =

| ]

0 ——Ker(fr) —= 0"y — M

It is clear that Ker(f) — Ker(f) is a m'-isomorphism. Since M, is almost coherent by assumption,
Ker(f,) is of almost finite type. Hence, Ker(f) is of m3-finite type by the argument in the beginning.
Thus, Ker(f) is of almost finite type by 6.2. This verifies the almost coherence of M. O

We collect some basic properties about almost coherence that will be used in the rest of this article.
Their proofs are essentially given in [AG20], and we only give a brief sketch here.

Proposition 6.4 ([AG20, 2.7.16]). Let 0 — M; — My — M3 — 0 be an almost exvact sequence of
O-modules on E. If two of My, Ms, M3 are almost coherent, then so is the third.

Proof. Since almost isomorphisms preserve almost coherence by 6.3, we may assume that 0 — M; —
Ms; — Ms — 0 is exact.

Assume that My and M3 are almost coherent. Then, M; is of almost finite type by [AG20, 2.7.14.(iii)]
and 6.2. Hence, M; is almost coherent as a submodule of an almost coherent O-module M5 by definition.
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Assume that M; and M are almost coherent. Then, Mj is of almost finite type as a quotient of Ms.
Let U be an object of E. We need to show that any homomorphism f3 : O®"|; — M3|y has kernel
of m2-finite type for any m € m by 6.2. The problem is local on E. Thus, we may take a m-surjection
f1: 0%y — M|y and a lifting f} : OP"|y — M|y of f3. We put fo = (f1, f5) : O "y — Ms|y,
and obtain a morphism of short exact sequences

(6.4.1) 0 —— 0%y ——= O%m*1 |, — - 09", ——= 0
\Lfl \sz \sz),
0 M|y Myly —— Msly ——0

The snake lemma shows that Ker(fy) — Ker(f3) is m-surjective. Since Ker(f2) is of almost finite type as
My is almost coherent, we see that Ker(f3) is of m2-finite type.

Assume that M7 and M3 are almost coherent. Then, Ms is of almost finite type by [AG20, 2.7.14.(ii)]
and 6.2. Let U be an object of E. We need to show that any homomorphism fo : O%"|; — M|y
has kernel of 72-finite type for any # € m by 6.2. The problem is local on E. Thus, we may take a
m-surjection OP™|; — Ker(v o f3) as Ker(v o f2) is of almost finite type (Ms is almost coherent). Thus,
we obtain a commutative diagram

(6.4.2) L —t Mo 0
lfl lfQ
0 —— M|y —— M|y —— M3y 0

By snake lemma, we see that Ker(f;) — Ker(f2) is m-surjective. Since Ker(f1) is of almost finite type as
M is almost coherent, we see that Ker(f2) is of m2-finite type. O

Corollary 6.5 ([AG20, 2.7.17]). For any morphism f: M — N of almost coherent O-modules, Ker(f),
Im(f) and Coker(f) are almost coherent.

Corollary 6.6. Assume that O is almost coherent as an O-module. Then, any cohomology group of a
complex of finite free O-modules is almost coherent.

Proof. A finite free O-module is almost coherent by 6.4. Thus, a cohomology group of a complex of finite
free O-modules is almost coherent by 6.5. O

Proposition 6.7 ([AG20, 2.8.7]). Let X = Spec(A) be an affine scheme over R, let F be a quasi-coherent
Ox-module, and let m € m. Then, the Ox-module F is of w-finite type (resp. of almost finite type, almost
coherent) on the Zariski site of X if and only if the A-module F(X) is of w-finite type (resp. of almost
finite type, almost coherent) on the trivial site of a single point.

Proof. Tt is clear that the statement for “of w-finite type” implies that for “of almost finite type” and
thus implies that for “almost coherent”. It remains to show that for any 7 € m and any finitely many
elements fi,..., f, € A generating A as an ideal, an A-module M is of w-finite type if and only if the
Ay,-module My, is of m-finite type for any 1 < ¢ < n. The necessity is obvious. For the sufficiency,
we write M = J o My as a filtered union of its A-submodules of finite type. There exists \g € A
large enough such that My, s, — Mj, is a m-isomorphism for any 1 < ¢ < n. Hence, My, — M is a
m-isomorphism, which completes the proof. (I

Lemma 6.8 (cf. [Kie72, 2.2]). Let k € N, let Xo = (Xn)mjcob(a,) be a k-truncated simplicial affine
scheme over R, and let M, be a quasi-coherent Ox,-module. Assume that the Ox,-modules Ox, and M,
are almost coherent. Then, for any m € m, there exists a m-exact sequence of quasi-coherent Ox,-modules

(6.8.1) i FyV— F) — M,
such that F! is a finite free Ox, -module for any i <0 and 0 < n < k.

Proof. Firstly, we construct F,O. For each 0 < n < k, we take a finite free Ox, -module N, and a
m-surjection h,, : N,, = M, (as M, is of m-finite type, see 6.7). We put

(6.8.2) = oy @ N,.

0<m<k a€Homa ([m],[n])
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It forms naturally a finite free Ox,-module F?. There is a natural morphism F° — M,, defined on the
(m, a)-component by the composition
a* (hm
(6.8.3) @ N, T o, —— M,
It induces a m-surjective homomorphism of Ox,-modules F{ — M, (cf. the proof of [Kie72, 2.2]). Notice

that its kernel M, ! is also a quasi-coherent Ox,-module which is almost coherent by 6.5. Thus, we can
apply the previous procedure to M, ! and we construct F¢ inductively for any i < 0. (]

7. PROOF OF THE MAIN THEOREM
This section is devoted to proving the following theorem.

Theorem 7.1. Let R be a ring with an ideal m such that for any integer 1 > 1, the l-th powers of elements
of m generate m. Consider a flat proper morphism of finite presentation f : X — S between R-schemes.
Assume that Ox and Og are almost coherent as modules over themselves. Then, for any quasi-coherent
and almost coherent Ox-module M and any ¢ € N, R?f,. M is a quasi-coherent and almost coherent
Og-module.

Proof. The problem is local on S. Thus, we may assume that S = Spec(A) is affine. Since f is quasi-
compact and quasi-separated, R f, M is a quasi-coherent Og-module for any ¢ € N. Thus, it remains
to prove that H?(X, M) is an almost coherent A-module by 6.7. We write X as a finite union of affine
open subschemes X = |J,-,<, U; for some k € N>3, and consider the k-truncated Cech hypercovering
Xo = (Xn)mjcobacy) (see 5.6), where for any 0 < n <k,

(7.1.1) X.= [ U,n---nT;

0<ig, .., in <k

n)

which is a finite disjoint union of affine open subschemes of X as X is separated. Let v : X, — X denote
the augmentation.

We fix an element 7 € m and a negative integer a < —(k + 2) in the following, and take a sequence of
quasi-coherent Ox,-modules by 6.8,

(7.1.2) 00— F¢— - — Fol— F)— My ="M,
such that F3 — M, [0] is a m-[a, 0]-pseudo resolution (see 4.1) for any 0 < n < k. In other words, for any
a<i<O0and 0 <n <k,

(1) Fi is a finite free O, -module, and

(2) HY(F?) is w-null for any a < i < 0, and H°(F2) — M,, is a m-isomorphism.
For any morphism « : [m] — [n] in A<y (regarded also as a morphism X,, — X,,,), we denote by C? the
cone of the induced map o*F,,, — F,; of complexes of finite free Ox,-modules.

Lemma 7.2. For any morphism o : [m] — [n] in A<y, there exists a homomorphism of finite free
Ox, -modules st, : Ct, — Ci=1 for any i > a + 1 such that

(7.2.1) 74 ides = st odl +diH o s,
for any i > a+ 1, where i, : C!, — CF1 is the differential map.

Proof. We firstly note that C! = Fi @ o*FiF! is a finite free Ox, -module. In particular, C' vanishes
outside [a — 1,0]. By definition, H*(F?2) — H*(M,[0]) is a m-isomorphism for any i > a. Notice that the
induced map o* H*(M,,[0]) — H*(M,[0]) is an isomorphism since M, = v* M. Thus, the induced map
a*HY(Fs) — HY(Fp) is a w2-isomorphism of Ox, -modules for any i > a, which implies that H*(C?) is
m4null for any i > a. Thus, the conclusion follows directly from 3.3 (see (3.3.4)). O

Now we write A as a filtered union of finitely generated Z-subalgebras A = colimyecp Ay. By [EGA IV3,
8.5.2, 8.8.2, 8.10.5, 11.2.6], there exists an index A9 € A such that m € Ay,

(1) a flat proper morphism of finite presentation fy, : X, — Sy, = Spec(4,,) whose base change
along S — Sy, is f,
(2) affine open subschemes Uy, ; (0 < i < k) of X, whose base change along S — S,, is U,
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(3) a complex of finite free Ox, ,-modules 0 — F§ , — -+ — Fit

Noe 7 .7-'/(\)07. — 0 whose pullback

along S — Sy, is F2 (where X, o is the k-truncated Cech hypercovering associated to Xy, 0 =
o<i<r Unoii = Xxo), } } _

(4) a homomorphism of finite free Ox, ,-modules s} ,:C} ., — C;\gla for any ¢ > a + 1 and any
morphism « : [m] — [n] in A<y, such that

(7.2.2) e videg = sy Lody, o+ ditl o8y

for any ¢ > a + 1, where Cf G5 C’f\j)'la is the

differential map.

is the cone of @*F3 , — F3 ,,, and di

NeY Ao, *

We note that X, and S, are Noetherian schemes.

Lemma 7.3. For any morphism o : [m] — [n] in A<, the induced map of coherent Ox,  , -modules
@ HY(FY ) = HY(FY, ) is a m~**<isomorphism for any i > a + 2.

Proof. Tt follows directly from the relation (7.2.2). O

—100a

Lemma 7.4. For any i > a + 2, there exists a coherent OX)‘O -module Q;O and a -isomorphism

u/\UgAO — HY(Fy No.0)s Where vy, + Xy, o = X, is the augmentation.

Proof. 1t follows by applying directly 5.8 to the coherent Ox, ,-module H "(.7-';07.), whose condition is
satisfied by 7.3. |

Lemma 7.5. The Ay,-module H/(C2.4(Xx, e, HI(F3, .))) is of =2 finite type for any 0 <i <k and
j>a+2.

Proof. Notice that by (5.6.5) and 7.4, we have

(751) HZ( ord(XXO,HV;:U )) HZ(XAo’g,\O)
which is an Ay, -module of finite type, since X, is proper over the Noetherian scheme Spec(Ay,,). Thus,
HY(CS (X .05 j(}';m.))) is of 77200_finite type by 5.9 and 7.4. O

Lemma 7.6. The complex of Ay,-modules Tot(C®

*a(Xng.e, Fx ) is w-[a + k + 2, k]-pseudo-coherent
for an integer | > 0 depending only on a and k.

Proof. Tt follows directly from 5.11 whose conditions are satisfied by 7.5. (]

Lemma 7.7. The complex of A-modules Tot(C? 4
integer | > 0 depending only on a and k.

Proof. By 4.10 and 7.6, 7=(¢TF+2)(A @Y , Tot( C0d(Xxg.0: Fx,8))) is represented by a w'-la + k + 2, k]-
pseudo-coherent complex of A-modules for an integer [ > 0 depending only on a and k. Since fy, :
X, = S, is flat, A@Y Tot(C" (Xnp,00 Fxye)) is also represented by A®a4,, Tot(C’grd(XAm.,]:;O .)) =

ord

(Xo, F2)) is w-[a + k + 2, k]-pseudo-coherent for an

Tot(C®.4(Xe, F2)). Hence 72@k+2) (Tot (C® 4 (X, F2)) is 7-[a + k + 2, k]-pseudo-coherent for an in-
teger I > 0 depending only on a and k by 4.4. The conclusion follows from applying 4.3.(2) to
Tot(C8y(Xe, F2)) — 72042 (Tot(C2, 4 (X, F2))- O

Lemma 7.8. The complex of A-modules C® 4 (Xe, M) is 7' -[a+ k +2, k]-pseudo-coherent for an integer

ord
I > 0 depending only on a and k.

Proof. Since F¢§ — M[0] is a 7-[a, 0]-pseudo resolution, the map H*(Tot(C®.4(Xe, F2))) — H(C2 4(Xe, M)

is a 7+ jsomorphism for any i > a + k + 1 by 5.10. The conclusion follows from 43.(1)and 7.7. O
Recall that RI'(X, M) is represented by the ordered Cech complex Cgrd

(Xe, M) by (5.6.5). As we
have taken a < —(k + 2) in the beginning, we see that for any ¢ € N, H1(X, M) = HI(C* ;(Xe, M,))
is wl-isomorphic to the g-th cohomology H'? of a complex of finite free A-modules for an integer I > 0
depending only on a and k by 7.8 and 4.1 (taking a = —k —3 at first is actually enough for this argument).
Since A is an almost coherent A-module by applying 6.7 to Og, we see that H'? is an almost coherent
A-module by applying 6.6 to the trivial site of a single point with structural sheaf given by A. Since [ is
independent of the choice of 7 € m, the A-module H?(X, M) is almost coherent by 6.3, which completes

the proof of our main theorem 7.1. O
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8. REMARK ON ABBES-GROS’ CONSTRUCTION OF THE RELATIVE HODGE-TATE SPECTRAL
SEQUENCE

8.1. Let K be a complete discrete valuation field of characteristic 0 with algebraically closed residue field
of characteristic p > 0. Let (f,g) : (X" = X’) = (X° — X) be a morphism of open immersions of quasi-
compact and quasi-separated schemes over Spec(K) — Spec(Ok ). Consider the following conditions:
(1) The associated log schemes (X', #x/) and (X, .#x) endowed with the compactifying log struc-
tures are adequate in the sense of [AGT16, I11.4.7] (which holds for instance if the open immersions
X" — X’ and X° — X are semi-stable over Spec(K) — Spec(Ok), see [He21, 10.11]).
(2) The morphism of log schemes (X', #x/) — (X, .#x) is smooth and saturated.
(3) The morphism of schemes g : X’ — X is projective.
Under these assumptions, Abbes-Gros proved Faltings’ main p-adic comparison theorem in the relative
case for the morphism (f,g) [AG20, 5.7.4], and constructed a relative Hodge-Tate spectral sequence
[AG20, 6.7.5] (for an explicit local version, see [AG20, 6.9.6] and [He21, 1.4]). We explain that their proof
and construction are still valid if we replace the assumption (3) by the following assumption

(3)’ The morphism of schemes g : X’ — X is proper.

8.2. The assumption on the projectivity of g has been only used in the proof of [AG20, 5.3.31]. There,
they encountered a Cartesian diagram of schemes

~(0)

(8.2.1) X x
g(‘”)l g

where Y(OO) is an O-scheme such that OY(‘”) and OY,(M) are almost coherent as modules over themselves
([AG20, 5.3.5.(ii)]), and a quasi-coherent and almost coherent O~ -module &. For proving the almost

coherence of Rigioo)% , they applied [AG20, 2.8.18] where the assumption on the projectivity of g has
been used.

Now we replace the assumption (3) by the assumption (3)’, by replacing [AG20, 2.8.18] by our main
theorem 7.1. Indeed, the morphism ¢ is flat by the assumption (2) (see [Kat89, 4.5]), proper by the
assumption (3)’, of finite presentation by the assumptions (3)’ and (1) (as X is locally Noetherian).

Hence, so is the morphism ¢(°) by base change. Therefore, we deduce the almost coherence of Rig,(koo)%
from our main theorem 7.1.
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