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Abstract. For a flat proper morphism of finite presentation between schemes with almost coherent
structural sheaves (in the sense of Faltings), we prove that the higher direct images of quasi-coherent
and almost coherent modules are quasi-coherent and almost coherent. Our proof uses Noetherian ap-
proximation, inspired by Kiehl’s proof of the pseudo-coherence of higher direct images. Our result allows
us to extend Abbes-Gros’ proof of Faltings’ main p-adic comparison theorem in the relative case for pro-
jective log-smooth morphisms of schemes to proper ones, and thus also their construction of the relative
Hodge-Tate spectral sequence.
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1. Introduction

1.1. One of the first important results in algebraic geometry is the fact that the coherence for modules
is preserved by higher direct images by a proper morphism. The Noetherian case is due to Grothendieck
[EGA III1, 3.2.1], and the general case is due to Kiehl [Kie72, 2.9’]. The goal of this article is to extend
the following corollary to almost algebra, motivated by applications in p-adic Hodge theory.

Theorem 1.2 (Kiehl [Kie72, 2.9’], see [Abb10, 1.4.8]). Let f : X → S be a morphism of schemes
satisfying the following conditions:

(1) f is proper and of finite presentation, and
(2) OS is universally coherent.

Then, for any coherent OX-module M and any q ∈ N, Rqf∗M is a coherent OS-module.

We say that OS is universally coherent if there is a covering {Si = Spec(Ai)}i∈I of S by affine open
subschemes such that the polynomial algebra Ai[T1, . . . , Tn] is a coherent ring for any i ∈ I and n ∈ N.
Indeed, such a condition on OS implies that the coherent OX -module M is actually pseudo-coherent
relative to S, which roughly means that if we embed X locally as a closed subscheme of An

Si
, then M

admits a resolution by finite free modules over An
Si

. Theorem 1.2 is a direct corollary of Kiehl’s result
[Kie72, 2.9’], saying that the derived pushforward Rf∗ sends a relative pseudo-coherent complex to a
pseudo-coherent complex.

1.3. Almost algebra was introduced by Faltings [Fal88, Fal02] for the purpose of developing p-adic Hodge
theory. The setting is a pair (R,m) consisting of a ring R with an ideal m such that m = m2, and the
rough idea is to replace the category of R-modules by its quotient by m-torsion modules. An “almost”
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analogue of Theorem 1.2 is necessary for Faltings’ approach to p-adic Hodge theory. Indeed, under the
same assumptions of 1.2, Abbes-Gros [AG20, 2.8.14] proved that Rqf∗ sends a quasi-coherent and almost
coherent OX -module to a quasi-coherent and almost coherent OS-module, by reducing directly to 1.2.
This result plays a crucial role in the proof of Faltings’ main p-adic comparison theorem in the absolute
case (see [AG20, 4.8.13]), and thus of the Hodge-Tate decomposition (see [AG20, 6.4.14]). Later, Zavyalov
[Zav21, 5.1.6] extended the same almost coherence result to formal schemes.

However, the almost coherence result [AG20, 2.8.14] is not enough for Faltings’ main p-adic compar-
ison theorem in the relative case (thus neither for the relative Hodge-Tate spectral sequence), since we
inevitably encounter the situation where OS is universally almost coherent but not universally coherent.
Thus, under the assumptions that

(1) f is projective, flat and of finite presentation, and that
(2) OS is universally almost coherent,

Abbes-Gros proved an almost coherence result [AG20, 2.8.18] by adapting the arguments of [SGA 6,
III.2.2], where the projectivity condition on f plays a crucial role. This is the reason why Faltings’ main
p-adic comparison theorem in the relative case (and thus the relative Hodge-Tate spectral sequence) was
only proved for projective log-smooth morphisms in [AG20, 5.7.4 (and 6.7.5)].

1.4. In this article, we generalize the almost coherence result [AG20, 2.8.18] to proper morphisms, which
allows us to extend Abbes-Gros’ proof of Faltings’ main p-adic comparison theorem in the relative case
to proper log-smooth morphisms, and thus also their construction of the relative Hodge-Tate spectral
sequence (see Section 8).

Let R be a ring with an ideal m such that for any integer l ≥ 1, the l-th powers of elements of m
generate m. The pair (R,m) will be our basic setup for almost algebra (see Section 6). The main theorem
of this article is the following

Theorem 1.5 (see 7.1). Let f : X → S be a morphism of R-schemes satisfying the following conditions:
(1) f is proper, flat and of finite presentation, and
(2) OX and OS are almost coherent.

Then, for any quasi-coherent and almost coherent OX-module M and any q ∈ N, Rqf∗M is a quasi-
coherent and almost coherent OS-module.

Our proof is close to Kiehl’s proof of [Kie72, 2.9], see Section 7. We roughly explain our ideas in the
following:

(1) We may assume without loss of generality that S is affine. AsM is not of finite presentation over
X in general, we couldn’t descend it by Noetherian approximation. But M is almost coherent,
for any π ∈ m we can “π-resolve”M over a truncated Čech hypercovering X• = (Xn)[n]∈∆≤k

(by
affine open subschemes) of X by finite free modules F•

• as in [Kie72, 2.2], where each F•
n is a

“resolution” of M|Xn
modulo π-torsion, see Section 6. By Noetherian approximation, we obtain

a proper flat morphism fλ : Xλ → Sλ of Noetherian schemes together with a complex of finite
free modules F•

λ,• over a truncated Čech hypercovering of Xλ descending f and F•
• .

(2) As in [Kie72, 1.4], the descent data ofM over X• are encoded as null homotopies of the multipli-
cation by a certain power of π on the cone of α∗F•

m → F•
n (where α : [m]→ [n] is a morphism in

the truncated simplicial category ∆≤k), see Section 3. We can descend the latter by Noetherian
approximation, from which we produce some coherent modules over Xλ, see Section 5.

(3) Applying the classical coherence result for fλ : Xλ → Sλ, we see that the Čech complex of F•
λ,• is

“pseudo-coherent” modulo certain power of π, see Section 4. The same thing holds for the Čech
complex of F•

• by base change (due to the flatness of fλ). Since this Čech complex computes
RΓ(X,M) up to certain degree and modulo certain power of π, the conclusion follows by varying
π in m.

Acknowledgements. This work was completed while I was a doctoral student at Université Paris-
Saclay and Institut des Hautes Études Scientifiques, under the supervision of Ahmed Abbes. I am
deeply grateful to him for posing the question, conducting a meticulous review of this work, and offering
numerous helpful suggestions. Additionally, I would like to extend my appreciation to the anonymous
referee for their incredibly thorough examination and detailed feedback, which have further enhanced the
clarity and depth of this article.
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2. Notation and Conventions

2.1. All rings considered in this article are unitary and commutative.

2.2. Let A be an abelian category. When we consider “a complex in A ”, we always refer to a cochain
complex in A , and we denote it by M• with differential maps dn : Mn →Mn+1 (n ∈ Z). For any a ∈ Z,
we denote by τ≥aM• (resp. σ≥aM•) the canonical (resp. stupid) truncation of M•, see [Sta22, 0118].

2.3. Let ∆ be the category formed by finite ordered sets [n] = {0, 1, . . . , n} (n ∈ N) with non-decreasing
maps ([Sta22, 0164]). For k ∈ N ∪ {∞}, we denote by ∆≤k the full subcategory of ∆ formed by objects
[0], [1], . . . , [k]. For a category C, a contravariant functor from ∆≤k to C sending [n] to Xn is called a
k-truncated simplicial object of C, denoted by X•. Let P be a property for objects of C. We say that X•
has property P if each Xn has property P.

3. Isomorphisms up to Bounded Torsion

In this section, we fix a ring R and an element π of R. Consider an abelian category A with a ring
homomorphism R → End(idA ), where End(idA ) is the ring of endomorphisms of the identity functor.
Thus, π defines a functorial endomorphism on any object M of A . We denote by K(A ) the homotopy
category of complexes in A .

Definition 3.1. (1) We say that an object M in A is π-null if it is annihilated by π. We say that
a morphism f : M → N in A is a π-isomorphism if its kernel and cokernel are π-null.

(2) We say that a complex M• in A is π-exact if the cohomology group Hn(M•) is π-null for any
n ∈ Z. We say that a morphism of complexes f : M• → N• in A is a π-quasi-isomorphism if it
induces a π-isomorphism on the cohomology groups Hn(f) : Hn(M•)→ Hn(N•) for any n ∈ Z.

Lemma 3.2 ([AG20, 2.6.3]). Let f : M → N be a morphism in A .
(1) If there exists a morphism g : N →M in A such that g ◦ f = π · idM and f ◦ g = π · idN , then f

is a π-isomorphism.
(2) If f is a π-isomorphism, then π · idN and π · idM uniquely factor through N → Im(f) and

Im(f) → M respectively, whose composition g : N → M satisfies that g ◦ f = π2 · idM and
f ◦ g = π2 · idN . In particular, the morphism g is functorial in f .

Lemma 3.3. Let f : M• → N• be a morphism of complexes in A . Assume the following conditions:
(1) for any i > 0, M i = N i = 0;
(2) there is n ∈ N such that for any −n ≤ i ≤ 0, M i is projective and π ·Hi(N•) = 0.

Then, there exists a morphism si : M i → N i−1 for any −n ≤ i ≤ 0, such that
π1−i · f i = π · si+1 ◦ di + di−1 ◦ si(3.3.1)

as morphisms from M i to N i, where we put s1 = 0. In particular, the morphism of canonically truncated
complexes

πn+1 · f : τ≥−nM• −→ τ≥−nN•(3.3.2)
is homotopic to zero.

Proof. We construct si by induction. Setting 0 = s1 = s2 = · · · , we may assume that we have already
constructed the homomorphisms for any degree strictly bigger than i with identities (3.3.1). As π−i ·
f i+1 = π · si+2 ◦ di+1 + di ◦ si+1, we see that

di ◦ (π−i · f i − si+1 ◦ di) = π−i · f i+1 ◦ di − (π−i · f i+1 − π · si+2 ◦ di+1) ◦ di = 0.(3.3.3)

Thus, the map π−i · f i − si+1 ◦ di : M i → N i factors through Ker(di : N i → N i+1). The assumption π ·
Hi(N•) = 0 implies that the map π1−i ·f i−π ·si+1◦di : M i → N i factors through Im(di−1 : N i−1 → N i).
As M i is projective, there exists a morphism si : M i → N i−1 such that π1−i · f i−π · si+1 ◦di = di−1 ◦ si,
which completes the induction. In particular, for any i ≥ −n, we have

πn+1 · f i = (πn+i+1 · si+1) ◦ di + di−1 ◦ (πn+i · si).(3.3.4)

Recall that τ≥−nM• = (0 → M−n/Im(d−n−1) → M1−n → · · · → M0 → 0). Thus, we see that
πn+1 · f : τ≥−nM• → τ≥−nN• is homotopic to zero. □

https://stacks.math.columbia.edu/tag/0118
https://stacks.math.columbia.edu/tag/0164
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Proposition 3.4. Let P • be a complex of projective objects in A , and let M• be a π-exact complex
in A . Assume that there are integers a ≤ b such that P i and M i vanish for any i /∈ [a, b]. Then, the
R-module HomK(A )(P

•,M•) is πb−a+1-null.

Proof. It follows directly from 3.3. □
Corollary 3.5. Let P • be a complex of projective objects in A , and let f : M• → N• be a π-quasi-
isomorphism of complexes in A . Assume that there are integers a ≤ b such that P i, M i and N i

vanish for any i /∈ [a, b]. Then, the map HomK(A )(P
•,M•) → HomK(A )(P

•, N•) induced by f is a
π2(b−a+3)-isomorphism of R-modules.

Proof. There is an exact sequence of R-modules
HomK(A )(P

•, C•[−1])→ HomK(A )(P
•,M•)→ HomK(A )(P

•, N•)→ HomK(A )(P
•, C•)(3.5.1)

where C• is the cone of f ([Sta22, 0149]). As C• and C•[−1] are π2-exact and vanish outside [a−1, b+1],
the outer two R-modules are π2(b−a+3)-null by 3.4, whence we draw the conclusion. □
Lemma 3.6. Let g : P • → N• and f : M• → N• be morphisms of complexes in A . Assume that there
are integers a ≤ b such that

(1) M i = N i = 0 for any i > b, and that
(2) P i is projective for any i ∈ [a, b] and zero for any i /∈ [a, b], and that
(3) the map Hi(f) : Hi(M•)→ Hi(N•) is a π-isomorphism for i > a and π-surjective for i = a.

Then, π2(b−a+1) · g lies in the image of the map HomK(A )(P
•,M•)→ HomK(A )(P

•, N•) induced by f .

Proof. Let C• be the cone of f , and let ι : N• → C• be the canonical morphism. Applying the homological
functor HomD(A )(P

•,−) to the distinguished triangle τ≤a−1C• → C• → τ≥aC• → (τ≤a−1C•)[1] in the
derived category D(A ), we obtain an exact sequence of R-modules ([Sta22, 0149, 064B])

HomK(A )(P
•, τ≤a−1C•)→ HomK(A )(P

•, C•)→ HomK(A )(P
•, τ≥aC•).(3.6.1)

The first term is zero by assumption (2), and τ≥aC• is π2-exact by assumption (3). As τ≥aC• vanishes
outside [a, b] by assumption (1), the third term is π2(b−a+1)-null by 3.4. We see that π2(b−a+1) · (ι ◦ g) is
zero in HomK(A )(P

•, C•). Therefore, the conclusion follows from the exact sequence ([Sta22, 0149])
HomK(A )(P

•,M•)→ HomK(A )(P
•, N•)→ HomK(A )(P

•, C•).(3.6.2)
□

4. Pseudo-coherence up to Bounded Torsion

In this section, we fix integers a ≤ b, a ring R and an element π of R. We remark that the universal
bound l that shall appear in each statement of this section depends only on the difference b− a but not
on R or π.

Definition 4.1. Let M• be a complex of R-modules.
(1) A π-[a, b]-pseudo resolution of M• is a morphism f : P • →M• of complexes of R-modules, where

P • is a complex of finite free R-modules such that P i = 0 for any i /∈ [a, b], and where the map
of cohomology groups Hi(f) : Hi(P •) → Hi(M•) is a π-isomorphism for i > a and π-surjective
for i = a.

(2) We say that M• is π-[a, b]-pseudo-coherent if M i = 0 for any i > b and if it admits a π-[a, b]-
pseudo resolution. We say that an R-module M is π-[a, b]-pseudo-coherent if the complex M [0]
is π-[a, b]-pseudo-coherent.

We follow the presentation of [Sta22, 064N] to establish some basic properties of this notion. The
author does not know whether this notion is Zariski local on R or not (cf. [Sta22, 066D]). This ad hoc
notion only serves for the proof of our main theorem.

Lemma 4.2. For any integers a′ ≥ a and b′ ≥ b with a′ ≤ b′, a π-[a, b]-pseudo-coherent complex of
R-modules is also π-[a′, b′]-pseudo-coherent.

Proof. We only need to treat the case a = a′ and the case b = b′ separately. If a = a′, then it is clear that
M i = 0 for any i > b′ and a π-[a, b]-pseudo resolution of M• is also a π-[a, b′]-pseudo resolution. If b = b′,
then a π-[a, b]-pseudo resolution P • →M• induces a π-[a′, b]-pseudo resolution σ≥a′

P • →M•. □

https://stacks.math.columbia.edu/tag/0149
https://stacks.math.columbia.edu/tag/0149
https://stacks.math.columbia.edu/tag/064B
https://stacks.math.columbia.edu/tag/0149
https://stacks.math.columbia.edu/tag/064N
https://stacks.math.columbia.edu/tag/066D


ALMOST COHERENCE OF HIGHER DIRECT IMAGES 5

Lemma 4.3. Let M• and N• be complexes of R-modules vanishing in degrees > b, and let α : M• → N•

be a morphism inducing a π-isomorphism on cohomology groups Hi(α) : Hi(M•) → Hi(N•) for any
i ≥ a.

(1) If M• is π-[a, b]-pseudo-coherent, then N• is π2-[a, b]-pseudo-coherent.
(2) If N• is π-[a, b]-pseudo-coherent, then M• is πl-[a, b]-pseudo-coherent for an integer l ≥ 0 de-

pending only on b− a.

Proof. (1) We take a π-[a, b]-pseudo resolution f : P • → M•. In particular, Hi(f) is a π-isomorphism
for any i > a and π-surjective for i = a. Hence, Hi(α ◦ f) = Hi(α) ◦Hi(f) is π2-isomorphism for any
i > a and π2-surjective for i = a, which shows that α ◦ f : P • → N• is a π2-[a, b]-pseudo resolution.

(2) Let g : P • → N• be a π-[a, b]-pseudo resolution. We obtain from 3.6 a morphism f : P • → M•

lifting πl · g up to homotopy for l = 2(b− a+ 1). Thus, for any i ∈ Z, we have

Hi(πl · g) = Hi(α) ◦Hi(f).(4.3.1)

Notice that Hi(πl · g) is a πl+1-isomorphism for i > a and πl+1-surjective for i = a, and that Hi(α) is
a π-isomorphism for i ≥ a. We see that Hi(f) is a πl+2-isomorphism for i > a and πl+2-surjective for
i = a. Thus, f : P • →M• is a πl+2-[a, b]-pseudo resolution. □

Proposition 4.4. Let M• and N• be two complexes of R-modules vanishing in degree > b. Assume that
they are isomorphic in the derived category D(R). Then, if M• is π-[a, b]-pseudo-coherent, then N• is
πl-[a, b]-pseudo-coherent for an integer l ≥ 0 depending only on b− a.

Proof. Let P • → N• be a bounded above projective resolution with the same top degree. The assumption
implies that there is a quasi-isomorphism of complexes P • →M• ([Sta22, 064B]). The conclusion follows
from applying 4.3 to P • →M• and P • → N•. □

Lemma 4.5. Let α : M•
1 →M•

2 be a morphism of π-[a, b]-pseudo-coherent complexes of R-modules. Given
π-[a, b]-pseudo resolutions fi : P

•
i → M•

i (i = 1, 2), there exists a morphism of complexes α′ : P •
1 → P •

2

such that (πl · α) ◦ f1 is homotopic to f2 ◦ α′ for an integer l ≥ 0 depending only on b− a.

Proof. It follows directly from 3.6. □

Lemma 4.6. Let M•
1

α−→ M•
2

β−→ M•
3

γ−→ M•
1 [1] be a distinguished triangle in the homotopy category

K(R). Assume that M•
1 is π-[a+ 1, b+ 1]-pseudo-coherent, M•

2 is π-[a, b]-pseudo-coherent, and M i
3 = 0

for any i > b. Then, M•
3 is πl-[a, b]-pseudo-coherent for an integer l ≥ 0 depending only on b− a.

Proof. We take a π-[a + 1, b + 1]-pseudo resolution f1 : P •
1 → M•

1 and a π-[a, b]-pseudo resolution
f2 : P •

2 → M•
2 . By 4.5, there exists a morphism α′ : P •

1 → P •
2 lifting πl · α in K(R) for an integer l ≥ 0

depending only on b−a. If we denote its cone by P •
3 , then we have a morphism of distinguished triangles

in K(R).

P •
1

α′
//

πl·f1
��

P •
2

β′
//

f2

��

P •
3

γ′
//

f3

��

P •
1 [1]

πl·f1[1]
��

M•
1

α // M•
2

β // M•
3

γ // M•
1 [1]

(4.6.1)

Let C•
1 , C•

2 , C•
3 be the cones of πl · f1, f2, f3 respectively. We obtain a distinguished triangle C•

1 →
C•

2 → C•
3 → C•

1 [1] in K(R) ([Sta22, 05R0]). By assumption, τ≥(a+1)C•
1 is π2(l+1)-exact and τ≥aC•

2

is π2-exact. Thus, we see that τ≥aC•
3 is π2(l+2)-exact. As P •

3 vanishes outside [a, b], P •
3 → M•

3 is a
π2(l+2)-[a, b]-pseudo resolution. □

Proposition 4.7. Let 0 −→M•
1

α−→M•
2

β−→M•
3 −→ 0 be an exact sequence of complexes of R-modules.

(1) Assume that M•
1 is π-[a + 1, b + 1]-pseudo-coherent and M•

2 is π-[a, b]-pseudo-coherent. Then,
M•

3 is πl-[a, b]-pseudo-coherent for an integer l ≥ 0 depending only on b− a.
(2) Assume that M•

1 and M•
3 are π-[a, b]-pseudo-coherent. Then, M•

2 is πl-[a, b]-pseudo-coherent for
an integer l ≥ 0 depending only on b− a.

(3) Assume that M•
2 is π-[a − 1, b − 1]-pseudo-coherent and M•

3 is π-[a − 2, b − 1]-pseudo-coherent.
Then, M•

1 is πl-[a− 1, b]-pseudo-coherent for an integer l ≥ 0 depending only on b− a.

https://stacks.math.columbia.edu/tag/064B
https://stacks.math.columbia.edu/tag/05R0
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Proof. Let C• be the cone of α : M•
1 → M•

2 . Then, the natural morphism C• → M•
3 is a quasi-

isomorphism.
(1) In this case, M i

3 = 0 and Ci = 0 for any i > b, and actually C• is πl-[a, b]-pseudo-coherent for an
integer l ≥ 0 depending only on b− a by applying 4.6 to the distinguished triangle M•

1 → M•
2 → C• →

M•
1 [1] in K(R). Thus, M•

3 is π2l-[a, b]-pseudo-coherent by 4.3.(1).
(2) In this case, M i

2 = 0 and Ci = 0 for any i > b, and C• is πl-[a, b]-pseudo-coherent for an integer
l ≥ 0 depending only on b − a by 4.3.(2). Thus, M•

2 is πl-[a, b]-pseudo-coherent for an integer l ≥ 0
depending only on b − a by applying 4.6 to the distinguished triangle C•[−1] → M•

1 → M•
2 → C• in

K(R).
(3) In this case, M i

1 = 0 and Ci = 0 for any i > b−1, and C• is πl-[a−2, b−1]-pseudo-coherent for an
integer l ≥ 0 depending only on b− a by 4.3.(2). Thus, M•

1 is πl-[a− 1, b]-pseudo-coherent for an integer
l ≥ 0 depending only on b− a by applying 4.6 to the distinguished triangle M•

2 [−1]→ C•[−1]→M•
1 →

M•
2 in K(R). □

Corollary 4.8. Let M• be a complex of R-modules vanishing in degrees > b. Assume that the cohomology
group Hi(M•) is π-[a− i, b− i]-pseudo-coherent for any i ∈ [a, b]. Then, M• is πl-[a, b]-pseudo-coherent
for an integer l ≥ 0 depending only on b− a.

Proof. We proceed by induction on b−a. If a = b, then τ≥aM• = Ha(M•)[−a] is π-[a, b]-pseudo-coherent
by assumption. Thus, M• is πl-[a, b]-pseudo-coherent for an integer l ≥ 0 depending only on b − a by
4.3.(2). In general, consider the exact sequence of complexes of R-modules

0 −→ τ≤(b−1)M• −→M• −→ (M b−1/Ker(db−1)[1− b]→M b[−b]) −→ 0.(4.8.1)

As the natural morphism of complexes N• = (M b−1/Ker(db−1)[1 − b] → M b[−b]) → Hb(M•)[−b] is a
quasi-isomorphism, N• is πl-[a, b]-pseudo-coherent for an integer l ≥ 0 depending only on b−a by 4.3.(2).
Notice that τ≤(b−1)M• is πl-[a, b]-pseudo-coherent for an integer l ≥ 0 depending only on b − a − 1 by
induction. The conclusion follows from 4.7.(2). □

Lemma 4.9. Let M• be a π-exact complex of R-modules vanishing outside [a, b], and let N• be a complex
of R-modules. Then, M• ⊗L

R N• is πl-exact (i.e. any complex representing the derived tensor product
M• ⊗L

R N• is πl-exact) for an integer l ≥ 0 depending only on b− a.

Proof. We proceed by induction on b− a. If a = b, then the multiplication by π on M• = Ha(M•)[−a]
factors through zero. Hence, M• ⊗L

R N• is π-exact. In general, consider the distinguished triangle in the
derived category D(R),

(τ≤(b−1)M•)⊗L
R N• −→M• ⊗L

R N• −→ Hb(M•)[−b]⊗L
R N• −→ (τ≤(b−1)M•)⊗L

R N•[1].(4.9.1)

Notice that (τ≤(b−1)M•) ⊗L
R N• is πl-exact for an integer l ≥ 0 depending only on b − a by induction.

By the long exact sequence of cohomology groups, we see that M•⊗L
R N• is πl-exact for an integer l ≥ 0

depending only on b− a. □

Proposition 4.10. Let M• be a π-[a, b]-pseudo-coherent complex of R-modules, and let S be an R-
algebra. Then, τ≥a(S ⊗L

R M•) is represented by a πl-[a, b]-pseudo-coherent complex of S-modules for an
integer l ≥ 0 depending only on b− a.

Proof. We take a bounded above flat resolution F • →M• with the same top degree. By 4.3.(2), σ≥a−1F •

is a πl-[a, b]-pseudo-coherent complex of flat R-modules for an integer l ≥ 0 depending only on b − a.
Let P • → σ≥a−1F • be a πl-[a, b]-pseudo resolution, and let C• be its cone. Consider the distinguished
triangle in K(S),

S ⊗R P • −→ S ⊗R σ≥a−1F • −→ S ⊗R C• −→ S ⊗R P •[1].(4.10.1)

Notice that τ≥aC• is a π2l-exact complex vanishing outside [a, b] and that S ⊗R C• ∼= S ⊗L
R C• in D(S)

by construction. After enlarging l by 4.9, we may assume that τ≥a(S ⊗R C•) = τ≥a(S ⊗L
R τ≥aC•) is

πl-exact. By the long exact sequence associated to (4.10.1), we see that S ⊗R P • → S ⊗R σ≥a−1F • is a
π2l-[a, b]-pseudo resolution of complexes of S-modules, and thus so is the composition

S ⊗R P • −→ S ⊗R σ≥a−1F • −→ τ≥a(S ⊗R σ≥a−1F •) = τ≥a(S ⊗R F •),(4.10.2)

where the target is a complex of S-modules representing τ≥a(S⊗L
RM•) and vanishing in degrees > b. □
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Definition 4.11. Let M be an R-module. We say that M is of π-finite type if there exists n ∈ N and a
π-surjective R-linear homomorphism R⊕n →M .

This definition is a special case of 6.1 below.

Lemma 4.12. Assume that R is Noetherian. Let M be an R-module.
(1) If M is of π-finite type, then it is π-[a, b]-pseudo-coherent for any integers a ≤ 0 ≤ b. Conversely,

if M is π-[a, b]-pseudo-coherent for some integers a ≤ 0 ≤ b, then M is of π-finite type.
(2) If M is of π-finite type, then so are its subquotients. Conversely, if M admits a finite filtration

of length l ([Sta22, 0121]) whose graded pieces are of π-finite type, then M is of πl-finite type.

Proof. (1) If M is of π-finite type, then there is a finitely generated R-submodule N of M such that
πM ⊆ N . Since R is Noetherian, N is pseudo-coherent ([Sta22, 066E]). Hence, M is π-[a, b]-pseudo-
coherent for any integers a ≤ 0 ≤ b. Conversely, if M is π-[a, b]-pseudo-coherent, we take a π-[a, b]-
pseudo resolution P • →M [0]. As a subquotient of a finitely generated R-module, H0(P •) is also finitely
generated as R is Noetherian. Hence, M = H0(M [0]) is of π-finite type.

(2) Let N be a finitely generated R-submodule of M such that πM ⊆ N . Let M0 ⊆ M1 be two
R-submodules of M . Notice that N ∩M1 is a finitely generated R-module as R is Noetherian. The
conclusion follows from the π-surjectivity of N ∩M1 →M1/M0. Conversely, assume that there is a finite
filtration 0 = M0 ⊆M1 ⊆ · · · ⊆Ml = M such that Mi+1/Mi is of π-finite type. Then, we see that M is
of πl-finite type by inductively using [AG20, 2.7.14.(ii)]. □

Proposition 4.13. Assume that R is Noetherian. Let M• be a complex of R-modules.
(1) If Hi(M•) is of π-finite type for any i ≥ a and if M i = 0 for any i > b, then M• is πl-[a, b]-

pseudo-coherent for an integer l ≥ 0 depending only on b− a.
(2) If M• is π-[a, b]-pseudo-coherent, then Hi(M•) is of π-finite type for any i ≥ a.

Proof. (1) follows from 4.12.(1) and 4.8; and (2) follows from the same argument of 4.12.(1). □

5. Glueing Sheaves up to Bounded Torsion

In this section, we fix a ring R and an element π of R.

5.1. Let E/C be a fibred site, and let O = (Oα)α∈Ob(C) be a sheaf of R-algebras over the total site
E ([SGA 4II, VI.7.4.1]). We say that an O-module F = (Fα)α∈Ob(C) on E is π-Cartesian, if for every
morphism f : β → α in C, the induced map f∗Fα → Fβ is a π-isomorphism of Oβ-modules.

5.2. Let E be a category. Recall that a semi-representable object of E is a family {Ui}i∈I of objects of
E. A morphism {Ui}i∈I → {Vj}j∈J of semi-representable objects of E is given by a map α : I → J and
for every i ∈ I a morphism fi : Ui → Vα(i) ([Sta22, 01G0]). Assume that E is a site ([SGA 4I, II.1.1.5])
where fibred products are representable. For a semi-representable object K = {Ui}i∈I of objects of E, let
E/K =

⨿
i∈I E/Ui

be the disjoint union of the localizations of E at Ui ([Sta22, 09WK]). We note that for
any morphism K ′ → K of semi-representable objects of E, the canonical morphism of sites E/K′ → E/K

induced by the cocontinuous forgetful functor E/K′ → E/K is also induced by the continuous base change
functor E/K → E/K′ ([Sta22, 0D85, 0D87]).

Let r ∈ N ∪ {∞}. For an r-truncated simplicial semi-representable object K• = (Kn)[n]∈Ob(∆≤r) of E
(where each Kn is a semi-representable object of E), we denote by E/K• the fibred site over the r-truncated
simplicial category ∆≤r whose fibre over [n] is E/Kn

([Sta22, 0D8A]). We denote by ν : E/K• → E the
augmentation, and by νn : E/Kn

→ E the corresponding morphism of sites for any n ∈ N≤r ([Sta22,
0D8B]).

Lemma 5.3. Let E be a site where fibred products are representable, let

Y ′ g′
//

f ′

��

X ′

f

��
Y

g // X

(5.3.1)

https://stacks.math.columbia.edu/tag/0121
https://stacks.math.columbia.edu/tag/066E
https://stacks.math.columbia.edu/tag/01G0
https://stacks.math.columbia.edu/tag/09WK
https://stacks.math.columbia.edu/tag/0D85
https://stacks.math.columbia.edu/tag/0D87
https://stacks.math.columbia.edu/tag/0D8A
https://stacks.math.columbia.edu/tag/0D8B
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be a commutative diagram in E, and let F a sheaf on E/X′ . Then, the following diagram is commutative

f ′
∗f

′∗g∗f∗F
∼ // f ′

∗g
′∗f∗f∗F

f ′
∗g

′∗βf |F
��

g∗f∗F

αf′ |g∗f∗F

OO

g∗f∗αg′ |F
��

f ′
∗g

′∗F

g∗f∗g
′
∗g

′∗F ∼ // g∗g∗f ′
∗g

′∗F

βg|f′
∗g′∗F

OO

(5.3.2)

where αf ′ (resp. αg′) is the adjunction morphism id → f ′
∗f

′∗ (resp. id → g′∗g
′∗), βf (resp. βg) is the

adjunction morphism f∗f∗ → id (resp. g∗g∗ → id), and the horizontal isomorphisms are induced by the
canonical isomorphisms f ′∗g∗

∼−→ (g◦f ′)∗ = (f ◦g′)∗ ∼←− g′∗f∗ and f∗g
′
∗

∼−→ (f ◦g′)∗ = (g◦f ′)∗
∼←− g∗f

′
∗.

We call the morphism

g∗f∗F −→ f ′
∗g

′∗F(5.3.3)

defined by the composition in either upper or lower way of (5.3.2) the base change morphism.
Moreover, if the diagram (5.3.1) is Cartesian, then the base change morphism g∗f∗F → f ′

∗g
′∗F is an

isomorphism.

Proof. As (E/U )U∈Ob(E) forms a fibred site over E ([SGA 4II, VI.7.3.2]), the commutativity of (5.3.2) is
a special case of [SGA 4III, XVII.2.1.3] applied to the asssociated fibred topos. One can also check it by
unwinding the definitions. Indeed, for any object V of E/Y , we have

g∗f∗F(V/Y ) = f∗F(V/X) = F(V ×X X ′/X ′),(5.3.4)
f ′
∗g

′∗F(V/Y ) = g′∗F(V ×Y Y ′/Y ′) = F(V ×Y Y ′/X ′).(5.3.5)

One can check by definitions that the composition g∗f∗F(V/Y )→ f ′
∗g

′∗F(V/Y ) in either upper or lower
way of (5.3.2) coincides with the restriction map of F along the canonical morphism V ×Y Y ′ → V ×X X ′

over X ′. Moreover, if the diagram (5.3.1) is Cartesian, then V ×Y Y ′ → V ×X X ′ is an isomorphism so
that g∗f∗F(V/Y )→ f ′

∗g
′∗F(V/Y ) is an isomorphism. □

Proposition 5.4. Let E be a site where fibred products are representable, let O be a sheaf of R-algebras
on E, and let {Ui → X}i∈I be a covering in E. Consider the 2-truncated Čech hypercovering ([Sta22,
01G6])

K• = ({Ui ×X Uj ×X Uk}i,j,k∈I
// //// {Ui ×X Uj}i,j∈I

////oooo {Ui}i∈I),oo(5.4.1)

regarded as a 2-truncated simplicial semi-representable object of E/X . Let F• = (Fn)[n]∈∆≤2
be a π-

Cartesian O/K•-module over the 2-truncated simplicial ringed site E/K• , and we put F = ν∗F• where
ν : E/K• → E/X is the augmentation. Then, the canonical map ν∗0F → F0 is a π8-isomorphism.

Proof. For any i, j, k ∈ I, we denote by fi : Ui → X, fij : Ui ×X Uj → X, fijk : Ui ×X Uj ×X Uk → X
the canonical morphisms, and denote by Gi, Gij , Gijk the restrictions of F0, F1, F2 to Ui, Ui ×X Uj ,
Ui ×X Uj ×X Uk respectively. By definition ([Sta22, 09WM]), we have

F = Eq(
∏
j∈I

fj∗Gj ⇒
∏
j,k∈I

fjk∗Gjk).(5.4.2)

We need to show that the canonical map (note that the restriction functor f∗
i of sheaves commute with

any limits as it admits a left adjoint fi!),

f∗
i F = Eq(

∏
j∈I

f∗
i fj∗Gj ⇒

∏
j,k∈I

f∗
i fjk∗Gjk) −→ Gi(5.4.3)

given by composing the projection on the i-th component with the adjunction morphism f∗
i fi∗Gi → Gi, is

a π8-isomorphism for any i ∈ I. Fixing i ∈ I, for any j, k ∈ I, we name some natural arrows as indicated

https://stacks.math.columbia.edu/tag/01G6
https://stacks.math.columbia.edu/tag/09WM
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in the following commutative diagram

Ui ×X Uj ×X Uk

hjk //

gjk

��

βk

��

Uj ×X Uk

fjk

��

αk

��
Ui ×X Uj

hj //

gj

��

Uj

fj

��
Ui

fi // X

(5.4.4)

Thus, we have a canonical commutative diagram of sheaves on E/Ui
,

gj∗g
∗
jGi

��

// gj∗Gij

��

gj∗h
∗
jGj

��

oo f∗
i fj∗Gj

��

∼oo

gjk∗g
∗
jkGi // gjk∗Gijk gjk∗h

∗
jkGjkoo f∗

i fjk∗Gjk
∼oo

gk∗g
∗
kGi

OO

// gk∗Gik

OO

gk∗h
∗
kGk

OO

oo f∗
i fk∗Gk

OO

∼oo

(5.4.5)

obtained by the following steps:
(1) The structure of F• gives a canonical commutative diagram

β∗
kg

∗
jGi // β∗

kGij

��

β∗
kh

∗
jGj

��

oo β∗
kh

∗
jf

∗
j fj∗Gjoo h∗

jkα
∗
kf

∗
j fj∗Gj

��
g∗jkGi // Gijk h∗

jkGjkoo h∗
jkf

∗
jkfjk∗Gjkoo h∗

jkα
∗
kf

∗
j fj∗αk∗Gjk

(5.4.6)

where the two horizontal arrows on the right square are induced by the adjunction morphisms
f∗
j fj∗ → id and f∗

jkfjk∗ → id. The right square is commutative since the adjunction morphism
f∗
jkfjk∗ → id is the composition of f∗

j fj∗ → id with α∗
kαk∗ → id.

(2) Applying βk∗ to (5.4.6) and composing with the adjunction morphism id → βk∗β
∗
k , we obtain a

canonical commutative diagram
g∗jGi //

��

Gij

��

h∗
jGj

��

oo h∗
jf

∗
j fj∗Gjoo

��
βk∗g

∗
jkGi // βk∗Gijk βk∗h

∗
jkGjkoo h∗

jf
∗
j fjk∗Gjkoo

(5.4.7)

where we used the fact that the vertical arrow on the right of (5.4.6) is the the image of the
vertical arrow on the right of (5.4.7) under β∗

k .
(3) Applying gj∗ to (5.4.7) and composing with the adjunction morphisms id → gj∗g

∗
j on the right,

we obtain a canonical commutative diagram
gj∗g

∗
jGi //

��

gj∗Gij

��

gj∗h
∗
jGj

��

oo f∗
i fj∗Gjoo

��
gjk∗g

∗
jkGi // gjk∗Gijk gjk∗h

∗
jkGjkoo f∗

i fjk∗Gjkoo

(5.4.8)

(4) Going through the construction and using the fact that the adjunction morphism id → gjk∗g
∗
jk

is the composition of id → βk∗β
∗
k with id → gj∗g

∗
j , we see that the two horizontal arrows in the

right square of (5.4.8) are the base change isomorphisms defined in 5.3. Hence, we obtain the
first row of (5.4.5). Replacing the second row of (5.4.4) by hk : Ui ×X Uk → Uk, we obtain the
second row of (5.4.5) in the same way.

Since
{gjk : Ui ×X Uj ×X Uk → Ui}j,k∈I

// // {gj : Ui ×X Uj → Ui}j∈I
oo(5.4.9)
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is a 1-truncated Čech hypercovering of Ui, the equalizer corresponding to the first column in (5.4.5) is
equal to

Gi = Eq(
∏
j∈I

gj∗g
∗
jGi ⇒

∏
j,k∈I

gjk∗g
∗
jkGi)(5.4.10)

by the sheaf property of Gi on E/Ui
. Since F• is π-Cartesian, the horizontal arrows in (5.4.5) are π2-

isomorphisms by 3.2 (see [He22, 7.3]). Therefore, the morphisms between the equalizers corresponding
to each column in (5.4.5) (see the second row of (5.4.11) in the following) are π4-isomorphisms. In order
to show that the canonical map f∗

i F → Gi (5.4.3) is a π8-isomorphism, it remains to prove the square in
the following natural diagram is commutative,

Gi

ι

��ggggg
ggggg

ggggg
ggggg

gggg

ggggg
ggggg

ggggg
ggggg

gggg f∗
i fi∗Gioo

Eq(
∏

gj∗g
∗
jGi ⇒

∏
gjk∗g

∗
jkGi) // Eq(

∏
gj∗Gij ⇒

∏
gjk∗Gijk) Eq(

∏
f∗
i fj∗Gj ⇒

∏
f∗
i fjk∗Gjk) = f∗

i Foo

OO

(5.4.11)

where ι is the natural map making the left triangle commutative, and in each equalizer, j goes through
I for the first product, and j, k go through I for the second product. Consider the commutative diagram
for any j, k ∈ I,

Ui ×X Uj ×X Uk

gjk

��

vvnnn
nnn

nnn
nnn

((PP
PPP

PPP
PPP

P

Ui ×X Uj

gj

((QQ
QQQ

QQQ
QQQ

QQQ
Ui ×X Uk

gk

vvmmm
mmm

mmm
mmm

mm

hk //

fik

$$I
II

II
II

II
I Uk

fk

��
Ui

fi // X

(5.4.12)

from which we obtain the following natural commutative diagram

gj∗Gij

uukkkk
kkkk

kkkk
kkkk

Gi
ι

uukkkk
kkkk

kkkk
kkkk

kk

(1)

f∗
i fi∗Gi

ttjjjj
jjjj

jjjj
jjjj

j
oo

gjk∗Gijk Eq(
∏

gj∗Gij ⇒
∏

gjk∗Gijk)

OO

��

oo f∗
i fik∗Gik

ȷ

uukkkk
kkkk

kkkk
kkkk

Eq(
∏

f∗
i fj∗Gj ⇒

∏
f∗
i fjk∗Gjk)oo

��

OO

gk∗Gik

iiSSSSSSSSSSSSSSS
gk∗h

∗
kGkoo

(2)

f∗
i fk∗Gk

jjTTTTTTTTTTTTTTTT
∼oo

(5.4.13)

Indeed, the natural map ȷ : f∗
i fik∗Gik = f∗

i fi∗gk∗Gik → gk∗Gik is defined by applying the adjunction
morphism f∗

i fi∗ → id to gk∗Gik, and other natural arrows have appeared in the diagrams (5.4.5) and
(5.4.11). Thus, the commutativity of (1) follows from applying the adjunction morphism f∗

i fi∗ → id
to the canonical map Gi → gk∗Gik, and the commutativity of (2) follows from the following natural
commutative diagram

gk∗Gik f∗
i fi∗gk∗Gik

ȷoo f∗
i fk∗hk∗Gik

gk∗h
∗
kGk

OO

f∗
i fi∗gk∗h

∗
kGko o

OO

f∗
i fk∗hk∗h

∗
kGk

OO

f∗
i fk∗Gkoo

(5.4.14)

where the vertical arrows are induced by the canonical map h∗
kGk → Gik, and the composition of the

second row is the base change isomorphism f∗
i fk∗Gk

∼−→ gk∗h
∗
kGk by 5.3 (we indeed used both two

constructions of the base change isomorphism, see the construction of (5.4.5)). In particular, we see that
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the natural diagram extracted from (5.4.13),

Gi
ι

��

f∗
i fi∗Gioo

Eq(
∏

gj∗Gij ⇒
∏

gjk∗Gijk)

��

Eq(
∏

f∗
i fj∗Gj ⇒

∏
f∗
i fjk∗Gjk)

��

OO

gk∗Gik f∗
i fk∗Gkoo

(5.4.15)

is commutative for any k ∈ I. This shows that the diagram (5.4.11) is commutative, which completes
the proof. □

Remark 5.5. We expect a generalization to any 2-truncated hypercovering K• of X as in [Sta22, 0D8E].

Example 5.6. Let X be a quasi-compact and separated scheme, and let K0 = {Ui → X}0≤i≤k be a finite
open covering of X consisting of affine open subschemes. For any n ∈ N, we define a semi-representable
object of the Zariski site XZar of X,

Kn = {Ui0 ∩ · · · ∩ Uin → X}0≤i0,··· ,in≤k.(5.6.1)
These Kn naturally form a simplicial semi-representable object of XZar, K• = (Kn)[n]∈Ob(∆), called the
Čech hypercovering associated to K0 of X. We put

Xn =
⨿

0≤i0,...,in≤k

Ui0 ∩ · · · ∩ Uin(5.6.2)

which is a finite disjoint union of affine open subschemes of X, and denote by νn : Xn → X the canonical
morphism. It is clear that the site XZar/Kn

is naturally equivalent to the Zariski site Xn,Zar. We also
obtain a simplicial affine scheme X• = (Xn)[n]∈Ob(∆), and an augmentation ν : X• → X (where we omit
the subscript “Zar”).

For any OX• -module F•, we consider the ordered Čech complex Č•
ord(X•,F•), whose degree-n term is

the R-module ([Sta22, 01FG])

Čn
ord(X•,F•) =

∏
0≤i0<···<in≤k

Fn(Ui0 ∩ · · · ∩ Uin).(5.6.3)

In general, for any complex of OX• -modules F•
• , we consider the total complex of the ordered Čech

complexes Tot(Č•
ord(X•,F•

• )), whose degree-n term is the R-module (see [Sta22, 01FP])

Totn(Č•
ord(X•,F•

• )) =
⊕

p+q=n

∏
0≤i0<···<ip≤k

Fq
p (Ui0 ∩ · · · ∩ Uip).(5.6.4)

Indeed, it depends only on the k-truncation (F•
n)[n]∈Ob(∆≤k). If F•

• is the pullback of a complex of quasi-
coherent OX -module F• (i.e. F•

• = ν∗F•), then there is an isomorphism in the derived category D(X)
(see [Sta22, 01FK, 01FM, 0FLH]),

Tot(Č•
ord(X•,F•

• ))
∼−→ RΓ(X,F•).(5.6.5)

Lemma 5.7. Under the assumptions in 5.6 and with the same notation, for any quasi-coherent OX•-
module F•, F = ν∗F• is a quasi-coherent OX-module.

Proof. By definition, F = Eq(ν0∗F0 ⇒ ν1∗F1). As νi is affine (i = 0, 1), νi∗Fi is a quasi-coherent
OX -module. Hence, the equalizer F is also a quasi-coherent OX -module. □

Proposition 5.8. Under the assumptions in 5.6 and with the same notation, let r ∈ N≥2 ∪ {∞},
skr(X•) = (Xn)[n]∈Ob(∆≤r) the r-truncation of X•, F• a quasi-coherent Oskr(X•)-module of finite type.
Assume that F• is π-Cartesian (see 5.1). Then, there exists a quasi-coherent OX-module F of finite type
and a π25-isomorphism ν∗F → F•.

Proof. If we also denote by ν : skr(X•)→ X the augmentation, then F ′ = ν∗F• is a quasi-coherent OX -
module by 5.7 and the canonical morphism ν∗0F ′ → F0 is a π8-isomorphism by 5.4. We claim that the
canonical morphism ν∗F ′ → F• is a π9-isomorphism. Indeed, for any integer 0 ≤ n ≤ r the morphism
νn : Xn → X is the composition of ν0 : X0 → X with a projection f : Xn → X0 associated to a

https://stacks.math.columbia.edu/tag/0D8E
https://stacks.math.columbia.edu/tag/01FG
https://stacks.math.columbia.edu/tag/01FP
https://stacks.math.columbia.edu/tag/01FK
https://stacks.math.columbia.edu/tag/01FM
https://stacks.math.columbia.edu/tag/0FLH
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morphism [0]→ [n] in ∆. Since f∗F0 → Fn is a π-isomorphism by assumption, we see that ν∗nF ′ → Fn

is a π9-isomorphism.
For any 0 ≤ i ≤ k, we denote by Gi the restriction of F0 to the component Ui, which is a quasi-coherent

OXi
-module of finite type by assumption. By 3.2.(1), there exists a π16-isomorphism Gi → F ′|Ui

. Notice
that F ′ is the filtered union of its quasi-coherentOX -submodules of finite type by [EGA Inew, 6.9.9]. Thus,
there is a sufficiently large quasi-coherent OX -submodule F of finite type such that the π16-surjection
Gi → F ′|Ui factors through F|Ui for any 0 ≤ i ≤ k. Thus, the inclusion F ⊆ F ′ is π16-surjective, which
implies that the induced morphism ν∗F → F• is a π25-isomorphism. □

Lemma 5.9. Under the assumptions in 5.6 and with the same notation, let F•
• → G•• be a π-isomorphism

of complexes of quasi-coherent Oskk(X•)-modules. Then, the map

Tot(Č•
ord(X•,F•

• )) −→ Tot(Č•
ord(X•,G••))(5.9.1)

is a π-isomorphism. In particular, it is a π2-quasi-isomorphism.

Proof. By taking sections on an affine scheme, Fq
p (Ui0 ∩ · · · ∩ Uip) → Gqp(Ui0 ∩ · · · ∩ Uip) is still a π-

isomorphism. This shows that (5.9.1) is a π-isomorphism. The second assertion follows from 3.2. □

Lemma 5.10. Under the assumptions in 5.6 and with the same notation, let a be an integer, F•
• → G••

a morphism of complexes of quasi-coherent Oskk(X•)-modules. Assume that for any 0 ≤ n ≤ k, the map
Hi(F•

n)→ Hi(G•n) is a π-isomorphism for any i > a and π-surjective for i = a. Then, the map

Hi(Tot(Č•
ord(X•,F•

• ))) −→ Hi(Tot(Č•
ord(X•,G••)))(5.10.1)

is a π4(k+1)-isomorphism for any i > a+ k and π2(k+1)-surjective for i = a+ k.

Proof. As the functor Čp
ord(X•,−) (5.6.3) on quasi-coherent Oskk(X•)-modules is exact, we see that

Hq(Čp
ord(X•,F•

• )) = Čp
ord(X•,H

q(F•
• )), where Hq(F•

• ) = (Hq(F•
n))[n]∈Ob(∆≤k) is a quasi-coherentOskk(X•)-

module. Thus, there is a spectral sequence

Epq
2 = Hp(Č•

ord(X•,H
q(F•

• )))⇒ Hp+q(Tot(Č•
ord(X•,F•

• ))),(5.10.2)

which is convergent, since Čp
ord(X•,Fq

• ) = 0 unless 0 ≤ p ≤ k ([Sta22, 0132]).
Let K•

• be the cone of F•
• → G•• . The assumption implies that Hi(K•

n) is π2-null for any 0 ≤ n ≤ k
and i ≥ a. The convergent spectral sequence (5.10.2) for K•

• implies that for any i ∈ Z, there is a finite
filtration of length ≤ (k + 1) on Hi(Tot(Č•

ord(X•,K•
•))) whose graded pieces are subquotients of Ep,i−p

2

where 0 ≤ p ≤ k. Since Ep,i−p
2 is π2-null for any i ≥ a+ k, we see that Hi(Tot(Č•

ord(X•,K•
•))) is π2(k+1)-

null for such i. The conclusion follows from the long exact sequence of cohomology groups associated to
the distinguished triangle in K(R),

Tot(Č•
ord(X•,F•

• )) −→ Tot(Č•
ord(X•,G••)) −→ Tot(Č•

ord(X•,K•
•)) −→ Tot(Č•

ord(X•,F•
• ))[1].(5.10.3)

□

Proposition 5.11. Under the assumptions in 5.6 and with the same notation, let a ≤ b be two integers,
F•

• a complex of quasi-coherent Oskk(X•)-modules vanishing in degrees > b. Assume that
(1) R is Noetherian, and that
(2) the R-module Hp(Č•

ord(X•,H
q(F•

• ))) is of π-finite type for any 0 ≤ p ≤ k and q ≥ a (see 4.11).
Then, the complex of R-modules Tot(Č•

ord(X•,F•
• )) is πl-[a + k, b + k]-pseudo-coherent for an integer

l ≥ 0 depending only on b− a and k.

Proof. Consider the convergent spectral sequence (5.10.2). Notice that for any 0 ≤ p ≤ k and q ≥ a,
a subquotient of Epq

2 = Hp(Č•
ord(X•,H

q(F•
• ))) is of π-finite type by 4.12.(2). Since there is a finite

filtration of length ≤ (k + 1) on Hi(Tot(Č•
ord(X•,F•

• ))) whose graded pieces are subquotients of Ep,i−p
2

where 0 ≤ p ≤ k, we see that Hi(Tot(Č•
ord(X•,F•

• ))) is of πk+1-finite type for any i ≥ a+ k by 4.12.(2).
As Tot(Č•

ord(X•,F•
• )) vanishes in degrees > b+ k by definition, the conclusion follows from 4.13.(1). □

https://stacks.math.columbia.edu/tag/0132
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6. Almost Coherent Modules

In this section, we fix a ring R with an ideal m such that for any integer l ≥ 1, the l-th powers of
elements of m generate m (in particular, m = m2, see [GR03, 2.1.6.(B)]). Let E be a site with a final
object ∗, and let O be a sheaf of R-algebras on E.

Definition 6.1 ([AG20, 2.7.3]). Let M be an O-module on E.
(1) We say that M is almost zero if it is π-null for any π ∈ m. We say that a morphism f : M → N

of O-modules is an almost isomorphism if its kernel and cokernel are almost zero.
(2) We say that M is of π-finite type for some element π ∈ R if there exists a covering {Ui → ∗}i∈I

in E such that for any i ∈ I there exist finitely many sections s1, . . . , sn ∈ M(Ui) such that the
induced morphism of O|Ui

-modules O⊕n|Ui
→ M |Ui

has π-null cokernel. We say that M is of
almost finite type if it is of π-finite type for any π ∈ m.

(3) We say that M is almost coherent if M is of almost finite type, and if for any object U of E and
any finitely many sections s1, . . . , sn ∈M(U), the kernel of the induced morphism of O|U -modules
O⊕n|U →M |U is an O|U -module of almost finite type.

We refer to Abbes-Gros [AG20, 2.7, 2.8] for a more detailed study of almost coherent modules. They
work in a slightly restricted basic setup for almost algebra [AG20, 2.6.1], but most of their arguments
still work in our setup (R,m) by adding the following lemmas.

Lemma 6.2. Let M be an O-module on E, and let π1, π2 ∈ R. If M is of πi-finite type for i = 1, 2, then
it is of (xπ1 + yπ2)-finite type for any x, y ∈ R. In particular, if there exists an integer l ≥ 1 such that
M is of πl-finite type for any π ∈ m, then M is of almost finite type.

Proof. The problem is local on E. We may assume that there exist morphisms of O-modules fi :
O⊕ni →M (i = 1, 2) with πi-null cokernels. Thus, the cokernel of f1 ⊕ f2 : O⊕n1 ⊕O⊕n2 →M is killed
by xπ1 + yπ2. The “in particular” part follows from the assumption that the ideal m is generated by the
subset {πl | π ∈ m}. □

Lemma 6.3. Let M be an O-module.
(1) Assume that there exists an integer l ≥ 1 such that for any π ∈ m, there exists an almost coherent
O-module Mπ and a πl-isomorphism M →Mπ. Then, M is almost coherent.

(2) Assume that there exists an integer l ≥ 1 such that for any π ∈ m, there exists an almost coherent
O-module Mπ and a πl-isomorphism Mπ →M . Then, M is almost coherent.

Proof. (1) The πl-isomorphism M →Mπ induces a π2l-isomorphism Mπ →M by 3.2. Such an argument
shows that (1) implies (2). We also see that M is of π3l-finite type. Hence, M is of almost finite type by
6.2. For any object U of E, and any morphism of O|U -modules f : O⊕n|U →M |U , consider the following
commutative diagram

0 // Ker(f)

��

// O⊕n|U
f // M

��
0 // Ker(fπ) // O⊕n|U

fπ // Mπ

(6.3.1)

It is clear that Ker(f) → Ker(fπ) is a πl-isomorphism. Since Mπ is almost coherent by assumption,
Ker(fπ) is of almost finite type. Hence, Ker(f) is of π3l-finite type by the argument in the beginning.
Thus, Ker(f) is of almost finite type by 6.2. This verifies the almost coherence of M . □

We collect some basic properties about almost coherence that will be used in the rest of this article.
Their proofs are essentially given in [AG20], and we only give a brief sketch here.

Proposition 6.4 ([AG20, 2.7.16]). Let 0 −→ M1
u−→ M2

v−→ M3 −→ 0 be an almost exact sequence of
O-modules on E. If two of M1,M2,M3 are almost coherent, then so is the third.

Proof. Since almost isomorphisms preserve almost coherence by 6.3, we may assume that 0 → M1 →
M2 →M3 → 0 is exact.

Assume that M2 and M3 are almost coherent. Then, M1 is of almost finite type by [AG20, 2.7.14.(iii)]
and 6.2. Hence, M1 is almost coherent as a submodule of an almost coherent O-module M2 by definition.
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Assume that M1 and M2 are almost coherent. Then, M3 is of almost finite type as a quotient of M2.
Let U be an object of E. We need to show that any homomorphism f3 : O⊕n|U → M3|U has kernel
of π2-finite type for any π ∈ m by 6.2. The problem is local on E. Thus, we may take a π-surjection
f1 : O⊕m|U → M1|U and a lifting f ′

3 : O⊕n|U → M2|U of f3. We put f2 = (f1, f
′
3) : O⊕m+n|U → M2|U ,

and obtain a morphism of short exact sequences

0 // O⊕m|U //

f1

��

O⊕m+n|U //

f2

��

O⊕n|U //

f3

��

0

0 // M1|U // M2|U // M3|U // 0

(6.4.1)

The snake lemma shows that Ker(f2)→ Ker(f3) is π-surjective. Since Ker(f2) is of almost finite type as
M2 is almost coherent, we see that Ker(f3) is of π2-finite type.

Assume that M1 and M3 are almost coherent. Then, M2 is of almost finite type by [AG20, 2.7.14.(ii)]
and 6.2. Let U be an object of E. We need to show that any homomorphism f2 : O⊕n|U → M2|U
has kernel of π2-finite type for any π ∈ m by 6.2. The problem is local on E. Thus, we may take a
π-surjection O⊕m|U → Ker(v ◦ f2) as Ker(v ◦ f2) is of almost finite type (M3 is almost coherent). Thus,
we obtain a commutative diagram

O⊕m|U //

f1

��

O⊕n|U //

f2

��

M3|U // 0

0 // M1|U
u // M2|U

v // M3|U // 0

(6.4.2)

By snake lemma, we see that Ker(f1)→ Ker(f2) is π-surjective. Since Ker(f1) is of almost finite type as
M1 is almost coherent, we see that Ker(f2) is of π2-finite type. □
Corollary 6.5 ([AG20, 2.7.17]). For any morphism f : M → N of almost coherent O-modules, Ker(f),
Im(f) and Coker(f) are almost coherent.

Corollary 6.6. Assume that O is almost coherent as an O-module. Then, any cohomology group of a
complex of finite free O-modules is almost coherent.

Proof. A finite free O-module is almost coherent by 6.4. Thus, a cohomology group of a complex of finite
free O-modules is almost coherent by 6.5. □
Proposition 6.7 ([AG20, 2.8.7]). Let X = Spec(A) be an affine scheme over R, let F be a quasi-coherent
OX-module, and let π ∈ m. Then, the OX-module F is of π-finite type (resp. of almost finite type, almost
coherent) on the Zariski site of X if and only if the A-module F(X) is of π-finite type (resp. of almost
finite type, almost coherent) on the trivial site of a single point.

Proof. It is clear that the statement for “of π-finite type” implies that for “of almost finite type” and
thus implies that for “almost coherent”. It remains to show that for any π ∈ m and any finitely many
elements f1, . . . , fn ∈ A generating A as an ideal, an A-module M is of π-finite type if and only if the
Afi -module Mfi is of π-finite type for any 1 ≤ i ≤ n. The necessity is obvious. For the sufficiency,
we write M =

∪
λ∈Λ Mλ as a filtered union of its A-submodules of finite type. There exists λ0 ∈ Λ

large enough such that Mλ0,fi → Mfi is a π-isomorphism for any 1 ≤ i ≤ n. Hence, Mλ0 → M is a
π-isomorphism, which completes the proof. □
Lemma 6.8 (cf. [Kie72, 2.2]). Let k ∈ N, let X• = (Xn)[n]∈Ob(∆≤k) be a k-truncated simplicial affine
scheme over R, and let M• be a quasi-coherent OX•-module. Assume that the OX•-modules OX• and M•
are almost coherent. Then, for any π ∈ m, there exists a π-exact sequence of quasi-coherent OX•-modules

· · · −→ F−1
• −→ F 0

• −→M•,(6.8.1)
such that F i

n is a finite free OXn-module for any i ≤ 0 and 0 ≤ n ≤ k.

Proof. Firstly, we construct F 0
• . For each 0 ≤ n ≤ k, we take a finite free OXn -module Nn and a

π-surjection hn : Nn →Mn (as Mn is of π-finite type, see 6.7). We put

F 0
n =

⊕
0≤m≤k

⊕
α∈Hom∆([m],[n])

α∗Nm.(6.8.2)
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It forms naturally a finite free OX• -module F 0
• . There is a natural morphism F 0

n → Mn defined on the
(m,α)-component by the composition

α∗Nm

α∗(hm)// α∗Mm
// Mn.(6.8.3)

It induces a π-surjective homomorphism of OX• -modules F 0
• →M• (cf. the proof of [Kie72, 2.2]). Notice

that its kernel M−1
• is also a quasi-coherent OX• -module which is almost coherent by 6.5. Thus, we can

apply the previous procedure to M−1
• and we construct F i

• inductively for any i ≤ 0. □

7. Proof of the Main Theorem

This section is devoted to proving the following theorem.

Theorem 7.1. Let R be a ring with an ideal m such that for any integer l ≥ 1, the l-th powers of elements
of m generate m. Consider a flat proper morphism of finite presentation f : X → S between R-schemes.
Assume that OX and OS are almost coherent as modules over themselves. Then, for any quasi-coherent
and almost coherent OX-module M and any q ∈ N, Rqf∗M is a quasi-coherent and almost coherent
OS-module.

Proof. The problem is local on S. Thus, we may assume that S = Spec(A) is affine. Since f is quasi-
compact and quasi-separated, Rqf∗M is a quasi-coherent OS-module for any q ∈ N. Thus, it remains
to prove that Hq(X,M) is an almost coherent A-module by 6.7. We write X as a finite union of affine
open subschemes X =

∪
0≤i≤k Ui for some k ∈ N≥2, and consider the k-truncated Čech hypercovering

X• = (Xn)[n]∈Ob(∆≤k) (see 5.6), where for any 0 ≤ n ≤ k,

Xn =
⨿

0≤i0,...,in≤k

Ui0 ∩ · · · ∩ Uin ,(7.1.1)

which is a finite disjoint union of affine open subschemes of X as X is separated. Let ν : X• → X denote
the augmentation.

We fix an element π ∈ m and a negative integer a < −(k + 2) in the following, and take a sequence of
quasi-coherent OX• -modules by 6.8,

0 −→ Fa
• −→ · · · −→ F−1

• −→ F0
• −→M• = ν∗M,(7.1.2)

such that F•
n →Mn[0] is a π-[a, 0]-pseudo resolution (see 4.1) for any 0 ≤ n ≤ k. In other words, for any

a ≤ i ≤ 0 and 0 ≤ n ≤ k,
(1) F i

n is a finite free OXn
-module, and

(2) Hi(F•
n) is π-null for any a < i < 0, and H0(F•

n)→Mn is a π-isomorphism.
For any morphism α : [m]→ [n] in ∆≤k (regarded also as a morphism Xn → Xm), we denote by C•

α the
cone of the induced map α∗F•

m → F•
n of complexes of finite free OXn

-modules.

Lemma 7.2. For any morphism α : [m] → [n] in ∆≤k, there exists a homomorphism of finite free
OXn-modules siα : Ci

α → Ci−1
α for any i ≥ a+ 1 such that

π−4a · idCi
α
= si+1

α ◦ diα + di+1
α ◦ siα(7.2.1)

for any i ≥ a+ 1, where diα : Ci
α → Ci+1

α is the differential map.

Proof. We firstly note that Ci
α = F i

n ⊕ α∗F i+1
m is a finite free OXn -module. In particular, C•

α vanishes
outside [a− 1, 0]. By definition, Hi(F•

n)→ Hi(Mn[0]) is a π-isomorphism for any i > a. Notice that the
induced map α∗Hi(Mm[0])→ Hi(Mn[0]) is an isomorphism since M• = ν∗M. Thus, the induced map
α∗Hi(F•

m) → Hi(F•
n) is a π2-isomorphism of OXn

-modules for any i > a, which implies that Hi(C•
α) is

π4-null for any i > a. Thus, the conclusion follows directly from 3.3 (see (3.3.4)). □

Now we write A as a filtered union of finitely generated Z-subalgebras A = colimλ∈Λ Aλ. By [EGA IV3,
8.5.2, 8.8.2, 8.10.5, 11.2.6], there exists an index λ0 ∈ Λ such that π ∈ Aλ0

,
(1) a flat proper morphism of finite presentation fλ0 : Xλ0 → Sλ0 = Spec(Aλ0) whose base change

along S → Sλ0 is f ,
(2) affine open subschemes Uλ0,i (0 ≤ i ≤ k) of Xλ0

whose base change along S → Sλ0
is Ui,
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(3) a complex of finite free OXλ0,• -modules 0 → Fa
λ0,• → · · · → F

−1
λ0,• → F

0
λ0,• → 0 whose pullback

along S → Sλ0
is F•

• (where Xλ0,• is the k-truncated Čech hypercovering associated to Xλ0,0 =⨿
0≤i≤k Uλ0,i → Xλ0

),
(4) a homomorphism of finite free OXλ0,n

-modules siλ0,α
: Ci

λ0,α
→ Ci−1

λ0,α
for any i ≥ a + 1 and any

morphism α : [m]→ [n] in ∆≤k, such that
π−4a · idCi

λ0,α
= si+1

λ0,α
◦ diλ0,α + di+1

λ0,α
◦ siλ0,α(7.2.2)

for any i ≥ a+ 1, where C•
λ0,α

is the cone of α∗F•
λ0,m

→ F•
λ0,n

, and diλ0,α
: Ci

λ0,α
→ Ci+1

λ0,α
is the

differential map.
We note that Xλ0

and Sλ0
are Noetherian schemes.

Lemma 7.3. For any morphism α : [m] → [n] in ∆≤k, the induced map of coherent OXλ0,n
-modules

α∗Hi(F•
λ0,m

)→ Hi(F•
λ0,n

) is a π−4a-isomorphism for any i ≥ a+ 2.

Proof. It follows directly from the relation (7.2.2). □

Lemma 7.4. For any i ≥ a + 2, there exists a coherent OXλ0
-module Giλ0

and a π−100a-isomorphism
ν∗λ0
Giλ0
→ Hi(F•

λ0,•), where νλ0
: Xλ0,• → Xλ0

is the augmentation.

Proof. It follows by applying directly 5.8 to the coherent OXλ0,• -module Hi(F•
λ0,•), whose condition is

satisfied by 7.3. □

Lemma 7.5. The Aλ0
-module Hi(Č•

ord(Xλ0,•,H
j(F•

λ0,•))) is of π−200a-finite type for any 0 ≤ i ≤ k and
j ≥ a+ 2.

Proof. Notice that by (5.6.5) and 7.4, we have
Hi(Č•

ord(Xλ0,•, ν
∗
λ0
Gjλ0

)) = Hi(Xλ0
,Gjλ0

),(7.5.1)
which is an Aλ0

-module of finite type, since Xλ0
is proper over the Noetherian scheme Spec(Aλ0

). Thus,
Hi(Č•

ord(Xλ0,•,H
j(F•

λ0,•))) is of π−200a-finite type by 5.9 and 7.4. □

Lemma 7.6. The complex of Aλ0-modules Tot(Č•
ord(Xλ0,•,F•

λ0,•)) is πl-[a + k + 2, k]-pseudo-coherent
for an integer l ≥ 0 depending only on a and k.

Proof. It follows directly from 5.11 whose conditions are satisfied by 7.5. □

Lemma 7.7. The complex of A-modules Tot(Č•
ord(X•,F•

• )) is πl-[a + k + 2, k]-pseudo-coherent for an
integer l ≥ 0 depending only on a and k.

Proof. By 4.10 and 7.6, τ≥(a+k+2)(A⊗L
Aλ0

Tot(Č•
ord(Xλ0,•,F•

λ0,•))) is represented by a πl-[a+ k + 2, k]-
pseudo-coherent complex of A-modules for an integer l ≥ 0 depending only on a and k. Since fλ0 :
Xλ0

→ Sλ0
is flat, A⊗L

Aλ0
Tot(Č•

ord(Xλ0,•,F•
λ0,•)) is also represented by A⊗Aλ0

Tot(Č•
ord(Xλ0,•,F•

λ0,•)) =

Tot(Č•
ord(X•,F•

• )). Hence, τ≥(a+k+2)(Tot(Č•
ord(X•,F•

• )) is πl-[a + k + 2, k]-pseudo-coherent for an in-
teger l ≥ 0 depending only on a and k by 4.4. The conclusion follows from applying 4.3.(2) to
Tot(Č•

ord(X•,F•
• ))→ τ≥(a+k+2)(Tot(Č•

ord(X•,F•
• )). □

Lemma 7.8. The complex of A-modules Č•
ord(X•,M•) is πl-[a+k+2, k]-pseudo-coherent for an integer

l ≥ 0 depending only on a and k.

Proof. Since F•
• →M•[0] is a π-[a, 0]-pseudo resolution, the map Hi(Tot(Č•

ord(X•,F•
• )))→ Hi(Č•

ord(X•,M•))

is a π4(k+1)-isomorphism for any i ≥ a+ k + 1 by 5.10. The conclusion follows from 4.3.(1) and 7.7. □

Recall that RΓ(X,M) is represented by the ordered Čech complex Č•
ord(X•,M•) by (5.6.5). As we

have taken a < −(k + 2) in the beginning, we see that for any q ∈ N, Hq(X,M) = Hq(Č•
ord(X•,M•))

is πl-isomorphic to the q-th cohomology H ′q of a complex of finite free A-modules for an integer l ≥ 0
depending only on a and k by 7.8 and 4.1 (taking a = −k−3 at first is actually enough for this argument).
Since A is an almost coherent A-module by applying 6.7 to OS , we see that H ′q is an almost coherent
A-module by applying 6.6 to the trivial site of a single point with structural sheaf given by A. Since l is
independent of the choice of π ∈ m, the A-module Hq(X,M) is almost coherent by 6.3, which completes
the proof of our main theorem 7.1. □
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8. Remark on Abbes-Gros’ Construction of the Relative Hodge-Tate Spectral
Sequence

8.1. Let K be a complete discrete valuation field of characteristic 0 with algebraically closed residue field
of characteristic p > 0. Let (f, g) : (X ′▷ → X ′)→ (X◦ → X) be a morphism of open immersions of quasi-
compact and quasi-separated schemes over Spec(K)→ Spec(OK). Consider the following conditions:

(1) The associated log schemes (X ′,MX′) and (X,MX) endowed with the compactifying log struc-
tures are adequate in the sense of [AGT16, III.4.7] (which holds for instance if the open immersions
X ′▷ → X ′ and X◦ → X are semi-stable over Spec(K)→ Spec(OK), see [He21, 10.11]).

(2) The morphism of log schemes (X ′,MX′)→ (X,MX) is smooth and saturated.
(3) The morphism of schemes g : X ′ → X is projective.

Under these assumptions, Abbes-Gros proved Faltings’ main p-adic comparison theorem in the relative
case for the morphism (f, g) [AG20, 5.7.4], and constructed a relative Hodge-Tate spectral sequence
[AG20, 6.7.5] (for an explicit local version, see [AG20, 6.9.6] and [He21, 1.4]). We explain that their proof
and construction are still valid if we replace the assumption (3) by the following assumption

(3)’ The morphism of schemes g : X ′ → X is proper.

8.2. The assumption on the projectivity of g has been only used in the proof of [AG20, 5.3.31]. There,
they encountered a Cartesian diagram of schemes

X
′(∞)

g(∞)

��

// X ′

g

��
X

(∞) // X

(8.2.1)

where X(∞) is anOK-scheme such thatO
X

(∞) andO
X

′(∞) are almost coherent as modules over themselves
([AG20, 5.3.5.(ii)]), and a quasi-coherent and almost coherent O

X
′(∞) -module G . For proving the almost

coherence of Rig
(∞)
∗ G , they applied [AG20, 2.8.18] where the assumption on the projectivity of g has

been used.
Now we replace the assumption (3) by the assumption (3)’, by replacing [AG20, 2.8.18] by our main

theorem 7.1. Indeed, the morphism g is flat by the assumption (2) (see [Kat89, 4.5]), proper by the
assumption (3)’, of finite presentation by the assumptions (3)’ and (1) (as X is locally Noetherian).
Hence, so is the morphism g(∞) by base change. Therefore, we deduce the almost coherence of Rig

(∞)
∗ G

from our main theorem 7.1.

References
[Abb10] Ahmed Abbes. Éléments de géométrie rigide. Volume I, volume 286 of Progress in Mathematics.

Birkhäuser/Springer Basel AG, Basel, 2010. Construction et étude géométrique des espaces rigides. [Construc-
tion and geometric study of rigid spaces], With a preface by Michel Raynaud.

[AG20] Ahmed Abbes and Michel Gros. Les suites spectrales de Hodge-Tate. https://arxiv.org/abs/2003.04714,
2020.

[AGT16] Ahmed Abbes, Michel Gros, and Takeshi Tsuji. The p-adic Simpson correspondence, volume 193 of Annals of
Mathematics Studies. Princeton University Press, Princeton, NJ, 2016.

[EGA III1] Alexander Grothendieck. Éléments de géométrie algébrique. III. Étude cohomologique des faisceaux cohérents.
I. Inst. Hautes Études Sci. Publ. Math., (11):167, 1961.

[EGA Inew] Alexander Grothendieck and Jean Alexandre Dieudonné. Éléments de géométrie algébrique. I, volume 166 of
Grundlehren der mathematischen Wissenschaften [Fundamental Principles of Mathematical Sciences]. Springer-
Verlag, Berlin, 1971.

[EGA IV3] Alexander Grothendieck. Éléments de géométrie algébrique. IV. Étude locale des schémas et des morphismes
de schémas. III. Inst. Hautes Études Sci. Publ. Math., (28):255, 1966.

[Fal88] Gerd Faltings. p-adic Hodge theory. J. Amer. Math. Soc., 1(1):255–299, 1988.
[Fal02] Gerd Faltings. Almost étale extensions. Astérisque, (279):185–270, 2002. Cohomologies p-adiques et applications

arithmétiques, II.
[GR03] Ofer Gabber and Lorenzo Ramero. Almost ring theory, volume 1800 of Lecture Notes in Mathematics. Springer-

Verlag, Berlin, 2003.
[He21] Tongmu He. Cohomological descent for Faltings’ p-adic Hodge theory and applications. https://arxiv.org/

abs/2104.12645v2, 2021.
[He22] Tongmu He. Sen operators and Lie algebras arising from Galois representations over p-adic varieties. https:

//arxiv.org/abs/2208.07519v1, 2022.

https://arxiv.org/abs/2003.04714
https://arxiv.org/abs/2104.12645v2
https://arxiv.org/abs/2104.12645v2
https://arxiv.org/abs/2208.07519v1
https://arxiv.org/abs/2208.07519v1


18 TONGMU HE

[Kat89] Kazuya Kato. Logarithmic structures of Fontaine-Illusie. In Algebraic analysis, geometry, and number theory
(Baltimore, MD, 1988), pages 191–224. Johns Hopkins Univ. Press, Baltimore, MD, 1989.

[Kie72] Reinhardt Kiehl. Ein “Descente”-Lemma und Grothendiecks Projektionssatz für nichtnoethersche Schemata.
Math. Ann., 198:287–316, 1972.

[SGA 4I] Théorie des topos et cohomologie étale des schémas. Tome 1: Théorie des topos. Lecture Notes in Mathematics,
Vol. 269. Springer-Verlag, Berlin-New York, 1972. Séminaire de Géométrie Algébrique du Bois-Marie 1963–1964
(SGA 4), Dirigé par M. Artin, A. Grothendieck, et J. L. Verdier. Avec la collaboration de N. Bourbaki, P.
Deligne et B. Saint-Donat.

[SGA 4II] Théorie des topos et cohomologie étale des schémas. Tome 2. Lecture Notes in Mathematics, Vol. 270. Springer-
Verlag, Berlin-New York, 1972. Séminaire de Géométrie Algébrique du Bois-Marie 1963–1964 (SGA 4), Dirigé
par M. Artin, A. Grothendieck et J. L. Verdier. Avec la collaboration de N. Bourbaki, P. Deligne et B. Saint-
Donat.

[SGA 4III] Théorie des topos et cohomologie étale des schémas. Tome 3. Lecture Notes in Mathematics, Vol. 305. Springer-
Verlag, Berlin-New York, 1973. Séminaire de Géométrie Algébrique du Bois-Marie 1963–1964 (SGA 4), Dirigé
par M. Artin, A. Grothendieck et J. L. Verdier. Avec la collaboration de P. Deligne et B. Saint-Donat.

[SGA 6] Théorie des intersections et théorème de Riemann-Roch. Lecture Notes in Mathematics, Vol. 225. Springer-
Verlag, Berlin-New York, 1971. Séminaire de Géométrie Algébrique du Bois-Marie 1966–1967 (SGA 6), Dirigé
par P. Berthelot, A. Grothendieck et L. Illusie. Avec la collaboration de D. Ferrand, J. P. Jouanolou, O. Jussila,
S. Kleiman, M. Raynaud et J. P. Serre.

[Sta22] The Stacks project authors. The stacks project. https://stacks.math.columbia.edu, 2022.
[Zav21] Bogdan Zavyalov. Almost coherent modules and almost coherent sheaves. https://arxiv.org/abs/2110.

10773v3, 2021.

Tongmu He, Institut des Hautes Études Scientifiques, 35 route de Chartres, 91440 Bures-sur-Yvette,
France

Email address: hetm15@ihes.fr

https://stacks.math.columbia.edu
https://arxiv.org/abs/2110.10773v3
https://arxiv.org/abs/2110.10773v3

	1. Introduction
	2. Notation and Conventions
	3. Isomorphisms up to Bounded Torsion
	4. Pseudo-coherence up to Bounded Torsion
	5. Glueing Sheaves up to Bounded Torsion
	6. Almost Coherent Modules
	7. Proof of the Main Theorem
	8. Remark on Abbes-Gros' Construction of the Relative Hodge-Tate Spectral Sequence
	References

