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Abstract. Relations among fundamental invariants play an important role
in algebraic geometry. It is known that an n-dimensional variety of general
type whose image of its canonical map is of maximal dimension, satisfies
Vol ≥ 2(pg − n). In this article, we investigate the very interesting extremal
situation of varieties with Vol = 2(pg − n), which we call Horikawa varieties
for they are natural higher dimensional analogues of Horikawa surfaces.

We obtain a structure theorem for Horikawa varieties and explore their
pluriregularity. We use this to prove optimal results on projective normal-
ity of pluricanonical linear systems. We study the fundamental groups of
Horikawa varieties, showing that they are simply connected. We prove re-
sults on deformations of Horikawa varieties, whose implications on the moduli
space make them the higher dimensional analogue of curves of genus 2.

Even though there are infinitely many families of Horikawa varieties in
any given dimension n, we show that when the image of the canonical map
is singular, the geometric genus of the Horikawa varieties is bounded by n+4.

1. Introduction

For a minimal surface of general type it is a well known result of Noether that
its canonical divisor KS satisfies K2

S ≥ 2pg − 4. The surfaces for which K2
S =

2pg − 4 have been dealt by Horikawa in his well known work [Hor76]. Horikawa
shows that, for surfaces of general type on the Noether line, KS is indeed base
point free and the complete linear system |KS| maps S as a canonical double
cover of a surface of minimal degree. These and, more generally, canonical
double covers of rational surfaces have a ubiquitous presence in the geometry
of algebraic surfaces.
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In this article, we prove higher dimensional analogues of the results of
Horikawa. Some very interesting work has been previously done by Fujita and
Kobayashi. Fujita and Kobayashi proved (see [Fuj75] and [Kob92, Theorem
2.4]) that, if X is a variety of general type whose image under the canonical
map has maximum dimension, then Vol(X) ≥ 2(pg(X) − n). In this work we
study the extremal case when Vol(X) = 2(pg(X)− n).

Since canonical models exist for varieties of general type (cf. [BCHM]), we
work on the canonical models or its higher model, which are Q-factorial and
with at worst canonical singularities. We also remark that Vol(X) = Kn

X if KX

is nef (e.g. X is a minimal model or the canonical model). Suppose now that
Vol(X) = 2(pg(X) − n). Following Kobayashi’s argument (cf. [Kob92]), one
finds that |KX | = |⌊KX⌋| + KX − ⌊KX⌋ is base point free. Therefore, KX is
Cartier. This leads to the following definition of Horikawa varieties, i.e., those
varieties for which the equality holds:

Definition 1.1. Let X be a variety of general type of dimension n ≥ 2. We
say that X is a Horikawa variety if

(1) X is Q-factorial and with at worst canonical singularities;
(2) the image of the canonical map of X has dimension n; and
(3) Vol(X) = 2(pg(X)− n).

In the above situation, the canonical map ofX is a generically finite morphism
of degree 2 onto a variety of minimal degree (see [Kob92, Proposition 2.5]). In
fact this property characterizes those varieties of general type with nef canonical
divisor and canonical singularities which are Horikawa varieties.

In Section 2 we study various geometric and cohomological aspects of these
extremal varieties. We show that Horikawa varieties have irregularity zero (see
Theorem 2.6). We also study the deformations of the canonical morphism of
Horikawa varieties. We prove that if X is a Horikawa variety of any dimension,
then the deformation of its, degree 2, canonical morphism are again canonical
of degree 2 whose image is a variety of minimal degree. Some of the cases have
an overlap with results in [Fuj83], but, even in those instances, the methods of
this article are very different and more transparent. There are implications of
our results to the moduli space of varieties of general type. In this article, we
also prove a structure theorem for Horikawa varieties (see Theorem 2.12): If X
is a Horikawa variety of dimension n and the image Y of its canonical morphism
is smooth, then it is pluri-regular (see Definition 2.11) and, in most cases, it
possesses a fibration, with fibers F of general type and pg(F ) = n.

In Section 2 we also prove an interesting result (see Theorem 2.7) which shows
that the geometric genus of a Horikawa variety of dimension n is bounded if
the image under the canonical morphism is a singular variety Y . Precisely, we
show that pg(X) ≤ n+ 4. This gives raise to a beautiful numerology; it shows
that Horikawa’s bound pg ≤ 6 for surfaces fits in a broader pattern. The proof
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of this is involved and rests on looking not at general hyperplane sections of X
but to special ones, which pass through singular points of X. While a general
hyperplane section will still have canonical singularities, it need no longer be so
for a general hyperplane section passing through the singularities of X, which
are canonical. In fact, such a hyperplane section can have a priori singularities
which are elliptic and even worse. So we deal with the situation in a novel way
and show that, through the singular points of X, we can choose hyperplane
sections which have only canonical singularities. This allows us to use in a
crucial way the subtle arguments developed in the proof of Theorem 2.6 to
bound the dimension of the projective space containing the intersection of Y
with n− 2 suitable hyperplane sections.

In Section 3 we study topological aspects of Horikawa varieties. Precisely, we
show that Horikawa varieties are simply connected (see Theorem 3.3). Although
Fujita proved previously in [Fuj83] the simple connectedness of some families of
Horikawa varieties, our proof is very transparent and covers all the cases. Our
methods are quite different from the methods in [Fuj83]. We crucially use results
of Nori in [Nor83]. Even though simple connectedness implies irregularity zero
for smooth models (and also models with at worst klt singularities), the proof
of Theorem 2.6 is independent. The interest of the proof lies on the argument
employed.

The classification of Horikawa varieties involves canonical covers of varieties
of minimal degree. The canonical covers of varieties of minimal degree have
a significant presence in the geometry of algebraic surfaces and higher dimen-
sional varieties of general type and they occur in a variety of contexts such as
determination of very ampleness of linear series, ring generation, deformation
theory and construction of varieties with given invariants (see [GP03], [GP98],
[GGP10], [GGP16a], [GGP16b], [Hor76]). One of the most natural contexts
where the canonical covers of minimal degree varieties occur is at the boundary
of the geography of surfaces of general type. The results in this article and
those in [Kob92] and [Fuj83], show that this is true for all higher dimensional
varieties of general type as well on what can be called the “Noether faces”.

It is indeed compelling to note the beauty of the analogy with lower dimen-
sional results, even though methods are different. The analogies are striking,
despite the existence of much worse singularities. The higher dimensional ana-
logues of curves of genus 0 and 1 are well known and classical. The results in
this article show what the higher dimensional analogues of curves of genus 2
are, especially from the point of view of deformations, moduli and the equality
statement of Clifford’s theorem in the case of the canonical divisor. Indeed,
higher dimensional analogues of curves of genus 2 are precisely Horikawa vari-
eties. Moreover, the implications of our results on classification, vanishing of
H1(OX) and deformations of Horikawa varieties yield interesting consequences
for the moduli space of varieties of general type (see Corollary 2.10).
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The question of projective normality of pluricanonical systems of a surface
of general type has a long history dating back to Kodaira and Bombieri. In
this article we also show that if X is a Horikawa variety of dimension n with an
optimal condition on its geometric genus, then |mKX | embeds X as a projec-
tively normal variety if and only if m ≥ n+1. The standard methods involving
Castelnuovo-Mumford regularity and vanishing theorems do not yield this re-
sult. We do in fact show a general statement that follows from these standard
methods but, to get the optimal statements, one has to use in an essential
way the structure of Horikawa varieties proved in this article and find different
methods, as we do in Section 4.

Finally, in Section 5 we show that the main results of Sections 2 and 3
(precisely, Theorems 2.6, 2.7, 2.12 (1) and 3.3), when considered for strong
Horikawa varieties, fit in a broader setting, that is, they hold for hyperelliptic
subcanonical polarized varieties. For instance, if (X,A) is an n-dimensional
hyperelliptic, subcanonical polarized variety with canonical singularities, then
X is simply connected and, if the image of the morphism induced by |A| is
singular, then h0(A) ≤ n+4. In particular, this holds if (X,A) is a Calabi-Yau
or Fano hyperelliptic polarized variety with canonical singularities.

2. Cohomological properties of Horikawa varieties

We will use the following conventions and notations throughout the article.

Convention 2.1. We will work over C. By a variety we will mean an irreducible
variety.

Notation 2.2. Let X be an algebraic projective normal variety.

(1) If D is a Cartier divisor on X, we will use indistinctly the notations
H0(OX(D)) and H0(X,D) (and h0(OX(D)) and h0(X,D)) and |D| will
denote the complete linear series of D.

(2) We will denote by KX the canonical divisor of X.
(3) If X is a Horikawa variety as in Definition 1.1, then φ will denote the

canonical morphism of X, Y will be the image of φ (which is a variety
of minimal degree) and X will denote the canonical model of X.

We now explore the topological and cohomological properties of Horikawa
varieties and its applications. It is quite interesting that just one numerical
equality gives raise to so much geometry. We start with a general study of the
singularities that might occur in the context of this article.

Proposition 2.3. If X be a Horikawa variety, then the Stein factorization of
the canonical morphism

φ : X −→ Y

of X is

X −→ X
ϕ−→ Y,
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where ϕ is the canonical map of X, which is therefore, a morphism. In particu-
lar, the Stein factorization of X has at worst canonical singularities and Y has
at worst log terminal singularities.

Proof. Since |KX | is base-point-free by [Kob92, Propositions 2.2, 2.5], it is

known (see [Laz04, Theorem 2.1.15]) that |lKX | gives the Stein factorization X̂
of the canonical morphism of X, for any sufficiently large integer l. Then, for
a suitable l′ ∈ N

Proj
(⊕

m≥0

H0(X,mKX)
)
= Proj

(⊕
m≥0

H0(X, l′mKX)
)
= X̂,

so the canonical model X of X is nothing but X̂ and ϕ is induced by |KX |.
Therefore, X̂ has at worst canonical singularities.

On the other hand, Y ⊂ PN is a variety of minimal degree in the sense that
deg(Y ) = N + 1 = dimY . It follows that Y is normal by [EH87, Theorem 1].

Now, it is clear that KX̂ = ϕ∗(KY + 1
2
B) for some reducible branch divisor

B on Y .
It is a well-known fact that Kawamata log terminal singularities (klt for short)

are preserved under finite maps (cf. [KM98, Proposition 5.20]), hence KX̂ is klt
implies that the pair (KY ,

1
2
B) is klt. It follows that (KY , 0) is klt and therefore,

Y has at worst klt singularities. □

Notation 2.4. Given a Horikawa variety, we will keep the name ϕ used in
Proposition 2.3 for the canonical morphism of X.

Recall (see [Kob92, Propositions 2.5]) that the canonical morphism of a
Horikawa variety is generically of degree 2 onto its image. We then say that a
Horikawa variety is a strong Horikawa variety if its canonical morphism is finite.
Proposition 2.3 implies the following corollary for strong Horikawa varieties:

Corollary 2.5. A Horikawa variety X is a strong Horikawa variety if and only
if its canonical model is X. In particular, the canonical model of a Horikawa
variety is a strong Horikawa variety.

The irregularity is an important topological invariant of any variety, so we
study it in Theorem 2.6 for any Horikawa variety. In our proof we make a
reduction to the case of algebraic surfaces. However, the linear series involved
is not canonical, unlike in the study of algebraic surfaces made by Horikawa.
Moreover, the singular case has to be handled carefully using a resolution of
singularities. As a byproduct of our proof, we do obtain a more transparent
proof of Horikawa’s results on surfaces as well.

Although Theorem 2.6 also follows from Theorem 3.3, we give an indepen-
dent proof below. Among other things, the interest of this proof lies on the
arguments employed. These arguments are used in a crucial way in the proof of
Theorem 2.7. For example, we build on them to show that, for the intersection
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of n−2 hyperplane section of Y , which is a Hirzebruch surface Fe, e is bounded.
This is a key part in proving the boundedness of pg for singular X.

Theorem 2.6. A Horikawa variety X has H1(X,OX) = 0.

Proof. If we show that X has irregularity zero, then so does X. From Corol-
lary 2.5 and [Kob92, Proposition 2.5], we know that the base point free complete
canonical linear series |KX | induces a finite morphism ϕ : X → Y ⊂ PN , of de-
gree 2 onto a variety of minimal degree Y . By taking (n−2) general hyperplane
sections of Y and then taking their respective pullbacks to X we end up with a
finite morphism ϕ2 : X2 −→ Y2, of degree 2, where, by [CKM88, Lemma 6.6],
X2 has canonical singularities and Y2 is a surface of minimal degree. We divide
the situation into two cases: when Y2 is smooth and when Y2 is singular.

Case 1. Y2 is a smooth surface of minimal degree.

Then Y2 is either P2, the Veronese surface in P5 or a Hirzebruch surface
embedded as a scroll. Since ϕ2 is flat, ϕ2∗OX2

= OY2 ⊕ L−1, where L⊗2 =
OY2(B), with B being the branch divisor of the double cover.

First let Y2 be a Hirzebruch surface embedded as scroll. Then Y2 is embedded
by a very ample linear series |C0 +mf |, where C0 is a minimal section of Y2.
Then m > e, where C2

0 = −e and e is the invariant of the Hirzebruch surface.
In this case note that, by the ramification formula for double covers, we have

OX2
(KX2

) = ϕ∗
2(OY2(KY2)⊗ L).

By adjunction we also have

OX2
(KX2

) = ϕ∗
2(OY2(n− 1)).

Since we are working on a rational surface,

(2.6.1) OY2(KY2)⊗ L = OY2((n− 1)C0 + ((n− 1)m)f)

with m > e. We now show that X2 satisfies H1(OX2
) = 0 in this case. We

have

H1(OX2
) = H1(OY2)⊕H1(L−1) = 0,

because H1(Y2,OY2) and H
1(Y2,OY2(KY2)⊗ L) vanish (the latter follows from

(2.6.1) and from the Leray spectral sequence applied to the projection from the
ruled surface Y2 to P1). Therefore H1(OX2

) vanishes.

The case that Y2 is P2 or the Veronese surface in P5 can be treated similarly.

Case 2. Y2 is a singular surface of minimal degree.
In this case Y2 is a cone over a rational curve of degree e ≥ 2. Let q : W2 → Y2
be the minimal desingularization of Y2. There exists the following commutative
diagram:
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(2.6.2)

Z2
q−−−→ X2

p2

y yϕ2

W2
q−−−→ Y2,

where Z2 is the normalization of the reduced part of the fiber productW2×Y2X2,
which is irreducible. The map p2 : Z2 → W2, which is a finite map of degree
2, and q : Z2 → X2, which is a birational map, are induced by the projections
from the fiber product onto each factor. Since W2 is smooth and Z2 is normal,
p2 is a flat morphism of degree 2, and Z2 is Gorenstein. Moreover, p2∗(OZ2) =
OW2 ⊕L−1 where now L⊗2 = OW2(B) and B is the branch divisor of the double
cover. By adjunction

(2.6.3) ϕ∗
2(OY2(n− 1)) = OX2

(KX2
).

Let y ∈ Y2 be the vertex of the cone. The surface W2 is a Hirzebruch surface
with the minimal section C2

0 = −e, where C0 = q−1(y). Let F := p−1
2 (C0).

There are two possible cases for ϕ−1
2 (y), either it consists of one point or it

consists of two points.

Case 2.1. ϕ−1
2 (y) is one point.

First we show C0 is in the branch locus of p2. Suppose the contrary. If C0 is
not contained in the branch locus of p2, then p

∗
2C0 = F and F 2 = −2e. There

exist canonical divisors KZ2 and KX2
and a nonnegative integer a such that

KZ2 = q∗KX2
+ aF . Applying adjunction we have

(KZ2 + F ) · F = (q∗KX2
+ (a+ 1)F ) · F = −2e(a+ 1) ≤ −4,

and this is impossible because F is a reduced and connected curve.

Therefore the minimal section C0 is in the branch locus of p2. Since C0 is in
the branch locus of p2, we have that F is isomorphic to P1, that p∗2(C0) = 2F
and that F 2 = − e

2
. We also have KZ2 = q∗(KX2

) + aF , with a nonnegative

because X2 has canonical singularities. By (2.6.2) and (2.6.3) we obtain,

(2.6.4) KZ2 = q∗(KX2
) + aF = q∗ϕ∗

2OY2(n− 1) + aF = p∗2q
∗OY2(n− 1) + aF.

Comparing (2.6.4) with

OZ2(KZ2) = p∗2(OW2(KW2)⊗ L),
one sees that OZ2(aF ) = p∗2N for some line bundle N on W2. Therefore,
p∗2N

⊗2 = OZ2(2aF ) = p∗2OW2(aC0). This implies in particular that N⊗2 and
aC0 are numerically equivalent. Since W2 is a rational ruled surface, N⊗2 and
aC0 are linearly equivalent. Therefore N ∼ OW2(a

′C0) with 2a′ = a, where a′ is
an integer. Thus a is a nonnegative even integer. On the other hand, we have

(2.6.5) KZ2 = p∗2KW2 +R ∼ p∗2(−2C0 − (e+ 2)f) +R,
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where R is the ramification divisor of p2. From (2.6.4) and (2.6.5) we get

(2.6.6) R ∼ p∗2((n+ 1)C0 + (ne+ 2)f) + aF ∼ p∗2((ne+ 2)f) + (2n+ 2+ a)F.

Since Z2 is normal, R can be written as R = R1+F , where R1 is a divisor that
does not contains F in its support. Since 0 ≤ R1 · F , we see from (2.6.6) that

(2.6.7) (a+ 1)e ≤ 4.

Since a is even and e ≥ 2, we have

(2.6.8) a = 0 and e = 2, 3 or 4.

In particular, q is crepant. Then we have (see (2.6.6))

R ∼ p∗2((n+ 1)C0 + (ne+ 2)f).

Now, the ramification formula for p2 reads

OZ2(KZ2) = p∗2(OW2(KW2)⊗ L),
with

(2.6.9) L = OW2((n+ 1)C0 + (ne+ 2)f).

Since p2∗(OZ2) = OW2 ⊕ L−1, it follows from projection formula and duality
that

h1(OZ2) = h1(L−1) = h1(OW2((n− 1)(C0 + ef))) = 0.

Thus H1(OZ2) vanishes and, hence, so does H1(OX2
) in this case.

Case 2.2. ϕ−1
2 (y) = {x1, x2} are two distinct points.

This implies that ϕ2 is étale in the analytic neighborhood of x1 and x2. Also,
p2 is étale on an analytic neighborhood of C0. Let E1 and E2 be exceptional
divisors of q. We have p∗2(C0) = E1 + E2, E1 · E2 = 0 and E2

i = −e = C2
0 , with

Ei
∼= P1. Recall Z2 is Gorenstein as explained above. We then have

KZ2 = q∗KX2
+ a(E1 + E2),

with a nonnegative. Applying the adjunction formula we obtain:

(2.6.10) −2 = (KZ2 +Ei) ·Ei = (q∗KX2 + a(E1 +E2) +Ei) ·Ei = −e(a+ 1).

Since e ≥ 2, then

(2.6.11) a = 0 and e = 2.

This means that q is crepant. By a similar computation as in Case 2.1, we have
H1(OX2

) = 0.

We thus conclude that X2 has irregularity 0 in all cases.

Since H1(OX2
) vanishes, so does H1(OX2). Now we prove the Horikawa vari-

ety X has irregularity 0. Recall that X2 is obtained as a complete intersection
of members of the linear system |KX |. Let Li = OXi

(KX |Xi
), where Xi is the

variety obtained from the intersection of n− i general members of |KX |. Then
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Xi has canonical singularities by [CKM88, Lemma 6.6]. Consider the following
short exact sequence:

(2.6.12) 0 −→ L−1
i −→ OXi

→ OXi−1
−→ 0.

We note that H1(L−1
i ) = 0 by Serre duality and the Kawamata-Viehweg van-

ishing theorem so, if Xi−1 has irregularity 0, then so does Xi. We have shown
that X2 has irregularity 0, so we have that Xi has irregularity 0 for all 2 ≤ i ≤ n
by induction. □

Theorem 2.7. Let X be a Horikawa variety of dimension n. If the image of
X by its canonical morphism is singular, then pg(X) ≤ n+ 4.

Proof. By [Kob92, Proposition 2.5] we know that the base point free complete
canonical linear series |KX | induces a finite morphism ϕ : X → Y ⊂ PN , of
degree 2 onto Y , where Y is a singular variety of minimal degree in PN . Then
Y is a cone over a smooth variety of minimal degree. Let y be a point of the
vertex of Y . If we choose n− 2 general hyperplanes through y, by considering
their intersection and its pullback by ϕ, we get a finite, degree 2 morphism
ϕ2 : X2 −→ Y2, where Y2 is an irreducible, singular surface of minimal degree
(i.e., a cone over a (smooth) rational normal curve) and X2 is also irreducible
and locally Gorenstein. Since Y2 has log terminal singularities, it follows from
[KM98, Proposition 5.20] that X2 also has log terminal singularities. Then,
since X2 is locally Gorenstein, X2 has canonical singularities. Therefore X2

and ϕ2 are like X2 and ϕ2 in the proof of Theorem 2.6 and Y2 is like Y2 of Case
2 of the proof of Theorem 2.6, so from (2.6.8) and (2.6.11) it follows that Y2 is
a nondegenerate surface in P3, P4 or P5. Thus Y is a nondegenerate variety in
Pn+1, Pn+2 or Pn+3, so pg(X) = pg(X) ≤ n+ 4. □

Now we present a very interesting result, Proposition 2.9, on the deforma-
tions of canonical morphisms of Horikawa variety. This crucially depends on
Theorem 2.6 and the base point freeness of KX . First we make clear what we
mean by a deformation of a morphism:

Definition 2.8. Let X be an algebraic projective normal variety and let

ψ : X −→ PN

be a morphism. Let T be a smooth disc. A deformation of ψ is a T–morphism

Ψ : X −→ PN
T

such that

(1) the variety X is irreducible and reduced;
(2) the morphism X −→ T is proper and surjective;
(3) X0 = X; and
(4) Ψ0 = ψ.
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Proposition 2.9. Let X be a Horikawa variety of dimension n. Let X be its
canonical model. Then the general deformation of the canonical morphism of
X is again a generically finite canonical morphism of degree 2 onto a variety of
minimal degree. Also, the general deformation of X is again a canonical model
of a Horikawa variety.

Proof. We will use [GGP10, Lemma 2.4]. Note that, although this statement
requires smoothness, in fact, it holds for varieties with canonical singularities.
Thus, since by Theorem 2.6, X and X have irregularity 0, [GGP10, Lemma 2.4]
applies to both. Therefore, for any small deformation (by a small deformation
we mean that we shrink T if needed)

Φ : X −→ PN
T ,

of the canonical morphism φ of X (respectively, any small deformation

Φ : X −→ PN
T ,

of the canonical morphism ϕ of X), Φt (respectively, Φt) is a canonical mor-
phism, for all t ∈ T . In addition, the image of Xt (respectively, of Xt) under its
canonical morphism Φt (respectively, its canonical morphism Φt) is of maximum
dimension n. By the main theorem of [Kaw99], the deformation of canonical
singularities is again canonical and, by [Kaw99, Theorem 6], Kn

Xt
and pg(Xt)

(respectively, Kn
Xt

and pg(Xt)) are invariant under deformations. Thus, Xt (re-

spectively, Kn
Xt
) is a Horikawa variety and, by [Kob92, Proposition 2.5], Φt is a

generically finite morphism of degree 2 (respectively, Φt is a finite morphism of
degree 2) onto a variety of minimal degree. In particular Xt is a strong Horikawa
variety so, by Corollary 2.5, is its own canonical model. □

Proposition 2.9 has this obvious implication for the components of the moduli
space of varieties of general type:

Corollary 2.10. The general points of the components of the moduli of vari-
eties of general type that contain a canonical model of a Horikawa variety are
canonical models of Horikawa varieties.

We now recall the generalization of the notion of vanishing of H1(OX) to all
the intermediate cohomology.

Definition 2.11. A variety X of dimension n is said to be pluriregular if
H1(OX) = · · · = Hn−1(OX) = 0.

Theorem 2.12. Let X be a Horikawa variety of dimension n.

(1) If the image Y of its canonical morphism φ is smooth, then X is plurireg-
ular.

(2) If, in addition, Y is a rational normal scroll then the general fiber of X
over P1 is a Horikawa variety with geometric genus n.
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Proof. For the proof of (1) we may assume n > 2, for the result for n = 2
has been proved in Theorem 2.6. In view of Proposition 2.3, we will work
with the canonical model X of X, since X is pluriregular if and only if X is
pluriregular. The canonical morphism ϕ of X is finite of degree 2. Since X is
locally Cohen-Macaulay and Y is smooth, the morphism ϕ is flat. Then

ϕ∗OX = OY ⊕ L−1,

where L is line bundle. Let R be the ramification divisor and let B be the
branch divisor of ϕ. Then OY (B) = L⊗2 and

(2.12.1) OX(KX) = ϕ∗(OY (KY )⊗ L) = ϕ∗OY (1).

Showing that X is pluriregular is equivalent to showing the vanishing of the
intermediate cohomology of OY and L−1, because Riϕ∗OX = 0 for all i > 0
(ϕ is finite). By the classification of varieties of minimal degree, we have three
possible cases for Y :

(1) Y is Pn, n ≥ 3.
(2) Y is a smooth quadric hypersurface in Pn+1, n ≥ 3.
(3) Y is a smooth rational normal scroll of dimension n ≥ 3. In this case Y

is fibered over P1, hence X is also fibered over P1.

If Y is Pn or a smooth quadric in Pn+1, then the vanishing of the intermedi-
ate cohomology of OY and L−1 follows from the vanishing of the intermediate
cohomology of line bundles in Pn and Pn+1 respectively.

It remains to consider the case that Y is a smooth rational normal scroll,
which is a Pn−1-bundle over P1. We may write

p : Y = P(E) −→ P1,

where

E = OP1(a1)⊕ · · · ⊕ OP1(an)

with 0<a1 ≤ . . . ≤ an. We have

hi(OX) = hi(ϕ∗OX) = hi(OY ) + hi(L−1) = hi(OY ) + hn−i(OY (1)),

because OY (KY )⊗ L = OY (1) by (2.12.1). For any 0 < i < n

hi(OY ) = hi(p∗OY )= hi(OP1) = 0

and

hi(OY (1)) = hi(p∗OY (1)) = hi(E) = 0.

The pluriregularity of X now follows.

Let us now prove (2). Let F be a general fiber of p and let G′ = ϕ−1(F ). We
have the following long exact sequence of cohomology

0 → H0(OX(KX −G′)) −→ H0(OX(KX)) −→
H0(OG′(KX |G′)) −→ H1(OX(KX −G′)).
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Because of Riϕ∗OX = 0, OX(KX − G′) = ϕ∗(OY (1) ⊗ OY (−F )) and (2.12.1),
we have

h1(OX(KX −G′)) = h1(OY (1)⊗OY (−F )) + h1(L−1 ⊗OY (1)⊗OY (−F )) =
h1(OY (1)⊗OY (−F )) + hn−1(OY (F )).

Pushing forward to P1 via p, it is easy to see that both h1(OY (1) ⊗ OY (−F ))
and hn−1(OY (F )) vanish. This implies that the complete linear series |KX |
restricts to the complete linear series |KX |G′ |, which is |KG′|. Hence |KG′|
maps G′ onto Pn−1 as a finite double cover. By [KM98, Theorem 5.20] and
since KG′ is Cartier, we have that G′ has canonical singularities. Therefore G′

is a strong Horikawa variety and pg(G
′) = n. Let G be the fiber of X that

corresponds to G′. Then pg(G) = pg(G
′). Then the restriction of φ to G is the

canonical morphism of G, which is generically of degree 2 onto Pn−1. Since G′

has canonical singularities, so does G, therefore G is a Horikawa variety. □

Remark 2.13. It might be illuminating to observe how beautifully the situation
fits with the classical case of surfaces. In Horikawa’s work in [Hor76], it turns out
that smooth Horikawa surfaces are indeed genus 2 fibrations with irregularity
0 over P1 (in this case, G′ is a curve so pg(G

′) is the genus of G′). In the higher
dimensional case Theorem 2.12 shows the exact analogy. That the numerical
situation dictates this in all dimensions is indeed compelling.

3. Simple connectedness of Horikawa varieties

We devote this section to proving the simple connectedness of Horikawa va-
rieties. For this, first we need to state two results. The first one is follows from
a well-known result on the fundamental group of the complement of smooth
submanifold of (real) codimension more than 1. The second one is based in the
ideas and results of M. Nori in [Nor83].

Lemma 3.1. Let V be a smooth complex variety and let W a complex, reduced
subvariety of V , not necessarily smooth, and let

π1(V ∖W ) −→ π1(V )

be the homomorphism induced by inclusion. This homomorphism is surjective
if W has codimension 1 in V and an isomorphism if W has codimension more
than 1 in V .

Lemma 3.2. Let p : V ′ −→ V be a finite morphism of degree 2 among smooth,
(quasiprojective) complex varieties V ′ and V of dimension n ≥ 2, branched
along a smooth, irreducible divisor B. If V is simply connected, then so is V ′.
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Proof. Consider the commutative diagram

(3.2.1) 1 // K ′

ι
��

// π1(V
′ ∖ p−1(B))

ι′��

// π1(V
′)

j ��

// 1

1 // K // π1(V ∖B) // π1(V ) // 1,

where K and K ′ are the kernels of the homomorphisms of fundamental groups
induced by inclusion and the horizontal exact sequences are exact at the right
hand side by Lemma 3.1. Since p restricted to V ′∖p−1(B) is a 2-sheet unrami-
fied cover, ι′ is injective (and so is ι) and its cokernel is isomorphic to Z2. Since
V is simply connected, chasing the diagram we get the following short exact
sequence

0 −→ L −→ K/K ′ −→ Z2 −→ 0,

where L is the kernel of j.
By [Nor83, 1.2, 1.4 B], K is a cyclic group, so is K ′ and the generator of K ′

maps to the square of the generator of K. Therefore K/K ′ is also isomorphic
to Z2, so L = 0. □

We further explore the topological properties of the Horikawa varieties. We
prove that any Horikawa variety is simply connected. The similarities with the
surface case is striking. The fact that just two invariants pg(X) and Kn

X deter-
mine the topology entirely is rather remarkable. Note that a strong Horikawa
variety together with its canonical divisor is a hyperelliptic polarized variety as
defined by Fujita in [Fuj83, Definition 1.1] (see also [BGG20, Definition 0.1]).
Then Theorem 3.3 extends what [Fuj83, Corollary 5.17] says with respect to
the simple connectedness of strong Horikawa varieties. Indeed, [Fuj83, Corollary
5.17] states the simply connectedness only of strong Horikawa varieties whose
canonical morphism is a double cover of a (smooth) rational normal scroll with
connected branch divisor, while Theorem 3.3 states that all Horikawa varieties
are simply connected.

Theorem 3.3. Any Horikawa variety X is simply connected.

Proof. We will work with the canonical model X of X and, by taking the
intersections of n−2 general hyperplane sections, from the canonical morphism
ϕ of X we obtain a finite morphism

ϕ2 : X2 −→ Y2,

of degree 2 onto a surface of minimal degree Y2, as we did in the proof of
Theorem 2.6. Our goal now is to prove that X2 is simply connected. We split
the argument in several cases.

Case 1: X2 and Y2 are smooth. Therefore Y2 is either P2, the Veronese surface
in P5 or a Hirzebruch surface embedded as a rational normal scroll. Let B be
the branch divisor of ϕ2. Since X2 is smooth, so is B. The case in which B is
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ample, that includes the cases of Y2 being P2 or the Veronese surface in P5, is
straightforward. Indeed, by [Nor83, Corollary 2.7], X2 is simply connected.

Now we deal with the case of Y2 being a rational normal scroll and B not
ample. Then Y2 is a Hirzebruch surface embedded by |C0 +mf |, where C0 is
its minimal section, f is a fiber, C2

0 = −e and m ≥ e+ 1. By (2.6.1),

B ∼ 2(n+ 1)C0 + 2((n− 1)m+ e+ 2)f).

Let B ∼ αC0 + βf . Since B is smooth, then either β = αe or β = (α − 1)e.
If β = αe, then B is big and base point free, so B is irreducible. Since Y2 is
simply connected, by Lemma 3.2, so is X2.

If β = (α − 1)e, then B = C0 + B1, with B1 big and base point free (thus
B1 is smooth and irreducible) and C0 and B1 disjoint. Since Y2 ∖ C0 is an A1-
fibration over P1, Y2 ∖ C0 is simply connected. By Lemma 3.2, X2 ∖ ϕ−1

2 (C0)
is also simply connected and, by Lemma 3.1, so is X2. Thus we have showed
that, if Y2 is a smooth rational normal scroll and B is not ample, then X2 is
also simply connected.

Case 2: X2 is singular and Y2 is smooth.
Then, as in Case 1 of the proof of Theorem 2.6, ϕ2 is a flat double cover
determined by a branch divisor B (which is necessarily singular).

Case 2.1. Y2 is P2 or a Veronese surface in P5.
Although B is singular, since B is base–point–free, a general member of |B| is
smooth and, in fact, we can consider a deformation B of B over a disc T , such
that B0 = B, B is smooth and Bt is smooth for all t ̸= 0. Using B as a relative
branch divisor, we can construct a deformation

X −→ Y2 × T,

flat over T of ϕ2, such that X0 = X2, X is smooth and Xt is smooth for all
t ̸= 0. Shrinking T if necessary, by [BHPV04, Theorem I.8.8] and [Nor83,
Lemma 1.5.C], π1(Xt) surjects onto π1(X0) for any general t in T . Since Xt is
a finite double cover of Y2 and Xt is smooth, by the arguments used in Case 1,
Xt is simply connected, and so is X2.

Case 2.2. Y2 is a rational normal scroll.
Then Y2 is a Hirzebruch surface. If B is big and base–point–free, then the
general member of |B| is smooth. Therefore, arguing as in Case 2.1, we can
deform X2 to a smooth, simply connected surface Xt, so X2 is also simply
connected. Now assume B is not big and base–point–free and, with the same
notation of Case 1, let B ∼ αC0 + βf . Then, by (2.6.1), β < αe. Since X2 is
normal, C0 cannot occur in the branch locus with multiplicity more than 1, so
B ∼ B′ + C0, β ≥ (α − 1)e, and B′ · C0 ≥ 0. Then, by (2.6.1), B′ is big and
base–point–free and any general member in |B′| is irreducible and nonsingular.
In addition, since H1(OY (B

′ − C0)) = 0, we may assume that any general
member of |B′| intersects C0 transversally. Thus there is a family of divisors Bt
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and B′
t of Y2 over a disc T such that B0 = B, B′

0 = B′ and, for all t ∈ T , t ̸= 0,
the divisor B′

t is smooth and meets C0 transversally. Let

Φ : X −→ Y2 × T,

be the double cover of Y2 × T , branched along the total space of the family
formed by the divisors Bt. As in Case 2.1, Φ is a deformation, flat over T , of
ϕ2. Let

Ψ : X̃ −→ X
be the minimal desingularization of X . Since C0 is the section of the rational
ruled surface Y2, Y2 ∖ C0 is an A1-fibration over P1, hence Y2 ∖ C0 is simply
connected. Then, by Lemma 3.2, Xt ∖Φ−1

t (C0) is also simply connected. Since

X̃t∖Ψ−1(Φ−1
t (C0)) and Xt∖Φ−1

t (C0) are isomorphic, we have X̃t∖ψ−1(Φ−1
t (C0))

is simply connected and, by Lemma 3.1, so is X̃t. Then, by [Nor83, Lemma

1.5.C], π1(X̃t) surjects onto π1(X̃ ), so X̃ is also simply connected. Since X
has canonical singularities, by [Tak03, Theorem 1.1], X is simply connected.
Shrinking T if necessary, by [BHPV04, Theorem I.8.8], π1(X ) and π1(X0) are
isomorphic, so X0 = X2 is simply connected.

Case 3. Y2 is singular. In this case we consider the desingularization dia-
gram (2.6.2). Since the singularities of X2 and Z2 are canonical, it follows
from [Kol93, Theorem 7.8] or [Tak03, Theorem 1.1] that π1(X2) and π1(Z2) are
isomorphic. We consider now the double cover

p : Z2 −→ W2

in the diagram (2.6.2). As calculated in Theorem 2.6 (see (2.6.2)), the branch
divisor B of p satisfies

B ∼ 2(n+ 1)C0 + 2(ne+ 2)f.

If e = 2, then B is big and base–point–free, so the general member of |B| is
smooth. Arguing like in Case 2.1 we conclude that Z2 is simply connected
and, as observed above, so is X2. If e > 2, since Z2 is normal, C0 occurs with
multiplicity 1 in B. This shows that B = B′+C0, where B

′ is linearly equivalent
to (2n + 1)C0 + 2(ne + 2)f . As we saw in (2.6.8) and (2.6.11), we have e ≤ 4.
Then B′ · C0 ≥ 0, C0 is the fixed part of |B| and B′ is big and base–point–
free, so the general member of |B′| is a smooth irreducible curve. In addition,
H1(B′ − C0) = 0, so the general member of |B′| meets C0 transversally. Then
arguing as in Case 2.2 we conclude that Z2 is simply connected and so is X2.

Thus we have seen that, in all three cases, X2 is simply connected. Then,
by Lefschetz hyperplane section theorem, X is also simply connected and, by
[Tak03, Theorem 1.1], so is X. □

One has the following immediate consequence, which is a slight generalization
of Theorem 2.6 by different argument.
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Corollary 3.4. Let X be a Horiwaka variety with possibly at worst klt singu-
larities. Then H1(X,OX) = 0.

Proof. Let X be a Horiwaka variety with possibly at worst klt singularities
and let µ : X̃ → X be its resolution. By Theorem 3.3, π1(X̃) is trivial.
Hence H1(X̃,Z) = 0 and so is H1(X̃,C) = 0. Hodge decomposition yields
H1(X̃,OX̃) = 0. Since klt singularities are rational, one has Riµ∗OX̃ = 0
for all i > 0. Hence a spectral sequence argument shows that H1(X,OX) ∼=
H1(X̃,OX̃) = 0. □

4. Birationality and projective normality

Recall that, if X is a Horikawa variety, then KX is base point free and the
canonical morphism of X maps X onto a variety of minimal degree. We now
study the pluricanonical morphisms of Horikawa varieties. We want to know
when a pluricanonical morphism ofX is birational and mapsX to a projectively
normal variety. More precisely, we want to know when a pluricanonical mor-
phism of the canonical model of X is an embedding and its image is projectively
normal.

We will use the following notation throughout this section:

Notation 4.1. Let X be a Horikawa variety of dimension n.
According to the context, Xn will be X or X. Let X1 ⊂ · · · ⊂ Xn′ ⊂ · · · ⊂

Xn be irreducible subsequent n′-dimensional, complete intersections of general
members of |KX | or of |KX |. Note that X1 is a smooth and irreducible curve,
let us call it C. According to the context, we denote the line bundle, on Xn′

or on Xn′ , associated to KX |Xn′ or KX |Xn′ , by Ln′ . In this notation, Ln is

OX(KX) or OX(KX) accordingly. Finally, let

H0(L⊗s
n′ )⊗H0(L⊗t

n′ )
α(s,t;n′)−−−−−−→ H0(L⊗s+t

n′ )

be the usual multiplication map of global sections.

Proposition 4.2. Let X be a Horikawa variety of dimension n. If 1 ≤ s ≤ n
or if s = n + 1 and pg(X) = n + 1, then |sKX | does not induce a birational
morphism.

Proof. From (2.6.12) we obtain, for all 2 ≤ n′ ≤ n,

(4.2.1) 0 −→ OXn′ −→ Ln′ −→ Ln′−1 −→ 0.

From (2.6.12), in the proof of Theorem 2.6 we also saw that, for all 2 ≤ n′ ≤ n,
Xn′ has irregularity 0. This together with (4.2.1) implies

h0(L1) = h0(OX(KX))− n+ 1.

Since X is a Horikawa variety,

degL1 = 2h0(L1)− 2,
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so, by Clifford’s theorem, C is hyperelliptic and L1 is a multiple of the g12 of
C. By adjunction, L⊗n

1 = OC(nKX |C) = OC(KC) so, if 1 ≤ s ≤ n, then
L⊗s
1 is in the special range of C and |L⊗s

1 | induces a morphism of degree 2. If
pg(X) = n + 1, then degL1 = Kn

X = 2, so L1 is the g12 of C. By adjunction
we have L⊗n+1

1 = OC((n + 1)KX |C) = OC(KC) ⊗ L1. Since C is hyperelliptic,
|L⊗n+1

1 | also induces a morphism of degree 2 in this case. Therefore, under the
hypothesis of the statement, the restriction of the s-canonical morphism of X
to C has degree 2. Since C is the intersection of n− 1 general divisors of |KX |,
there is an open set of X where the s-canonical morphism of X has degree 2,
hence it is not birational. □

Before we deal with the birationality and projective normality of pluricanoni-
cal systems of a Horikawa variety, we will state a particular case of a very useful
more general result (see [GP98, Observation 1.2]).

Lemma 4.3. Let X be a projective variety, E a coherent sheaf, L1, L2,..., Lr

be line bundles on X. Let

γ : H0(E)⊗H0(L1 ⊗ L2 ⊗ · · · ⊗ Lr) −→ H0(E ⊗ L1 ⊗ L2 ⊗ · · · ⊗ Lr)

be the multiplication map of global sections. If the multiplication maps

αj : H
0(E ⊗ L1 ⊗ · · · ⊗ Lj−1)⊗H0(Lj) −→ H0(E ⊗ L1 ⊗ L2 ⊗ · · · ⊗ Lj)

are surjective for all 1 ≤ j ≤ r, then γ is surjective.

Lemma 4.3 will be crucial in proving Proposition 4.4, which is the following
general result on projective normality of pluricanonical images of varieties of
general type. Proposition 4.4 shows that our main result on projective nor-
mality of pluricanonical images of Horikawa varieties, Theorem 4.6, has the
correct bounds as far as geometry of Horikawa varieties is concerned. Proposi-
tion 4.4 also shows that general standard methods using Castelnuovo-Mumford
regularity (see Remark 4.5) yield limited results:

Proposition 4.4. Let X be a variety of general type of dimension n with Goren-
stein canonical singularities and base-point-free canonical bundle. Then the im-
age of X by the morphism induced by |sKX | is a projectively normal variety for
all s ≥ n+ 2.

Proof. Let L : = OX(sKX). It is enough to show that

H0(L)⊗r+1 γr−→ H0(L⊗r+1)

is surjective for all r ≥ 1. By Lemma 4.3, it is enough to show that the maps

αj : H
0(X, jKX)⊗H0(X,KX) −→ H0(X, (j + 1)KX)

are surjective for all j ≥ s. Note that since s ≥ n+2 then s−i ≥ 2 for all 1 ≤ i ≤
n. It follows from the Kawamata-Viehweg vanishing that H i(X, (s− i)KX) = 0
for all 1 ≤ i ≤ n, so OX(KX) is s-regular. By Castelnuovo-Mumford Lemma
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(see [Mum70, p. 41, Theorem 2]), the surjection of αj for all j ≥ s now follows.
Hence by Lemma 4.3, the multiplication map γr surjects for all r ≥ 1. □

Remark 4.5. What is at the heart of the proof of the above Proposition 4.4
is the fact that the multiplication map

αs : H
0(X, sKX)⊗H0(X,KX) −→ H0(X, (s+ 1)KX)

is surjective, for all s ≥ n + 2, for a variety of general type of dimension n.
This follows by the Castelnuovo-Mumford Lemma and the Kawamata-Viehweg
vanishing as noted in the proof of the Proposition 4.4. Note that, if αn+1 were
surjective, Castelnuovo-Mumford Lemma would be of no help whatsoever to
prove it.

In view of Remark 4.5 the following result on projective normality needs non
standard methods of proof. The proof of Theorem 4.6 crucially uses the struc-
ture of Horikawa varieties, namely, that its canonical map is a morphism which
is a generically double cover of a variety of minimal degree and Theorem 2.6.

Theorem 4.6. Let X be a Horikawa variety of dimension n. Then K⊗s

X
embeds

the canonical model X of X as a projectively normal variety if and only if
s ≥ n+ 2 or s = n+ 1 and pg(X) ̸= n+ 1.

Proof. The “only if” part of the statement follows from Proposition 4.2.

We will prove the much more subtle “if” part of the statement in several
steps. We define Xn′ and Ln′ starting from X, as explained in Notation 4.1.
We set L = K⊗s

X
.

Step 1: Since X has irregularity 0 by Theorem 2.6, the varieties Xn′ have all
irregularity 0 (in fact, this was proved at the end of the proof of Theorem 2.6).
It follows by using adjunction inductively that, in addition, the varieties Xi are
of general type.

Step 2: To prove the theorem, it would be enough to show that the multipli-
cation maps

H0(L⊗t)⊗H0(L) −→ H0(L⊗(t+1)),

which, according to Notation 4.1 are

H0(L⊗ts
n )⊗H0(L⊗s

n )
α(ts,s;n)−−−−−−→ H0(L⊗(t+1)s

n ),

surject for all t ≥ 1. For this, by Lemma 4.3 it is enough to prove that the
multiplication maps

H0(L⊗t′

n )⊗H0(Ln)
α(t′,1;n)−−−−−−→ H0(L⊗(t′+1)

n )

surject for all t′ ≥ n + 1. Recall that Ln = KX . As observed in Remark 4.5,
if t′ ≥ n + 2, then α(t′, 1;n) surjects by [Mum70, p. 41, Theorem 2] and
the Kawamata-Viehweg vanishing theorem. However, Remark 4.5 also says
that these standard methods do not yield the surjectivity of α(n + 1, 1;n).
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Therefore the proof of the surjectivity of the map α(n+1, 1;n) will be handled
in a completely a different way. We point out (it will be crucial in Step 5)
that, because of our hypothesis, we may assume pg(X) > n+ 1 when studying
α(n+ 1, 1;n).

Step 3: In order to prove the surjectivity of α(n + 1, 1;n) we consider, for
any 2 ≤ n′ ≤ n, the commutative diagram

(4.6.1)
0 → H0(L⊗n+1

n′ )⊗H0(OXn′ ) → H0(L⊗n+1
n′ )⊗H0(Ln′ ) → H0(L⊗n+1

n′ )⊗H0(Ln′−1) → 0

↓ ↓ ↓
0 → H0(L⊗n+1

n′ ) → H0(L⊗n+2
n′ ) → H0(L⊗n+2

n′−1 ) → 0

Both horizontal sequences in commutative diagram (4.6.1) are exact. Indeed,
the top horizontal row is exact on the right because Xn′ has irregularity 0, as
shown in Step 1, and the bottom horizontal row is exact on the right because
H1(L⊗n+1

n′ ) = 0 by the Kawamata-Viehweg vanishing theorem. Note that
α(n + 1, 1;n′) is the middle vertical map of (4.6.1), so α(n + 1, 1;n) is the
middle vertical map of (4.6.1) when n′ = n. Then we prove the surjectivity of
α(n + 1, 1;n) by induction on n′. Thus assume α(n + 1, 1;n′ − 1) surjects for
2 ≤ n′ ≤ n. The left-hand-side vertical map of (4.6.1) is an isomorphism. The
right-hand-side vertical map of (4.6.1) is the composition of the map

(4.6.2) H0(L⊗n+1
n′ )⊗H0(Ln′−1) −→ H0(L⊗n+1

n′−1 )⊗H0(Ln′−1)

and α(n+ 1, 1;n′ − 1). The map in (4.6.2) surjects because H1(L⊗n
n′ ) = 0, by

adjunction and the Kawamata-Viehweg vanishing theorem, since n′ ≥ 2. The
map α(n+ 1, 1;n′ − 1) surjects by induction hypothesis, so the right-hand-side
vertical map of (4.6.1) surjects. Thus the middle vertical map α(n + 1, 1;n′)
surjects. Therefore the only thing left to check is the first step of the induction,
namely, the surjectivity of the multiplication map

H0(L⊗n+1
1 )⊗H0(L1)

α(n+1,1;1)−−−−−−−→ H0(L⊗n+2
1 )

of global sections on C. For brevity we denote β = α(n+1, 1; 1) and θ = L1. By
adjunction we have θ⊗n = KC . No conventional results on curves will suffice to
show the surjectivity of β due to lack of sufficient positivity of the line bundles
θ⊗n+1 and θ. So we have to handle this in a different way. This leads us to the
two, final steps of this proof.

Step 4: In the previous steps we have just used that X is a variety of general
type with irregularity 0. The final steps require the full force of the fact that
X is a Horikawa variety. By [Kob92, Propositions 2.2, 2.5], we know that the
canonical map of X is a morphism, which is finite of degree 2 onto a variety of
minimal degree. Thus the linear system |θ| induces the morphism π : C → D,
where π is finite of degree 2. Since Y is a variety of minimal degree, D is a
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rational normal curve of degree r. In addition, since D is cut-out by general
hyperplane sections, D is smooth. Then we have

π∗OC = OP1 ⊕OP1(−a).

By relative duality we have a = nr + 2, so

π∗OC = OP1 ⊕OP1(−nr − 2).

Step 5: Recall that to finish the proof we have to show that the multiplication
map of global sections on C

H0(θ⊗n+1)⊗H0(θ)
β−−→ H0(C, θ⊗n+2)

is surjective. Due to Step 4 and since θ = π∗(OP1(r)), we have

H0(θ) = H0(π∗θ) = H0(OP1(r))⊕H0(OP1((1−n)r − 2)),

hence H0(θ) = H0(OP1(r)). We also have

H0(θ⊗n+1) = H0(π∗(θ
⊗n+1)) = H0(OP1((n+ 1)r))⊕H0(OP1(r − 2)).

Note that

π∗(OC) = OP1 ⊕OP1(−nr − 2)

is a sheaf of OP1-algebras whose ring multiplication decomposes in the following
way: The map

OP1 ⊗OP1 → OP1

is the ring multiplication in OP1 . The maps

OP1 ⊗OP1(−nr − 2) → OP1(−nr − 2)

OP1(−nr − 2)⊗OP1 → OP1(−nr − 2)

are the left and right module multiplication of OP1(−nr − 2). The map

OP1(−nr − 2)⊗OP1(−nr − 2) → OP1

is given by structure of double cover of π. Denote

A(m) = H0(OP1(mr)),

A′(m) = H0(OP1((m− n)r − 2)).

In this notation

H0(θ⊗n+1) = A(n+ 1)⊕ A′(n+ 1),

H0(θ) = A(1)⊕ A′(1) = A(1),

since A′(1) = 0, and

H0(θ⊗n+2) = A(n+ 2)⊕ A′(n+ 2).
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Therefore the map β splits as direct sum of the maps

A(n+ 1)⊗ A(1)
β1−→ A(n+ 2)

A′(n+ 1)⊗ A(1)
β2−→ A′(n+ 2).

The map β surjects if and only if the maps β1 and β2 both surject. On P1 the
multiplication map of global sections

H0(OP1(c1))⊗H0(OP1(c2)) −→ H0(OP1(c1 + c2))

surjects if and only if c1 and c2 are both nonnegative. Recall that A(1) =
H0(OP1(r)) and A(n+1) = H0(OP1((n+1)r) and r, (n+1)r > 0. On the other
hand, A′(n + 1) = H0(OP1(r − 2)). Under our hypothesis, pg > n + 1, so the
degree of D is r = pg(X)−n ≥ 2 and r−2 ≥ 0. Then β surjects as wished. □

5. Hyperelliptic subcanonical polarized varieties

Even though this article focuses on Horikawa varieties, the main results of
Sections 2 and 3, when considered for strong Horikawa varities, hold more gen-
erally. Indeed, if X is a strong Horikawa variety, the polarized variety (X,ωX)
is hyperelliptic according to the following definition (compare with [Fuj83, Def-
inition 1.1]):

Definition 5.1. Let (X,A) be a polarized variety. If A is base-point-free, the
morphism induced by |A| has degree 2 and its image is a variety of minimal
degree, then (X,A) is a hyperelliptic polarized variety.

We also recall the definition of subcanonical variety (compare with [BGMR20,
Definition 2.11]):

Definition 5.2. Let (X,A) be a polarized variety, let A be base-point-free. If
ωX = A⊗s, then we say (X,A) is s–subcanonical.

Proposition 5.3. Let (X,A) be an s–subcanonical polarized variety of dimen-
sion n. If (X,A) is hyperelliptic, then s ≥ −n+ 1.

Proof. We call φ to the morphism induced by |A| and argue as in the proof of
Theorem 2.6 and construct X2, ϕ2 and Y2 in the same fashion. If Y2 is P2, then
the branch divisor of ϕ2 is 2(n + s + 1) times a line in P2. Since the branch
divisor is effective and X2 is connected, then n+ s ≥ 0. If n+ s = 0, then φ is
not induced by the complete linear series |A| of A, hence n+ s ≥ 1 in this case.

If Y2 is the Veronese surface, then the branch divisor of ϕ2 is 2(2n+ 2s− 1)
times a line in P2. Since the branch divisor is effective and X2 is connected,
n+ s ≥ 1 in this case.

If Y2 is smooth rational normal scroll or a cone over a rational normal curve
(in the latter case, we carry out a construction analogous to (2.6.2)), then we
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get results analogous to (2.6.1), (2.6.8), (2.6.9) and (2.6.11). Thus the branch
divisor of ϕ2 is linearly equivalent to

(5.3.1) 2(n+ s)C0 + 2((n+ s− 2)m+ e+ 2)f,

with m ≥ e+ 1 and the branch divisor of p2 is linearly equivalent to

2(n+ s)C0 + 2(e(n+ s− 1) + 2)f.

Since these branch divisors are effective, we get n+ s ≥ 0. If n+ s = 0 and Y2
is smooth, since X2 is connected, 2m ≤ e + 1, but this contradicts m ≥ e + 1.
If n + s = 0 and Y2 is singular, since X2 is connected, e ≤ 1, which again is a
contradiction. Thus n+ s ≥ 1 in both cases. □

Now we are ready to state the analogues of the main results of Sections 2
and 3. The analogue of Theorem 3.3 generalizes what [Fuj83, Corollary 5.17]
says with respect to the simple connectedness of hyperelliptic, subcanonical
polarized varieties (see the comment about this just before Theorem 3.3). The
analogues of Theorems 2.7 and 2.12 (1) are novel though.

Theorem 5.4. If in the statements of Theorems 2.6, 2.7, 2.12 (1) and 3.3
we replace “X a Horikawa variety” by “ (X,A) a hyperelliptic, subcanonical
polarized variety with canonical singularities”, “ the canonical morphism of X”
by “ the morphism induced by |A|”, and “ pg(X)” by “h0(A)”, then the same
conclusions of those theorems hold in this new setting.

In particular, the above statements hold for (X,A) polarized, hyperelliptic
Calabi–Yau varieties with canonical singularities and for (X,A) polarized, hy-
perelliptic Fano varieties of index i ≤ n− 3 (in the sense of Fujita, see [Fuj83,
Definition 1.5]), with canonical singularities.

Proof. In the proofs of Theorems 2.6, 2.7, and 3.3 we showed that X2 has
irregularity 0, that pg(X2) ≤ 6 if Y2 is singular, and thatX2 is simply connected.
If we set s′ = n − 1, in all those cases, we in fact proved those statements for
any hyperelliptic, s′–subcanonical polarized normal surface (X2, ϕ

∗
2(OY2(1)))

with canonical singularities and s′ ≥ 1. Actually, it is easy to check that the
same arguments go through and the same statements are true for s′ = 0 and for
s′ = −1, with the possible exception of Theorem 3.3 in the latter case. Thus, if
(X,A) is a hyperelliptic, s–subcanonical polarized with canonical singularities
and s ≥ −n + 1, then we define X2 from (X,A) in a way anologuos to the
proofs of Theorems 2.6, 2.7, and 3.3, so we get analogous conclusions except
maybe for the above mentioned exception.

We deal now with the exception. In that case, the arguments of the proof of
Theorem 3.3 do work except maybe if Y2 = F0. Then (see (5.3.1))

B ∼ 2C0 + (4− 2m)f.

Since B is effective, then m = 1, in which case B is ample, or m = 2. Since X2

is normal, in the latter case B is the union of two lines and X2 = F0, so X2 is
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simply connected in both cases and, arguing as in the proof of Theorem 3.3, X
is also simply connected.

We deal now with the analogue of Theorem 2.12 (1). If Y is Pn or a smooth
hyperquadric in Pn+1, the same arguments of the proof of Theorem 2.12 work.
Now let Y be a smooth rational normal scroll. Using the same notation as
there, the analogue of (2.12.1) yields

OY (KY )⊗ L = OY (s),

so

hi(L−1) = hn−i(OY (s)).

If s < 0, then hn−i(OY (s)) = 0 by Serre duality and the Kodaira vanishing
theorem. If s ≥ 0, then

hn−i(OY (s)) = hn−i(Ss(E)) = 0.

□

Remark 5.5. Because of the analogue of Theorem 2.6, hyperelliptic, 0–subcanonical
polarized varieties with canonical singularities are Calabi–Yau.
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[GGP16b] F.J. Gallego, M. González, B.P. Purnaprajna, Deformations of canonical double
covers, J. Algebra 463 (2016) 23–32.

[Hor76] E. Horikawa, Algebraic surfaces of general type with small c21 I. Ann. of Math.
(2) 104 (1976), 357–387.

[Kaw99] Y. Kawamata, Deformations of canonical singularities, J. Amer. Math. Soc. 12
(1999), 85–92.

[Kob92] M. Kobayashi, On Noether’s inequality for threefolds, J. Math. Soc. Japan 44
(1992), 145–156.

[Kol93] J. Kollár, Shafarevich maps and plurigenera of algebraic varieties, Invent. math.
113 (1993), 117–215.

[KM98] J. Kollár, S. Mori Birational Geometry of Algebraic Varieties, Cambidge Univer-
sity Press, 1998.

[Laz04] R. Lazarsfeld, Positivity in algebraic geometry I, Springer-Verlag, 2004.
[Mum70] D. Mumford, Varieties defined by quadratic equations, “Corso CIME in Questions

on Algebraic Varieties, Rome, 1970”, 30–100.
[Nor83] M. Nori, Zariski’s conjecture and related problems, Ann. Sci, École-Norm-Super.,
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