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Abstract. We study moduli spaces of certain sextic curves with a singularity of multi-
plicity 3 from both perspectives of Deligne-Mostow theory and periods of K3 surfaces. In
both ways we can describe the moduli spaces via arithmetic quotients of complex hyperbolic
balls. We show in Theorem 7.4 that the two ball-quotient constructions can be unified in a
geometric way.

1. Introduction

When study moduli spaces of certain complex curves or surfaces, we are naturally led to
the moduli spaces of weighted points on P1. Here are several such examples:

Example 1.1. Kondō [Kon02] considered the moduli space of non-hyperelliptic curves of genus
4. A generic non-hyperelliptic curve of genus 4 is the zero locus of a section of O(3)�O(3)
on P1 × P1. The projection of the curve to P1 (there are two such projections) is a triple
cover with 12 branch points. We also know that an elliptic fibration on a rational surface has
12 branch points. See [HL02] for work on such rational surfaces. Via these constructions,
the moduli spaces of non-hyperelliptic curves of genus 4, of 12 points with the same weight,
and of rational elliptic surfaces are closely related to each other.

Example 1.2. Allcock, Carlson and Toledo [ACT02] realized the moduli space of cubic sur-
faces as an arithmetic ball quotient of dimension 4 via the intermediate Jacobian of certain
associated cubic threefolds. After that, Dolgachev, van Geemen and Kondō [DvGK05] stud-
ied the moduli space of cubic surfaces from a different point of view. They started with a
line l lying on a smooth cubic surface S, and looked at the planes containing l. There are
five such planes intersecting with S in 3 lines, and two such planes intersecting with S in l
and a quadric curve tangent to l. In this way we obtain 5 + 2 points on the pencil of planes
containing l. They then associated a plane sextic curve with an automorphism of order 3
to each set of 2 + 5 points. Via these constructions, the moduli spaces of cubic surfaces, of
2 + 5 points on P1 with certain weight, and of the corresponding sextic curves are closely
related to each other.

Example 1.3. Kondō [Kon07] considered the moduli space of del Pezzo surfaces of degree
4. The quadrics in P4 containing a fixed del Pezzo surface of degree 4 form a pencil with
5 branch points. Each set of 5 points gives a plane sextic curve with an automorphism of
order 5. Via these constructions, the moduli spaces of del Pezzo surfaces of degree 4, of 5
points on P1 with the same weight, and of the corresponding sextic curves are closely related
to each other.
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Moreover, in all these examples, there are K3 surfaces associated with sets of points on
P1 in a natural way. Each of these K3 surfaces contains a pencil of curves of genus one or
two, together with an action of cyclic group preserving all members of the pencil. Moreover,
the set of points on P1 is exactly the set of singular members in the pencil. The moduli
spaces of the sets of branch points are all ball quotients and can be constructed by periods
of the corresponding K3 surfaces.

There is another natural way to deal with certain moduli spaces of points on P1, namely,
the Deligne-Mostow theory ([DM86], [Mos86, Mos88]). We observe that some cases in
Deligne-Mostow’s list naturally lead to singular sextic curves, as we have seen in Exam-
ple 1.2 and 1.3. One of the most interesting new cases is the case (1
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Deligne-Mostow’s list, which gives rise to a ball quotient of dimension 6. In this paper we
study the moduli of 9 points on P1 with this weight.

Denote by m : [9] → P1 an injective map from [9] := {1, 2, · · · , 9} to P1. On one hand,
from Deligne-Mostow’s work, one can associate with m a cyclic cover of P1 branched along
m([9]). We call the cover a Deligne-Mostow curve. The periods of this curve give rise to a
ball-quotient structure on the moduli space (see §3.2). On the other hand, we can attach
a K3 surface with a D4 singularity to each m. The periods of the resolutions of those K3
surfaces give rise to another arithmetic ball quotient (see §5.2). Our main goal of this paper
is to formulate and prove a geometric unification of those two constructions (see Theorem
7.4 and Diagram (29)).

Remark 1.4. Dolgachev and Kondō [DK07] summarized some works on the complex ball
uniformizations of the moduli spaces of del Pezzo surfaces, K3 surfaces and algebraic curves
of low genus, and conjectured that all the ball quotients in Deligne-Mostow theory are moduli
spaces of certain K3 surfaces. Moonen [Moo18] proved that a large number of ball quotients
in Deligne-Mostow’s work are moduli of K3 surfaces.

The corresponding sextic curves in our case are defined by polynomials of the form
F := X3

0F3(X1, X2) +F6(X1, X2), where Fi (i = 3, 6) are degree i homogeneous polynomials
in X1, X2. The double cover of P2 branched along Z(F ) is a singular K3 surface with a
D4-singularity and a natural action of µ6 (the group of 6-th roots of unity). Its minimal
resolution is a smooth K3 surface WF with an elliptic fibration over P1. The quotient of
WF by the involution is a rational surface, which can be obtained from P2 by consecutive
blowups. See Proposition 2.2 for more details. A generic such K3 surface WF has Picard
lattice isomorphic to U ⊕ A2(−1)3 and transcendental lattice isomorphic to A2 ⊕ E6(−1)2.
We will describe the µ6-actions on Pic(WF ) and T (WF ) in an explicit way, see §8. The idea
of the proof is inspired by Kondō [Kon02] and Dolgachev-van Geemen-Kondō [DvGK05]. We
give a geometric description for the fibration structure on WF . There are 9 singular fibers,
3 of which are of Kodaira type IV and the other 6 are of Kodaira type II. In §4.1 we show
that this fibration is isotrivial, and the pullback of this fibration to Deligne-Mostow curve is
birationally a product of two curves. This geometric construction leads to an identification
between two complex hyperbolic balls, one is constructed from the Deligne-Mostow theory
and the other one from periods of K3 surfaces (see the end of §6). Such an identification is
needed in the formulation of our main Theorem 7.4.
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Consider the periods of those K3 surfaces, we define a period map

PS : FS → ΓS\BS,

where FS is the moduli space of the singular sextic curves Z(F ), and ΓS\BS is an arithmetic
ball quotient of dimension 6, see §5.2. We will prove PS is an open embedding. Our proof
is standard, relying on the global Torelli theorem and some lattice-theoretic analysis. On
the other hand, from Deligne-Mostow theory, we have another period map which is also an
open embedding

PDM : FDM → ΓDM\BDM .

Here, FDM is the moduli space of m : [9] → P1, and ΓDM\BDM is an arithmetic ball quotient
of dimension 6. Our main Theorem 7.4 relates the above two period maps in a natural
way.

Structure of the paper: In §2, we describe the elliptic fibration on the K3 surface WF

associated with F . In §3, we establish the relation between the Deligne-Mostow moduli
space FDM of m : [9] → P1 and the moduli space FS of the singular sextic curves Z(F ). In
§4, we show (with explicit calculations) that the K3 surface WF is birational to a quotient
of product of two curves. In §5 we define the period maps for the moduli space FS via
periods of WF , and show its injectivity. In §6, we study the relation between the weight-two
Hodge structures on WF and the weight-one Hodge structures on the Deligne-Mostow curves
using results of §4 and the Chevalley-Weil formula. In particular, we obtain the idenfication
between the two balls BDM and BS. In §7 we summarize our results in a commutative
diagram (29) and prove our main Theorem 7.4. Finally in §8 we give an explicit description
of the µ3-action on the transcendental lattice for a generic WF .

Acknowledgement: We thank Eduard Looijenga for stimulating discussion and many
helpful comments, and Dali Shen, Chenglong Yu for related discussion, especially on Deligne-
Mostow theory. The first author thanks Max Planck Institute for Mathematics for its support
and excellent research atmosphere during his stay.

Notation and Conventions:

(1) ζn = exp(2π
√
−1

n
)

(2) µn = 〈ζn〉: the group of n-th roots of unity

(3) PV = (V − 0)/C×: the projectivization of a complex vector space V

(4) SymdV : d-th symmetric product of a vector space V

(5) Z(F ): the zero locus of a homogeneous polynomial F in PV

(6) B(T ): the complex hyperbolic ball associated with a unitary Hermitian form (T, h)

(7) AL: the discriminant group of a lattice L

(8) For a module V over a ring R and an extension R ↪→ R′, we write VR′ = V ⊗R R
′.

(9) LK3: the K3 lattice.
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2. Singular Sextics and K3 Surfaces

In this section we first associate K3 surfaces with certain singular plane sextic curves,
and then study some natural isotrivial fibration structures on the K3 surfaces. Polynomials
and varieties are defined over the complex field C.

Let V be a complex vector space of dimension 3, and let PV be the associated projective
space of dimension 2. Let F ∈ Sym6(V ∗) be a sextic polynomial on V . We denote by Z(F )
the sextic curve defined by F in PV . Let SF be the double cover of PV branched along Z(F ).
It is well-known that, when Z(F ) is a smooth sextic curve, the surface SF is a smooth K3
surface. Suppose Z(F ) is a singular sextic curve with only ADE singularities, then SF is a
K3 surface with ADE singularities. In such situation we denote by W ′

F the minimal model
of SF , which is a smooth K3 surface.

We consider an action of µ3 on V such that the generator ζ3 ∈ µ3 has eigenvalues ζ3
(with multiplicity 1) and 1 (with multiplicity 2). Let V = V1 ⊕ V2 be the corresponding
decomposition into eigenspaces with dimV1 = 1 and dimV2 = 2. We denote by p := PV1 the
point in PV defined by V1. The projective line P := PV2 can be regarded as the pencil of lines
passing through p. The µ3-action on V induces one on PV . We consider sextic polynomials F
which are invariant under this action. Moreover we assume that p is a point of multiplicity
3 on Z(F ). We take coordinates X0, X1, X2 for V such that V1 = {X1 = X2 = 0} and
V2 = {X0 = 0}. Now we can write F = F (X0, X1, X2) = X3

0F3(X1, X2) +F6(X1, X2), where
we usually denote by Fi = Fi(X1, X2) a homogeneous polynomial in variables X1, X2 of
degree i. We denote by V the space of such sextic polynomials F , and let V◦ be the subspace
of V consisting of F such that the product F3F6 has no multiple roots. Unless particularly
mentioned, we always take F ∈ V◦.

Lemma 2.1. The point p is the only singularity of Z(F ) for F ∈ V◦.

Proof. Let [X0 : X1 : X2] be a singularity of Z(F ), namely

3X2
0F3(X1, X2) = 0, (1a)

X3
0

∂F3

∂X1

+
∂F6

∂X1

= 0, (1b)

X3
0

∂F3

∂X2

+
∂F6

∂X2

= 0. (1c)

From X1·(1b)+X2·(1c) we obtain

3X3
0F3(X1, X2) + 6F6(X1, X2) = 0. (2)

By (1a) and (2), we obtain F6(X1, X2) = 0. Hence we have X1 = X2 = 0 or F3(X1, X2) 6= 0.
If X1 = X2 = 0, then the singularity is the point p. If F3(X1, X2) 6= 0, then by (1a) we
obtain X0 = 0. By (1b) and (1c), we obtain ∂F6

∂X1
= ∂F6

∂X2
= 0. Since F6 does not have multiple

roots, we obtain a contradiction. Hence p is the only singularity of Z(F ) for F ∈ V◦. �

We give an alternative construction of W ′
F as follows. The sextic curve Z(F ) is singular

at p with multiplicity three. Thus the preimage of p in SF is a D4-singularity (this is
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implied from [GLS07, Theorem 2.23]). We first blow up the point p on PV and denote the
exceptional divisor by Ep. The strict transform of Z(F ), denoted by K, intersects with Ep

at 3 points, say q1, q2, q3. We then blow up q1, q2, q3 on Blp(PV ) and denote by E1, E2, E3

the corresponding exceptional divisors. Let K̂, Êp ⊂ R := Bl{q1,q2,q3}(Blp(PV )) be the strict
transforms of K and Ep. Let WF be the double cover of R branched along K̂ and Êp. Since
K̂ ∩ Êp = ∅, the surface WF is smooth.

Proposition 2.2. The evident birational map between W ′
F and WF extends to an isomor-

phism.

Proof. We denote by Q = Blp(PV ), and denote by g : R → Q and f : Q → PV the two
blowups. We first compute the canonical class of R. Let L be a generic line in PV . Then
the canonical class of Q is given by

KQ = f ∗[−3L] + [Ep].

Let KR be the canonical class of R. Then

KR = g∗KQ + [E1] + [E2] + [E3] = g∗f ∗[−3L] + g∗[Ep] + [E1] + [E2] + [E3]

After rearrangement, we have

KR = −3g∗f ∗[L] + [Êp] + 2([E1] + [E2] + [E3]) (3)

We next compute the class of K̂+Êp in R. Note that Z(F ) passes through p with multiplicity
3. The class g∗f ∗[Z(F )] is equal to

g∗([K] + 3[Ep]) = [K̂] + [E1] + [E2] + [E3] + 3[Êp] + 3([E1] + [E2] + [E3])

= [K̂] + 3[Êp] + 4([E1] + [E2] + [E3]),

This implies that

[K̂] + [Êp] = 6g∗f ∗[L]− 2[Êp]− 4([E1] + [E2] + [E3]). (4)

By Equations (3) and (4) we have [K̂] + [Êp] = −2[KR]. Since WF is the double cover of
R branched along K̂ t Êp, by [BHPVdV04, Lemma 17.1], the canonical class KWF

of WF is
0. By Lemma 2.1, WF has no other singularities, thus WF is a smooth K3 surface.

By the construction, we know that WF ,W
′
F are smooth minimal resolutions of SF , hence

naturally isomorphic. �

We have a rational map πF : WF 99K P which is the composition of the double cover
WF −→ PV and the rational morphism PV 99K P , [X0 : X1 : X2] 7−→ [X1 : X2]. The
preimage of p in SF is the only singularity, which is blown up in the resolution WF → SF .
Hence the rational map πF is automatically a morphism. We describe πF explicitly in the
following proposition.

5



Proposition 2.3. The morphism πF : WF −→ P is an elliptic fibration such that every
smooth fiber is an elliptic curve with j-invariant 0. In particular, πF is an isotrivial fibration.

Proof. The equation of the singular K3 surface SF in the weighted projective space is

S2 = X3
0F3(X1, X2) + F6(X1, X2) (5)

where (S,X0, X1, X2) is the weighted homogeneous coordinate system for P(3, 1, 1, 1). We
take a point a = [a1 : a2] ∈ P . Let La be the line in PV defined by a2X1 − a1X2 = 0. The
fiber π−1

F (a) is a double cover of La branched at La ∩ Z(F ). For a generic choice of a, the
branch locus La ∩ Z(F ) contains four different points (with one point being p). Therefore,
π−1
F (a) is a smooth elliptic curve. Therefore, πF is an elliptic fibration with a section Êp.

Recall that we have a µ3-action on PV and Z(F ), hence on WF . This induced action fixes
the section Êp and preserves every fiber of πF . Thus the elliptic curve π−1

F (a) has j-invariant
0. This implies that πF is an isotrivial fibration. �

Next we give an explicit calculation of the structure of π−1
F (a) for a = [a1 : a2]. We

assume a1 6= 0. Then we work in the open subspace {X0 6= 0, X1 6= 0} ⊂ P(3, 1, 1, 1). Let
s := S

X2
0X1

, x1 := X1

X0
and t := X2

X1
, then the affine equation of SF (defined by Equation (5))

can be written as
s2 = x1f3(t) + x41f6(t).

Here fi(t) = Fi(1, t). Thus the preimage of La in SF is given by the affine equation

s2 = x1f3(
a2
a1

) + x41f6(
a2
a1

).

The smooth projective model for this affine equation is the unique elliptic curve with j-
invariant 0.

Next we describe the elliptic fibration structure on WF in more details. For a = [a1 :

a2] ∈ P , let L̂a be the strict transform of the line La = {[X0 : X1 : X2]
∣∣a2X1 = a1X2} ⊂ PV

in R = Bl{q1,q2,q3}(Blp(PV )).

Then L̂a intersects K̂ in three points and Êp in one point. If these four points are distinct
(which happens if and only if a ∈ P − Z(F3F6), see Lemma 2.4 below), the preimage of L̂a

in WF is a double cover of L̂a branched over four distinct points, hence a smooth genus 1
curve that is preserved by the action of µ3 on WF . The composition WF → R → Q → P is
hence an elliptic fibration with a fiberwise action of µ3.

Let a1, a2, a3 be the zeros of F3 and b1, b2, . . . , b6 the zeros of F6. Recall that ai = [ai1 : a
i
2]

and bj = [bj1 : b
j
2]. By straightforward calculation we obtain:

Lemma 2.4. The lines Lai (1 ≤ i ≤ 3) intersect Z(F ) at p = [1 : 0 : 0] with multiplicity 6.
The lines Lbj (1 ≤ j ≤ 6) intersect Z(F ) at p = [1 : 0 : 0] and another point [0 : bj1 : b

j
2], both

with multiplicity 3. Other lines La for a ∈ P −Z(F3F6) intersect Z(F ) at p with multiplicity
3, and at three other points with multiplicity one.
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Each L̂ai intersects with K̂ with multiplicity 2, and does not meet Êp, E1, E2 and E3.
Each L̂bj intersects K̂ with multiplicity 3 and Êp with multiplicity 1, and does not meet
E1, E2 and E3. The preimage of L̂ai in WF is the union of two projective lines and the
preimage of Ei is a projective line. The union of three lines intersecting at one common
point is a singular fiber of Kodaira type IV. The preimage of L̂bj is a cuspidal curve, which
is a singular fiber of Kodaira type II. We sum up the above discussion as follows.

Proposition 2.5. The discriminant set of the elliptic fibration WF → P is Z(F3F6) ⊂
P . The fibers over Z(F3) are of Kodaira type IV (the union of 3 smooth rational curves
intersecting at one point), and the fibers over Z(F6) are of Kodaira type II (cuspidal cubic
curves).

Remark 2.6. In fact, let W be an elliptic K3 surface with a section and smooth fibers
isomorphic to the elliptic curve with j-invariant 0. Assume W has 9 singular fibers, among
which 3 are of Kodaira type IV and 6 are of Kodaira type II. By the discussion in [Huy16,
Chapter 11, 2.2], the Weierstrass model of W → P1 can be written as

y2z = x3 + a(t)xz2 + b(t)z3,

where a(t) ∈ H0(P1,OP1(8)), b(t) ∈ H0(P1,OP1(12)) and t is the coordinate of the base P1.
The j-invariant of the fiber over t ∈ P1 is 1728·4a(t)3

4a(t)3+27b(t)2
, which equals to zero in our case. Thus

a(t) = 0 for all t ∈ P1. Hence the Weierstrass model of W → P1 has the following form

y2z = x3 + b(t)z3.

The order of vanishing of 4a(t)3 + 27b(t)2 at t is determined by the type of the fiber
over t, see [Huy16, Chapter 11, 2.4]. Explicitly, b(t) has 3 zeros of order 2 (corresponding
to fibers of type IV) and 6 ordinary zeros (corresponding to fibers of type II). Therefore,
W is uniquely determined up to isomorphism by the position of 9 discriminant points. Let
F = X3

0F3 + F6, where the zeros of F3 (F6 resp.) coincide with the 3 zeros of order 2 (6
ordinary zeros resp.) of b(t). Then WF has also such a fibration structure with discriminant
set coincide with that of W . Thus W and WF are isomorphic.

3. GIT Constructions and Deligne-Mostow Theory

In this section we study the GIT-model for sextic curves Z(F ) = V (X3
0F3 + F6). This

is similar to certain constructions in [YZ18] of moduli spaces of nodal sextic curves. In our
case, this approach leads to a GIT-model for weighted points on P1. We shall explain a
natural relation between our construction and the Deligne-Mostow theory, see Proposition
3.1.

3.1. A GIT Construction. Recall that V is the vector space of sextic polynomials X3
0F3+

F6 and V◦ is the subset of V consisting of elements such that F3F6 has no multiple roots.
Let Vi be the vector space of polynomials X6−i

0 Fi. We have V = V3 ⊕ V6. We denote by PV
the projectivization of V and by PV◦ ⊂ PV the open subset defined by V◦.

Let C[X0, X1, X2]6 be the space of sextic polynomials in X0, X1, X2. Define g(F ) = F ◦g−1

for any g ∈ SL(3,C) and F ∈ C[X0, X1, X2]6. We then have an action of SL(3,C) on
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C[X0, X1, X2]6. Let GS be the SL(3,C)-stabilizer of the decomposition C3 = C⊕ C2, which
is generated by diag(1, g) for g ∈ SL(2,C) and elements diag(t2, t−1, t−1) for t ∈ C×. Then GS

leaves V ⊂ C[X0, X1, X2]6 invariant. Note that GS is naturally isomorphic to GL(2), hence
reductive. The group Z(GS) = {diag(t2, t−1, t−1)

∣∣t ∈ C×} is the center of GS. Consider the
action of GS on the polarized variety (PV ,O(1)). By Shah [Sha80, Theorem 2.3], the points
in PV◦ are stable under this action.

Let FS := G\\PV◦ be the GIT quotient. We will see that FS is naturally isomorphic
to an open subspace of an arithmetic ball quotient. We postpone the discussion of this
aspect to §6, and focus on the GIT-model now. The following proposition will lead to a
relation between FS and the moduli space of 9 weighted points on P1 from the perspective
of Deligne-Mostow theory (see §3.2).

Proposition 3.1. We have an isomorphism

Z(GS)\\(PV ,O(1)) ∼= (PV3 × PV6,O(2)�O(1)) (6)

of polarized varieties.

Proof. We need to calculate the invariant subalgebra of
⊕∞

w=0 Sym
wV∗ under the induced

action of Z(GS). We have V = V3 ⊕ V6 and V∗ = V∗
3 ⊕ V∗

6 . Hence

SymwV∗ =
⊕

i+j=w

SymiV∗
3 ⊗ SymjV∗

6 ,

where i, j are non-negative integers. For gt = diag(t2, t−1, t−1) ∈ Z(GS), we have gt(X6−k
0 Fk) =

t3k−12X6−k
0 Fk. Thus the action of gt on V∗

3 , V∗
6 is by scalars t−3, t6 respectively. Hence

the action of gt on SymiV∗
3 ⊗ SymjV∗

6 is by the scalar t6j−3i. Thus a nonzero element in
SymiV∗

3 ⊗SymjV∗
6 is invariant under the action of Z(GS) if and only if 3i− 6j = 0. We have

(
∞⊕

w=0

SymwV∗)Z(GS) =
∞⊕
j=0

(Sym2jV∗
3 ⊗ SymjV∗

6 )

By taking Proj-constructions on both sides, we obtain the isomorphism (6) �

Remark 3.2. A similar result was previously obtained by Yu and Zheng in [YZ20, Proposition
6.5] to study moduli spaces of cubic fourfolds with specified group actions.

3.2. Deligne-Mostow Theory. In this section we briefly recall the Deligne-Mostow theory,
see [DM86], [Mos86, Mos88], [Loo07]. Let N ≥ 5 be a positive integer, and (α1, · · · , αN) be
an N -tuple of rational positive numbers such that α1 + · · · + αN = 2 and 0 < αi < 1. Let
d be the lowest common multiple of the denominators of α1, · · · , αN . Recall P = PV2 is a
projective line. Let [N ] := {1, 2, · · · , N}. Let Sα be the group of permutations of [N ] which
leave the map α : [N ] → Q invariant.

We denote by (PN)◦ the space of all injective maps from [N ] to P . For m ∈ (PN)◦ we
have distinct linear forms li ∈ V ∗

2 such that [Z(li)] = m(i) ∈ P . The equation

yd =
N∏
i=1

ldαi
i
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defines a curve in the weighted projective space P(2, 1, 1), with normalization Cm called the
Deligne-Mostow curve. Let bCm be the symplectic bilinear form on H1(Cm,C) given by the
cup product. We denote by µd ⊂ C× the group of d-th roots of unity. The curve Cm admits
a natural action by µd, with the generator ζd := exp(2π

√
−1/d) sending y to ζdy. Thus µd

has an induced action on the cohomology group H1(Cm,Z). This action diagonalizes if we
take Q(ζd) as coefficients: we can decompose H1(Cm,Q(ζd)) into characteristic subspaces
with respect to this action. For a character ρ : µd → C×, we denote by H1(Cm,Q(ζd))ρ
its characteristic subspace in H1(Cm,Q(ζd)). There is a natural Hermitian form hρ on
H1(Cm,Q(ζd))ρ defined by hρ(x, y) = (ζd − ζd)bCm(x, y). Let ρ1 be the natural inclusion of
µd into C×. We write TCm = H1(Cm,Q(ζd))ρ1 and hCm = hρ1 . By Deligne-Mostow theory
(see [Loo07, Proposition 4.1]), we have:

Proposition 3.3. The Hermitian form hCm has signature (1, N − 3).

For a unitary Hermitian space (T, h) over Q(ζ3) we write

B(T ) := P{x ∈ T ⊗ C
∣∣h(x, x) > 0}

for the associated complex hyperbolic ball. The isomorphism type of the unitary Hermitian
form (TCm , hCm) does not depend on the choice of m.

For an open subset (CN)◦/Sα ⊂ (PN)◦/Sα, there exists a naturally defined family
of Deligne-Mostow curves π : C → (CN)◦/Sα. It induces a local system R1π∗Q(ζd) over
(CN)◦/Sα. There exists a sub-local system TDM of R1π∗Q(ζd) whose stalk at m ∈ (CN)◦/Sα

is TCm ⊂ H1(Cm,Q(ζd)). We fix a base point o on (CN)◦/Sα. Let ΓDM be the monodromy
group of TDM . It acts on TCo naturally and so as on BDM := B(TCo). Then we have a period
map from (CN)◦/Sα to ΓDM\BDM . We can choose finitely many open subsets of the form
(CN)◦/Sα such that they form a cover of (PN)◦/Sα. We can choose a base point that lies
in the intersection of all these open subsets. On each of them, we can define the period map
similarly. These maps naturally glue to a period map PDM : (PN)◦/Sα → ΓDM\BDM .

We consider the action of SL(2,C) on PN together with the polarization L = �N
i=1O(2dαi).

From [DM86, §4.1], the points in (PN)◦ are stable. The Sα-action on (PN)◦ descends to the
GIT-quotient SL(2)\\(PN)◦. We define

FDM := (SL(2)\\(PN)◦)/Sα
∼= SL(2)\\((PN)◦/Sα). (7)

The period map descends to FDM , which we still denote by PDM .

Theorem 3.4 ([DM86], [Mos86]). Assume that (α1, · · · , αN) satisfies
(ΣINT): 0 < αi < 1 for all i,

∑
αi = 2 and for 1 ≤ i < j ≤ N such that αi + αj < 1, we

have (1− αi − αj)
−1 is an integer if αi 6= αj, or a half-integer if αi = αj.

Then the group ΓDM is a lattice, and the period map PDM : FDM → ΓDM\BDM is an open
embedding.

Mostow [Mos88] found an equivalent condition on the Deligne-Mostow data α = (αi)i∈[N ]

for ΓDM to be a lattice in O(TCo , hCo), and gave a complete list of all such α.
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3.3. Moduli of 3+6 Points on P . From now on we consider the case α = (1
3
, 1
3
, 1
3
, 1
6
, 1
6
, 1
6
, 1
6
, 1
6
, 1
6
).

There are natural projections P k → PVk sending a tuple of k points on P to a polynomial
X6−k

0 Fk such that Fk vanishes on the tuple. This induces an isomorphism pF : P 9/Sα =
(P 3 × P 6)/Sα → PV3 × PV6 where Sα = S3 × S6. By straightforward calculation, we
have

p∗F(OPV3(2)�OPV6(1))
∼= OP (2)

�3 �OP (1)
�6.

Therefore, we have an isomorphism between two GIT-quotients:

pF : SL(2,C)\\(P 9,OP (2)
�3�OP (1)

�6)/Sα → SL(2,C)\\(PV3×PV6,OPV3(2)�OPV6(1)) (8)

The left hand side in the morphism (8) is exactly the GIT-quotient in Deligne-Mostow
theory, see the discussion in §3.2. From Deligne-Mostow theory, we have an algebraic open
embedding PDM : FDM → ΓDM\BDM (see Theorem 3.4). From the isomorphism (6), we
know that the right hand side of (8) is isomorphic to the GIT-quotient G\\(PV ,O(1)). Recall
that we have defined the moduli space FS = G\\PV◦. The restriction of the morphism pF to
FDM gives rise to an isomorphism

pF : FDM → FS.

At this point, we have the following diagram:

FDM ΓDM\BDM

FS

pF

PDM

(9)

In §5.2, we will define a period map PS : FS → ΓS\BS and show its injectivity. In
Theorem 7.4, Diagram (9) will be completed into Diagram (29).

4. An Explicit Study of the Fibration Structure on WF

Let C be the 6-fold Deligne-Mostow cover of P associated with α = (1
3
, 1
3
, 1
3
, 1
6
, 1
6
, 1
6
, 1
6
, 1
6
, 1
6
).

More precisely, C is determined by the following weighted homogeneous equation

y6 = F 2
3F6.

Let D be the smooth projective curve determined by the affine equation u2 = v(v3 + 1). In
§4.1, we show that the pullback of WF → P to C is birational to the product C × D. In
§4.2, we construct natural actions of µ6 on C and D, and show that the K3 surface WF is
birational to the quotient of C ×D by the diagonal action of µ6.

4.1. Trivialization of the Isotrivial Fibration via Base-change. Given a sextic poly-
nomial F = X3

0F3(X1, X2) + F6(X1, X2), we have a natural morphism WF → SF → PV and
a fibration πF : WF → P as defined in §2. Recall that P can be naturally identified with the
set of lines on PV passing through p.

Define

P ◦ := P − {[0 : 1], [1 : 0]} − Z(F3)− Z(F6), W ◦
F := π−1

F (P ◦) ∩ A3
s,x1,t

.
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Here the definition of the indices s, x1, t can be found in the discussion after Proposition 2.3.
Recall that we denote Fi(1, t) by fi(t). The closure of W ◦

F in A3
s,x1,t

is defined by

s2 = x31f3(t) + x61f6(t), (10)

From Equation (10), we see that for any point t ∈ P ◦, the curve π−1(t) ⊂ A2
x1,s

is
determined by the equation (

s

x1

)2

= x1(f3(t) + x31f6(t)). (11)

Since f3(t), f6(t) 6= 0, the affine curve π−1(t) is isomorphic to the affine curve D◦ := Z(u2 −
v(v3 + 1)) ⊂ A2

u,v.

Let C◦ be the preimage of P ◦ in the Deligne-Mostow curve C. Then C◦ is determined
by

y6 = f3(t)
2f6(t). (12)

in the affine space A2
y,t.

Put Equations (11) and (12) together we obtain

(
s

x1
)2 = x1f3(t) + x41

y6

f3(t)2
,

which can be rewritten as
(

sy

x1f3(t)
)2 =

x1y
2

f3(t)
+ (

x1y
2

f3(t)
)4,

and these can be viewed as identities of regular functions on the fiber product W ◦
F ×P ◦ C◦ ⊂

A4
s,x1,y,t

.

An element in the fiber product W ◦
F ×P ◦ C◦ can be represented by a tuple (s, x1, y, t).

Then the map

W ◦
F ×P ◦ C◦ → A2

u,v × A2
y,t, (s, x1, y, t) 7→ (u, v, y, t) = (

sy

x1f3(t)
,
x1y

2

f3(t)
, y, t) (13)

defines a morphism κ : W ◦
F ×P ◦ C◦ → D◦ × C◦.

Proposition 4.1. The morphism κ is an isomorphism. In particular it defines a birational
map WF ×P C 99K D × C.

Proof. Since D × C is smooth (hence normal), it suffices to show that κ is a bijection. For
any (s, x1, y, t) and (s′, x′1, y

′, t′) in W ◦
F ×P ◦ C◦, if κ(s, x1, y, t) = κ(s′, x′1, y

′, t′), then we
immediately have y = y′ and t = t′. From x1y2

f3(t)
=

x′
1y

2

f3(t)
we have x1 = x′1, and then from

sy
x1f3(t)

= s′y
x1f3(t)

we have s = s′. This proves the injectivity of κ.

The product D◦ × C◦ in A2
u,v × A2

y,t is cut out by u2 = v(v3 + 1) and y6 = f3(t)
2f6(t).

For any (u, v, y, t) satisfying the above relations, we have κ(uvf3(t)
2

y3
, vf3(t)

y2
, y, t) = (u, v, y, t).

This proves the surjectivity of κ. �
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Remark 4.2. We give a more geometric characterization of C. Each smooth fiber π−1
F (t) of

the elliptic fibration πF : WF → P is isomorphic to D (in 6 ways). Such isomorphisms make
up an Aut(D)-cover of P − disc(πF ) and this extends to a normal Aut(D)-cover C ′ of P .
By Proposition 4.1, we have a birational map WF ×P C 99K D × C. Therefore, a point in
C with image in p ∈ P − disc(πF ) gives rise to an isomorphism between the corresponding
fiber of πF with D. We thus obtain a rational map C 99K C ′. From (13), we see that two
different points in C with the same image p ∈ P − disc(πF ) define different isomorphisms
from π−1

F (p) to D. Thus the rational map C 99K C ′ is injective outside the indeterminacy
locus, which extends to an isomorphism.

4.2. A birational identification of WF . We define the µ6-actions on C and D by

ζ6· : C → C, (y, t) 7→ (ζ6y, t), ζ6· : D → D, (u, v) 7→ (ζ6u, ζ3v). (14)

Denote by ld the corresponding diagonal action of µ6 on C ×D, namely,

ld : µ6 × (C ×D) → C ×D, (ζ6, (y, t, u, v)) 7→ (ζ6y, t, ζ6u, ζ3v). (15)

Denote by C ×ld D the quotient of C ×D by ld.

From Proposition 4.1, we have the projection

ψ̃ : C◦ ×D◦ → W ◦
F , (y, t, u, v) 7→ (

uvf3(t)
2

y3
,
vf3(t)

y2
, t).

For each (y, t, u, v) ∈ C◦ ×D◦, we have

ψ̃(ld(ζ6, (y, t, u, v))) = ψ̃(ζ6y, t, ζ6u, ζ3v) = ψ̃(y, t, u, v).

Hence the diagonal action ld on C ×D coincides with the Deck transformations of ψ̃ : C◦ ×
D◦ → W ◦

F .

Proposition 4.3. The map ψ̃ factors through a birational map from C ×ld D to WF , which
we denote by ψ.

We define a µ6-action on WF by

ζ6· : WF → WF , (s, x1, t) 7→ (−s, ζ3x1, t), (16)

and define a µ6-action on C ×D by

ζ6· : C ×D → C ×D, (y, t, u, v) 7→ (y, t, ζ6u, ζ3v). (17)

This action descends to a µ6-action on C ×ld D:

ζ6· : C ×ld D → C ×ld D, [(y, t, u, v)] 7→ [(y, t, ζ6u, ζ3v)].

Proposition 4.4. The actions of µ6 on both sides of the birational map ψ : C×ld D 99K WF

are compatible. Moreover, the action of µ6 on WF preserves every fiber of WF → P .

12



Proof. We need to verify that

ψ(ζ6([(y, t, u, v)])) = ζ6(ψ([(y, t, u, v)])) (18)

holds for all [(y, t, u, v)] ∈ C◦ ×D◦. We have

ψ(ζ6([(y, t, u, v)])) = ψ([(y, t, , ζ6u, ζ3v)]) = (−uvf3(t)
2

y3
, ζ3

vf3(t)

y2
, t)

and

ζ6(ψ([(y, t, u, v)])) = ζ6((
uvf3(t)

2

y3
,
vf3(t)

y2
, t)) = (−uvf3(t)

2

y3
, ζ3

vf3(t)

y2
, t),

hence the Equation (18) holds.

The fibration C×ld D → C/µ6
∼= P is induced by the projection C×D → C after taking

quotient by the µ6-actions. Hence [(y, t, u, v)] and [(y, t, ζ6u, ζ3v)] have the same image in P .
Thus the action of µ6 on WF preserves every fiber. �

Remark 4.5. The example of product-quotient surface that we consider here already ap-
peared in [GP15], where the authors classified the K3 surfaces which are birational to certain
product-quotient surfaces. The reason that we still do these precise computation is because
they are necessary for the discussion in §6.

Remark 4.6. There is a rational fibration C ×ld D 99K D/µ6
∼= P1 with generic fiber isomor-

phic to C. We remark that there are generically injective morphisms from C to WF . We take
a point in D with trivial µ6-stabilizer and consider its µ6-orbit. For any p ∈ P − disc(πF ),
there are 6 isomorphisms between D and π−1

F (p). They send µ6 · p ⊂ D to the same µ6-orbit
in the fiber π−1

F (p). These µ6-orbits form a 6-fold cover of P − disc(πF ). Its closure in WF

is a singular curve with normalization isomorphic to C.

Remark 4.7. The associated Deligne-Mostow curve C is a double cover of the normalization
of Z(F ) branching over 6 points. The involution is given by the action of ζ36 = −1. By
Remark 4.6, there is a pencil of curves on WF with a generic member birational to the
Deligne-Mostow curve C, which is obtained by WF 99K C ×ld D 99K D/µ6

∼= P1. The
K3 surface WF admits a natural involution. The quotient of WF by the involution is a
rational surface, which admits a birational morphism to P2. There is a pencil of curves on
the rational surface with a generic member isomorphic to the normalization of Z(F ). The
associated pencil on P2 is {Z(X3

0 · sF3 + tF6)|[s : t] ∈ P1}.

5. Period Map for WF

In this section we characterize the period domain and the period map for the K3 surfaces
WF and prove the injectivity of the period map. Combining this with a dimension count we
show that the period map is an open embedding into an arithmetic ball quotient of dimension
6.
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5.1. A Natural Lattice associated with WF . Shioda [Shi72, Theorem 1.1] calculated the
Néron-Severi group for any elliptic surface with a section using the geometric information of
the singular fibers and sections. In our case, for F ∈ V◦ (see §3.1), the K3 surface WF has
an elliptic fibration (with a natural section) over P . This fibration has nine singular fibers,
with three of type IV and other six of type II (see Proposition 2.5). Let PF be the subgroup
of the Picard group Pic(WF ) generated by the section, a smooth fiber and the irreducible
components of the three fibers of type IV which do not intersect with the section. Let QF be
the orthogonal complement of PF in H2(WF ,Z). The isomorphism type of the pair (PF , QF )
does not depend on the choice of F in V◦.

Proposition 5.1. The inclusion PF ⊂ Pic(WF ) is primitive.

Proof. By Shioda [Shi72, Theorem 1.1], the quotient Pic(WF )/PF is isomorphic to the
Mordell-Weil group MW(WF ). The torsion part MW(WF )tor is a subgroup of the smooth
part of every fiber, see [Shi72, Remark 1.10]. Since the fibration on WF has singular fibers
of type II, we conclude that MW(WF ) is torsion-free. Thus PF is primitive in Pic(WF ). �

We characterize (PF , QF ) in the next proposition.

Proposition 5.2. For any F ∈ V◦, we have PF
∼= U ⊕ A2(−1)3 and QF

∼= A2 ⊕ E6(−1)2.
Here U represents for the hyperbolic lattice of rank two, and An, Dn, En represent for the
positive definite root lattices associated with the correponding Dykin diagrams.

Proof. The first isomorphism PF
∼= U ⊕ A2(−1)3 directly follows from its definition. Since

PF is primitive in Pic(WF ), it is also primitive in H2(WF ,Z) ∼= LK3. Since the discriminant
forms of U ⊕ A2(−1)3 and A2 ⊕ E6(−1)2 are inverse to each other, there exists a primitive
embedding U⊕A2(−1)3 ↪→ LK3 = U3⊕E8(−1)3 with the orthogonal complement isomorphic
to A2 ⊕ E6(−1)2. By Nikulin [Nik79, Theorem 1.14.4], a primitive embedding of PF into
the K3 lattice LK3 is unique up to automorphisms of LK3. This implies that QF

∼= A2 ⊕
E6(−1)2. �

Remark 5.3. For generic F , the lattice PF is actually the Picard lattice. This will be clear
after we show the injectivity of the period map. See Corollary 5.6.

5.2. The Period Map for WF . Recall that we have defined an action (see (16)) of µ6

on the K3 surface WF . It is clear that the induced action of µ3 ⊂ µ6 on H2(WF ,Z) fixes
the classes of the section and the irreducible components of the three singular fibers of
type IV in WF → P . We denote by H2(WF ,Z)µ3 the µ3-invariant sublattice of H2(WF ,Z).
By definition PF is generated by some µ3-invariant cycles, hence PF ⊂ H2(WF ,Z)µ3 . In
particular, µ3 preserves QF .

Since the quotient WF/µ3 is a rational surface, the µ3-action on WF is non-symplectic (it
is well-known that the quotient of a K3 surface by a finite symplectic automorphism is a K3
surface with singularities). Therefore, the invariant sublattice H2(WF ,Z)µ3 is orthogonal to
H2,0. This implies that H2(WF ,Z)µ3 is a primitive sublattice of the Picard lattice Pic(WF ).
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We now have the inclusions

PF ⊂ H2(WF ,Z)µ3 ⊂ Pic(WF ). (19)

Definition 5.4. Let TF be the µ3-characteristic subspace ofH2(WF ,Q(ζ3)) such that (TF )C ⊃
H2,0(WF ).

Let ε be the intersection form on H2(WF ,Z). We have a Hermitian form

hϵ : TF × TF → C, hϵ(x, y) = ε(x, y)

which has signature (1, ∗). Now we fix arbitrarily an element Fo ∈ V◦ as our base point. Let
BS = B(TFo) be the complex hyperbolic ball associated with (TFo , hFo). Define

ΓS := {g ∈ O(QF )
∣∣g ◦ ζ3 = ζ3 ◦ g},

where the element ζ3 ∈ µ3 acts on QF .

Next we define a period map PS : FS → ΓS\BS. For F ∈ V◦, take a path γ in V◦ from
Fo to F . It induces an isomorphism γ∗ : TF → TFo . The line γ∗(T 2,0

F ) represents a point in
BS. We define PS(F ) to be [γ∗(T 2,0

F )] ∈ ΓS\BS. This is well-defined since for two choices of
γ, the corresponding points in BS are in one orbit of ΓS.

Therefore, we have an analytic morphism PS : PV◦ → ΓS\BS, which is constant on every
GS-orbit. Thus PS descends to

PS : FS → ΓS\BS, (20)

which is called the period map for the sextic curves Z(F ).

Proposition 5.5. The period map PS : FS → ΓS\BS is injective.

Proof. Suppose there are two sextic curves Z(F ), Z(F ′) ∈ PV◦ such that PS(F ) = PS(F
′).

Then we can choose paths γ, γ′ (respectively) in V◦ connecting F, F ′ (respectively) to Fo,
such that γ∗(H2,0(WF )) and γ′∗(H2,0(WF ′)) lie in one ΓS-orbit. Take g ∈ ΓS such that
g(γ∗(H2,0(WF ))) = γ′∗(H2,0(WF ′)). Let ιQ := γ′∗−1gγ∗. Then ιQ : (QF , µ3) ∼= (QF ′ , µ3) such
that ιQ(T 2,0

F ) = T 2,0
F ′ . We aim to show Z(F ) ∼= Z(F ′).

Let fF and sF be the classes of the fiber and the section of the elliptic fibration WF → P .
Let eF = sF + fF . The elements eF , fF form a standard basis of the hyperbolic lattice U
(namely, e2F = f 2

F = 0, (eF , fF ) = 1).

By Remark 2.5, each of the three singular fibers of WF → P of type IV has three
irreducible components. Let xi, yi, zi (i = 1, 2, 3) be the classes of the irreducible components
of a fiber of type IV, such that xi · sF = yi · sF = 0 and zi · sF = 1. By Proposition 5.2, we
have

PF = 〈eF , fF 〉 ⊕ 〈x1, y1〉 ⊕ 〈x2, y2〉 ⊕ 〈x3, y3〉 ∼= U ⊕ A2(−1)3

and QF
∼= A2 ⊕ E6(−1)2. Similarly, we have sF ′ , fF ′ , eF ′ , x′i and y′i for F ′.

15



The two tuples (PF , eF , fF ) and (PF ′ , eF ′ , fF ′) are isomorphic. For a lattice L we denote
by AL := L∗/L its discriminant group. Since AA2

∼= Z/3 and O(A3
2) → O(A3

A2
) is surjective,

we can choose ιP : (PF , eF , fF ) ∼= (PF ′ , eF ′ , fF ′) such that ι∗P : APF
∼= APF ′ coincides with

ι∗Q : AQF
∼= AQF ′ . Then we can glue ιQ and ιP to

ι : H2(WF ,Z) ∼= H2(WF ′ ,Z)

which is a Hodge isometry.

If L is a lattice and α ∈ L satisfies α · α = −2, then the reflection rα : x 7→ x + (x · α)α
acts trivially on AL as it takes any y ∈ L∗ to y + (y · α)α ∈ y + L. In particular, for a root
α ∈ A2, the reflection rα induces trivial action on the discriminant group of A2. Thus we
can suitably adjust the isomorphism ιP : PF

∼= PF ′ , such that ι sends an effective root in A2

to an effective root. We take
h := 3eF + 4fF − x1 − y1 − x2 − y2 − x3 − y3 = 3sF + 4fF + z1 + z2 + z3,

which is an effective element in PF . We can define h′ similarly. Then ι(h) = h′. We claim
that both h and h′ are ample. By Nakai-Moishezon criterion, an element in the Picard group
of a complex K3 surface is ample if and only if it has positive self-intersection and positive
intersection with every irreducible curve. We have

h · sF = 1, h · fF = 3, h · xi = h · yi = h · zi = 1 and h2 = 18.

Suppose C is an irreducible curve on WF such that [C] 6= sF , fF , xi, yi, zi. Then C is not
contained in any fiber, hence fF · C > 0, which implies that h · C > 0. Thus the class h
is ample, so is h′. Therefore, ι sends an ample class to ample class. By the global Torelli
theorem ([BR75, Theorem 1]), there exists an isomorphism η : WF

∼= WF ′ which induces ι.
Note that ι is compatible with the actions of µ3. From the faithfulness of the action of an
automorphism of a K3 surface on the middle cohomology, we conclude that η is compatible
with the actions of µ3.

We claim η gives rise to an isomorphism between Z(F ) and Z(F ′). Recall that we denote
by πF the elliptic fibration WF → P , see §2. Since ι(fF ) = fF ′ , the isomorphism η maps
each fiber of πF to a fiber of πF ′ . Hence η also maps a singular fiber to a singular fiber of the
same type. Note that the base P can be identified with the subvariety sF (P ) of WF , where
sF denotes the section of πF and [sF (P )] = eF − fF in PF (same thing holds for F ′). Since
ι(eF − fF ) = eF ′ − fF ′ , η maps sF (P ) isomorphically to sF ′(P ). Thus η sends Z(F3), Z(F6)
to Z(F ′

3), Z(F
′
6) respectively. Hence it induces an element in GS that identifies Z(F ) with

Z(F ′). �

Corollary 5.6. The period map PS is an open embedding. For a generic F ∈ V◦, we have
Pic(WF ) = PF and the transcendental lattice T (WF ) = QF .

Proof. By the injectivity of the period map PS, we have dimBS ≥ 6, hence dimTF ≥ 7.
Since rank(QF ) = 14, we must have dimTF = 7 and dimBS = 6. The equality dimFS =
dimBS = 6 and the injectivity imply that PS is an open embedding. Since dimTF = 7 and
rank(QF ) = 14, we have (QF )Q(ζ3) = TF ⊕ T F . A generic element in BS is not orthogonal
to any elements in QF . By the openness of PS, we know that for a generic choice of F ,
the K3 surface WF satisfies Pic(WF ) ∩ QF = 0. Therefore, we have Pic(WF ) = PF and
T (WF ) = QF . �
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6. Hodge Structures of WF from Deligne-Mostow theory

In this section we establish a relation (see Proposition 6.5 and 6.7) between the weight-
two Hodge structures of K3 surfaces WF and the weight-one Hodge structures of Deligne-
Mostow curves Cm. This relation is obtained from the explicit birational model for WF (see
Proposition 4.3) in §4 combining with the Chevalley-Weil formula that will be introduced in
§6.1.

6.1. Chevalley-Weil Formula. In this section we introduce the Chevalley-Weil formula.
See [CWH34], [Nae05]. Let f : X → Y be a Galois covering of degree n between two nonsin-
gular projective curves X, Y over C, with G := Gal(X/Y ) the Galois group. The action of
G on X induces a linear representation G→ GL(H0(X,Ω1

X)). Chevalley and Weil [CWH34]
studied the multiplicity of a given irreducible representation of G in H0(X,Ω1

X).

Let p1, · · · , pr ∈ Y be the branched points of f . Let ei be the ramification index of the
points in f−1(pi). For a point q ∈ f−1(pi), we denote by gq the element in G such that gq
fixes q and the pullback of gq on the cotangent space T ∗

q (X) is by multiplying ζei .

For an irreducible representation ρ : G → GL(dρ,C) with character χρ and degree dρ.
Let mρ be the multiplicity of ρ in the representation G → GL(H0(X,Ω1

X)). We denote by
Nij the multiplicity of ζjei as an eigenvalue of the matrix ρ(gq) for q ∈ f−1(pi). The number
Nij is well-defined since for another q′ ∈ f−1(pi), the element gq′ is conjugate to gq in G.
We write 〈r〉 = r − brc for the fractional part of a rational number r. The following is the
Chevalley-Weil formula:

Theorem 6.1 (Chevalley-Weil). Let ρ be an irreducible summand of the representation
G→ GL(H0(X,Ω1

X)). Then

mρ = dρ(g(Y )− 1) + δ +
r∑

i=1

ei−1∑
j=0

Nij

〈
− j

ei

〉
,

where δ = 1 if χ is the trivial character and δ = 0 otherwise, and g(Y ) denotes the genus of
Y .

If G is abelian, then the element gq does not depend on the choice of q ∈ f−1(pi). We
then call gq the local monodromy of f at pi.

In our case, the curve C is defined by the affine equation (12) and the map f : C → P is a
Galois cyclic cover of degree 6 with Gal(C/P ) = µ6 such that the element ζ6 ∈ µ6 sends (t, y)
to (t, ζ6y). The Deligne-Mostow data of C is (1

3
, 1
3
, 1
3
, 1
6
, 1
6
, 1
6
, 1
6
, 1
6
, 1
6
). Denote by p1, p2, p3 the

branched points with weight 1
3
, and p4, · · · , p9 the branched points with weight 1

6
. The local

monodromy at pi equals to ζ3 ∈ µ6 (when 1 ≤ i ≤ 3) or ζ6 ∈ µ6 (when 4 ≤ i ≤ 9). Define
characters

ρk : µ6 → C∗, ρk(ζ6) = ζk6 , 0 ≤ k ≤ 5. (21)

Then for ρk we have Nij = 1 if j = k, and Nij = 0 otherwise. Applying Theorem 6.1 for ρk,
we have

mρk = −1 + δ + 3

〈
−k
3

〉
+ 6

〈
−k
6

〉
, (22)
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where δ = 1 if k = 0, and δ = 0 otherwise. More explicitly, we have

(mρ0 ,mρ1 ,mρ2 ,mρ3 ,mρ4 ,mρ5) = (0, 6, 4, 2, 3, 1).

The sum of mρk is 16, which is the genus of the curve C. We will use the value of mρ1 and
mρ5 to prove Lemma 6.4.

6.2. Hodge Structures of WF . We analyze the Hodge structure of WF through the bira-
tional isomorphism (see Proposition 4.3) between WF and C ×ld D. For the definition of ld,
see (15).

If two complex smooth projective surfaces are birational to each other, then they have
canonically isomorphic transcendental lattices, see [Shi08, Lemma 3.1]. Therefore, we can
define the transcendental lattice for a complex irreducible surface (which is not required to
be smooth or projective) to be the transcendental lattice of the minimal model of any of its
projective compactifications. From Proposition 4.3 we have a birational map C ×ld D 99K
WF .

There are 54 points on C×D with nontrivial stabilizers under the diagonal action ld. The
quotient-product surface C×ldD has 27 cyclic quotient singularities. Recall that every cyclic
quotient singularity is locally analytically isomorphic to the quotient of C2 by the action of
a diagonal linear automorphism with eigenvalues ζn and ζqn with gcd(n, q) = 1. This is called
a singularity of type 1

n
(1, q) (see [BP12, Remark 1.1]). A cyclic quotient singularity can

be resolved by the so-called Hirzebruch-Jung strings (see [BHPVdV04, Chapter III, §5]).
In our case, there are 6 (15, 6 resp.) of them of type 1

6
(1, 1) (1

3
(1, 1), 1

2
(1, 1) resp.). The

minimal resolution C̃ ×ld D of C ×ld D is obtained by blowing up each singularity once.
For a singularity of type 1

6
(1, 1) (1

3
(1, 1), 1

2
(1, 1) resp.), we obtain an exceptional curve with

self-intersection −6 (−3, −2 resp.).

Let C̃ ×D be the blowup of C×D at the 54 points. Then we have C̃ ×D/ld ∼= C̃ ×ld D.
We then have H2(C̃ ×D/ld,Q) ∼= H2(C̃ ×D,Q)ld and T (C̃ ×D/ld)Q ∼= T (C̃ ×D)ldQ . By
the natural birational morphisms C̃ ×D/ld → WF and C̃ ×D → C × D, we have isomor-
phisms T (WF ) ∼= T (C̃ ×D/ld) and T (C ×D) ∼= T (C̃ ×D) between transcendental lattices.
Therefore, we have an isomorphism T (WF )Q ∼= T (C ×D)ldQ .

The Q-vector space T (WF )Q ∼= T (C ×D)ldQ is a subspace of

H2(C×D,Q)ld = (H2(C,Q)⊗H0(D,Q))⊕(H0(C,Q)⊗H2(D,Q))⊕(H1(C,Q)⊗H1(D,Q))ld .
(23)

The first two summands of the right part of Equation (23) belong to Pic(C ×D)Q. Thus we
have an injective map

λ : T (WF )Q ↪→ (H1(C,Q)⊗H1(D,Q))ld , (24)

which is indeed an isomorphism as we will show in Proposition 6.5.

Let ρD and ρD be the characters of µ6 corresponding to the induced actions on H0,1(D)
andH1,0(D). By definition we haveH1,0(D) = H1(D,C)ρD andH0,1(D) = H1(D,C)ρD .
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Lemma 6.2. We have ρD = ρ5.

Proof. Recall that D is determined by the equation u2 = v(v3 + 1), and dv
u

represents a
generator of H1,0(D). We have defined the action of ζ6 ∈ µ6 on D by sending (u, v) to
(ζ6u, ζ3v). Thus ζ6 ∈ µ6 acts on dv

u
by multiplying ζ6. Hence ρD = ρ1 and ρD = ρ5, with ρk

defined in (21). �

Definition 6.3. We denote by TC the ρD-characteristic subspace of H1(C,Q(ζ3)), and let
TC ⊗ C = T 1,0

C ⊕ T 0,1
C be the Hodge decomposition.

Lemma 6.4. We have dim(T 1,0
C ) = 1 and dim(T 0,1

C ) = 6.

Proof. By Lemma 6.2, we have ρD = ρ5. By Equation (22), we have

dimT 1,0
C = mρ5 = 1, dim(TC)

1,0 = mρ1 = 6.

Thus we have dimT 0,1
C = dim(TC)

1,0 = 6 and dim(TC)
0,1 = dimT 1,0

C = 1. �

The next proposition relates the polarized weight two Hodge structure on QF and the
polarized weight one Hodge structure on H1(C,Q).

Proposition 6.5. For F = X3
0F3 + F6 ∈ V◦, we have an isomorphism

λ : (QF )Q ∼= (H1(C,Q)⊗H1(D,Q))ld . (25)

After tensoring with C, this isomorphism sends H2,0(WF ) to T 1,0
C ⊗H1,0(D).

Proof. The curve D has genus 1, and we have explicitly described (see Equation (14)) the
action of µ6 on D. The vector space (H1(C,Q) ⊗ H1(D,Q))ld ⊗ C can be decomposed as
the direct sum of

T 1,0
C ⊗H1(D)ρD , T

0,1
C ⊗H1(D)ρD , H

1,0(C)ρD ⊗H1(D)ρD , H
0,1(C)ρD ⊗H1(D)ρD . (26)

From (26) and Lemma 6.4, the dimension of (H1(C)⊗H1(D))ld equals to 14.

If F is generic, then by Proposition 5.6, we have T (WF ) ∼= QF and rank(T (WF )) =
rank(QF ) = 14. Therefore, the inclusion (24) is indeed an isomorphism

λ : (QF )Q ∼= (H1(C,Q)⊗H1(D,Q))ld .

This isomorphism (after tensor with C) identifies H2,0(WF ) with (H1,0(C) ⊗ H1,0(D))ld =
T 1,0
C ⊗H1,0(D). We conclude Proposition 6.5 for a generic choice of F .

Notice that both two sides of the isomorphism (25) are topologically defined, hence it
still holds after deforming F . Therefore, the isomorphism holds for any F ∈ V◦. �

Remark 6.6. Proposition 6.5 is basically a result about the half-twist of a Hodge structure.
It is related to some results in the works such as [Moo18, §3], [DvGK05, §10] and [GP15,
§8]. The notion half-twist was raised by van Geemen, see [vG01].
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6.3. Identification between Unitary Hermitian Forms. Recall that we have a bira-
tional map C ×ld D 99K WF with compatible actions of µ6 on C ×ld D and WF , see Propo-
sition 4.4 and Equations (16), (17). Recall ρD = ρ5 is the character of µ6 induced from
its action on H0,1(D) (see Lemma 6.2). Recall that TF is the µ3-characteristic subspace of
H2(WF ,Q(ζ3)) such that (TF )C ⊃ H2,0(WF ). By (19), we know that TF is a subspace of
(QF )Q(ζ3). The following proposition describes TF .

Proposition 6.7. For F ∈ V◦, we have λ(TF ) = TC⊗H1(D,Q(ζ3))ρD , (QF )Q(ζ3) = TF ⊕T F

and (PF )Q(ζ3)
∼= H2(WF ,Q(ζ3))

µ3.

Proof. From Proposition 4.4 and 6.5, the actions of µ6 on QF , (H1(C)⊗H1(D))ld(∼= T (C ×
D)ld) are compatible with the isomorphism λ : (QF )Q ∼= (H1(C,Q)⊗H1(D,Q))ld .

Note that TF is the µ3-characteristic subspace of (QF )Q(ζ3) such that (TF )C ⊃ H2,0(WF ).
We have

(H1(C,Q(ζ3))⊗H1(D,Q(ζ3))ρD)∩((H
1(C,Q(ζ3))⊗H1(D,Q(ζ3)))

ld) = TC⊗H1(D,Q(ζ3))ρD ,

hence TC ⊗H1(D,Q(ζ3))ρD is the µ6(also µ3)-characteristic subspace of (H1(C)⊗H1(D))ld

that contains T 1,0
C ⊗H1,0(D). Therefore,

λ(TF ) = TC ⊗H1(D,Q(ζ3))ρD .

This identification implies that dim(TF ) = dim(TC) = 7. The spaces TF and T F are
two different µ3-characteristic subspaces of (QF )Q(ζ3). Since dim(QF ) = 14, we conclude
(QF )Q(ζ3) = TF ⊕ T F . Then QF is fixed-point free under the action of µ3, thus (PF )Q(ζ3)

∼=
H2(WF ,Q(ζ3))

µ3 . �

Let ϕ be the topological symmetric intersection form on T (C×D) and hφ(x, y) = ϕ(x, y)
be the corresponding Hermitian form. Let ν and ξ be the topological symplectic forms
on H1(C,C) and H1(D,C) respectively. Let hν(x, y) =

√
−3
3
ν(x, y) be the corresponding

Hermitian form of ν. We have the relation

ϕ(a⊗ b, c⊗ d) = −ν(a, c)ξ(b, d).

We can choose an element ω ∈ H1(D,C)ρD such that ξ(ω, ω) =
√
−3. Precisely, we can

choose a basis E,F of H1(D,Z) such that E2 = F 2 = 0 and ξ(E,F ) = 1, and the action of
ζ6 on H1(D,Z) is given by ζ6(E) = E −F and ζ6(F ) = E. We choose ω to be E + ζ3F . We
can directly verify that ζ6 · ω = ζ6ω = ρD(ζ6)ω and ξ(ω, ω) =

√
−3. Hence we have

hφ(x⊗ ω, y ⊗ ω) = hν(x, y).

We consider the two Hermitian spaces (TC , hν) and (TC ⊗ H1(D,Q(ζ3))ρD , hφ). Since ω ∈
H1(D,Q(ζ3)), we have the following morphisms (notice that TC , TF are defined over Q(ζ3))

TC → TC ⊗H1(D,Q(ζ3))ρD → TF , v 7→ v ⊗ ω 7→ λ−1(v ⊗ ω),

with the composition respects the Hermitian forms hν on TC and hφ on TF . Therefore, we
have:
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Proposition 6.8. There is a natural isomorphism between Hermitian spaces (TC , hν) and
(TF , hφ). In particular, there is a natural isomorphism between the two complex balls B(TC)
and B(TF ).

7. Main Theorem

In this section we first study a morphism between two local systems. Then we formulate
and prove our main result Theorem 7.4.

7.1. Morphism between Two Local Systems. We first state a general result that will
be used. For an algebraic group G defined over a base field k, G is called special if every
principal G-bundle is locally trivial in Zariski topology for every reduced algebraic variety X
defined over k. This was defined by Serre in [Ser58, §4.1]. Grothendieck [Gro58, Theorem 3]
proved that an algebraic group G is special if and only if G is affine, connected and torsion
free. In particular, Grothendieck showed that GL(n) and SL(n) are both special.

Recall that the algebraic groupGS defined in §3.1 is isomorphic to GL(2). By Grothendieck’s
theorem, every principal GS-bundle is Zariski locally trivial. From the Luna slice theorem
(see [Lun73], [Dré04, Proposition 5.7]), there exists a Zariski open subset U ′

S ⊂ FS such
that qS : PV◦ → FS admits a section over U ′

S. We denote by s : U ′
S → PV◦ such a sec-

tion. There exists a Zariski open subset U ′ of PV◦ such that there is a natural family of
K3 surfaces over U ′. We can choose U ′ appropriately such that U ′ ∩ s(U ′

S) is nonempty.
Define US := qS(U

′ ∩ s(U ′
S)). Then we have a family of K3 surfaces πK3 : UK3 → US with

π−1
K3(p) = Ws(p) for each p ∈ US.

Recall from §3.2 we have the GIT quotient FDM = SL(2)\\((P 9)◦/Sα). Recall pF : FDM →
FS is an isomorphism between the two GIT moduli spaces, see §3.3. By a similar argument,
there is a Zariski open subset U ′

DM ⊂ FDM such that qDM : (P 9)◦/Sα → FDM has a section
t over U ′

DM . There exists a Zariski open subset U ′′ of (P 9)◦/Sα such that there is a nat-
ural family of Deligne-Mostow curves over U ′′. We can choose U ′′ appropriately such that
U ′′ ∩ t(U ′

DM) is nonempty. Define UDM := qDM(U ′′ ∩ t(U ′
DM)).

Without loss of generality, we assume that US is suitably chosen such that UDM :=
p−1
F (US) admits a section. We have a natural family πQ : UQ → UDM (the index Q stands for

product-quotient surface) such that the fiber over m ∈ UDM is π−1
Q (m) = Cm ×ld D. Denote

by π′
K3 : p

∗
FUK3 → UDM the natural family of K3 surfaces on UDM . We have the following

diagram
UK3 p∗FUK3 UQ

US UDM

πK3 π′
K3 πQ

pF

where, from Proposition 4.3, the spaces p∗FUK3 and UQ are birational.

We can construct a global resolution ŨQ of UQ fiberwisely, which is also a locally triv-
ial family over UDM . The construction is as follows. Recall that C̃ ×ld D is the minimal
resolution of C ×ld D, and there exists a natural birational morphism C̃ ×ld D → WF . Let
π̃Q : ŨQ → UDM be the family of C̃ ×ld D. It admits a fiberwise birational morphism to
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p∗FUK3. Then we have two induced morphisms of local systems, namely R2π′
K3∗Q(ζ3) →

R2π̃Q∗Q(ζ3) and R2πQ∗Q(ζ3) → R2π̃Q∗Q(ζ3).

Let TDM be a local system on U ′′ which is defined similarly as in §3.2. Note that TDM

restricts to a local system over UDM via the section t with fiber a unitary Hermitian form
defining the Deligne-Mostow ball (see the paragraph before Theorem 3.4). Over UDM , the
local system TDM can be naturally identified with a sub-local system of R2πQ∗Q(ζ3) via the
following inclusion of fibers:

(TDM)m = TCm
∼= TCm ⊗H1(D,Q(ζ3))ρD ↪→ H2(Cm ×D,Q(ζ3)) = (R2πQ∗Q(ζ3))m

We still denote by TDM its restriction to UDM ⊂ FDM . The µ6-characteristic subspaces
TF ⊂ H2(WF ,Q(ζ3)) form a sub-local system TS ⊂ R2πK3∗Q(ζ3) over US. We have:

Proposition 7.1. There exists an isomorphism θ : TDM
∼= p∗FTS, such that for [m] ∈ UDM ,

θm : TCm → TFm is an isomorphism of Hermitian spaces.

Proof. By Proposition 6.7, the images of TS ⊂ R2πK3∗Q(ζ3) and TDM ⊂ R2πQ∗Q(ζ3) in
R2π̃Q∗Q(ζ3) are the same. Then by Proposition 6.8, the morphism θm preserves the Hermitian
forms. �

Recall that we have fixed the base point o ∈ (PN)◦/Sα in §3.2. From now on we assume
that [o] ∈ UDM which gives a sextic [Fo] ∈ US ⊂ FS. Thus we have the canonical isomorphism
between BDM (see §3.2) and BS (see §5.2), denoted by θo : BDM

∼= BS. The following is a
direct corollary of Proposition 7.1.

Corollary 7.2. For m ∈ (P 9)◦, take a path γ from [o] to [m] in UDM , and it maps to a
path γ′ in US, which is from [Fm] to [Fo]. The path γ (resp. γ′) defines an isomorphism
γ∗ : TCm → TCo (resp. γ′∗ : TFm → TFo). This induces a commutative diagram:

TCm TCo

TFm TFo .

γ∗

θm θo

γ′∗

(27)

Proposition 7.3. We have
θoΓDMθ

−1
o = ΓS.

Therefore, we have an isomorphism pB : ΓDM\BDM
∼= ΓS\BS.

Proof. Take m ∈ (P 9)◦ and b1 ∈ BDM such that PDM([m]) = [b1] ∈ ΓDM\BDM . Let
b2 = θo(b1). For every point b′1 ∈ ΓDMb1, there exists a path γ in UDM from [o] to [m]
such that γ∗(T 1,0

Cm
) = b′1. Let γ′ be the image of γ in US. From Diagram (27), we have

γ′∗(T 2,0
Fm

) = θo(b
′
1), which must lie in the orbit ΓSb2. Therefore, we have θo(ΓDMb1) ⊂ ΓSb2,

which is equivalent to
(θoΓDMθ

−1
o )b2 ⊂ ΓSb2 (28)
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Assume there exists τ1 ∈ θoΓDMθ
−1
o \ΓS. By (28), we have τ1b2 = τ2b2 for some τ2 ∈ ΓS.

Then τ1 6= τ2 and τ−1
1 τ2 (6= id) is in the isotropic group of b2. If we choose b1 and b2

generically, then the isotropic group of b2 is trivial. Then we obtain a contradiction. We
conclude that θoΓDMθ

−1
o ⊂ ΓS. By a similar argument we have θ−1

o ΓSθo ⊂ ΓDM , hence
θ−1
o ΓSθo = ΓDM . �

7.2. Main Result.

Theorem 7.4. We have the following commutative diagram:

FDM ΓDM\BDM

FS ΓS\BS

pF

PDM

pB

PS

(29)

Here PDM is defined in §3.2, pF is defined in §3.3 and PS is defined in §5.2.

Proof. It suffices to show the commutativity for the open dense subspace UDM ⊂ FDM . Take
a point m ∈ (P 9)◦ such that [m] ∈ UDM . We next show (pB ◦PDM)([m]) = (PS ◦ pF)([m]).
We have pF([m]) = [Fm]. Take a path γ in UDM from [o] to [m]. This path induces an
isomorphism γ∗ : TCm

∼= TCo . This isomorphism identifies T 1,0
Cm

with a positive line in TCo ,
which is the point PDM([m]) in BDM .

The path γ induces a path γ′ in US from [Fm] to [Fo]. This induces an isomorphism
H2(WFm)

∼= H2(WFo), hence also TFm
∼= TFo . The complex line T 2,0

Fm
is sent to a positive line

in TFo , which is the point PS([Fm]). We only need to check pB(PDM([m])) = PS([Fm]).
This is implied by Corollary 7.2. �

8. An Explicit Description of (QF , µ3)

A sextic polynomial F ∈ V◦ has an associated lattice QF
∼= A2⊕E6(−1)2 with an action

of µ3 (see §5.2). In this section we give an explicit description of (QF , µ3).

Let E = OQ(ζ3) be the Eisenstein ring of integers in Q(ζ3). An Eisenstein lattice Λ is a
free E-module of finite rank together with a non-degenerate Hermitian form h : Λ× Λ → C.
It is called unitary if its signature is (1, ∗). For an Eisenstein lattice (Λ, h), we denote by
L(Λ) the associated real lattice with the underlying abelian group Λ and the bilinear form
given by 2

3
Re(h) : Λ × Λ → R. We have an action of µ3 on L(Λ) such that the action of

ζ3 ∈ µ3 is by multiplication of ζ3 on Λ. This group action has no nonzero fixed vectors. For
the standard rank-one lattice E (with h : E × E → E sending (x, y) to xy), the associated
real lattice L(E) is isomorphic to A2(

1
3
). Here for a real lattice R and a real number a 6= 0,

we denote by R(a) the lattice with same underlying space with the value of the intersection
form multiplied by a.
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By [CS99, Chapter 4, §8.3, (120)], the lattice E6 is associated with an Eisenstein lattice
Λ1 of rank 3, which is generated by the row vectors of the following generator matrix

M =

 √
−3 0 0
0

√
−3 0

1 1 1


in C3, and the Hermitian form is the restriction of the standard one on C3. The intersection
matrix for Λ1 is

MM
tr
=

 3 0
√
−3

0 3
√
−3

−
√
−3 −

√
−3 3

 .

Let T = L(E(−3)⊕ Λ2
1) be the associated real lattice with the Eisenstein lattice

E(−3)⊕ Λ2
1 = (−3)⊕

 3 0
√
−3

0 3
√
−3

−
√
−3 −

√
−3 3

⊕

 3 0
√
−3

0 3
√
−3

−
√
−3 −

√
−3 3

 , (30)

which is actually integral and isomorphic to A2 ⊕ E6(−1)2. Let LK3 = U3 ⊕ E8(−1)2 be
the K3 lattice. The primitive embeddings of A2 ⊕ E6(−1)2 into LK3 are unique up to
automorphisms of LK3. We fix one such embedding. The standard action of µ3 on T does
not have non-zero fixed vectors and acts trivially on AT = T ∗/T . Hence it can be extended
to an action of µ3 on LK3 with trivial restriction to P = T⊥

LK3
.

Let χ : µ3 ↪→ C× be the tautological character. We have a decomposition TQ(ζ3) =
Tχ⊕Tχ, where Tχ and Tχ represent for the characteristic subspaces associated with χ and χ
respectively. Denote by ϕ the bilinear form on T , which naturally extends to a Q(ζ3)-bilinear
form on TQ(ζ3). We define

h(x, y) = ϕ(x, y)

for any x, y ∈ Tχ. Then h is a Q(ζ3)-Hermitian form on Tχ of signature (1, 6). Let B(Tχ)
be the complex hyperbolic ball associated with (Tχ, h). In this section we show that a
generic point in B(Tχ) recovers a K3 surface WF in a natural way, and conclude Proposition
8.1.

Proposition 8.1. For the K3 surface WF , there exists an isomorphism ι : QF

∼=−→ T com-
patible with the actions of µ3 on both sides. In particular, ι(H2,0(WF )) ∈ B(Tχ).

Proof. A point of B(Tχ) can be realized as a complex line in LK3⊗C. For z ∈ B(Tχ), by the
global Torelli theorem there exists a K3 surface X with a marking ιX : H2(X,Z) → LK3 and
ιX(H

2,0(X)) = z. Recall that we have defined a µ3-action on LK3 with the property that
Lµ3

K3 = P ∼= U⊕A2(−1)3 (see the paragraph below (30)). This gives rise to an automorphism
ι−1
X ◦ ζ3 ◦ ιX on H2(X,Z). Note that ι−1

X (Lµ3

K3) = H2(X,Z)µ3 ⊂ Pic(X). We take z to be
generic, then ι−1

X (Lµ3

K3) = Pic(X). We can find an element v ∈ Pic(X)Q with (v, v) > 0, such
that there is no (−2)-vector in Pic(X) that is perpendicular to v. This implies that v or −v
is ample. Since ι−1

X (Lµ3

K3) = Pic(X), the µ3-action fixes v, hence also fixes an ample class.
By global Torelli theorem, the µ3-action on H2(X,Z) is uniquely induced by a µ3-action on
X. Next we prove X ∼= WF for certain F ∈ V◦ in three steps.
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Step 1: Find a nef class on X that defines an elliptic fibration.

The argument here is inspired by [Kon92, Lemma 2.1]. We have Lµ3

K3 = P ∼= U⊕A2(−1)3.
Take e, f ∈ P with e2 = f 2 = 0 and e · f = 1. By [Huy16, Chapter 8, Remark 2.13], we
have an automorphism of P that maps (e, f) to (e′, f ′) such that f ′ is nef. We may ask
f to be nef. By [Huy16, Chapter 2, Proposition 3.10], f is base-point-free and a generic
member E ∈ |f | is a smooth curve of genus 1. Hence the linear system of f gives rise to an
elliptic fibration π : X → P1. We have (e− f)2 = −2 and (e− f, f) = 1. By Riemann-Roch
theorem, we have h0(e − f) − h1(e − f) + h0(f − e) = 1, hence h0(e − f) + h0(f − e) ≥ 1.
Since (f − e, f) = −1, we have h0(f − e) = 0 and h0(e− f) ≥ 1. Thus e− f has an effective
representative D =

∑n
i=1 kiDi, where Di is an irreducible component of D and ki > 0 for

each i. Since (e − f, f) = 1 and any irreducible curve on X has non-negative intersection
with f , we may assume (D1, f) = 1 and (Di, f) = 0 for all i 6= 1. Thus D1 is a section of π.
Without loss of generality, we assume e = [D1] + f .

Step 2: Prove that µ3 acts on X fiberwisely.

One input for this step is a classification of fixed locus of non-symplectic automorphism
of order 3 on complex K3 surfaces. Such a classification is obtained by [AS08] and [Tak11]
independently. Reidegeld [Rei15] made a good summary of the results.

Denote by Xµ3 the fixed locus of µ3. By [Rei15, Theorem 2.3], Xµ3 is the disjoint union
of three isolated points, a smooth rational curve s and a smooth curve b of genus two. Since
µ3 fixes f ∈ Pic(X), we know that µ3 sends a fiber to a fiber. Since b cannot be contained
in a fiber, it intersects with all fibers. Therefore, µ3 preserves every fiber.

Recall that D1 is a section of π. Since µ3 fixes [D1] ∈ Pic(X), D1 must be preserved by
the µ3-action. Each fiber E is preserved by the µ3-action. Thus µ3 fixes the intersection
point D1 ∩ E. We then conclude that µ3 fixes every point on D1. In particular, we have
s = D1.

Step 3: Analyze the type of singular fibers and conclude the proposition.

Since every fiber of π admits an action of µ3, the j-function of π is constantly 0. On each
smooth fiber, the µ3-action has 3 fixed points, with one lying on the section s, and the other
two lying on the genus 2 curve b. In our case, the singular fibers of π must have j-invariant
0, hence must be of Kodaira type II, IV, II∗, IV∗, I∗0. A singular fiber of type II∗, IV∗ or I∗0
would contribute a copy of E8(−1), E6(−1) or D4(−1) as sublattice of A2(−1)3 = 〈e, f〉⊥Pic(X),
which is impossible. To see that there is no embedding of D4(−1) in A2(−1)3 one could use
that there are no four perpendicular roots in A2(−1)3 for example. Thus a singular fiber of
type II∗, IV∗ or I∗0 does not appear.

The Euler number of X is e(X) = 24. By [Shi72, Theorem 6.10], we have

e(X) =
∑
p∈Σ

e(π−1(p)),

where Σ ⊂ P1 is the discriminant set. A fiber of type IV contributes a copy of A2(−1) in
〈e, f〉⊥ and has Euler characteristic 4. A fiber of type II has no contribution to 〈e, f〉⊥ and
has Euler characteristic 2. Thus there are 3 fibers of type IV and 6 fibers of type II. These
9 singular fibers correspond to the 9 points on the base P1. The 3 (6, respectively) branch
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points define a homogeneous polynomial F3(X1, X2) (F6(X1, X2), respectively) of degree 3
(6, respectively). We then obtain a homogeneous polynomial F = X3

0F3 +F6 of degree 6. It
determines a K3 surface WF such that (X,µ3) ∼= (WF , µ3), see Remark 2.6. Hence (T, µ3)
is isomorphic to (QF , µ3). Such an isomorphism then holds for every F ∈ V◦. �

Remark 8.2. We obtain geometrically the uniqueness of Eisenstein lattice with certain given
discriminant form. We wonder whether there are more such results.
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