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ABSTRACT. A Hurwitz group is a conformal automorphism group of
a compact Riemann surface with precisely 84(g − 1) automorphisms,
where g is the genus of the surface. Our starting point is a result on the
smallest Hurwitz group PSL(2,F7) which is the automorphism group
of the Klein surface. In this paper, we generalize it to various classes
of simple Hurwitz groups and discuss a relationship between the surface
symmetry and spectral asymmetry for compact Riemann surfaces. To be
more precise, we show that the reducibility of an element of a simple
Hurwitz group is equivalent to the vanishing of the η-invariant of the
corresponding mapping torus. Several wide classes of simple Hurwitz
groups which include the alternating group, the Chevalley group and the
Monster, which is the largest sporadic simple group, satisfy our main
theorem.

1. INTRODUCTION

Let X be a compact Riemann surface of genus g ≥ 2 and G = Aut(X)
the group of conformal automorphisms of X . A theorem of Hurwitz states
that the cardinality |G| of G is bounded above by 84(g − 1). The surface
X for which this bound is attained is called a Hurwitz surface and G is
known as a Hurwitz group. A Hurwitz group is also defined as any non-
trivial finite quotient of the (2, 3, 7)-triangle group (see Subsection 2.1 for
details). It is known that there are infinitely many values of g for which one
can find a (simple) Hurwitz group of order 84(g − 1), and the smallest one
is PSL(2,F7) of order 168 which is the automorphism group of the Klein
surface of genus 3 (see [12]).

The η-invariant of the signature operator for a closed oriented Riemann-
ian 3-manifold is introduced by Atiyah, Patodi and Singer in [2]. Let W be
an oriented compact Riemannian 4-manifold with the product metric near
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the boundary ∂W = M . Then, the η-invariant η(M) of the signature oper-
ator is defined, and it holds that

η(M) =
1

3

∫
W

p1 − SignW,

where p1 is the first Pontrjagin form of the Riemannian metric and SignW
is the signature of the non-degenerate quadratic form defined by the cup
product on the image ofH2(W,M) inH2(W ). Namely, the η-invariant of a
closed Riemannian 3-manifold measures the extent to which the Hirzebruch
signature formula fails for a non-closed Riemannian 4-manifold whose met-
ric is a product near its boundary. By this formula, we can compute the
η-invariant without using analytic tools.

For an automorphism φ ∈ G of a compact Riemann surface X , we de-
note its mapping torus X × [0, 1]/(x, 1) ∼ (φ(x), 0) by Mφ. Here, we en-
dow Mφ with the metric which is induced from the product of the standard
metric of the circle and a φ-invariant metric ofX . Then, Meyerhoff and Ru-
berman [18] showed that η(Mφ) is described by using the fixed point data
of φ and the Dedekind sum (see also [19, 21] for other formulas of η(Mφ)).

By the classification of surface homeomorphisms (see [3]), there are three
types of mapping classes: (1) finite order, (2) reducible and (3) pseudo-
Anosov. Here a homeomorphism φ : Σ → Σ of an oriented closed surface
Σ is reducible if φ leaves some essential 1-submanifold of Σ invariant, and
an essential 1-submanifold of Σ is a disjoint union of simple closed curves
in Σ each component of which does not bound a 2-disk in Σ, and no two
components of which are homotopic. We easily see that (1) and (2) have
some overlap, although (3) does not have any intersection with (1) nor (2).
We also remark here that a 3-manifoldMφ admits a non-trivial toral (or JSJ)
decomposition when φ is reducible.

Since every automorphism of a compact Riemann surface X is of finite
order, it will be reducible or irreducible (i.e. not reducible). Several char-
acterizations of the reducibility of finite order homeomorphisms are known
(see [1], [11] and the references therein). As for a relationship between
the reducibility of an element φ ∈ Aut(X) and the η-invariant of Mφ, the
following result is known (see [20, Theorem 1]).

Theorem 1.1. LetX be the Klein surface of genus 3. Then, φ ∈ Aut(X) =
PSL(2,F7) is reducible if and only if η(Mφ) = 0.

The purpose of this paper is to generalize Theorem 1.1 to several wide
classes of simple Hurwitz groups which include the alternating group, the
Chevalley group and the largest sporadic simple group, the Monster.

Theorem 1.2. Let X be a Hurwitz surface with Aut(X) = G, where G is
a simple Hurwitz group which is not PSL(2,F7). Then, every φ ∈ Aut(X)
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is reducible. Moreover, if G is one of the following simple Hurwitz groups
(i)–(xiii), then η(Mφ) = 0 for any φ ∈ Aut(X).

Infinite families of simple groups:
(i) PSL(2,Fq), q = p ≡ ±1 mod 7, or q = p3 where p ≡ ±2 or ±3

mod 7,
(ii) all but 62 of the simple alternating groups An (n ≥ 5),

(iii) the Chevalley group G2(q), q = pn ≥ 5 (p: prime) and p ̸= 3, 7.
Sporadic simple groups:

(iv) the first Janko group J1,
(v) the Hall-Janko group J2,

(vi) the Rudvalis group Ru,
(vii) the smallest Conway group Co3,

(viii) the Fischer group Fi22,
(ix) the Harada-Norton group HN,
(x) the Lyons group Ly,

(xi) the Thompson group Th,
(xii) the Fischer group Fi′24,

(xiii) the Monster M.

We see from Theorems 1.1 and 1.2 that the Klein surface not only ad-
mits a beautiful symmetry but well reflects the spectral asymmetry from
the viewpoint of the Nielsen-Thurston classification of surface homeomor-
phisms.

This paper is organized as follows. In the next section, we review several
basic facts about simple Hurwitz groups, a fixed point formula, orders of
reducible homeomorphisms, and a formula for the η-invariant. The proof
of Theorem 1.2 will be given in Section 3.

2. PRELIMINARIES

In this section, we recall some basic notions which appeared in Theo-
rems 1.1 and 1.2.

2.1. Simple Hurwitz groups. A Hurwitz group is a non-trivial finite quo-
tient of the (2, 3, 7)-triangle group

∆ = ⟨a, b | a2 = b3 = (ab)7 = 1⟩.

In other words, a finite group generated by two elements a, b which satisfy
a2 = b3 = (ab)7 = 1. The name of Hurwitz group originates from the
following consideration.

Let X be a compact Riemann surface of genus g ≥ 2 and H2 the upper-
half plane. Then, the hyperbolic area µ of a fundamental region of the action
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of π1(X) on H2 is given by 2π(2g − 2). The automorphism group Aut(X)
can be presented by Aut(X) ∼= Γ/π1(X) for a Fuchsian group

Γ = ⟨x1, . . . , xr, a1, b1, . . . , ah, bh | xm1
1 = · · · = xmr

r = 1,(2.1)

x1 · · · xr
h∏
i=1

[ai, bi] = 1⟩

which contains π1(X) as a normal subgroup (since X is compact, Γ has
no parabolic elements). In fact, one can simply take Γ := π1(X/Aut(X)),
which will indeed have the presentation (2.1) because X is compact. Let F
be a fundamental region of Γ on H2. We then have

[Γ : π1(X)] =
2π(2g − 2)

µ(F )
, µ(F ) = 2π

{
2h− 2 +

r∑
j=1

(
1− 1

mj

)}
,

where 2h is the number of hyperbolic generators of Γ, r is the number of
elliptic generators and mj is the order of each elliptic generator as in (2.1).

On the other hand, the positive minimum of µ(F ) is known to be π/21
and it is attained only when h = 0, r = 3 and {m1,m2,m3} = {2, 3, 7}.
Hence, we obtain the following (Hurwitz) inequality

(2.2) |Aut(X)| ≤ 84(g − 1).

The equality holds if Γ has a presentation

(2.3) ⟨x1, x2, x3 | x21 = x32 = x73 = x1x2x3 = 1⟩,
namely, Γ is isomorphic to the (2, 3, 7)-triangle group. Therefore we can
conclude that Aut(X) is a Hurwitz group if and only if Aut(X) is a quotient
of the group whose presentation appears in (2.3).

Historically, Klein [12] first discovered the Hurwitz group PSL(2,F7).
After that Hurwitz [10] derived so called Hurwitz inequality (2.2) and also
gave a group theoretical criterion that a given finite group to be a Hurwitz
group. Wiman [28, 29, 30] showed that the equality holds only for g = 3
in the range 2 ≤ g ≤ 6 (but he didn’t achieve to find a Hurwitz surface
X of genus 7 with |Aut(X)| = 504). Macbeath [13] showed the existence
of infinitely many compact Riemann surfaces which satisfy |Aut(X)| =
84(g − 1) using the covering argument, and later he found the Macbeath
surface of genus 7 with Aut(X) = PSL(2,F8) (see [14]).

As basic facts, it is known that any Hurwitz group G satisfies: (i) G is
perfect; (ii) G has a maximal normal subgroup K such that G/K is a non-
abelian simple Hurwitz group; (iii) |G| is divisible by 84.

In this paper, we focus on simple Hurwitz groups. In [15], Macbeath
proved that a simple group PSL(2,Fq), where q = pn (p is a prime number),
is a Hurwitz group if it satisfies the following conditions.
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Proposition 2.1. The finite group PSL(2,Fq) is a Hurwitz group if and only
if either

(i) q = 7 or
(ii) q = p ≡ ±1 mod 7 or

(iii) q = p3 where p ≡ ±2 or ±3 mod 7.
In cases (i) and (iii), there is only one Riemann surface on which PSL(2,Fq)
acts as a Hurwitz group. In case (ii), there are three Riemann surfaces for
each q.

By Proposition 2.1, we see that there are infinitely many Riemann sur-
faces that admit simple Hurwitz groups as their automorphism groups. First
three small Hurwitz groups are known to be of the form PSL(2,Fq), where
q = 7, 8 and 13 (see [15]) which correspond to Riemann surfaces of genera
g = 3, 7 and 14. The next one is of order 1344 which acts on a Riemann
surface of genus 17, but in this case, it is known that G is isomorphic to an
extension of the abelian group (Z/2)3 by PSL(2,F7) (see [4]).

Higman showed that the alternating group An is a Hurwitz group for
sufficiently large n. More precisely, all but 62 of the simple alternating
groups An (n ≥ 5) are Hurwitz groups. It is also known that the Chevalley
group G2(q) for every prime power q ≥ 5 (Malle [17]), and the simple
Ree group 2G2(3

2m+1) for every m ≥ 1 are Hurwitz groups (Malle [17],
Sah [24]).

By the classification of finite simple groups, it is known that there are 26
sporadic finite simple groups. Among them, the following 12 are Hurwitz
groups: the first Janko group J1 (Higman [9], Sah [24]), the Hall-Janko
group J2 (Finkelstein-Rudvalis [7]), the Held group He (Woldar [31]), the
Rudvalis group Ru (Woldar [31]), the smallest Conway group Co3 (Woldar
[31], Worboys [33]), the Fischer group Fi22 (Woldar [32]), the Harada-
Norton group HN (Woldar [31]), the Lyons group Ly (Woldar [31]), the
Thompson group Th (Linton-Wilson), the fourth Janko group J4 (Woldar
[32]), the Fischer group Fi′24 (Linton-Wilson), and the Monster M (Wilson
[27]); while the other 14 are not.

As for other simple Hurwitz groups and related matters, see the survey
papers [4, 5] and the references therein.

2.2. Fixed point formula. Let G = Aut(X) be a Hurwitz group. In this
subsection, we consider the number ν(φ) of fixed points of the action of φ ∈
G on X . The following fixed point formula is a special case of Macbeath
[16, Theorem 1].

Proposition 2.2. Let p : ∆ → G be a surjective homomorphism from the
(2, 3, 7)-triangle group ∆ = ⟨x1, x2, x3 | x21 = x32 = x73 = x1x2x3 = 1⟩ to
a Hurwitz group G. For an element φ ̸= 1 ∈ G, we set εi(φ) = 1 if φ is
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conjugate to a power of p(xi), otherwise εi(φ) = 0. Then, the number ν(φ)
of points fixed by φ is provided by the formula

ν(φ) = |NG(⟨φ⟩)|
3∑
i=1

εi(φ)

mi

,

where NG(⟨φ⟩) is the normalizer of the cyclic subgroup ⟨φ⟩, and {m1,m2,
m3} = {2, 3, 7}.

Using the above formula, we can evaluate the number of fixed points
explicitly. In particular, we easily see that there is no fixed point except
when the order of φ is 2, 3 or 7. This is a key fact for our purpose.

2.3. Orders and reducibility. Let Mg be the mapping class group of an
oriented closed surface Σg of genus g, namely, the group of all isotopy
classes of orientation preserving homeomorphisms of Σg.

As mentioned in the introduction, by the classification of surface home-
omorphisms due to Nielsen and Thurston (see [3]), there are three types of
mapping classes: (1) finite order, (2) reducible and (3) pseudo-Anosov.

Corresponding to this classification, the mapping torus Mφ (φ ∈ Mg)
admits (1) the structure of Seifert fibered space, (2) a non-trivial toral (or
JSJ) decomposition, or (3) the structure of hyperbolic 3-manifold.

As a characterization of the reducibility of an element φ ∈ Mg of finite
order, we review a practical result of Kasahara [11, Theorem 4.1].

Proposition 2.3. For φ ∈ Mg of order m, if φ is irreducible, then m ≥
2g + 1; and if φ is reducible, then m ≤ 2g + 2, moreover if the genus g is
odd, then m ≤ 2g.

The proposition implies that given a surface homeomorphism of finite
order, its order almost determines its reducibility. In fact, the determination
by order is complete if the genus g is odd.

2.4. Fixed point data and eta invariant. Let φ : Σg → Σg be an orien-
tation preserving homeomorphism of order m. We denote the set of points
of Σg at which ⟨φ⟩ ∼= Z/m does not act freely by Fix⟨φ⟩. Let {pi} be a set
of representatives of the orbits of Fix⟨φ⟩ under ⟨φ⟩, and αi = |stab⟨φ⟩(pi)|,
the order of the stabilizer at pi. Then, φm/αi generates stab⟨φ⟩(pi), so it acts
faithfully by rotation on the tangent space at pi. Let βi be an integer such
that φβim/αi acts by rotation through 2π

√
−1/αi. The integer βi is well-

defined modulo αi, and (αi, βi) = 1, so that βi/αi is uniquely determined
as an element of Q/Z. By the fixed point data of φ, we mean the collection
σ(φ) = ⟨g,m | β1/α1, . . . , βr/αr⟩, where βi/αi ∈ Q/Z are not ordered.

Moreover, the fixed point data satisfies the relation
r∑
l=1

βl
αl

≡ 0 mod Z.
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Now, using the fixed point data, the η-invariant of the mapping torus Mφ

equipped with the metric as in the introduction is given by

(2.4) η(Mφ) = −4
r∑
l=1

s(βl, αl),

where s(βl, αl) denotes the Dedekind sum and is defined by the following
formula:

s(β, α) =
α−1∑
l=1

((
l

α

))((
lβ

α

))
.

Here, ((r)) ∈ R is defined to be r− [r]−1/2 if r ̸∈ Z, and 0 if r ∈ Z, where
[r] is the greatest integer less than or equal to r. See [18, Theorem 1.3] for
details (see [19, 21] for other formulas of η(Mφ)).

As a basic property, it is known that if two elements φ, ψ ∈ Mg are
conjugate, then η(Mφ) = η(Mψ) holds. Moreover, for the inverse element
φ−1, we have η(Mφ−1) = −η(Mφ). This is also a key property for our
purpose.

3. PROOF OF THEOREM 1.2

In this section, we provide a proof of Theorem 1.2. In Subsection 3.1,
we discuss the reducibility of elements of simple Hurwitz groups. After
that in Subsection 3.2, we prove a vanishing theorem of the η-invariant of a
mapping torus, and the latter half of Theorem 1.2.

3.1. Reducibility. We first show the former assertion of Theorem 1.2.

Theorem 3.1. Let G be a simple Hurwitz group which is not PSL(2,F7).
Then every element of G is reducible.

Remark 3.2. Since the simple Hurwitz group PSL(2,F7) actually contains
an irreducible element of order 7 (see Example 3.5 below and [20] for exam-
ple), Theorem 3.1 gives a characterization of PSL(2,F7) among the simple
Hurwitz groups by the Nielsen-Thurston classification of surface homeo-
morphisms.

Proof. First, we consider a projective linear group PSL(2,Fq) which ap-
pears in Proposition 2.1(ii), (iii). When q = 23, as shown in [22, Theo-
rem 1.1], every element in PSL(2,F8) is reducible. Similarly, the assertion
directly follows from [23, Section 3.1] for PSL(2,Fq) with q ≥ 13.

Next, let us consider the other cases, namely, we assumeG ≇ PSL(2,Fq).
Then, we use a result of Vdovin [25, Theorem A] which estimates the max-
imal orders of abelian subgroups in finite simple groups.
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Proposition 3.3. Let G be a non-abelian finite simple group and G ≇
PSL(2,Fq), where q = pk for some prime number p. Suppose A is an
abelian subgroup of G. Then, |A|3 < |G| holds.

For a Hurwitz surface X with genus g and Aut(X) = G, we have |G| =
84(g − 1). Let m0 be the maximal order of elements in G. Proposition 3.3
implies that m0

3 < |G| holds, if G is simple and G ≇ PSL(2,Fq).
If m0 is less than 2g + 1, then we see from Proposition 2.3 that every

element in G is reducible. In fact, we have

2g + 1−m0 = 2

(
1

84
|G|+ 1

)
+ 1−m0 =

1

42
|G| −m0 + 3

>
1

42
|G| − |G|

1
3 =

1

42
|G|

1
3

(
|G|

2
3 − 42

)
.

Since G ≇ PSL(2,Fq), we see that |G| > 1092 > 103 holds (because the
first three simple Hurwitz groups are projective linear groups as mentioned
in Subsection 2.1, and |PSL(2,F13)| = 1092). Hence, we obtain

2g + 1−m0 >
1

42
|G|

1
3

(
|G|

2
3 − 42

)
>

10

42

(
102 − 42

)
> 0.

This completes the proof of Theorem 3.1. □
3.2. Vanishing of eta invariant. In this paper, we call a conjugacy class c
of a finite group G is real if χ(c) ∈ R holds for every irreducible character
χ ∈ Irr(G), where Irr(G) is the set of irreducible characters of G. The next
lemma is well known.

Lemma 3.4. A conjugacy class c of a finite group G is real if and only if a
representative φ of c is conjugate to its inverse φ−1, that is, c contains both
φ and φ−1.

Proof. For a finite group G, two elements a, b ∈ G are conjugate if and
only if χ(a) = χ(b) for every χ ∈ Irr(G). On the other hand, it holds
that χ(a−1) = χ(a) for any a ∈ G and χ ∈ Irr(G). Hence, the assertion
immediately follows. □
Example 3.5. The character table of G = PSL(2,F7) is provided in Table
1 (see [6, p. 3]). Here, b7 = (−1 +

√
7i)/2, and ∗∗ means the complex

conjugate of b7. We easily see that the conjugacy classes 1A, 2A, 3A, and
4A are real. Other classes are non-real.

Now, let us show a vanishing theorem of the η-invariant for a Hurwitz
group (not necessarily be simple).

Proposition 3.6. Let G be a Hurwitz group such that all conjugacy classes
of orders 3 and 7 are real, then η(Mφ) = 0 for any φ ∈ G.
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TABLE 1. Character table of PSL(2,F7)

1A 2A 3A 4A 7A B ∗ ∗
χ1 1 1 1 1 1 1
χ2 3 −1 0 1 b7 ∗∗
χ3 3 −1 0 1 ∗∗ b7
χ4 6 2 0 0 −1 −1
χ5 7 −1 1 −1 0 0
χ6 8 0 −1 0 1 1

Proof. First, for an involution φ ∈ G, we easily see that η(Mφ) = 0 holds,
because φ = φ−1 and η(Mφ−1) = −η(Mφ). By the assumption of the
proposition and Lemma 3.4, the similar thing holds for elements of orders
3 and 7.

As mentioned in Subsection 2.2, an element φ ∈ G has no fixed point
except when the order of φ is 2, 3 or 7. It means that the order αi of the
stabilizer at each representative pi must be 2, 3 or 7. Hence, by the formula
(2.4), and the above argument on elements of orders 2, 3 and 7, it holds that
η(Mφ) = 0 for any element φ ∈ G. □

In order to complete the proof of the theorem, we need to show that the
simple Hurwitz groups (i)–(xiii) in Theorem 1.2 satisfy the assumption of
Proposition 3.6. Here, we will not describe a precise definition of each sim-
ple group, because we need only information about their character tables.
So please see [6] for details.

(i) PSL(2,Fq), q = p ≡ ±1 mod 7, or q = p3 where p ≡ ±2 or
±3 mod 7. The vanishing of the η-invariant follows from [22,
Theorem 1.1] for q = 23 = 8 and 13, and [23, Theorem 1.1] for a
large q.

(ii) All but 62 of the simple alternating groups An (n ≥ 5). See [8]
for representations of the symmetric group Sn and the alternating
group An. Roughly speaking, irreducible characters of An can be
calculated through that of Sn.

A conjugacy class of an element written as a product of disjoint
cycles is split if and only if there is no odd permutation commuting
with it, which is equivalent to all the cycles having odd length, and
no two cycles having the same length. Since 3 and 7 are prime num-
bers, the conjugacy classes having these orders can be presented by
the following cycle types (partitions of n):

c3(k) =
(
3, . . . , 3︸ ︷︷ ︸

k

, 1, . . . , 1︸ ︷︷ ︸
n−3k

)
, c7(l) =

(
7, . . . , 7︸ ︷︷ ︸

l

, 1, . . . , 1︸ ︷︷ ︸
n−7l

)
.
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Hence, they are non-split conjugacy classes. Here, we remark that
the smallest alternating Hurwitz group is known to be A15, and
then, c3(k) and c7(l) are always non-split.

A non-split conjugacy class of An will be a conjugacy class of
Sn, so that every irreducible charater of An on a non-split class is
rational valued, because every irreducible character of Sn is known
to be integer valued (see [8, Lecture 5]).

Let us explain more precisely. Let λ be a self-conjugate partition
and Vλ the corresponding irreducible representation of Sn. Further,
let χλ be the character of Vλ and Wλ = ResSn

An
Vλ, the restriction

of Vλ to An. In this case, Wλ becomes a reducible representa-
tion of An, and then, we have an irreducible decomposition of Wλ:
Wλ = W ′ ⊕W ′′. We denote the characters of Wλ,W

′ and W ′′ by
χWλ

, χW ′ and χW ′′ respetively. In this setting, for a non-split con-
jugacy class c of An, it holds that χW ′(c) = χW ′′(c) = χλ(c)/2 ∈
(1/2)Z. On the other hand, for a non-self-conjugate partition λ, the
restriction Wλ is irreducible on An, so that χWλ

(c) = χλ(c) ∈ Z
holds for a non-split conjugacy class c. Therefore both c3(k) and
c7(l) are real conjugacy classes.

(iii) The Chevalley group G2(q), q = pn ≥ 5 (p: prime) and p ̸= 3, 7.
Malle proved that G2(q) is a Hurwitz group for q = pn (p: prime)
and q ≥ 5 [17, Theorem 1]. Moreover if p ̸= 3, 7, we see from
[17, Proposition 1] that the conjugacy classes of orders 3 and 7
are rational (hence real). In fact, G2(q) contains single class of
elements of order 7, and just two classes of elements of order 3
under the assumption that p ̸= 3, 7.

In order to check the assumption of Proposition 3.6 for sporadic simple
Hurwitz groups, we recall some notations from [6, pp. XXV–XXX] to read
their character tables (see Example 3.5).

The conjugacy classes that contain elements of order n are named nA,
nB, nC and so on. The pair nA and B∗∗ means that the class B∗∗ contains
the inverses of elements of nA. So they are both non-real cojugacy classes.
On the other hand, if a finite simple group G contains just nA, nB, nC, . . .
of order n (i.e. no pair like nA and B ∗∗), then they are all real conjugacy
classes.

(iv) The first Janko group J1 (see [6, p. 36]). It contains one class 3A
of order 3, and one class 7A of order 7. Hence, they are both real
conjugacy classes.

(v) The Hall-Janko group J2 (see [6, pp. 42–43]). It contains two
classes 3A, 3B of order 3, and one class 7A of order 7. Hence,
they are real conjugacy classes.
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(vi) The Rudvalis group Ru (see [6, pp. 126–127]). It contains one
class 3A of order 3, and one class 7A of order 7. Hence, they are
both real conjugacy classes.

(vii) The smallest Conway group Co3 (see [6, pp. 134–135]). It contains
three classes 3A, 3B, 3C of order 3, and one class 7A of order 7.
Hence, they are real conjugacy classes.

(viii) The Fischer group Fi22 (see [6, pp. 156–163]). It contains four
classes 3A, 3B, 3C, 3D of order 3, and one class 7A of order 7.
Hence, they are real conjugacy classes.

(ix) The Harada-Norton group HN (see [6, pp. 164–166]). It contains
two classes 3A, 3B of order 3, and one class 7A of order 7. Hence,
they are real conjugacy classes.

(x) The Lyons group Ly (see [6, pp. 174–175]). It contains two classes
3A, 3B of order 3, and one class 7A of order 7. Hence, they are
real conjugcy classes.

(xi) The Thompson group Th (see [6, pp. 176–177]). It contains three
classes 3A, 3B, 3C of order 3, and one class 7A of order 7. Hence,
they are real conjugacy classes.

(xii) The Fischer group Fi′24 (see [6, pp. 200–207]). It contains five
classes 3A, 3B, 3C, 3D, 3E of order 3, and two classes 7A, 7B of
order 7. Hence, they are all real conjugacy classes.

(xiii) The Monster M (see [6, pp. 220–234]). It contains three classes
3A, 3B, 3C of order 3, and two classes 7A, 7B of order 7. Hence,
they are all real conjugacy classes.

This completes the proof of Theorem 1.2.

Remark 3.7. The simple Ree group 2G2(3
2m+1) (see [26, pp. 87–88]), the

Held group He (see [6, pp. 104–105]), and the fourth Janko group J4 (see
[6, pp. 188–190]) do not satisfy the assumption of Proposition 3.6. In fact,
2G2(3

2m+1) contains two non-real conjugacy classes of order 3, the group
He contains five classes 7A, B∗∗, 7C, 7D, E∗∗ of order 7, and J4 contains
two classes 7A,B∗∗ of order 7. Hence, these simple Hurwitz groups contain
non-real conjugacy classes of order 3 or 7.

At this point, we can assert nothing about vanishing of the η-invariant for
a simple Hurwitz group G which does not appear in Theorem 1.2. Accord-
ingly, we conclude the present paper with the following question:

Question 3.8. For a simple Hurwitz group G as above, is there an element
φ ∈ G such that η(Mφ) ̸= 0?
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