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Abstract

This paper studies the first passage percolation model on crystal
lattices, which is a generalization of that on the cubic lattice. Here,
each edge of the graph induced by a crystal lattice is assigned a ran-
dom passage time, and consideration is given to the behavior of the
percolation region 𝐵(𝑡), which consists of those vertices that can be
reached from the origin within a time 𝑡 > 0. Our first result is the
shape theorem, stating that the normalized region 𝐵(𝑡)/𝑡 converges to
some deterministic one, called the limit shape. The second result is
the monotonicity of the limit shapes under covering maps. In particu-
lar, this provides insight into the limit shape of the cubic first passage
percolation model.

1 Introduction

1.1 Background

Percolation theory is a branch of probability theory and describes the
behavior of clusters, which are connected components of randomly ob-
tained objects. One of the most famous percolation models is the bond
percolation model, in which each edge (bond) of an infinite, connected,
and locally finite graph 𝑋 = (𝑉, 𝐸) is assumed to be open with the same
probability 𝑝 ∈ [0, 1], independently of all other edges. This model has
been of great interest regarding the critical probability 𝑝𝑐 (𝑋) ∈ [0, 1],
which is the value such that all clusters are finite when 𝑝 < 𝑝𝑐 (𝑋) and
there exists an infinite cluster when 𝑝 > 𝑝𝑐 (𝑋). This model has been
mostly studied in the 𝑑-dimensional cubic lattice L𝑑 = (Z𝑑 ,E𝑑), where
Z𝑑 is the set of all 𝑑-tuples 𝑥 = (𝑥1, . . . , 𝑥𝑑) of integers 𝑥𝑖, and the edge
set E𝑑 is the set of all unordered pairs {𝑥, 𝑦} of Z𝑑 with ∥𝑥 − 𝑦∥1 = 1
(Here, ∥ · ∥1 represents the 𝐿1-norm on R𝑑).
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By focuing on the “covering” relation between L3 and the triangular
lattice T, the paper [5] shows the comparison 𝑝𝑐 (L3) < 𝑝𝑐 (T). This idea
is formulated by [4] in a more general context as follows: Let 𝐺 ↷ 𝑋
be a free action of a group 𝐺 on a graph 𝑋. The quotient graph
𝑋1 := 𝑋/𝐺 is defined as the graph whose vertices are 𝐺-orbits, and
an edge {𝐺𝑥, 𝐺𝑦} appears in 𝑋1 if there are representatives 𝑥0 ∈ 𝐺𝑥,
𝑦0 ∈ 𝐺𝑦 that are neighbors in 𝑋. In this setting, the comparison

𝑝𝑐 (𝑋) ≤ 𝑝𝑐 (𝑋1) (1)

of two critical probabilities holds. Furthermore, it is known from [17]
that the strictness of (1) is established under some assumptions. This
result implies that a cluster in a graph tends to be larger than that in
its quotient graph.

The aim of this paper is to show an analogue of (1) for the first pas-
sage percolation (FPP) model. The FPP model, which was introduced
in 1965 by Hammersley and Welsh [12], is a time evolution version of
the bond percolation model: each edge 𝑒 ∈ E𝑑 of the 𝑑-dimensional cu-
bic lattice is independently assigned a random nonnegative time 𝑡𝑒 ≥ 0
according to a fixed distribution 𝜈. The passage time 𝑇 (𝛾) of a path
𝛾 = (𝑒1, . . . , 𝑒𝑟 ) is defined as the sum 𝑇 (𝛾) := ∑𝑟

𝑖=1 𝑡𝑒𝑖 . For two points
𝑥, 𝑦 ∈ R𝑑, we denote by 𝑇 (𝑥, 𝑦) the first passage time from 𝑥 to 𝑦, that
is,

𝑇 (𝑥, 𝑦) := inf{𝑇 (𝛾) : 𝛾 is a path from 𝑥 ′ to 𝑦′},
where 𝑥 ′, 𝑦′ are the closest lattice points of 𝑥 and 𝑦, respectively, with a
deterministic rule to break ties. The percolation region 𝐵(𝑡) is defined
as

𝐵(𝑡) := {𝑥 ∈ R𝑑 : 𝑇 (0, 𝑥) ≤ 𝑡}
for a time 𝑡 > 0. For the case of 𝑑 = 2, Cox and Durrett [6] showed the
shape theorem, a “law of large numbers” for the percolation region: if
the time distribution 𝜈 satisfies the moment condition

Emin{𝑡1, . . . , 𝑡2𝑑}𝑑 < ∞,

where random variables 𝑡1, . . . , 𝑡2𝑑 ∼ 𝜈 are independent copies of ran-
dom times, then the normalized region 𝐵(𝑡)/𝑡 converges to some limit
shape, which may coincide with the whole space R𝑑, as 𝑡 → ∞. The
shape theorem in general dimension is given by [13, Theorem 1.7].

1.2 Main result

This paper presents an analogue of (1) for the limit shape in the frame-
work of a crystal lattice model. We consider a general FPP model
defined on crystal lattices, using the formulation of discrete geometric
analysis that was first introduced by Kotani and Sunada [15]. Here,
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a 𝑑-dimensional crystal lattice is a regular covering graph 𝑋 over a fi-
nite graph 𝑋0 whose covering transformation group 𝐿 is a free abelian
group with rank 𝑑. We consider its “shape” as a periodic realization
(Φ, 𝜌), where Φ : 𝑋 → R𝑑 is a map into the Euclidian space R𝑑, and
the homomorphism 𝜌 : 𝐿 → R𝑑 represents the period of the realization
(see Section 2.2).

The first main result of this paper is a generalization of the shape
theorem to a crystal lattice model. Fix a periodic realization (Φ, 𝜌)
of a 𝑑-dimensional crystal lattice 𝑋 = (𝑉, 𝐸). Each edge 𝑒 ∈ 𝐸 is
independently assigned a random nonnegative time 𝑡𝑒 ≥ 0 according
to a fixed distribution 𝜈. The percolation region 𝐵(𝑡) is defined in the
same way as the cubic lattice model. We assume the following moment
condition:

Emin{𝑡1, . . . , 𝑡𝑙𝑋 }𝑑 < ∞, (2)

where 𝑙𝑋 is the edge connectivity of 𝑋 and 𝑡1, . . . , 𝑡𝑙𝑋 ∼ 𝜈 are indepen-
dent copies of random times.

Theorem 1.1. Let (Φ, 𝜌) be a periodic realization of a 𝑑-dimensional
crystal lattice 𝑋. Suppose that the time distribution 𝜈 satisfies (2).
Then the following hold:

(a) If 𝜈(0) < 𝑝𝑐 (𝑋), then there exists a deterministic, convex, com-
pact set B ⊂ R𝑑 such that for each 𝜖 > 0 it holds almost surely
that

(1 − 𝜖)B ⊂ 𝐵(𝑡)
𝑡

⊂ (1 + 𝜖)B for all large 𝑡.

(b) If 𝜈(0) ≥ 𝑝𝑐 (𝑋), then for all 𝑅 > 0, it holds almost surely that

{𝑥 ∈ R𝑑 : ∥𝑥∥1 ≤ 𝑅} ⊂ 𝐵(𝑡)
𝑡

for all large 𝑡.

We also give the relation between the limit shape B and a real-
ization of a crystal lattice, and we give the symmetric properties of B
derived from those of the realized crystal Φ(𝑋) (see Section 3.3 below).

The second main result in this paper is formulated as follows: Let
Φ : 𝑋 → R𝑑 be a periodic realization of a 𝑑-dimensional crystal lat-
tice 𝑋. By identifying some 𝑑1-dimensional subspace of R𝑑 with R𝑑1 ,
we shall observe that the orthogonal projection 𝑃(Φ(𝑋)) onto R𝑑1 co-
incides with the image of a periodic realization Φ1 : 𝑋1 → R𝑑1 of a
𝑑1-dimensional crystal lattice 𝑋1. We also see that 𝑋1 can be written
by the quotient graph 𝑋/𝐺 for some action 𝐺 ↷ 𝑋 of a group, and

3



that the following commutative property holds:

𝑋
Φ //

𝜔

��
⟳

R𝑑

𝑃

��
𝑋1 Φ1

// R𝑑1 ,

(3)

where 𝜔 : 𝑋 → 𝑋1 is the quotient map and 𝑃 : R𝑑 → R𝑑1 is the or-
thogonal projection (see [18, Section 7.2]). In this setting, we consider
the independent FPP models on 𝑋 and 𝑋1 with the same distribution
𝜈 satisfying the moment condition (2) for 𝑋 and 𝑋1. We show that the
limit shape B1 of 𝑋1 is included in the projection 𝑃(B) of the limit
shape B of 𝑋.

Theorem 1.2. Let Φ : 𝑋 → R𝑑 and Φ1 : 𝑋1 → R𝑑1 be periodic
realizations of crystal lattices 𝑋, 𝑋1 satisfying the projective relation
(3). Then, the following holds for the limit shapes B, B1 of 𝑋, 𝑋1:

B1 ⊂ 𝑃(B).

This result gives insights regarding the limit shape of the cubic
FPP model as follows: In order to observe the shape of B of the cubic
lattice L𝑑, we can consider the projection 𝑃 : R𝑑 → R𝑑1 in some
suitable direction and obtain a periodic realization of a covered lattice
𝑋1. Then we can obtain that B1 ⊂ 𝑃(B) for the limit shape B1 of 𝑋1,
which gives a lower bound for the projection of the limit shape B.

We remark on several works related to this formulation. First, the
paper [11] gives a formulation of the “periodic graph” by a group action
on a graph, and it is equivalent to the definition of crystal lattices in
this paper (see Section 2.1). It follows from [18, Theorem 7.2] that our
formulation of crystal lattices is also essentially equivalent to that in
[14, Section 2.1], which defines a “periodic graph” as a graph imbedded
in R𝑑 in such a way that each coordinate vector of R𝑑 is a period
for the image. The paper [1] studies the asymptotic properties of the
FPP model on a 1-dimensional graph, which corresponds to the crystal
lattice with dimension 1 in this paper. We also note that [7, 20] study
the FPP model on the triangular lattice.

The study of crystal lattices is rich in considerations of the shape
of lattices, as exemplified by the concept of the standard realization,
which is the realization with maximal symmetry among all realizations
(see [18]). The cubic lattice that is often considered in the percolation
model, for example, is included in the framework of the standard real-
ization. Thus, the formulation of a periodic FPP model in this paper
is suitable for studying the relationship between the shape of the per-
colation region and the lattices.
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The remainder of this paper is organized as follows. In Section 2, we
review the concept of crystal lattices and basic properties. In Section 3,
we formulate the FPP model on a general crystal lattice and give basic
results of this model. In Section 4, we give a proof of Theorem 1.2.

2 Preliminaries

2.1 Covering graphs

A crystal lattice, which is the main object in this paper, is defined as a
covering graph over a finite graph. First, in this subsection, we review
the concept of covering graphs. We refer to [18] for a more detailed
description.

A graph is an ordered pair 𝑋 = (𝑉, 𝐸) of disjoint sets 𝑉 and 𝐸 with
two maps 𝑖 : 𝐸 → 𝑉 ×𝑉 , 𝜄 : 𝐸 → 𝐸 satisfying

𝜄2 = 𝐼𝐸 (the identity map of 𝐸), and

𝜄(𝑒) ≠ 𝑒, 𝑖(𝜄(𝑒)) = 𝜏(𝑖(𝑒))
for any 𝑒 ∈ 𝐸 , where 𝜏 : 𝑉 ×𝑉 → 𝑉 ×𝑉 is the map defined by 𝜏(𝑥, 𝑦) =
(𝑦, 𝑥). We call 𝑖 and 𝜄 the incident map and the inversion map of 𝑋,
respectively. We put 𝑖(𝑒) = (𝑜(𝑒), 𝑡 (𝑒)) and call 𝑜(𝑒) and 𝑡 (𝑒) the origin
and the terminus, respectively. The edge 𝜄(𝑒) is called the inversion of
𝑒 and is sometimes written as 𝑒. For 𝑥 ∈ 𝑉 , we write 𝐸𝑥 := {𝑒 ∈ 𝐸 :
𝑜(𝑒) = 𝑥}.

For two graphs 𝑋1 = (𝑉1, 𝐸1) and 𝑋2 = (𝑉2, 𝐸2), a morphism 𝑓 :
𝑋1 → 𝑋2 is a pair 𝑓 = ( 𝑓𝑉 , 𝑓𝐸 ) of two maps 𝑓𝑉 : 𝑉1 → 𝑉2, 𝑓𝐸 : 𝐸1 → 𝐸2

satisfying

𝑖( 𝑓𝐸 (𝑒)) = ( 𝑓𝑉 (𝑜(𝑒)), 𝑓𝑉 (𝑡 (𝑒))),
𝑓𝐸 (𝑒) = 𝑓𝐸 (𝑒).

When both 𝑓𝑉 and 𝑓𝐸 are bijective, the morphism 𝑓 is called an iso-
morphism. We abbreviate 𝑓𝑉 and 𝑓𝐸 to 𝑓 when there is no confusion.
For a graph 𝑋, we denote by Aut(𝑋) the automorphism group of 𝑋.

An action 𝐺 ↷ 𝑋 of a group 𝐺 on a graph 𝑋 is a group homomor-
phism ℎ : 𝐺 → Aut(𝑋), which naturally gives rise to actions 𝐺 ↷ 𝑉
and 𝐺 ↷ 𝐸 by 𝑔𝑥 := ℎ(𝑔)(𝑥) for 𝑥 ∈ 𝑉 and 𝑔𝑒 := ℎ(𝑔) (𝑒) for 𝑒 ∈ 𝐸 ,
respectively. We say that 𝐺 acts on 𝑋 freely when the action 𝐺 ↷ 𝑉
is free and 𝑔𝑒 ≠ 𝑒 for any 𝑔 ∈ 𝐺 and 𝑒 ∈ 𝐸 . For a free action 𝐺 ↷ 𝑋,
we define the quotient graph 𝑋/𝐺 of 𝑋 as the pair 𝑋/𝐺 = (𝑉/𝐺, 𝐸/𝐺)
of the orbit spaces 𝑉/𝐺 and 𝐸/𝐺 whose incident and inversion maps
are induced from those of 𝑋.

Remark 2.1. This formulation of quotient graphs is more inclusive
than the one we introduced in Section 1.1, in the sense that it allows
graphs with parallel edges and loops.
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Taking a quotient can be characterized by a covering map, namely,
a morphism 𝜔 : 𝑋 → 𝑋0 from a connected graph 𝑋 = (𝑉, 𝐸) to 𝑋0 =
(𝑉0, 𝐸0) satisfying

• 𝜔𝑉 is surjective, and

• for every 𝑥 ∈ 𝑉 , the restriction 𝜔𝐸 ↾𝐸𝑥
: 𝐸𝑥 → 𝐸0,𝜔 (𝑥) is bijective.

The graph 𝑋 is called a covering graph of 𝑋0. The covering transfor-
mation group 𝐺 (𝜔) of a covering map 𝜔 is the set of automorphisms
𝜎 ∈ Aut(𝑋) with 𝜔 ◦𝜎 = 𝜔. We say that a covering map 𝜔 : 𝑋 −→ 𝑋0

is regular if for any 𝑥, 𝑦 ∈ 𝑉 with 𝜔(𝑥) = 𝜔(𝑦), there exists a transfor-
mation 𝜎 ∈ 𝐺 (𝜔) such that 𝜎𝑥 = 𝑦.

A path 𝛾 in a graph 𝑋 is a sequence 𝛾 = (𝑒1, 𝑒2, . . . , 𝑒𝑟 ) of edges with
𝑜(𝑒𝑖+1) = 𝑡 (𝑒𝑖) for 𝑖 = 1, 2, . . . , 𝑟 − 1. One of the most basic properties
of a covering map 𝜔 : 𝑋 → 𝑋0 is the unique path-lifting property :
for any path 𝛾0 = (𝑒0,1, 𝑒0,2, . . . , 𝑒0,𝑟 ) in 𝑋0 and a vertex 𝑥 ∈ 𝑋 with
𝜔(𝑥) = 𝑜(𝑒0,1), there exists a unique path 𝛾 = (𝑒1, 𝑒2, . . . , 𝑒𝑟 ) in 𝑋,
called a lifting of 𝛾0, such that 𝑜(𝑒1) = 𝑥 and 𝜔(𝛾) = 𝛾0.

We can see that for a regular covering map 𝜔 : 𝑋 → 𝑋0, the action
𝐺 (𝜔) ↷ 𝑋 of the covering transformation group 𝐺 (𝜔) is free and its
quotient graph 𝑋/𝐺 (𝜔) is isomorphic to 𝑋0. On the other hand, the
following theorem holds.

Theorem 2.1 ([18, Theorem 5.2]). Suppose that a group 𝐺 acts freely
on a graph 𝑋. Then the canonical projection 𝜔 : 𝑋 → 𝑋/𝐺 is a regular
covering map whose covering transformation group is 𝐺.

2.2 Crystal lattices

A crystal lattice 𝑋 is a regular covering graph over a finite graph 𝑋0

whose covering transformation group 𝐿 is a free abelian group. The
finite graph 𝑋0 is called a base graph of 𝑋 and the covering transforma-
tion group 𝐿 is called an abstract period lattice. The dimension dim 𝑋
of a crystal lattice 𝑋 is defined to be the rank of 𝐿.

As we remarked in the previous subsection, we have an alternative
description of a crystal lattice. Namely, a graph 𝑋 is a crystal lattice if
and only if there exists a free action 𝐿 ↷ 𝑋 of a free abelian group 𝐿,
and the quotient graph 𝑋0 := 𝑋/𝐿 is finite. The following are several
examples of crystal lattices.

Example 2.1. The 𝑑-dimensional cubic lattice L𝑑 = (Z𝑑 ,E𝑑), which
we introduced in Section 1.1, is a crystal lattice with dimension 𝑑.
Indeed, the free abelian group Z𝑑 acts naturally on L𝑑 by translation,
and the quotient graph is a bouquet (Figure 1).

Example 2.2. The honeycomb lattice H and the triangular lattice
T are also crystal lattices with dimension 2. Indeed, we can give the
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action of Z2 by translation in such a way that the basis of Z2 comprises
the translations shown in Figure 1.

A diamond lattice is also a crystal lattice with dimension 3, and
it can be regarded as a higher-dimensional version of the honeycomb
lattice in the sense that the quotient graph consists of two points and
four parallel edges connecting them.

Figure 1: The cubic lattice (left), triangular lattice (center) and
honeycomb lattice (right). The arrows indicate a basis of the
action on each lattice and the graphs below are their base graphs.

Next, we formulate a “shape” of a crystal lattice as a map to the
space R𝑑. Let 𝑋 be a 𝑑-dimensional crystal lattice over a finite graph
𝑋0, and let 𝐿 be its abstract period lattice. A realization of 𝑋 into
R𝑑 is a map Φ : 𝑉 → R𝑑, where the edges of 𝑋 are realized as the
segments connecting their endpoints. We often write a realization as
Φ : 𝑋 → R𝑑, which is said to be periodic if there exists an injective
homomorphism 𝜌 : 𝐿 → R𝑑 satisfying the following conditions:

• the image Γ := 𝜌(𝐿) is a lattice group of R𝑑, that is, there exists
a basis (𝑎1, . . . , 𝑎𝑑) of R𝑑 such that

Γ = {𝜆1𝑎1 + · · · + 𝜆𝑑𝑎𝑑 : 𝜆𝑖 ∈ Z}; and

• for any vertex 𝑥 ∈ 𝑉 and 𝜎 ∈ 𝐿,

Φ(𝜎𝑥) = Φ(𝑥) + 𝜌(𝜎).

Note that the realized crystal Φ(𝑋) is invariant under the translation
by any vector b ∈ Γ = 𝜌(𝐿). The homomorphism 𝜌 : 𝐿 → R𝑑 is called
the period homomorphism of the realization Φ : 𝑋 → R𝑑. Though
the period 𝜌 is determined uniquely from Φ, we often write a periodic
realization as the pair (Φ, 𝜌) in order to emphasize that 𝜌 represents
the period of the realization.

Example 2.3. Figure 2 shows examples of periodic realizations of
the honeycomb lattice. Here, the arrows show the basis of the lattice
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group. Note that the left and center ones have the same lattice group
and thus the same period.

Figure 2: Three examples of periodic realizations of the honey-
comb lattice.

For a periodic realization Φ : 𝑋 → R𝑑 of a 𝑑-dimensional crystal
lattice 𝑋 with a period homomorphism 𝜌 : 𝐿 → R𝑑, an orthogonal
projection 𝑃 : R𝑑 → R𝑑1 onto some 𝑑1-dimensional subspace R𝑑1 is
said to be a rational projection if the image 𝑃(𝜌(𝐿)) is a lattice group
of R𝑑1 . For this 𝑃, the quotient graph 𝑋1 := 𝑋/Ker(𝑃 ◦ 𝜌) is a 𝑑1-
dimensional crystal lattice and the commutative diagram (3) holds for
some periodic realization Φ1 : 𝑋1 → R𝑑1 . Note that from Theorem 2.1,
the quotient map 𝜔 : 𝑋 → 𝑋1 in (3) is a regular covering map.

3 First passage percolation model and shape
theorem

3.1 Setting

Let 𝑋 = (𝑉, 𝐸) be a 𝑑-dimensional crystal lattice over a finite graph
𝑋0 whose abstract period lattice is 𝐿. In Sections 3.1 and 3.2, we fix
a periodic realization Φ : 𝑋 → R𝑑 whose period homomorphism is
𝜌 : 𝐿 → R𝑑, and we set the lattice group Γ := 𝜌(𝐿). Fix a vertex 0 ∈ 𝑋
as the “origin” of 𝑋 and suppose Φ(0) = 0 ∈ R𝑑. We also assume that
the periodic realization is nondegenerate, that is, the map Φ : 𝑉 → R𝑑
is injective. Later we will remark that this assumption is actually not
essential (Remark 3.2). For the sake of brevity, we write 𝑥 ∈ 𝑋 when
𝑥 ∈ 𝑉 , and for a point Φ(𝑥) ∈ R𝑑, we write it by 𝑥 ∈ R𝑑 for short.

Throughout this paper, we deal with 𝑋 as an undirected graph,
whose edge set is given by the orbit space 𝐸/Z2 of the action Z2 :=
Z/2Z ↷ 𝐸 defined by 𝑒 ↦→ 𝑒. Here we simply denote by 𝐸 the set of
orbit space 𝐸/Z2. Now we formulate the FPP model on 𝑋. Let Ω =
[0,∞)𝐸 be the configuration space. Fix a time distribution 𝜈, which
is a Borel probability measure on [0,∞). We define the probability
measure P on Ω as the product measure P = 𝜈⊗𝐸 . Let E denote the
expectation with respect to P. An element t = (𝑡𝑒 : 𝑒 ∈ 𝐸) ∈ Ω is
called a configuration. For a path 𝛾 = (𝑒1, . . . , 𝑒𝑟 ) in 𝑋, the passage
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time 𝑇 (𝛾) is the random variable defined as

𝑇 (𝛾) :=
𝑟∑
𝑖=1

𝑡𝑒𝑖 .

For two points 𝑥, 𝑦 ∈ R𝑑, we denote by 𝑇 (𝑥, 𝑦) the first passage time
between 𝑥 and 𝑦, that is,

𝑇 (𝑥, 𝑦) := inf{𝑇 (𝛾) : 𝛾 is a path from 𝑥 ′ to 𝑦′},

where 𝑥 ′, 𝑦′ ∈ 𝑋 are the closest realized vertices of 𝑥 and 𝑦, respectively,
with a deterministic rule to break ties. The percolation region 𝐵(𝑡) is
defined as

𝐵(𝑡) := {𝑥 ∈ R𝑑 : 𝑇 (0, 𝑥) ≤ 𝑡}
for a time 𝑡 > 0.

Remark 3.1. We can easily see that 𝑇 (𝑥, 𝑦) and 𝑇 (𝑥 + b, 𝑦 + b) have
the same distribution for any vector b ∈ Γ.

Define the set of “rational points” D by

D = {𝑞1𝑎1 + · · · + 𝑞𝑑𝑎𝑑 : 𝑞𝑖 ∈ Q}, (4)

where (𝑎1, . . . , 𝑎𝑑) is a basis of the lattice group Γ. Note that D
coincides with the set of points 𝑥 ∈ R𝑑 such that 𝑁𝑥 ∈ Γ for some
𝑁 ∈ N, and thus D does not depend on the choice of a basis of Γ.

The edge connectivity of 𝑋 is the minimum number 𝑙𝑋 ∈ N such
that there exists a set {𝑒1, . . . , 𝑒𝑙𝑋 } of edges that separates 𝑋. Menger’s
theorem (see, e.g., [8]) gives an alternative description of edge connec-
tivity as follows:

𝑙𝑋 = max{𝑙 ′ ∈ N : for any two vertices 𝑥 ≠ 𝑦 ∈ 𝑋, there exist

𝑙 ′ edge-disjoint paths from 𝑥 to 𝑦}.

From this remark and a basic discussion for the passage time (see, e.g.,
[3, Lemma 2.3]), the following lemma holds.

Lemma 3.1. Let 𝑡1, . . . , 𝑡𝑙𝑋 be independent copies of 𝑡𝑒 and let 𝑘 ≥ 1.
Then Emin{𝑡1, . . . , 𝑡𝑙𝑋 }𝑘 < ∞ holds if and only if E𝑇 (0, 𝑥)𝑘 < ∞ holds
for all 𝑥 ∈ 𝑋.

3.2 Asymptotic speed of first passage time

Suppose that the time distribution 𝜈 of each edge satisfies

Emin{𝑡1, . . . , 𝑡𝑙𝑋 } < ∞, (5)

where 𝑙𝑋 is the edge connectivity of 𝑋 and 𝑡1, 𝑡2, . . . , 𝑡𝑙𝑋 are independent
copies of 𝑡𝑒. Similarly to the cubic lattice model, we first prove the
following proposition:
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Proposition 3.1. For each 𝑥 ∈ D, the limit

𝜇(𝑥) := lim
𝑛→∞

𝑇 (0, 𝑛𝑥)
𝑛

exists almost surely. Moreover, the function 𝜇 : D → R depends on
only 𝑋, 𝜈, and the period 𝜌.

The following theorem [16, Theorem 1.10] is essential for the proof
of Proposition 3.1.

Theorem 3.1 (Subadditive ergodic theorem). Suppose that a se-
quence (𝑋𝑚,𝑛)0≤𝑚<𝑛 of random variables satisfies the following con-
ditions:

• 𝑋0,𝑛 ≤ 𝑋0,𝑚 + 𝑋𝑚,𝑛 for all 0 < 𝑚 < 𝑛;

• the joint distributions of the two sequences

(𝑋𝑚,𝑚+𝑘 )𝑘≥1 and (𝑋𝑚+1,𝑚+𝑘+1)𝑘≥1

is the same for all 𝑚 ≥ 0;

• for each 𝑘 ≥ 1, the sequence (𝑋𝑛𝑘, (𝑛+1)𝑘 )𝑛≥0 is stationary and
ergodic; and

• E𝑋0,1 < ∞ and E𝑋0,𝑛 > −𝑐𝑛 for some finite constant 𝑐 < ∞.

Then

lim
𝑛→∞

𝑋0,𝑛

𝑛
= inf

𝑛

E𝑋0,𝑛

𝑛
= lim
𝑛→∞

E𝑋0,𝑛

𝑛
(6)

almost surely and in 𝐿1.

We now turn to the proof of Proposition 3.1.

Proof of Proposition 3.1. Take the minimum number 𝑁 ∈ N with 𝑁𝑥 ∈
Γ. We can easily see that the array (𝑇 (𝑚𝑁𝑥, 𝑛𝑁𝑥))0≤𝑚<𝑛 of random
variables satisfies the conditions of Theorem 3.1. Note that the inte-
grability of 𝑋0,1 follows from the assumption (5) and Lemma 3.1. Thus
we see that the limit

lim
𝑘→∞

𝑇 (0, 𝑘𝑁𝑥)
𝑘

exists almost surely and is constant. We set

𝜇(𝑥) := lim
𝑘→∞

𝑇 (0, 𝑘𝑁𝑥)
𝑘𝑁

.

Since each 𝑘𝑁𝑥 is a vertex on the lattice group Γ, the limit 𝜇(𝑥) depends
on only 𝑥, 𝜈, 𝑋 and the lattice group Γ := 𝜌(𝐿). Take 𝑗 = 1, 2, . . . , 𝑁 −1
arbitrarily. From the triangle inequality, we have

|𝑇 (0, (𝑘𝑁 + 𝑗)𝑥) − 𝑇 (0, 𝑘𝑁𝑥) | ≤ 𝑇 ((𝑘𝑁 + 𝑗)𝑥, 𝑘𝑁𝑥)
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and thus, for any 𝜖 > 0,

∞∑
𝑘=1

P( |𝑇 (0, (𝑘𝑁 + 𝑗)𝑥) − 𝑇 (0, 𝑘𝑁𝑥) | > 𝜖𝑘)

≤
∞∑
𝑘=1

P(𝑇 ((𝑘𝑁 + 𝑗)𝑥, 𝑘𝑁𝑥) > 𝜖𝑘)

=
∞∑
𝑘=1

P(𝑇 ( 𝑗𝑥, 0) > 𝜖𝑘) < ∞.

Here, the first equality follows from Remark 3.1, and the finiteness is
due to the integrability of 𝑇 ( 𝑗𝑥, 0). Then it follows from the Borel–
Cantelli lemma that

P(lim sup
𝑘→∞

{|𝑇 (0, (𝑘𝑁 + 𝑗)𝑥) − 𝑇 (0, 𝑘𝑁𝑥) | > 𝜖𝑘}) = 0,

which implies that almost surely,

lim
𝑘→∞

1

𝑘𝑁
|𝑇 (0, (𝑘𝑁 + 𝑗)𝑥) − 𝑇 (0, 𝑘𝑁𝑥) | = 0.

Therefore, for each 𝑗 = 1, 2, . . . , 𝑁 − 1,

lim
𝑘→∞

1

𝑘𝑁 + 𝑗 𝑇 (0, (𝑘𝑁 + 𝑗)𝑥) = 𝜇(𝑥)

almost surely, and the proposition follows. □

We summarize the basic properties of the limit 𝜇.

Proposition 3.2. The following hold:

1. 𝜇(𝑥 + 𝑦) ≤ 𝜇(𝑥) + 𝜇(𝑦) for any 𝑥, 𝑦 ∈ D.

2. 𝜇(𝑐𝑥) = |𝑐 |𝜇(𝑥) for any 𝑐 ∈ Q and 𝑥 ∈ D.

Proof. Fix 𝑥, 𝑦 ∈ D. Let 𝑁 be the minimum number with 𝑁𝑥, 𝑁𝑦 ∈ Γ.
It follows from Remark 3.1 and Proposition 3.1 that

𝑇 (𝑘𝑁𝑥, 𝑘𝑁𝑦)
𝑘𝑁

∼ 𝑇 (0, 𝑘𝑁 (𝑦 − 𝑥))
𝑘𝑁

→𝑑 𝜇(𝑦 − 𝑥) (7)

as 𝑘 → ∞. Here, ∼ means the distributions are the same, and →𝑑

represents the convergence in distribution. By the definition of 𝑇 (·, ·),
we have the following triangle inequality

𝑇 (0, 𝑘𝑁 (𝑥 + 𝑦))
𝑘𝑁

− 𝑇 (0, 𝑘𝑁𝑥)
𝑘𝑁

≤ 𝑇 (𝑘𝑁𝑥, 𝑘𝑁 (𝑥 + 𝑦))
𝑘𝑁

. (8)
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The left hand side converges in distribution to 𝜇(𝑥 + 𝑦) − 𝜇(𝑥). By
replacing 𝑦 ∈ D with 𝑥 + 𝑦 ∈ D in (7), we can see that the right hand
side of (8) converges to 𝜇(𝑦), and we obtain the first item.

Let 𝑐 ∈ Q≥0. Then we have

𝜇(𝑐𝑥) = lim
𝑛→∞

1

𝑛
𝑇 (0, 𝑛𝑐𝑥) = 𝑐 lim

𝑛→∞
1

𝑛𝑐
𝑇 (0, 𝑛𝑐𝑥) = 𝑐𝜇(𝑥).

The symmetry of 𝑇 and (7) implies that 𝜇(𝑥) = 𝜇(−𝑥). Thus the second
item also holds for all 𝑐 ∈ Q. □

Hereinafter, we think of 𝜇 as a function defined on the space R𝑑

by continuous expansion. The following proposition states that the
positivity of 𝜇(𝑥) depends on the probability 𝜈(0) that the random
time 𝑡𝑒 is equal to 0.

Proposition 3.3. The following hold:

• if 𝜈(0) < 𝑝𝑐 (𝑋), then 𝜇(𝑥) > 0 for all 𝑥 ∈ R𝑑 \ {0}; and
• if 𝜈(0) ≥ 𝑝𝑐 (𝑋), then 𝜇(𝑥) = 0 for all 𝑥 ∈ R𝑑.
The proof of this proposition is similar to that of [13, Theorem 6.1]1.

From Propositions 3.2 and 3.3, the limit 𝜇 is a norm on R𝑑 whenever
𝜈(0) < 𝑝𝑐 (𝑋).

Theorem 1.1 can be proved by using the limit 𝜇. Here, we note
that the moment condition (2) for Theorem 1.1 is stronger than (5)
for the existense of the limit 𝜇 (Proposition 3.1). The paper [3] proves
case (a) of Theorem 1.1 in the cubic lattice model ([3, Theorem 2.16])
by showing the following almost sure convergence:

lim
𝑥∈D, ∥𝑥 ∥1→∞

(
𝑇 (0, 𝑥)
∥𝑥∥1

− 𝜇
(
𝑥

∥𝑥∥1

))
= 0, (9)

which states that the convergence 𝑇 (0, 𝑛𝑥)/𝑛 → 𝜇(𝑥) is uniform on
the directions. Once the convergence (9) is obtained for a crystal lat-
tice model, we can see that Theorem 1.1 follows by combining it with
Proposition 3.3. We also see that the limit shape B ⊂ R𝑑 is given by
the unit ball

B = {𝑥 ∈ R𝑑 : 𝜇(𝑥) ≤ 1}. (10)

We provide a proof of (9) for a crystal lattice model in the appendix
of this paper.

1Although [13, Theorem 6.1] is stated by using another critical probability 𝑝𝑇 (𝑋),
the critical point at which the expected value of the cluster size becomes infinite, the
uniqueness 𝑝𝑐 (𝑋) = 𝑝𝑇 (𝑋) can be shown for arbitrary crystal lattice 𝑋 in the same way
as L𝑑 (see, e.g. [10]).
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3.3 Properties of the limit shape

In this subsection, we summarize the basic relations between a periodic
realization (Φ, 𝜌) and the limit shape, denoted by BΦ.

Proposition 3.4. The following hold:

1. The limit shape B depends on only 𝑋, 𝜈, and the period 𝜌; that
is, for two periodic realizations (Φ, 𝜌), (Φ′, 𝜌′), we have BΦ = BΦ′

whenever 𝜌 = 𝜌′.

2. BΦ = BΦ+b for any b ∈ R𝑑, where Φ+b is the periodic realization
obtained by the map 𝑥 ↦→ Φ(𝑥) + b.

3. B𝐴◦Φ = 𝐴BΦ for any 𝐴 ∈ 𝐺𝐿𝑑 (R), where 𝐺𝐿𝑑 (R) is the gen-
eral linear group of degree 𝑑 (note that 𝐴 ◦ Φ is also a periodic
realization, whose period homomorphism is given by 𝐴 ◦ 𝜌).

Proof. The first item follows from Proposition 3.1 and (10).
For the second item, fix b ∈ R𝑑 arbitrarily. Let 𝑇 ′(·, ·) be the first

passage time with respect to the realization Φ + b. Then we have

𝑇 ′(0, 𝑥) = 𝑇 (−b, 𝑥 − b) ≤ 𝑇 (0,−b) + 𝑇 (0, 𝑥 − b),

which implies the inclusion

𝐵(𝑡) + b ⊂ 𝐵′(𝑡 + 𝑇 (0,−b)).

By dividing by 𝑡 and letting 𝑡 → ∞, we obtain BΦ ⊂ BΦ+b. By replacing
b with −b, we obtain the opposite inclusion. Thus, the proof of the
second item is completed.

For the third item, denote by Γ′, 𝑇 ′(·, ·), 𝜇′(·) the characters with
respect to 𝐴 ◦Φ. Then we have Γ′ = 𝐴Γ and the relation

𝑇 (0, 𝑥) = 𝑇 ′(0, 𝐴𝑥)

holds for any 𝑥 ∈ Γ. This implies that 𝜇(𝑥) = 𝜇′(𝐴𝑥) holds for any
𝑥 ∈ R𝑑. Hence, the third item follows from (10). □

Example 3.1. In Figure 2, since the realizations shown in the left and
the center have the same period homomorphism 𝜌, the limit shapes
obtained from the FPP model are the same, although the realizations
are different.

Remark 3.2. In Section 3.1, we assumed that the realization Φ is
nondegenerate in order to formulate the FPP model on a crystal lat-
tice. Proposition 3.4 implies that this assumption is not essential for
the limit shapes. Indeed, for any crystal lattice with a degenerate real-
ization (Φ, 𝜌), we can obtain a nondegenerate one (Φ′, 𝜌′) with 𝜌 = 𝜌′

by shifting the vertices in the same orbit of the action 𝐿 ↷ 𝑋 in the
same direction.
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Proposition 3.4 gives the symmetric property of the limit shape.
Let Sym(Φ(𝑋)) be the symmetric group of the image Φ(𝑋), that is,

Sym(Φ(𝑋)) = {𝑔 ∈ 𝑀 (𝑑) : 𝑔Φ(𝑋) = Φ(𝑋)},

where 𝑀 (𝑑) is the group of congruent transformations of R𝑑. We
write 𝑀 (𝑑) as the semi-product 𝑀 (𝑑) = R𝑑 ⋊ 𝑂 (𝑑) of the translation
R𝑑 and the rotation 𝑂 (𝑑). Let 𝑝 : Sym(Φ(𝑋)) → 𝑂 (𝑑) be the group
homomorphism defined by

(b, 𝐴) ↦→ 𝐴.

Then we obtain the following proposition.

Proposition 3.5. For any 𝐴 ∈ Im(𝑝), 𝐴BΦ = BΦ. In other words, the
limit shape BΦ has the symmetry given by Im(𝑝).

Proof. For any (b, 𝐴) ∈ Sym(Φ(𝑋)), we obtain

𝐴 ◦Φ(𝑋) + b = Φ(𝑋),

which implies

BΦ = B𝐴◦Φ+b = B𝐴◦Φ = 𝐴BΦ.

Here we use the second and third items of Proposition 3.4 for the
second and third equalities, respectively. □

Example 3.2. As we can see in Figure 2, the honeycomb lattice on
the left has rotational symmetry, which implies the same symmetry of
the limit shape. Note that the limit shape obtained from the lattice in
the center is the same as that obtained from the one on the left. Thus,
the lattice in the center also has rotational symmetry.

4 Monotonicity of limit shapes

This section is devoted to the proof of Theorem 1.2.

4.1 Setting and examples

In this subsection, we give the setting and some applications of Theo-
rem 1.2.

Let 𝑋 = (𝑉, 𝐸) be a crystal lattice with 𝑑 := dim 𝑋 ≥ 2 and Φ :
𝑋 → R𝑑 be a periodic realization with a period homomorphism 𝜌 :
𝐿 → R𝑑. We consider the rational projection 𝑃 : R𝑑 → R𝑑1 onto
some 𝑑1-dimensional subspace R𝑑1 . As we reviewed in Section 2.2, the
periodic realization Φ1 : 𝑋1 = (𝑉1, 𝐸1) → R𝑑1 of the 𝑑1-dimensional
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crystal lattice 𝑋1 = 𝑋/Ker(𝑃 ◦ 𝜌) is induced and the commutative
diagram (3) holds. Fix a time distribution 𝜈 such that the moment
condition (2) holds for 𝑋 and 𝑋1. Let the configuration space (Ω, F , P)
be the product space indexed by the disjoint union 𝐸 ⊔ 𝐸1, that is,

Ω = [0,∞)𝐸⊔𝐸1 , P = 𝜈⊗𝐸⊔𝐸1

and F is the Borel 𝜎-algebra.
We fix a vertex 0 ∈ 𝑋 as the origin and suppose Φ(0) = 0 ∈ R𝑑.

To shorten notation, we write 0 for 𝜔(0) satisfying 𝜔(0) ∈ 𝑋1 and
Φ1 (𝜔(0)) = 0 ∈ R𝑑1 . We use the same notations as in the previous
sections with respect to this model for 𝑋. For the covered graph 𝑋1, we
represent them with subscripts, such as 𝑇1, 𝐵1 (𝑡), 𝜇1, and B1. We also
wrtite by Γ1 the lattice group induced from Φ1. The set of “rational
points” D1 with respect to Γ1 is defined in the same way as (4). If
case (b) of Theorem 1.1 holds, then B (resp. B1) is the whole space
R𝑑 (resp. R𝑑1).

We now introduce applications and a remark of Theorem 1.2.

Example 4.1. By the orthogonal projection 𝑃 : R3 → R2 ≃ {(𝑥1, 𝑥2, 𝑥3) ∈
R3 : 𝑥1 + 𝑥2 + 𝑥3 = 0}, the cubic lattice L3 is projected onto the tri-
angular lattice T realized in {(𝑥1, 𝑥2, 𝑥3) ∈ R3 : 𝑥1 + 𝑥2 + 𝑥3 = 0}. The
fact that T is a quotient graph of L3 is also shown by considering the
action Z ↷ L3 given by the translation by the vector (−1,−1,−1).

Theorem 1.2 implies that the projection of the limit shape B of L3

to the plane {(𝑥1, 𝑥2, 𝑥3) : 𝑥1 + 𝑥2 + 𝑥3 = 0} is bounded below by the
limit shape B1 of T.

In the cubic lattice model, the value 𝜇(𝑒1) at the point 𝑒1 :=
(1, 0, . . . , 0) ∈ Z𝑑, called the time constant, has been actively stud-
ied (see, e.g., [13, 19]). However, there are few results for the value
𝜇(𝑥) at a point 𝑥 which is not on the axis. As a new estimate for this,
we present the following application of Theorem 1.1.

Example 4.2. Let 𝑋 be the cubic lattice L2. By the orthogonal
projection 𝑃 : R2 → 𝑊 onto the subspace 𝑊 := {(𝑥1, 𝑥2) ∈ R2 : 𝑥2 =
𝑥1}, we obtain a periodic realization of the quotient graph 𝑋1, defined
as the 1-dimensional line with parallel edges (Figure 3). From the law
of large numbers, we can easily see that

𝜇1 ((1, 1)) = 2Emin{𝑡1, 𝑡2}

for a suitable time distribution 𝜈. From Theorem 1.2, we can see

{𝑥 ∈ 𝑊 : 𝜇1 (𝑥) ≤ 𝑅} ⊂ 𝑃({𝑦 ∈ R2 : 𝜇(𝑦) ≤ 𝑅})

for any 𝑅 > 0. By setting 𝑅 := 𝜇1 ((1, 1)), we can see that there exists
𝑦 ∈ 𝑃−1 ((1, 1)) satisfying

𝜇(𝑦) ≤ 𝜇1 ((1, 1)). (11)
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From the symmetric property of L2, the symmetric point 𝑦′ of 𝑦 with
respect to the line 𝑊 also satisfies (11). Thus, we obtain

𝜇((1, 1)) = 𝜇((𝑦 + 𝑦′)/2) ≤ 1

2
(𝜇(𝑦) + 𝜇(𝑦′)) ≤ 𝜇1 ((1, 1)),

and we have the upper estimate

𝜇((1, 1)) ≤ 2Emin{𝑡1, 𝑡2}.

Figure 3: The cubic lattice L2 (black lines) and its quotient graph
𝑋1 (dots) realized in 𝑊 .

Remark 4.1. For two crystal lattices 𝑋, 𝑋1 in Theorem 1.2, it follows
from [4] that the inequality

𝑝𝑐 (𝑋) ≤ 𝑝𝑐 (𝑋1) (12)

of two critical probabilities holds, as we introduced in Section 1.1.
Theorem 1.2 gives a more detailed comparison regarding the size of
the clusters in 𝑋 and 𝑋1. Indeed, the inequality (12) is obtained from
Theorem 1.1 as follows: the time distribution 𝜈 := 𝑝𝛿0 + (1 − 𝑝)𝛿1,
where 𝛿𝑎 is the Dirac measure at 𝑎 ∈ R, satisfies the assumption (2) of
the shape theorem for any parameter 𝑝 ∈ [0, 1], and we have

𝑝 = 𝜈(0) < 𝑝𝑐 (𝑋) ⇐⇒ B is compact

=⇒ B1 is compact ⇐⇒ 𝑝 < 𝑝𝑐 (𝑋1),

which implies (12). Here, the second arrow follows from B1 ⊂ 𝑃(B).

4.2 Proof of monotonicity

We prove Theorem 1.2 in this subsection by giving some lemmas. The
first lemma is a generalization of [13, Proposition 1.14], stating that
the asymptotic speed “from point to line” is equal to that “from point
to point.” Here, for a point 𝑥 ∈ R𝑑 and an affine subspace 𝐴 ⊂ R𝑑, we
denote by 𝑇 (𝑥, 𝐴) the first passage time from 𝑥 to 𝐴:

𝑇 (𝑥, 𝐴) = inf
𝑦∈𝐴

𝑇 (𝑥, 𝑦). (13)
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Lemma 4.1. Let 𝜈 be a time distribution satisfying (2) and 𝐴 be an
affine subspace of R𝑑. Then there exists a point 𝑥 ∈ 𝐴 such that

𝜇(𝑥) = lim
𝑛→∞

𝑇 (0, 𝑛𝐴)
𝑛

holds almost surely.

Proof. From the definition of the first passage time, we can easily see
that

lim sup
𝑛→∞

𝑇 (0, 𝑛𝐴)
𝑛

≤ 𝜇(𝑥) (14)

holds almost surely for any 𝑥 ∈ 𝐴. If 𝜈(0) ≥ 𝑝𝑐 (𝑋), then the lemma
holds since the right hand side of (14) is equal to 0. The lemma is also
clear for the case 0 ∈ 𝐴.

Suppose the case where 0 ∉ 𝐴 and 𝜈(0) < 𝑝𝑐 (𝑋). Let 𝑟 > 0 satisfy
the affine subspace 𝑟𝐴 being tangent to the limit shape B = {𝑥 ∈ R𝑑 :
𝜇(𝑥) ≤ 1}, that is,

• 𝜇(𝑥) ≥ 1 for any 𝑥 ∈ 𝑟𝐴, and
• there exists 𝑦 ∈ 𝑟𝐴 such that 𝜇(𝑦) = 1.

Fix a point 𝑦 ∈ 𝑟𝐴 with 𝜇(𝑦) = 1. We prove that

1 = 𝜇(𝑦) ≤ lim inf
𝑛→∞

𝑇 (0, 𝑛𝑟 𝐴)
𝑛

(15)

holds almost surely. Suppose that (15) does not hold almost surely.
Then there exists 𝛿 > 0 with P(Ξ) > 0, where Ξ is the event defined as

Ξ :=

{
lim inf
𝑛→∞

𝑇 (0, 𝑛𝑟 𝐴)
𝑛

≤ 1 − 4𝛿

}
. (16)

Consider a configuration in the event Ξ. By (16), we can take a sub-
sequence {𝑛𝑘 }𝑘 such that

𝑇 (0, 𝑛𝑘𝑟𝐴)
𝑛𝑘

≤ 1 − 3𝛿

holds for all large 𝑘. From (13), we can take a sequence 𝑦1, 𝑦2, . . . of
points with 𝑦𝑘 ∈ 𝑛𝑘𝑟𝐴 such that

𝑇 (0, 𝑦𝑘 )
𝑛𝑘

≤ 𝑇 (0, 𝑛𝑘𝑟𝐴)
𝑛𝑘

+ 𝛿.

Thus, we have
𝑇 (0, 𝑦𝑘 )
𝑛𝑘

≤ 1 − 2𝛿,
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which is equivalent to

𝑦𝑘 ∈ 𝐵(𝑛𝑘 (1 − 2𝛿)).

Take 𝜖 > 0 small enough to satisfy (1 + 𝜖) (1 − 2𝛿) ≤ (1 − 𝛿). Then,
Theorem 1.1 implies that

𝑦𝑘
𝑛𝑘

∈ (1 − 2𝛿) 𝐵(𝑛𝑘 (1 − 2𝛿))
𝑛𝑘 (1 − 2𝛿) ⊂ (1 − 2𝛿)(1 + 𝜖)B ⊂ (1 − 𝛿)B

holds for all large 𝑘 almost surely. This leads to 𝜇(𝑦𝑘/𝑛𝑘 ) ≤ 1 − 𝛿.
Since 𝑦𝑘/𝑛𝑘 ∈ 𝑟𝐴, this contradicts the assumption that 𝑟𝐴 is tangent
to B.

We set 𝑦′ := 𝑦/𝑟 ∈ 𝐴. By combining (14) with (15), we obtain that

𝜇(𝑦′) ≤ lim inf
𝑛→∞

𝑇 (0, 𝑛𝑟 𝐴)
𝑛𝑟

≤ lim sup
𝑛→∞

𝑇 (0, 𝑛𝑟 𝐴)
𝑛𝑟

≤ 𝜇(𝑦′)

holds almost surely. This implies the equality

𝜇(𝑦′) = lim
𝑛→∞

𝑇 (0, 𝑛𝐴)
𝑛

holds almost surely, which completes the proof of Lemma 4.1. □

In the next lemma, we compare two passage times 𝑇1 and 𝑇 . Note
that the following lemma itself does not assume any lattice structures
of 𝑋 and 𝑋1.

Lemma 4.2. For any vertex 𝑥1 ∈ 𝑋1 and 𝑡 ≥ 0, the inequality

P(𝑇1 (0, 𝑥1) ≥ 𝑡) ≥ P(𝑇 (0, �̃�1) ≥ 𝑡 for any �̃�1 ∈ 𝜔−1 (𝑥1)) (17)

holds.

Theorem 1.2 follows from Lemmas 4.1 and 4.2.

Proof of Theorem 1.2. Take 𝑥1 ∈ D1 with 𝜇1 (𝑥1) ≤ 1 arbitrarily, and
fix 𝑁 ∈ N with 𝑁𝑥1 ∈ Γ1. Note that 𝑘𝑁𝑥1 ∈ 𝑋1 for any 𝑘 = 1, 2, . . .,
and it follows from (17) that

P(𝑇1 (0, 𝑘𝑁𝑥1) ≥ 𝑡) ≥ P(𝑇 (0, 𝑦) ≥ 𝑡 for any 𝑦 ∈ 𝜔−1 (𝑘𝑁𝑥1)).

The projective relation (3) implies that the right hand side is bounded
below by

P(𝑇 (0, 𝑃−1 (𝑘𝑁𝑥1)) ≥ 𝑡)

since any points 𝑦 ∈ 𝜔−1 (𝑘𝑁𝑥1) are in the subspace 𝑃−1 (𝑘𝑁𝑥1). By
integrating with respect to 𝑡 from 0 to ∞, we obtain

E𝑇1 (0, 𝑘𝑁𝑥1) ≥ E𝑇 (0, 𝑃−1 (𝑘𝑁𝑥1)). (18)
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From Lemma 4.1, we can find a point 𝑦 ∈ 𝑃−1 (𝑥1) such that

𝜇(𝑦) = lim
𝑘→∞

𝑇 (0, 𝑘𝑁𝑃−1 (𝑥1))
𝑘𝑁

. (19)

The sequence
(
𝑇 (0,𝑘𝑁 𝑃−1 (𝑥1))

𝑘𝑁

)
𝑘≥1

of random variables is uniformly in-

tegrable. Indeed, for some vertex 𝑥 ∈ 𝜔−1 (𝑁𝑥1), we have

𝑇 (0, 𝑘𝑁𝑃−1 (𝑥1))
𝑘𝑁

≤ 𝑇 (0, 𝑘𝑥)
𝑘𝑁

≤ 1

𝑘𝑁

𝑘−1∑
𝑖=0

𝑇 (𝑖𝑥, (𝑖 + 1)𝑥).

From the assumption (2), the 𝑑th moment of the right hand side is
bounded above by some constant, which does not depend on 𝑘. Thus
by taking expectation of (19), we obtain

𝜇(𝑦) = lim
𝑘→∞

E𝑇 (0, 𝑘𝑁𝑃−1 (𝑥1))
𝑘𝑁

. (20)

Since the sequence (𝑇 (𝑚𝑁𝑥1, 𝑛𝑁𝑥1))0≤𝑚<𝑛 satisfies the conditions of
Theorem 3.1, it follows from (6) that

𝜇(𝑥1) = lim
𝑘→∞

𝑇1 (0, 𝑘𝑁𝑥1)
𝑘𝑁

= lim
𝑘→∞

E𝑇1 (0, 𝑘𝑁𝑥1)
𝑘𝑁

. (21)

By combining (21) with (18) and (20), we obtain

1 ≥ 𝜇1 (𝑥1) = lim
𝑘→∞

E𝑇1 (0, 𝑘𝑁𝑥1)
𝑘𝑁

≥ lim
𝑘→∞

E𝑇 (0, 𝑘𝑁𝑃−1 (𝑥1))
𝑘𝑁

= 𝜇(𝑦),

which implies 𝑦 ∈ B.
We now obtain B1 ∩ D1 ⊂ 𝑃(B). Since D1 is dense and the pro-

jection 𝑃(B) of the limit shape is closed, the proof of Theorem 1.2 is
completed. □

We next prove Lemma 4.2. The key idea of the proof is derived
from the FKG inequality, which was first introduced by [9]. Here we
introduce the statement of the FKG inequality in the context of the
FPP model on 𝑋 and 𝑋1. A partial order ≤ on the configuration space
Ω is defined as

t ≤ t′
def⇐⇒ 𝑡𝑒 ≤ 𝑡 ′𝑒 for any 𝑒 ∈ 𝐸 ⊔ 𝐸1

for two configurations t = (𝑡𝑒 : 𝑒 ∈ 𝐸 ⊔ 𝐸1), t′ = (𝑡 ′𝑒 : 𝑒 ∈ 𝐸 ⊔ 𝐸1) ∈ Ω.
An event 𝐴 is called increasing if t′ ∈ 𝐴 whenever t ∈ 𝐴 and t ≤ t′.
The simplest form of the FKG inequality is the following.

Theorem 4.1 (FKG inequality). Let 𝐴 and 𝐵 be two increasing
events. Then

P(𝐴 ∩ 𝐵) ≥ P(𝐴)P(𝐵). (22)
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We remark that the right hand side of (22) can be regarded as
the probability P(𝐴′ ∩ 𝐵′) of the intersection 𝐴′ ∩ 𝐵′, where 𝐴′, 𝐵′

are independent copies of 𝐴, 𝐵. Here, we can roughly expect that the
probability P(𝐴∩ 𝐵) decreases as the correlation of 𝐴 and 𝐵 decreases.
For two paths 𝛾1, 𝛾2 in 𝑋1 and their liftings �̃�1, �̃�2, the “correlation”
of �̃�1, �̃�2 is less than that of 𝛾1, 𝛾2. Thus, by regarding the event
{𝑇1 (0, 𝑥1) ≥ 𝑡} as the intersection

⋂
𝛾{𝑇 (𝛾) ≥ 𝑡} of the events {𝑇 (𝛾) ≥ 𝑡}

for all paths from 0 to 𝑥1, and comparing it with
⋂
𝛾{𝑇 (�̃�) ≥ 𝑡}, we

can give a proof of Lemma 4.2.
For a rigorous proof of Lemma 4.2, we require one more lemma.

Let 𝐴 and 𝐵 be two increasing events which depend only on the family
(𝑡1, 𝑡2, . . . , 𝑡𝑚) of i.i.d random variables with the distribution 𝜈. Let 𝑡𝑎
and 𝑡𝑏 be independent copies of 𝑡𝑚. We define 𝐴′ (resp. 𝐵′) as the
event which is obtained from 𝐴 (resp. 𝐵) by replacing 𝑡𝑚 with 𝑡𝑎 (resp.
𝑡𝑏). Then the following holds.

Lemma 4.3.
P(𝐴 ∩ 𝐵) ≥ P(𝐴′ ∩ 𝐵′).

Proof. Let [𝑚] := {1, 2, . . . , 𝑚}. We denote by P• := 𝜈⊗• the product
measure on [0,∞)•. Since 𝐴 and 𝐵 do not depend on 𝑡𝑎, 𝑡𝑏, we can
identify these events with the Borel subsets of [0,∞) [𝑚] , and we have

P(𝐴 ∩ 𝐵)

=
∫
[0,∞) [𝑚]

𝐼𝐴∩𝐵𝑑P[𝑚]

=
∫
[0,∞) [𝑚−1]

∫
[0,∞) {𝑚}

𝐼𝐴∩𝐵𝑑P{𝑚}𝑑P[𝑚−1]

=
∫
[0,∞) [𝑚−1]

P{𝑚}
(
𝐴(𝑡1 ,...,𝑡𝑚−1) ∩ 𝐵 (𝑡1 ,...,𝑡𝑚−1)

)
𝑑P[𝑚−1] . (23)

Here, 𝐼 is the indicator function and we denote by 𝐴(𝑡1 ,...,𝑡𝑚−1) the set
of 𝑡𝑚 ∈ [0,∞) {𝑚} with 𝐼𝐴(𝑡1, . . . , 𝑡𝑚) = 1. We easily see

P{𝑚}
(
𝐴(𝑡1 ,...,𝑡𝑚−1) ∩ 𝐵 (𝑡1 ,...,𝑡𝑚−1)

)
≥ P{𝑚}

(
𝐴(𝑡1 ,...,𝑡𝑚−1)

)
P{𝑚}

(
𝐵 (𝑡1 ,...,𝑡𝑚−1)

)
.

(24)
Indeed, since both 𝐴(𝑡1 ,...,𝑡𝑚−1) and 𝐵 (𝑡1 ,...,𝑡𝑚−1) are increasing subsets
of the half line [0,∞) {𝑚}, one of them is included in the other. Thus
the left hand side of (24) is equal to one of the two probabilities of the
right hand side.

We identify the events 𝐴′, 𝐵′ with the Borel subsets of [0,∞) [𝑚−1]⊔{𝑎,𝑏}.
Define 𝐴′

(𝑡1 ,...,𝑡𝑚−1) , 𝐵
′
(𝑡1 ,...,𝑡𝑚−1) as the sets of (𝑡𝑎, 𝑡𝑏) ∈ [0,∞) {𝑎,𝑏} with

𝐼𝐴′ (𝑡1, . . . , 𝑡𝑚−1, 𝑡𝑎, 𝑡𝑏) = 1, 𝐼𝐵′ (𝑡1, . . . , 𝑡𝑚−1, 𝑡𝑎, 𝑡𝑏) = 1, respectively. Then
the right hand side of (24) is equal to

P{𝑎,𝑏}
(
𝐴′
(𝑡1 ,...,𝑡𝑚−1)

)
P{𝑎,𝑏}

(
𝐵′
(𝑡1 ,...,𝑡𝑚−1)

)
= P{𝑎,𝑏}

(
𝐴′
(𝑡1 ,...,𝑡𝑚−1)∩𝐵

′
(𝑡1 ,...,𝑡𝑚−1)

)
.

(25)
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By combining (23) with (24) and (25), we obtain

P(𝐴 ∩ 𝐵) ≥
∫
[0,∞) [𝑚−1]

P{𝑎,𝑏}
(
𝐴′
(𝑡1 ,...,𝑡𝑚−1) ∩ 𝐵

′
(𝑡1 ,...,𝑡𝑚−1)

)
𝑑P[𝑚−1]

=
∫
[0,∞) [𝑚−1]

∫
[0,∞) {𝑎,𝑏}

𝐼𝐴′∩𝐵′𝑑P{𝑎,𝑏}𝑑P[𝑚−1]

= P(𝐴′ ∩ 𝐵′),

which completes the proof of Lemma 4.3. □

We now turn to the proof of Lemma 4.2.

Proof of Lemma 4.2. Let 𝛾1, . . . 𝛾𝑛 be arbitrary self-avoiding paths in
𝑋1 from the origin 0 to 𝑥1, and let �̃�1, . . . , �̃�𝑛 in 𝑋 be their liftings. We
first show

P

(
𝑛⋂
𝑖=1

{𝑇1 (𝛾𝑖) ≥ 𝑡}
)
≥ P

(
𝑛⋂
𝑖=1

{𝑇 (�̃�𝑖) ≥ 𝑡}
)

(26)

for any 𝑡 ≥ 0. We set 𝛾𝑖 = (𝑒𝑖,1, . . . , 𝑒𝑖,𝑟𝑖 ) and �̃�𝑖 = (�̃�𝑖,1, . . . , �̃�𝑖,𝑟𝑖 ) for
𝑖 = 1, 2, . . . , 𝑛. Note that �̃�𝑖, 𝑗 ∈ 𝐸 is mapped to 𝑒𝑖, 𝑗 ∈ 𝐸1 by the covering
map 𝜔 : 𝑋 → 𝑋1.

Let I := {(𝑖, 𝑗) : 𝑖 = 1, 2, . . . , 𝑛 and 𝑗 = 1, 2, . . . , 𝑟𝑖} be the index
set. For a partition S = {𝑆1, . . . , 𝑆𝑚} of I, we denote by 𝜋S : I → S
the canonical map, which is defined by 𝜋S (𝑖, 𝑗) = 𝑆𝑘 when (𝑖, 𝑗) ∈ 𝑆𝑘 .
We define the probability P(S) ∈ [0, 1] by

P(S) := P

(
𝑛⋂
𝑖=1

{
𝑟𝑖∑
𝑗=1

𝑡𝜋S (𝑖, 𝑗) ≥ 𝑡
})
, (27)

where (𝑡𝑆 : 𝑆 ∈ S) is the S-indexed family of i.i.d random variables
with the distribution 𝜈.

We set the partition S (resp. S̃) of I by the equivalence relation

(𝑖, 𝑗) ∼ (𝑖′, 𝑗 ′) def⇐⇒ 𝑒𝑖, 𝑗 = 𝑒𝑖′, 𝑗′

(resp. (𝑖, 𝑗) ∼ (𝑖′, 𝑗 ′) def⇐⇒ �̃�𝑖, 𝑗 = �̃�𝑖′, 𝑗′).

The inequality (26) can be rewritten as

P(S) ≥ P( S̃) . (28)

Since �̃�𝑖, 𝑗 = �̃�𝑖′, 𝑗′ implies 𝑒𝑖, 𝑗 = 𝑒𝑖′, 𝑗′ , the partition S̃ is finer than S.
We show that the further division of the partition S decreases the
probability (27).

Let S′ be a partition obtained from S := {𝑆1, . . . , 𝑆𝑚} by splitting
some element, say 𝑆𝑚 ∈ S, into two nonempty subsets 𝑆𝑎, 𝑆𝑏. For the
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S-indexed family (𝑡𝑆 : 𝑆 ∈ S) of i.i.d random variables, we take two
independent copies 𝑡𝑆𝑎 , 𝑡𝑆𝑏 of 𝑡𝑆𝑚 and obtain the S′-indexed family
(𝑡𝑆 : 𝑆 ∈ S′). Let 𝑝 : I → {1, 2, . . . , 𝑛} be the projection defined by
(𝑖, 𝑗) ↦→ 𝑖. We write the event in (27) as the intersection 𝐴 ∩ 𝐵 of the
two events 𝐴, 𝐵, where

𝐴 =
⋂

𝑖∈𝑝 (𝑆𝑎)

{
𝑟𝑖∑
𝑗=1

𝑡𝜋S (𝑖, 𝑗) ≥ 𝑡
}

and 𝐵 =
⋂

𝑖∉𝑝 (𝑆𝑎)

{
𝑟𝑖∑
𝑗=1

𝑡𝜋S (𝑖, 𝑗) ≥ 𝑡
}
.

We also set

𝐴′ =
⋂

𝑖∈𝑝 (𝑆𝑎)

{
𝑟𝑖∑
𝑗=1

𝑡𝜋S′ (𝑖, 𝑗) ≥ 𝑡
}

and 𝐵′ =
⋂

𝑖∉𝑝 (𝑆𝑎)

{
𝑟𝑖∑
𝑗=1

𝑡𝜋S′ (𝑖, 𝑗) ≥ 𝑡
}
.

Here, we note that the event 𝐴′ does not depends on 𝑡𝑆𝑏 . Indeed, the
assumption that each 𝛾𝑖 is self-avoiding implies that the restriction 𝑝↾𝑆𝑘
of the map 𝑝 to some element 𝑆𝑘 ∈ S is injective. Since 𝑆𝑎 and 𝑆𝑏 are
disjoint subsets of the same element 𝑆𝑚 ∈ S, we have 𝑝(𝑆𝑎)∩𝑝(𝑆𝑏) = ∅.

Therefore, the event 𝐴′ (resp. 𝐵′) can also be obtained from 𝐴
(resp. 𝐵) by replacing 𝑡𝑆𝑚 with 𝑡𝑆𝑎 (resp. 𝑡𝑆𝑏 ). From Lemma 4.3, we
obtain

P(S) ≥ P(S′) .

We can take a finite sequence S = S (0) ,S (1) , . . . ,S (𝐾 ) = S̃ of partitions
of I such that S (𝑘+1) is obtained from S (𝑘) by splitting some element
of S (𝑘) into two nonempty sets. By replacing S, S′ with S (𝑘) , S (𝑘+1)

and iterating the above discussion for 𝑘 = 0, 1, . . . , 𝐾 − 1, we obtain
(28). This completes the proof of (26).

We next show (17) from (26). Let Λ𝑅 be the ball with radius 𝑅:

Λ𝑅 = {𝑦1 ∈ 𝑋1 : 𝑑𝑋1
(0, 𝑦1) ≤ 𝑅},

where 𝑑𝑋1
is the graph metric. Letting 𝑅 be sufficiently large that Λ𝑅

includes 𝑥1, we set the restricted first passage time

𝑇𝑅1 (0, 𝑥1) := inf{𝑇1 (𝛾) : 𝛾 is a path in Λ𝑅 from 0 to 𝑥1}.

Let {𝛾1, 𝛾2, . . . , 𝛾𝑛} be the finite set of all self-avoiding paths in Λ𝑅
that go from 0 to 𝑥1. Then we have

𝑇𝑅1 (0, 𝑥1) = min
𝑖=1,...,𝑛

𝑇1 (𝛾𝑖),

and it follows from (26) that

P(𝑇𝑅1 (0, 𝑥1) ≥ 𝑡) = P
(
𝑛⋂
𝑖=1

{𝑇1 (𝛾𝑖) ≥ 𝑡}
)
≥ P

(
𝑛⋂
𝑖=1

{𝑇 (�̃�𝑖) ≥ 𝑡}
)
,
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where each �̃�𝑖 is the lifting of 𝛾𝑖 that go from 0. Since the terminus of
each path �̃�𝑖 is in 𝜔

−1 (𝑥1), the last expression is bounded below by

P(𝑇 (0, �̃�1) ≥ 𝑡 for any �̃�1 ∈ 𝜔−1 (𝑥1)).

Letting 𝑅 → ∞ completes the proof of Lemma 4.2. □

5 Conclusion

We introduced a general version of the FPP model defined on crys-
tal lattices and showed the covering monotonicity of the limit shapes.
Then, in light of the result of strict monotonicity in [17], the following
problem is of interest for further study:

• Is the inclusion B1 ⊂ 𝑃(B) of Theorem 1.2 strict?

Another main interest is derived from the formulation of crystal lat-
tices. As mentioned in Section 1, one of the main studies of crystal
lattices comes from the concept of standard realization, periodic real-
ization with the maximal symmetry. The cubic lattice that we often
consider in percolation theory is one example. The paper [2] provides
a simulation study of the FPP model on a 2-dimensional cubic lattice
and observes that the larger the variability of the time distribution is,
the closer the limit shape becomes to the circle. We thus pose the
following question:

• For the standard realization Φ : 𝑋 → R𝑑 of any crystal lattice 𝑋,
does the limit shape become closer to the sphere as the variance
of time distribution increases?
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A Appendix

This appendix is devoted to the proof of the convergence (9) in Sec-
tion 3. In the case of 𝑋 = L𝑑, the proof of (9) is given by that of
[3, Theorem 2.16]. We generalize it to a crystal lattice model.

A.1 Tree-lifting property

In order to prove (9) for a crystal lattice model, we first state that a
𝑑-dimensional crystal lattice has a structure similar to L𝑑.
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From the unique path-lifting property, we can consider the lifting
of trees for a covering map as follows: Let 𝜔 : 𝑋 → 𝑋0 be a regular
covering over a finite graph 𝑋0. Let T0 be a spanning tree of 𝑋0. Fix
two vertices 𝑥0 ∈ 𝑋0 and 𝑥 ∈ 𝑋 with 𝜔(𝑥) = 𝑥0. Then there exists a
unique subtree T ⊂ 𝑋, which we call a lifting of T0, satisfying 𝑥 ∈ T
and the restriction 𝜔↾T : T → T0 of 𝜔 is an isomorphism. Indeed, we
can construct T as

T :=
⋃
𝑖

𝛾𝑖 ,

where each path 𝛾𝑖 is the lifting of the unique path in T0 from 𝑥0
to each leaf 𝑦𝑖0. The uniqueness follows from the unique path-lifting
property. Let 𝐺 (𝜔) be the covering transformation group, which is
defined in Section 2.1. For this tree T and 𝜎 ∈ 𝐺 (𝜔), the translation
𝜎(T ), denoted by T𝜎, is the unique lifting of T0 containing 𝜎𝑥. The
following proposition states that the vertex set of a covering graph can
be represented as the array of a spanning tree of 𝑋0.

Proposition A.1. Let 𝜔 : 𝑋 = (𝑉, 𝐸) → 𝑋0 be a regular covering over
a finite graph 𝑋0. Fix a spanning tree T0 ⊂ 𝑋0 and its lifting T ⊂ 𝑋.
Then the following holds:

𝑉 =
⊔

𝜎∈𝐺 (𝜔)
T𝜎 .

Proof. The inclusion 𝑉 ⊃ ∪𝜎∈𝐺 (𝜔)T𝜎 is clear. Take 𝑦 ∈ 𝑉 arbitrarily.
For 𝑦0 := 𝜔(𝑦), we can find 𝑦′ ∈ T with 𝜔(𝑦′) = 𝑦0 since 𝜔↾T is a
bijection. From the regularity of 𝜔, there exists 𝜎 ∈ 𝐺 (𝜔) such that
𝑦 = 𝜎(𝑦′), which implies 𝑦 ∈ T𝜎. We thus obtain 𝑉 ⊂ ∪𝜎∈𝐺 (𝜔)T𝜎. The
disjointness of the right hand side follows from the uniqueness of the
lifting tree. □

If 𝑋 be a 𝑑-dimensional crystal lattice, then from this proposition,
the vertex set 𝑉 of 𝑋 can be divided into the liftings of a spanning tree
T of the base graph 𝑋0:

𝑉 =
⊔
𝑧∈Z𝑑

T𝑧 . (29)

Here, we identify the free abelian group 𝐿 with Z𝑑 by taking some
Z-basis of 𝐿. This implies that a 𝑑-dimensional crystal lattice can
be considered as a 𝑑-dimensional array of spanning trees of the base
graph.

A.2 Proof of the shape theorem

In this subsection, we give the proof of (9). If 𝑑 = 1, then (9) directly
follows from Proposition 3.1. For 𝑑 ≥ 2, the proof is essentially the
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same as that of [3, Theorem 2.16]. However, the proof of the key lemma
[3, Lemma 2.20] is not applicalble directly to our situation. Hence, we
only need to check the following lemma, which is a generalization of
[3, Lemma 2.20] to a crystal lattice model. For the remaining discussion
for the proof of (9), we refer to the proof of [3, Theorem 2.16].

Lemma A.1. Suppose that 𝑑 ≥ 2 and the time distribution 𝜈 satisfies
(2). Then there exists a constant 𝜅 < ∞ such that

P

(
sup

𝑥∈𝑋,𝑥≠0

𝑇 (0, 𝑥)
∥𝑥∥1

< 𝜅

)
> 0.

Proof. We first check that Lemma A.1 follows from the following esti-
mate ∑

𝑥∈𝑋
P(𝑇 (0, 𝑥) ≥ 𝐶∥𝑥∥1) < ∞ (30)

for some constant 𝐶 > 0. Let {𝑥1, 𝑥2, . . .} be an ordering of the vertex
set 𝑋 \ {0}. From (30), we have

P

( ⋃
𝑛≥𝑁

{𝑇 (0, 𝑥𝑛) ≥ 𝐶∥𝑥𝑛∥1}
)
≤

∑
𝑛≥𝑁
P(𝑇 (0, 𝑥𝑛) ≥ 𝐶∥𝑥𝑛∥1) < 1/3

for large 𝑁. By taking the complement, we obtain

P

(
sup
𝑛≥𝑁

𝑇 (0, 𝑥𝑛)
∥𝑥𝑛∥1

≤ 𝐶
)
> 2/3.

Furthermore, there exists 𝜅′ > 0 such that

P

(
max

𝑛=1,...,𝑁−1

𝑇 (0, 𝑥𝑛)
∥𝑥𝑛∥1

≤ 𝜅′
)
> 2/3

holds. Letting 𝜅 := max{𝜅′, 𝐶} implies Lemma A.1.
We now turn to the proof of (30). Let us recall the division (29) of

the vertex set 𝑉 of 𝑋 into trees. We denote by 0Z𝑑 the identity element
of Z𝑑 in order to distinguish from the origin 0 ∈ 𝑋. Assume that the
origin 0 ∈ 𝑋 is in the tree T0

Z𝑑
. Let 𝜎 ∼ 𝜏 mean ∥𝜎 − 𝜏∥1 = 1 for 𝜎,

𝜏 ∈ Z𝑑. Let 𝑙𝑋 be the edge connectivity of 𝑋. For a number 𝑅 ∈ N>0
and 𝜎 ∈ Z𝑑, we define the box Λ(𝜎) ⊂ Z𝑑 as

Λ(𝜎) := 2𝑅𝜎 + (−𝑅, 𝑅]𝑑 ∩ Z𝑑 .

We fix 𝑅 sufficiently large so that the following condition holds (Fig-
ure 4): for any 𝜎 ∈ Z𝑑 with 𝜎 ∼ 0Z𝑑 , there exist 𝑙𝑋 edge-disjoint paths

𝛾 (𝜎)1 , . . . , 𝛾 (𝜎)𝑙𝑋
satisfying that

• all vertices of the paths are in
⊔
𝑧∈Λ

(
0
Z𝑑

)
∪Λ(𝜎) T𝑧 ; and
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• each path connects 0 ∈ 𝑋 and (2𝑅𝜎)0 ∈ 𝑋.
The existence of this 𝑅 follows from the periodic structure of the graph
𝑋.

Figure 4: The 𝑙𝑋 paths 𝛾 (𝜎)1 , . . . , 𝛾 (𝜎)𝑙𝑋
from 0 to (2𝑅𝜎)0 (red).

For two 𝜎, 𝜏 ∈ Z𝑑 with 𝜎 ∼ 𝜏, let 𝑇 (𝜎, 𝜏) be the minimum pas-

sage time of the 𝑙𝑋 paths (2𝑅𝜎)𝛾 (𝜎
−1𝜏)

1 , . . . , (2𝑅𝜎)𝛾 (𝜎
−1𝜏)

𝑙𝑋
, that connect

(2𝑅𝜎)0 and (2𝑅𝜏)0. For a self-avoiding path 𝜋 = (0Z𝑑 = 𝜎0, 𝜎1, . . . , 𝜎𝑚 =
𝜎) of length 𝑚 in Z𝑑, we have

𝑇 (0, (2𝑅𝜎)0) ≤
𝑚−1∑
𝑖=0

𝑇 (𝜎𝑖 , 𝜎𝑖+1). (31)

We let 𝑇𝑖 := 𝑇 (𝜎𝑖 , 𝜎𝑖+1) and denote by 𝑇 (𝜋) the right hand side of
(31). By Lemma 3.1 and the assumption (2), each 𝑇𝑖 has a finite 𝑑th
moment. Since we assume 𝑑 ≥ 2, the variance Var(𝑇𝑖) of 𝑇𝑖 is finite.
We set

Varmax := max
0
Z𝑑∼𝜏

Var(𝑇 (0Z𝑑 , 𝜏))

and

Emax := max
0
Z𝑑∼𝜏
E𝑇 (0Z𝑑 , 𝜏).

Since 𝑇𝑖 and 𝑇𝑗 are independent whenever |𝑖 − 𝑗 | > 1, the variance
Var(𝑇 (𝜋)) of 𝑇 (𝜋) is equal to

Var(𝑇 (𝜋)) =
𝑚−1∑
𝑖=0

E(𝑇𝑖 − E𝑇𝑖)2 + 2
𝑚−2∑
𝑖=0

E(𝑇𝑖 − E𝑇𝑖)(𝑇𝑖+1 − E𝑇𝑖+1).

This variance is bounded above by 3𝑚Varmax. Indeed, it follows from
the Cauchy-Schwartz inequality that

E| (𝑇𝑖 − E𝑇𝑖) (𝑇𝑖+1 − E𝑇𝑖+1) | ≤ Var(𝑇𝑖)1/2Var(𝑇𝑖+1)1/2 ≤ Varmax.
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Chebyshev’s inequality implies that

P

(
𝑇 (𝜋) ≥

𝑚−1∑
𝑖=0

(Emax + 1)
)
≤P

(
𝑚−1∑
𝑖=0

(𝑇𝑖 − E𝑇𝑖) ≥ 𝑚
)

≤ 1

𝑚2
Var(𝑇 (𝜋)) (32)

≤ 3

𝑚
Varmax.

To prove (30), we need to improve this estimate. For each 𝜎 ∈ Z𝑑 \
{0Z𝑑 }, we can take 2𝑑 paths 𝜋1 (𝜎), 𝜋2 (𝜎), . . . , 𝜋2𝑑 (𝜎) in Z𝑑 that con-
nect 0Z𝑑 and 𝜎 and satisfy the following conditions:

• they are vertex-disjoint except for 0Z𝑑 and 𝜎; and

• the length of each path is less than ∥𝜎∥1 + 𝐾𝑑.
Here, the constant 𝐾𝑑, depending on 𝑑, is the cost for making a detour
in order that these paths do not overlap. Fix 𝜎 ∈ Z𝑑 \ {0Z𝑑 } and let
𝜋1, . . . , 𝜋2𝑑 be paths satisfying the above conditions. We consider the
separation 𝜋 𝑗 = 𝜋1𝑗 + 𝜋2𝑗 + 𝜋3𝑗 of each path 𝜋 𝑗 , where 𝜋

1
𝑗 (resp. 𝜋

3
𝑗 ) is the

first (resp. last) step of 𝜋 𝑗 . Let

𝑈 := max
𝑗=1,2,...,2𝑑

𝑇 (𝜋1𝑗 ) and 𝑈 ′ := max
𝑗=1,2,...,2𝑑

𝑇 (𝜋3𝑗 ).

Then we obtain 𝑇 (0, (2𝑅𝜎)0) ≤ 𝑈 +min 𝑗=1,2,...,2𝑑 𝑇 (𝜋2𝑗 ) +𝑈 ′, and

P
(
𝑇 (0, (2𝑅𝜎)0) ≥ (Emax + 1) (∥𝜎∥1 + 𝐾𝑑) + 2∥𝜎∥1

)
≤P(𝑈 ≥ ∥𝜎∥1) + P(𝑈 ′ ≥ ∥𝜎∥1) + P

(
min

𝑗=1,2,...,2𝑑
𝑇 (𝜋2𝑗 ) ≥ (Emax + 1)(∥𝜎∥1 + 𝐾𝑑)

)
.

The first and second terms of the right hand side are bounded above
by

2𝑑 max
0
Z𝑑∼𝜏
P(𝑇 (0Z𝑑 , 𝜏) ≥ ∥𝜎∥1).

This is summable in 𝜎 ∈ Z𝑑 since 𝑇 (0Z𝑑 , 𝜏) has a finite 𝑑th moment.
The independence of 𝑇 (𝜋2𝑗 ) ( 𝑗 = 1, 2, . . . , 2𝑑) implies that the last term
is equal to

2𝑑∏
𝑗=1

P
(
𝑇 (𝜋2𝑗 ) ≥ (Emax + 1)(∥𝜎∥1 + 𝐾𝑑)

)
.

Since the length of each path 𝜋2𝑗 is less than ∥𝜎∥1 +𝐾𝑑, it follows from
(32) that this is bounded above by

32𝑑
(

Varmax

∥𝜎∥1 + 𝐾𝑑

)2𝑑
,
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which is summable in 𝜎 ∈ Z𝑑. Now we have proved that∑
𝜎∈Z𝑑

P(𝑇 (0, (2𝑅𝜎)0) ≥ 𝐶1∥𝜎∥1) < ∞, (33)

where 𝐶1 is a constant satisfying 𝐶1∥𝜎∥1 ≥ (Emax + 1)(∥𝜎∥1 + 𝐾𝑑) +
2∥𝜎∥1 for all 𝜎 ≠ 0Z𝑑 .

Finally, we consider the passage time for all vertices that do not
necessarily coincide with (2𝑅𝜎)0. Since the number of vertices in each
box

⊔
𝑧∈Λ(𝜎) T𝑧 is finite, it follows from Lemma 3.1 that the random

variable

𝑆(𝜎) := max

𝑇 ((2𝑅𝜎)0, 𝑥) : 𝑥 ∈
⊔

𝑧∈Λ(𝜎)
T𝑧


has a finite 𝑑th moment. For any vertex 𝑥 ∈ 𝑋, the first passage time
𝑇 (0, 𝑥) is bounded above by

𝑇 (0, (2𝑅𝜎)0) + 𝑆(𝜎),

where 𝜎 = 𝜎𝑥 ∈ Z𝑑 is the element satisfying 𝑥 ∈ ⊔
𝑧∈Λ(𝜎) T𝑧 . We take

a constant 𝐶2 such that 𝐶2∥𝑥∥1 ≥ ∥𝜎𝑥 ∥1 holds for any 𝑥 ∈ 𝑋 and set
𝐶 := 2𝐶1𝐶2. Then we obtain∑
𝑥∈𝑋
P(𝑇 (0, 𝑥) ≥ 𝐶∥𝑥∥1)

≤
∑
𝜎∈Z𝑑

∑
𝑥∈⊔𝑧∈Λ(𝜎) T𝑧

[P(𝑇 (0, (2𝑅𝜎)0) ≥ 𝐶1∥𝜎∥1) + P (𝑆(𝜎) ≥ 𝐶1∥𝜎∥1)]

=

������ ⊔
𝑧∈Λ(𝜎)

T𝑧

������ ∑
𝜎∈Z𝑑

[P(𝑇 (0, (2𝑅𝜎)0) ≥ 𝐶1∥𝜎∥1) + P (𝑆(𝜎) ≥ 𝐶1∥𝜎∥1)]

=

������ ⊔
𝑧∈Λ(𝜎)

T𝑧

������
[ ∑
𝜎∈Z𝑑

P(𝑇 (0, (2𝑅𝜎)0) ≥ 𝐶1∥𝜎∥1) +
∑
𝜎∈Z𝑑

P (𝑆(0Z𝑑 ) ≥ 𝐶1∥𝜎∥1)
]
,

where
��⊔

𝑧∈Λ(𝜎) T𝑧
�� denotes the number of vertices in

⊔
𝑧∈Λ(𝜎) T𝑧 . In

the last equality, we use the fact that the distribution of 𝑆(𝜎) does
not depend on 𝜎. In the last expression, it follows from (33) that the
first sum is finite. The finiteness of the second sum follows from the
fact that 𝑆(0Z𝑑 ) has a finite 𝑑th moment. This completes the proof of
(30). □
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