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Abstract. This paper studies the obstructions to deforming a map

from a complex variety to another variety which is an immersion of codimen-
sion one. We extend the classical notion of semiregularity of subvarieties to

maps between varieties, and prove the unobstructedness of the deformation

of such a map, even when the image is non-reduced. As an application, we
give a simple but effective criterion for the vanishing of the obstructions to

equisingular deformations of nodal curves on surfaces.

1. Introduction

In this paper, we study deformations of a map from a complex variety to another

variety which is an immersion of codimension one. When the dimension of the target

space is larger than two, we assume the domain is smooth. When the target space is

a surface, the domain curve is assumed to be reduced but otherwise it can have any

singularity.

The starting point of this study is the notion of semiregularity which goes back to

Severi [14, 15]. Here, a smooth complex curve C on a smooth complex surface S is

called semiregular if the canonical linear system of the surface cuts out on C a complete

linear system (see Subsection 2.1). Severi proved that when C is semiregular, then, its

deformation on S is unobstructed.

The notion of semiregularity and the associated result were generalized by Kodaira-

Spencer [10] to smooth divisors on higher dimensional complex manifolds. Later, Bloch

[3] extended the notion of semiregularity to local complete intersection subvarieties, and

related it to the smoothness of the Hilbert scheme at the corresponding point as well

as to variation of Hodge structures, when the varieties are projective. In particular, the

semiregularity of a local complete intersection subvariety guarantees the vanishing of the

obstructions to the deformation. More recently, these ideas have been generalized from

multiple points of view, see [4, 8, 9] to name a few.

The notion of semi-regularity has been formulated in cohomological terms, see Sub-

section 2.1. In this paper, we will investigate semiregularity from a more local point of

view. Also, we extend the notion of semiregularity to maps rather than subvarieties (such

an extension was also considered in [8] for maps with smooth domains, from a different

perspective). We are particularly interested in the case when the domain of the map is

singular. We will see that if the map is semiregular, the calculation of the obstruction to

deforming the map can be localized around the singular loci, and the actual obstruction
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is the sum of these local contributions. Then, we prove that each of these local contribu-

tions vanishes. It follows that the actual obstruction vanishes, too. The case when the

domain is non-singular also follows immediately, since if there is no singularity, there is

no possibility for a contribution to the obstruction. The following is the main result.

Theorem 1. Let φ : V → X be a map from a smooth variety (when dimX > 2)

or a reduced compact complex curve (when dimX = 2) to a compact smooth complex

variety X, which is an immersion. Assume that φ is semiregular. Then, the map φ is

unobstructed in the sense that any first order deformation can be extended to arbitrary

higher order.

See Definition 8 (when dimX = 2) and Subsection 3.3.3 (when dimX > 2) for the

semiregularity of maps. This extends the main result of [10]. The case when dimX > 2

is contained in the result of [8], where the statement was proven when V and X are

smooth Kähler manifolds of arbitrary dimension and φ need not be an immersion. Also,

by the local nature of the argument, the method in this paper can be applied to other

situations where the target space is singular, see [12].

As an application, we give a general criterion for the semiregularity of maps from nodal

curves to surfaces. Namely, let C be a nodal curve and φ : C → X be an immersion.

Assume that the image φ(C) is an embedded nodal curve and let P ⊂ φ(C) be the set

of nodes such that the preimage φ−1(p), p ∈ P , consists of two regular points. Then, we

have the following.

Theorem 2. In the situation as in the above paragraph assume φ(C) is semiregular

in the classical sense. Then, the map φ is semiregular if and only if for each pi ∈ P ,

there is a first order deformation of φ(C) which smoothes pi, but does not smooth the

other nodes of P .

Here, the claim that φ(C) is semiregular in the classical sense means that the inclusion

φ(C) → X is semiregular in the sense of Definition 8. Geometrically, this is, in a sense,

the opposite to the classical Cayley-Bacharach property, see for example [2]. Namely, we

have the following. See Corollary 29 for the precise statement.

Corollary 3. Using the same notation as above, assume φ(C) is semiregular in

the classical sense. Then, the map φ is semiregular if for each pi ∈ P , there is an effective

divisor algebraically equivalent to φ(C) which avoids pi but passes through all points in

P \ {pi}.

There are several directions to which Theorem 1 is extended. One can consider

the case where the target X deforms, see [11]. By adding some more calculation, the

argument in this paper can be applied even to some cases where the ambient space

degenerates, see [12].

2. Obstruction to curves on surfaces

First, we deal with the case when dimX = 2. The case where dimX > 2 (and

the domain is smooth) is treated later in Subsection 3.3.3. We consider varieties in the

complex analytic category. Let X be a compact smooth surface. Let C be a connected
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compact curve without embedded points. We assume all irreducible components of C

are reduced, but otherwise C can have any singularity. Let

φ : C → X

be a map which is an immersion. Namely, at each point of C, there is a neighborhood of

it such that the restriction of φ to that neighborhood is an isomorphism onto the image.

We will study deformations of φ.

Deformation of the map φ is controlled by the hypercohomology groups

Exti(φ∗Ω1
X → Ω1

C ,OC).

In the case mentioned above, the map φ∗Ω1
X → Ω1

C is surjective and the kernel of it is

a locally free sheaf known as the conormal sheaf ν∨φ of the map φ. In particular, in this

case the deformation of φ is controlled by the usual sheaf cohomology groups.

Definition 4. We write the locally free sheaf Hom(ν∨φ ,OC) by νφ and call it the

normal sheaf of the map φ.

By definition of νφ, we have the following.

Proposition 5. The set of first order deformations of the map φ is isomorphic

to H0(C, νφ). The obstruction to the existence of (the second and higher order as well)

deformations lives in H1(C, νφ). □

Now, let ωC be the dualizing sheaf of C defined by

ωC = φ∗KX ⊗ νφ,

see [2, Chapter II, Section 1]. Here, KX is the canonical sheaf of X. By the Serre duality,

the group H1(C, νφ) is isomorphic to the dual of H0(C, ν∨φ ⊗ ωC). Note that although

ωC is defined by the above equation for embedded curves in [2, Chapter II, Section 1], the

dualizing sheaf ωC has a local characterization, and for a curve which has an immersion

to a smooth surface, it is given by the above equation, too. See also Subsection 3.1. In

particular, we have the following.

Proposition 6. The obstruction to deforming φ belongs to the dual of the coho-

mology group H0(C,φ∗KX). □

2.1. Relation to semiregularity

In the space H0(C,φ∗KX), there is a distinguished subspace V composed by those

coming from elements of H0(X,KX). When this subspace coincides with H0(C,φ∗KX),

the calculation of the obstruction becomes particularly simple.

In the case where φ is an embedding, this condition is nothing but the semiregularity

of the subvariety φ(C) ⊂ X studied in [14, 15] and extended to higher dimensional

cases in [10, 3]. In [3], the definition of semiregularity is extended to local complete

intersection subvarieties in any dimensional ambient space. Namely, let X be a smooth

complex projective variety of dimension n, and Z ⊂ X be a local complete intersection



4 T. Nishinou

of codimension p. Let I ⊂ OX be the defining ideal of Z. Then, the normal sheaf

NZ/X = HomOZ
(I/I2,OZ)

is locally free. Let KX = Ωn
X be the canonical sheaf, and define the invertible sheaves

KZ/X and ωZ on Z by

KZ/X = ∧pN∨
Z/X , ωZ = K∨

Z/X ⊗KX .

Note that we have

(∧p−1N∨
Z/X)∨ ∼= K∨

Z/X ⊗N∨
Z/X

and

Ωp−1
X

∼= (Ωn−p+1
X )∨ ⊗KX

via the pairings

∧p−1N∨
Z/X ⊗N∨

Z/X → KZ/X

and

Ωp−1
X ⊗ Ωn−p+1

X → KX

given by the wedge product.

Then, the natural inclusion ε : N∨
Z/X → Ω1

X ⊗OZ gives rise to an element

∧p−1ε ∈ HomOZ

(
∧p−1N∨

Z/X ,Ω
p−1
X ⊗OZ

)
= Γ

(
(Ωn−p+1

X )∨ ⊗KX ⊗K∨
Z/X ⊗N∨

Z/X

)
= HomOX

(Ωn−p+1
X , ωZ ⊗N∨

Z/X).

This induces a map on cohomology

∧p−1ε : Hn−p−1(X,Ωn−p+1
X ) → Hn−p−1(Z, ωZ ⊗N∨

Z/X).

In [3], the dual of this map

π : H1(Z,NZ/X) → Hp+1(X,Ωp−1
X )

is called the semiregularity map and the subvariety Z is called semiregular if the semireg-

ularity map is injective.

One of the main theorems of [3] is the following, which generalizes results of [10, 14, 15]

in the case when the varieties are projective.

Theorem 7. If Z is semiregular in X, then, the Hilbert scheme Hilb(X/C) is

smooth at the point corresponding to Z. □

In the case where Z is a hypersurface so that p = 1, the above map ∧p−1ε on

cohomology becomes the restriction Hn−2(X,KX) → Hn−2(Z, i∗KX), where i : Z → X

is the inclusion. In our situation where n = 2, while the map φ : C → X need not be an
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inclusion, the natural map H0(X,KX) → H0(C,φ∗KX) plays the similar role.

3. Calculation of obstruction

We extend the definition of semiregularity in the previous section as follows. Let

φ : C → X be a map as in the beginning of Section 2. In particular, X is a compact

smooth complex surface, C is a reduced curve and φ is an immersion.

Definition 8. We call the map φ : C → X semiregular if the natural map

H0(X,KX) → H0(C,φ∗KX) is surjective.

Our goal is to show that, if the map φ is semiregular, then, it will have a good

property from the point of view of deformation theory.

3.1. Meromorphic differential forms and cohomological pairings

We begin with giving a presentation of a Čech cocycle in a way suited to our purpose.

Let C be a reduced curve and L be an invertible sheaf on it. Take an open covering

{U1, . . . , Um} of C in the following way:

• Each Ui is a disk or an open subset which contains exactly one singular point of

C. In the latter case, the normalization of Ui is a disjoint union of disks where the

number of the disks is the same as the number of the branches of C at the singular

point.

• For each singular point of C, there is a unique open subset from {U1, . . . , Um}
containing it.

Here, a disk means an analytic subset which is analytically isomorphic to the set Dr =

{z ∈ C | |z| < r} for some positive real number r.

If Ui is the open subset containing a singular point pi of C, let Ui = U1,i ∪ · · · ∪Uki,i

be the decomposition into branches. The subsets Ui,j and those Ui which are disks form

a covering of C by locally closed subsets. We write it by {Vj}.

Remark 9. Although the normalization of Ui,j is a disk, in general Ui,j itself is not

necessarily a disk. However, we call it (and the corresponding Vj) a disk for notational

simplicity.

When Vj equals some Ua,i, we write Ṽj = Ui(= U1,i ∪ · · · ∪ Uki,i). This is the case

when Vj contains a singular point of C at which C has several branches. Otherwise, Vj
equals some Ui and we write Ṽj = Ui.

We now give a way of constructing a Čech 1-cocycle with values in L as follows. Let

K be the sheaf of rational functions on C. Let ξj be a section of Γ(Uj , ι
∗
j (L⊗K)), where

ιj : Uj → C is the inclusion. If Ui ∩ Uj is a non-empty open subset of C, the difference

ξi − ξj makes sense as a section of Γ(Ui ∩ Uj , ι
∗
ij(L⊗K)), where ιij : Ui ∩ Uj → C is the

inclusion, and we assume that it in fact belongs to Γ(Ui ∩ Uj , ι
∗
ijL). If the sections ξj

belong to Γ(Uj , ι
∗
jL), this is the usual definition of the 1-coboundary of {ξi}. However,

since ξj can be singular, the difference in general gives a non-trivial cohomology class.

We can do the same construction using sections of Γ(Vj , ȷ
∗
j (L⊗K)) instead of those of

Γ(Uj , ι
∗
j (L⊗K)), where ȷj : Vj → C is the inclusion. Note that if Vi ∩ Vj is a non-empty
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open subset of C, we have Ṽi ̸= Ṽj by the way we took Vi. Also, by taking each Ui small

enough, we can assume

(1) Vi ∩ Vj = Ṽi ∩ Ṽj

in this case. Then, for any Ui and Uj , Ui ̸= Uj , if the intersection Ui ∩ Uj is non-empty,

it is of the form Vk ∩ Vl for some Vk and Vl, Vk ̸= Vl, where Ui = Ṽk and Uj = Ṽl.

Then, Let {ξk} be a set of sections of Γ(Vk, ȷ
∗
k(L ⊗ K)), and associate the section

ξk − ξl of L|Ui∩Uj
with the open subset Ui ∩ Uj as above (the order also matters, that

is, we associate ξl − ξk with Uj ∩ Ui). We write it as ξij . In this way, the set of sections

{ξk} on {Vk} determines a Čech 1-cocycle {ξij} with values in L for the covering {Ui}
above.

Conversely, any class in H1(C,L) can be represented by a 1-cocycle obtained by the

above construction (see Proposition 10 below).

Let ωC be the dualizing sheaf of C. When C is a reduced curve it is known that

sections of ωC are given by Rosenlicht differentials ([13], see [2, Chapter II, Section 6]

for the case of (possibly non-reduced) embedded curves on surfaces, and [1, Chapter

VIII, Section 1] for the case of reduced curves). Let ν : C̃ → C be the normalization.

Our curve C is reduced and has immersion into a smooth surface, so it is local complete

intersection and in particular Gorenstein, and ωC is an invertible sheaf. In this case,

it coincides with the one introduced after Proposition 5, see [2, Chapter II, Proposition

6.2].

Let MC̃ be the sheaf of meromorphic 1-forms on C̃. By definition, a section of ν∗MC̃

is called a meromorphic differential on C. Then, a meromorphic differential σ is called a

Rosenlicht differential if for all x ∈ C and g ∈ OC,x,∑
yk∈ν−1(x)

res(yk, gσ) = 0

holds. Here, res denotes the ordinary residue on C̃.

Now, let ψ be a section of L∨ ⊗ ωC . Then, there is a natural pairing between ψ and

any Čech 1-cocycle {ξij} gotten from the above construction. The value of this pairing

is given as follows. Namely, on a locally closed subset Vi, the fiberwise pairing between

ξi and ψ gives a meromorphic section ⟨ψ, ξi⟩ of ωC |Vi
. Let p ∈ Vi be a point at which

⟨ψ, ξi⟩ has a pole, and let rp be its residue. If p is contained in another Vj and Vi ∩ Vj
is an open subset (in this case, p is not a singular point of C and ψ is a holomorphic

1-form there), then, since ξi − ξj is holomorphic, the residue of ⟨ψ, ξj⟩ at p is the same

as that of ⟨ψ, ξi⟩. On the other hand, let {p1, . . . , pl} be the set of singular points of C.

Let Vi1 , . . . , Viai
be the disks on the branches at pi as above, and let rik be the residue

of ⟨ψ, ξik⟩ at pi on Vik (see Remark 9 for our convention of the terminology). Note that,

by definition, the residue of ⟨ψ, ξik⟩ at pi on Vik is the residue of the pull back of ⟨ψ, ξik⟩
to the normalization of Vik at the inverse image of pi.

Then, we have the following.

Proposition 10. 1. Any cohomology class in H1(C,L) can be represented by

some set {ξi} of local meromorphic sections on locally closed subsets {Vi} as above.
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2. The pairing between {ξij} and ψ is given by

⟨ψ, {ξij}⟩ =
l∑

i=1

ai∑
j=1

rij +
∑
p

rp,

where in the second summation, p runs over the poles of ⟨ψ, ξi⟩ which is not a

singular point of C. This gives the natural nondegenerate pairing between H1(C,L)
and its dual space H0(C,L∨ ⊗ ωC).

Note that a point p in the proposition may be contained in several locally closed

subsets Vi. As we explained before the proposition, the relevant residue rp does not

depend on the choice of Vi containing p, and rp contributes to the pairing only once.

Proof. We begin with proving that the given pairing is well-defined. This contains the

following two claims.

First, we prove that the sum on the right hand side is independent of the choice of

sections {ξi} which gives the same {ξij}. To see this, take another set of sections {ξ′i}
which defines the same Čech 1-cocycle. Take an irreducible component Ca of C. Then,

if two locally closed subsets Vi and Vj contained in Ca intersect and Vi ∩ Vj is open, the

differences ξi − ξ′i and ξj − ξ′j coincide on Vi ∩ Vj . Thus, these differences define a global

section ξ′′a of π∗
aL|Ca , where πa : C̃a → Ca is the normalization. Then, the fiberwise

pairing between ξ′′a and the pull back of ψ gives a meromorphic 1-form on C̃a, and by the

residue theorem the sum of its residues is zero. Doing this calculation on each component

of C, we see that the pairing ⟨ψ, {ξij}⟩ does not depend on the representative {ξi}.
Second, we need to show that the sum depends only on the cohomology class of {ξij}.

Let {ξi} and {ξ′i} be the sets of local sections defining the same cohomology class. That

is, [{ξij}] = [{ξ′ij}], where the indices i, j belong to {1, . . . ,m}, which is the set of the

indices of the open covering {Ui}. Then, there are local sections νi on L|Ui such that

ξij − ξ′ij = νi − νj

on Ui∩Uj . The sections νi determine sections on locally closed subsets {Vi} by restriction.

By the equality ξij − ξ′ij = νi − νj above, defining ξ′′i = ξi − νi, we have ξ′′ij = ξ′ij . Then,

by the above argument, the classes defined by {ξ′′i } and {ξ′i} give the same value of the

pairing. On the other hand, adding restrictions of sections of L does not change the sum

of residues at the singular points since ωC is the sheaf of Rosenlicht differentials. Thus,

{ξi} and {ξ′i} give the same value of the pairing.

Now, we prove the rest of the claims of the proposition. Assume that C has at

least one singular point. Assume ψ has an |a1|-th order zero or pole (when a1 is non-

negative or negative, respectively) at some singular point p1 of C. Let V1 be one of

the disks containing p1 and take a rational section ξ1 of L|V1
so that it has an exactly

|a1 + 1|-th order pole or zero at p1, and take all the other ξi to be zero. Then, the

pairing between ψ and {ξij} gives a nonzero value, showing that the formula ⟨ψ, {ξij}⟩ =∑l
i=1

∑ai

j=1 rij +
∑

p rp actually gives a nondegenerate pairing. This also shows that

any cohomology class in H1(C,L) can be represented by some {ξi}. When C does not

contain a singular point, we can take the open cover {Ui} in the following way. Namely,

given any finite set (in fact, n = 1 suffices) of points {p1, . . . , pn}, we can take {Ui} so
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that each pj is contained in the unique open subset belonging to {Ui} (we call it Uj),

and Uj ̸= Uk if pj ̸= pk. Then, applying the same argument as above, we see the same

conclusion holds. □

3.2. Expression of the obstruction

Now, let us return to the calculation of the obstruction to deforming φ : C → X,

where X is a compact smooth complex surface. We write by Xk the product space

X × SpecC[t]/tk+1.

Assume that we already have a k-th order deformation

φk : Ck → Xk,

for some natural number k, where Ck is a flat family of curves over C[t]/tk+1 whose

central fiber is C, and φk restricts to φ over C[t]/t.
Take an open covering {Uk,i}i∈I of Ck, where I is an index set. Also, take a partial

open covering {Wi}i∈I of X by coordinate neighborhoods, indexed by the same set I, so

that for each i, the following conditions hold:

• The restriction of φ to each U0,i = Ui is an embedding.

• The image φk(Uk,i) is contained in Wk,i :=Wi × SpecC[t]/tk+1.

• The intersection Wk,i∩φk(Uk,i) is a divisor of Wk,i, defined by an equation fk,i = 0,

where fk,i is an analytic function on Wk,i.

Note that we have W0,i =Wi.

By taking each open subset Ui of C and Wi of X small enough, we can also assume

the following.

• If Ui ∩ Uj is non-empty, we have

φ(Ui ∪ Uj) ∩ (Wi ∩Wj) = φ(Ui ∩ Uj).

We assume these conditions hereafter. Then, on the intersection Wk,i ∩Wk,j such that

Uk,i ∩ Uk,j ̸= ∅, the functions fk,i and fk,j are related by

fk,i = gk,ijfk,j ,

where gk,ij is a holomorphic function on Wk,i ∩ Wk,j whose reduction over C[t]/t is a

non-vanishing function on Wi ∩Wj . There is a natural exact sequence

0 → OWi → OWk+1,i
→ OWk,i

→ 0,

of sheaves on Wk+1,i, which canonically splits by the product structure Wl,i = Wi ×
SpecC[t]/tl+1 for each non-negative integer l. Similar exact sequence exists on Wk+1,j

and Wk+1,i ∩ Wk+1,j . We identify fk,i ∈ Γ(Wk,i,OWk,i
) with its image in OWk+1,i

by

the canonical splitting. Similarly for fk,j and gk,ij . Then, considered as a function on

Wk+1,i∩Wk+1,j , the function fk,i−gk,ijfk,j belongs to the kernel of the map Γ(Wk+1,i∩
Wk+1,j ,OWk+1,i∩Wk+1,j

) → Γ(Wk+1,i ∩Wk+1,j ,OWk,i∩Wk,j
).
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It follows that we can write

tk+1νk+1,ij = fk,i − gk,ijfk,j

on Wk+1,i∩Wk+1,j . Here, νk+1,ij is a function on Wk+1,i∩Wk+1,j which can be regarded

as a holomorphic function on Wi ∩Wj .

Assume that there is another Wk,l containing φk(Uk,l), and define fk,l, gk,jl and

gk,li(= g−1
k,il) as above. These determine functions νk+1,jl, νk+1,li etc. on the relevant

intersections.

Lemma 11. Assume that the intersection Ui ∩ Uj ∩ Ul is non-empty. Then, on

Wi ∩Wj ∩Wl ∩ φ(Ui), the identity

νk+1,il = νk+1,ij + g0,ijνk+1,jl

holds (see also [10]).

Remark 12. Note that Wi ∩Wj ∩Wl ∩φ(Ui) =Wi ∩Wj ∩Wl ∩φ(Uj) =Wi ∩Wj ∩
Wl ∩ φ(Ul) holds. However, in general this is not equal to Wi ∩Wj ∩Wl ∩ φ(C).

Proof. By definition, we have

tk+1νk+1,il = fk,i − gk,ilfk,l
= fk,i − gk,ijfk,j + gk,ijfk,j − gk,ilfk,l
= tk+1νk+1,ij + gk,ij(fk,j − gk,jlfk,l) + (gk,ijgk,jl − gk,il)fk,l
= tk+1νk+1,ij + tk+1gk,ijνk+1,jl + (gk,ijgk,jl − gk,il)fk,l.

Also, note that the identity

gk,il ≡ gk,ijgk,jl mod tk+1

holds. Therefore, we have

(gk,ijgk,jl − gk,il)fk,l = (gk,ijgk,jl − gk,il)f0,l mod tk+2.

Since the identity f0,l = 0 holds on Wi ∩Wj ∩Wl ∩ φ(Ui), we have the claim. □

Note that the pull back {φ|∗Ui∩Uj
g0,ij} of the set of functions {g0,ij} is the set of

transition functions for the normal sheaf of φ. Thus, the lemma shows that the pull back

{φ|∗Ui∩Uj
νk+1,ij} of the set of functions {νk+1,ij} behaves as a Čech 1-cocycle with values

in the normal sheaf of φ. By construction, we have the following (see also [10]).

Lemma 13. The Čech 1-cocycle {φ|∗Ui∩Uj
νk+1,ij} is the obstruction cocycle to de-

forming φk to a map over C[t]/tk+2. □

However, it is difficult to calculate this class in this form. So, we develop another way

to express it. Recall we fixed a function fk,i on Wk,i. Regard it as a function on Wk+1,i

as above. Then, we can express it in the form

fk,i = f0,i exp(Hk+1,i),
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where Hk+1,i is a function on Wk+1,i which can have poles along {f0,i = 0} (here, f0,i is

also regarded as a function on Wk+1,i), and is zero when reduced over C[t]/t. Namely, the

quotient
fk,i

f0,i
is of the form 1+O(t), where O(t) is the part which is zero over C[t]/t. Thus,

the logarithm log(
fk,i

f0,i
), considered over C[t]/tk+2, is defined without ambiguity. We can

take Hk+1,i = log(
fk,i

f0,i
). Similarly, we can write fk,j , regarded as a function on Wk+1,j ,

in the form fk,j = f0,j exp(Hk+1,j). Let hk+1,i and hk+1,j be the coefficients of tk+1

in Hk+1,i and Hk+1,j , respectively. These can be naturally considered as meromorphic

functions on Wi and Wj . Then, we have the following.

Lemma 14. The identity

hk+1,i − hk+1,j =
νk+1,ij

f0,i
+ κ

holds on Wi ∩Wj, where κ is a holomorphic function.

Proof. By definition, we have

tk+1νk+1,ij = f0,i exp(Hk+1,i)− gk,ijf0,j exp(Hk+1,j).

Dividing this equation by f0,i exp(Hk+1,j), we have

tk+1 νk+1,ij

f0,i
= exp(Hk+1,i −Hk+1,j)− gk,ij

f0,j
f0,i

.

Note that since the function exp(Hk+1,j) is of the form 1 + t(· · · ), dividing by it does

not affect the left hand side because the equation is defined over C[t]/tk+2. Also, note

that the term gk,ij
f0,j
f0,i

is holomorphic on Wk+1,i ∩ Wk+1,j since we are assuming that

φ(Ui∪Uj)∩(Wi∩Wj) = φ(Ui∩Uj) holds. Therefore, the divergent terms of the function

exp(Hk+1,i−Hk+1,j) coincide with the divergent terms of tk+1 νk+1,ij

f0,i
. It follows that the

functionHk+1,i−Hk+1,j does not have a divergent term when it is reduced over C[t]/tk+1.

Thus, the divergent terms of Hk+1,i − Hk+1,j coincide with those of tk+1 νk+1,ij

f0,i
. This

proves the claim. □

Remark 15. This is the point to branch from the argument of [10]. In [10] where

the map φ is an embedding, we can construct a certain 1-cocycle on the surface using

the holomorphic functions gk,ij appeared above, such that it restricts to the obstruction

1-cocycle on the curve. Then, the vanishing of the cohomology class of such a cocycle

is a direct consequence of the semiregularity assumption. However, in our case, such

an argument does not hold. In our case, the obstruction cocycle is given as a Poincaré

residue (see below), and it is not clear that such a cocycle is a restriction of a cocycle on

the ambient space, so we cannot directly apply the semiregularity assumption as above.

So, we need to evaluate the obstruction more directly. It follows that the obstruction

can be calculated through integrations of several differential forms on some cycles on the

complement of the curve, and the vanishing of the obstruction class eventually follows

from the Stokes’ theorem, see Subsection 3.3. The semiregularity assumption is used to

justify this calculation (see Proposition 16).
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Let ψ be an element of H0(X,KX) and ψ|C ∈ H0(C,φ∗KX) be its pull back to C by

φ. The Poincaré residue of the 2-form
νk+1,ij

f0,i
ψ along {f0,i = 0} ∩Wi ∩Wj is defined as

being the pullback to Ui ∩ Uj of the 1-form ζij on Wi ∩Wj determined by the relation

(2)
νk+1,ij

f0,i
ψ = ζij ∧

df0,i
f0,i

.

From this definition, it is clear that the pullback of ζij to Ui ∩ Uj coincides with the

fiberwise pairing between φ|∗Ui∩Uj
νk+1,ij and ψ|C (recall that φ|∗Ui∩Uj

νk+1,ij is naturally

considered as a local section of the normal sheaf Nφ on C). We write ζij and its pull

back to Ui ∩ Uj by the same letter. These ζij constitute a Čech 1-cocycle on C with

values in ωC , and according to Lemma 13, this is essentially (one of) the obstruction to

deforming φk. Precisely, we have the following.

Proposition 16. If the cohomology class of {ζij} in H1(C,ωC) associated with

each ψ ∈ H0(X,KX) vanishes, and φ is semiregular, then, the obstruction to deforming

φk vanishes.

Proof. Recall that the Čech 1-cocycle {φ|∗Ui∩Uj
νk+1,ij} is the obstruction cocycle to

deforming φk. Its cohomology class vanishes if and only if the pairing between it and

any element of the dual space H0(C,φ∗KX) vanishes. If φ is semiregular, any element

of H0(C,φ∗KX) is of the form ψ|C , that is, the pull back of an element ψ ∈ H0(X,KX).

On the other hand, by the above argument, the pairing between {φ|∗Ui∩Uj
νk+1,ij} and the

class of the form ψ|C is given by tr({ζij}), where tr : H1(C,ωC) → C is the trace map.

Thus, the obstruction vanishes if and only if the cohomology class of {ζij} associated

with any ψ ∈ H0(X,KX) vanishes. □

Now, let us consider the meromorphic two form hk+1,iψ on Wi. We would like to

define its natural analogue of the Poincaré residue along φ(Ui) as above. However, we

need to take care of the facts that hk+1,iψ may have poles worse than logarithmic ones

and also that the hypersurface φ(Ui) is singular. In the following subsections, we study

these points.

3.3. Residues of meromorphic differential forms

Let us summarize the construction so far. Suppose we have constructed a k-th order

deformation φk : Ck → Xk of φ : C → X, where Ck is a flat deformation of C over

C[t]/tk+1, and Xk = X × SpecC[t]/tk+1. We fixed an open covering {Uk,i}i∈I of Ck
and a partial open covering {Wi}i∈I of X, where φ(C) ⊂ ∪i∈IWi. On each Wk,i =

Wi × SpecC[t]/tk+1, the image φk(Uk,i) is defined by the equation fk,i = 0, and using

these functions {fk,i}, we constructed the obstruction cocycle {νk+1,ij} to deforming

φk. On the other hand, we also constructed another meromorphic function hk+1,i on

Wi from fk,i. They satisfy the equality hk+1,i − hk+1,j =
νk+1,ij

f0,i
on Wi ∩Wj modulo

holomorphic functions, and by Eq. (2) and Proposition 16, the functions {hk+1,i} recover

the obstruction.

The idea is that since it is difficult to evaluate {νk+1,ij} directly, we instead use the

functions {hk+1,i} to represent the obstruction class in the form described in Subsection

3.1. Then, we can use Proposition 10 to see whether the obstruction vanishes or not. In

the argument below, we use the same notation as in Subsection 3.1.
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Recall that the cohomology class of the Čech representative is determined by the

residues at the poles of suitable pairings. First, we introduce a quantity which will play

the role of the residues in the present context. Let {Ui} be the open covering of C as

before. Each Ui is the union of disks U1,i, · · · , Uki,i attached at one point p, when Ui

contains a singular point of C. Since φ is an immersion, we often identify Ua,i with its

image in X.

Fix an arbitrary Riemannian metric on X. Let γ be any smooth simple real closed

curve on Ua,i which generates the fundamental group of the punctured disk Ua,i \ {p}.
Let Ůa,i be the complement of a small closed disk around the point p in Ua,i. We

assume Ůa,i contains γ. Then, the exponential map gives a diffeomorphism from a small

neighborhood of the zero section of the normal bundle of Ůa,i to a tubular neighborhood

of φ(Ůa,i) in X.

Let SδŮa,i be the circle bundle of radius δ in the normal bundle. Here, δ is a small

positive number. By taking δ small enough, we can assume the image of SδŮa,i by

the exponential map is disjoint from φ(Ui). Then, the meromorphic 2-form hk+1,iψ is

pulled back to a smooth 2-form on SδŮa,i. We write the pull back by the same notation

hk+1,iψ to save letters. Let Tγ be the total space of the circle bundle SδŮa,i|γ restricted

to γ, which is diffeomorphic to the two dimensional torus. Note that the fiber of Tγ
has a natural (positive) orientation induced from the natural complex orientation of the

normal bundle of Ůa,i. This and the orientation of γ determine an orientation of Tγ by

ordering a basis of a tangent space as {base, fiber}. This is chosen so that it will be

compatible with Eq. (2) in the following calculation.

Lemma 17. The integration of hk+1,iψ over Tγ does not depend on the metric, δ,

or γ. Therefore, it only depends on p and a.

Proof. This follows from the Stokes’ theorem since hk+1,iψ is a closed 2-form. □

Definition 18. When γ is positively oriented with respect to the complex orien-

tation of Ua,i, we write the value obtained in Lemma 17 by r(a, p).

Let Cl be any irreducible component of C. Let πl : C̃l → Cl be its normalization. Let

sC̃l be the set of points on C̃l which are mapped to singular points of C by πl. Also,

let C̊l be an open subset of C̃l obtained by deleting small closed disks around sC̃l. Note

that C̊l can also be seen as an open subset of Cl, and we assume C̊l is covered by open

subsets of the form Ua,i. On such an open subset C̊l, the above construction glues and

gives a circle bundle SδC̊l of radius δ inside the normal bundle of C̊l.

On each intersection Ua,i ∩ C̊l, the 2-form hk+1,iψ is pulled back to SδC̊l|Ua,i∩C̊l
and

gives a smooth 2-form, which again we write by the same notation. Then, since the fiber

integration commutes with the exterior derivative, that of hk+1,iψ gives a closed 1-form

on Ua,i ∩ C̊l, which we write by
∫
δ
hk+1,iψ.

When Ua,i does not contain a singular point of C (so that Ui = Ua,i is really a disk),

then, the form
∫
δ
hk+1,iψ is defined on the whole Ua,i. When Ua,i contains a singular

point p,
∫
δ
hk+1,iψ is defined only on Ua,i ∩ C̊l. But taking C̊l larger by taking δ smaller,

we can assume that the intersection Ui ∩Uj ∩Cl is contained in C̊l for any distinct i and

j. Since
∫
δ
hk+1,iψ is a closed 1-form, the value of the integration of it along a contour
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which circles p once in the positive direction does not depend on the contour and is given

by r(a, p) by Lemma 17.

Now, consider the intersection Ui ∩ Uj ∩ Cl. According to Lemma 14, we have∫
δ

hk+1,iψ −
∫
δ

hk+1,jψ =

∫
δ

(
νk+1,ij

f0,i
+ κ

)
ψ.

These naturally give a C1(C̃l)-valued Čech 1-cocycle on C̃l associated with a covering of

C̃l induced by {Ui}. Here, C1(C̃l) is the sheaf of complex valued C∞ closed 1-forms on

C̃l. We will compare the cohomology class defined by this cocycle with the ones described

in Subsection 3.1.

3.3.1. Cohomology classes defined by closed 1-forms and the pairing

In general, let S be a compact nonsingular Riemann surface with finite number of

marked points {pi}bi=1, b ≥ 1. Take an open covering {Uj} of S by disks so that each

pi is contained in a unique open subset belonging to {Uj}, which we write by Ui. We

assume Ui ̸= Uj if pi ̸= pj . When Uj does not contain a marked point, let µj be a C∞

closed 1-form on Uj . When Uj contains a marked point pj , let µj be a C∞ closed 1-form

on Uj \ B̄(pj), where B̄(pj) is a small closed disk containing pj in its interior. We take

each disk B̄(pj) small enough and shrink each Uj if necessary, so that the intersection

Ui ∩Uj for distinct i and j does not intersect any such disk. Note that since µj is closed,

the contour integral along a closed path in Uj is zero when Uj does not contain a marked

point, and the integral along a closed path in Uj \ B̄(pj) depends only on the homotopy

class of the path when Uj contains the marked point pj . When a path circles pj once in

the positive direction, we write by r(pj) the value of the contour integral of µj along the

path.

Such a family of closed 1-forms {µi} determines a Čech 1-cocycle with values in C1(S)

by associating µij := µi−µj with the intersection Ui∩Uj . There is a standard resolution

of the sheaf C1(S),

0 → C1(S) → A1(S) → A2(S) → 0

by flabby sheaves. Here, Ai(S) is the sheaf of complex valued C∞ i-forms on S. In

particular, the cohomology group H1(S, C1(S)) is isomorphic to H2(S,C) ∼= H1(S, ωS),

where ωS is the canonical sheaf of S.

Since H2(S,C) is dual to H0(S,C), the Čech 1-cocycle {µij} should give an element

of the dual of H0(S,C) in a natural manner. This is an analogue of Proposition 10.

We need to associate a scalar with a constant function α ∈ H0(S,C) in a natural way.

Namely, we associate the value

⟨{µij}, α⟩ = α
∑
i

r(pi)

with it.

Proposition 19. This pairing between the classes {µij} ∈ H2(S,C) and α ∈
H0(S,C) is well-defined and non-trivial.

Proof. We need to check that the value ⟨{µij}, α⟩ does not depend on the choices of
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the 1-forms {µi} with {µij} fixed, nor the representative {µij} of the cohomology class.

Given {µij}, assume we have another set of singular 1-forms {µ′
i} satisfying µ′

i−µ′
j =

µij . As in the proof of Proposition 10, the set of differences {µi − µ′
i} gives a global

closed 1-form µ on S̊ := S \ (∪jB̄(pj)). If {γi} is the set of disjoint contours around pi
encircling pi once in the positive direction, then, by the Stokes’ theorem, we have∑

i

∫
γi

µ = 0.

Therefore, the pairing between µ and α is zero. Thus, the pairing does not depend on

the choice of {µi} with {µij} fixed.

Suppose there is another representative {µ′
ij} of the cohomology class [{µij}] in

H1(S, C1(S)). Then, there is a set of smooth closed 1-forms {νi} on Ui such that

µij − µ′
ij = νi − νj on Ui ∩ Uj . Then, defining µ′′

i := µi − νi, we have µ′′
ij = µ′

ij .

From this, it is clear that the pairing between {µij} and α is equal to that between {µ′
ij}

and α.

The proof of the fact that the pairing is non-trivial is given by an obvious modification

of the proof of Proposition 10. □

By definition of the pairing above, we see the following.

Corollary 20. The class defined by {µij} can be identified with
∑

i r(pi) using

the basis of H2(S,C) dual to the standard generator of H0(S,Z) ⊂ H0(S,C). □

3.3.2. The proof of Theorem 1

Applying the above construction to our situation, we have the following.

Proposition 21. The cohomology class of H1(C̃l, C1(C̃l)) ∼= H2(C̃l,C) defined by

the Čech 1-cocycle
{∫

δ
hk+1,iψ −

∫
δ
hk+1,jψ

}
does not depend on δ and can be identified

with
∑

a,p r(a, p) in the sense of Corollary 20. Here, p runs through the singular points

of C on Cl and a indexes the local branches of C at p contained in Cl. □

In particular, if the limit limδ→0

{∫
δ
hk+1,iψ −

∫
δ
hk+1,jψ

}
exists, then, it will give

the same cohomology class as
{∫

δ
hk+1,iψ −

∫
δ
hk+1,jψ

}
. This is in fact the case by the

equality
∫
δ
hk+1,iψ−

∫
δ
hk+1,jψ =

∫
δ

(
νk+1,ij

f0,i
+ κ
)
ψ, since the integral

∫
δ

(
νk+1,ij

f0,i
+ κ
)
ψ

converges to the usual Poincaré residue ζij (see Equation (2)) as δ goes to zero. Thus,

we have the following.

Corollary 22. The cohomology classes of H1(C̃l, C1(C̃l)) defined by the Čech 1-

cocycles
{∫

δ
hk+1,iψ −

∫
δ
hk+1,jψ

}
and by {ζij} are the same for each C̃l. □

Remark 23. Here, note that {ζij} originally gives a class in H1(C,ωC), see Eq. (2)

and Proposition 16. However, since the intersection Ui ∩ Uj does not contain a singular

point of C, we can naturally restrict the cocycle {ζij} to each Cl, and further pull it

back to C̃l. Also, since ζij is a holomorphic 1-form and in particular closed, it naturally

gives a class of H1(C̃l, C1(C̃l)). In other words, the explicit representative {ζij} of the

cohomology class [{ζij}] ∈ H1(C,ωC) naturally gives an element in the inverse image of
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the class [{ζij}] under the map σ :
∏

lH
1(C̃l, C1(C̃l)) → H1(C,ωC) ∼= H0(C,C)∨ defined

below. In the above corollary, we take the H1(C̃l, C1(C̃l))-factor of it.

The set of local 1-forms
{∫

δ
hk+1,iψ −

∫
δ
hk+1,jψ

}
determines a class of

H1(C̃l, C1(C̃l)) ∼= H2(C̃l,C) for each component C̃l. The natural maps C̃l → C give

a map

H0(C,C) → ⊕lH
0(C̃l,C),

where the sum on the right hand side runs over irreducible components of C. Using the

natural isomorphism H0(C̃l,C)∨ ∼= H2(C̃l,C) and the isomorphism H1(C̃l, C1(C̃l)) ∼=
H2(C̃l,C), the dual of the above map gives

σ :
∏
l

H0(C̃l,C)∨ ∼=
∏
l

H1(C̃l, C1(C̃l)) → H0(C,C)∨.

Note that we have a natural element Ψ of
∏

lH
1(C̃l, C1(C̃l)) whose H

1(C̃l, C1(C̃l))-factor

is given by the Čech 1-cocycle
{∫

δ
hk+1,iψ −

∫
δ
hk+1,jψ

}
in Proposition 21. By Corollary

20 and Proposition 21, we have the following.

Corollary 24. The image σ(Ψ) ∈ H0(C,C)∨ is characterized by the property

(σ(Ψ), α) = α
∑
a,p

r(a, p),

where α ∈ H0(C,C) is a constant function on C, and the sum on the right hand side

runs over all the singular points p of C and all the branches of C at p. □

On the other hand, given the cocycle {ζij} on C with values in ωC as in Proposition

16, we can represent its cohomology class by local meromorphic 1-forms {ξk} on open

subsets Ui,a, by Proposition 10. By modifying {ξk} by sections of ωC on Ui if necessary,

we can assume the difference of 1-forms {ξk} coincides with {ζij} at the cocycle level.

That is, if we have Ṽk = Ui, Ṽl = Uj and Ui ∩ Uj ̸= ∅, then, the equality ξk − ξl = ζij
holds. See Subsection 3.1 for the notation.

By taking those ξk such that the locally closed subset Vk is contained in Cl, pulling

them back to C̃l, and restricting them to suitable open subsets, we naturally obtain a

representative of a class of H1(C̃l, C1(C̃l)) for each C̃l in the sense of Subsection 3.3.1.

We write it as {ξk}Cl
. Let Φ ∈

∏
lH

1(C̃l, C1(C̃l)) be the class represented by∏
l

{ξk}Cl
.

Note that the cocycle {ζij} gives a class in

H1(C,ωC) ∼= H0(C,OC)
∨ ∼= H0(C,C)∨.

By Proposition 10, the class of {ζij} in H0(C,C)∨ is specified by the equality

([{ζij}], α) = α
∑
a,p

res(p, ξUi,a
),
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where α is a constant function on C, and the sum on the right hand side runs over

singular points p on C, and the branches Ui,a at p. Also, ξUi,a
= ξk where Vk = Ui,a.

Since res(p, ξUi,a
) equals the value of the integral of ξUi,a

along a contour encircling

the point p in the positive direction, we conclude the following.

Corollary 25. We have the equality σ(Φ) = [{ζij}] in H0(C,C)∨.

Proof. As an element of H0(C,C)∨, the class [{ζij}] is characterized by the equality

([{ζij}], α) = α
∑

a,p res(p, ξUi,a
) as above. The class σ(Φ) ∈ H0(C,C)∨ is obtained as

follows. First, regard ξUi,a
= ξk as a C∞ closed 1-form on an open subset of C̃l, where

Ui,a ⊂ C̃l. This determines a class in H1(C̃l, C1(C̃l)) for each l, by the construction

in Subsection 3.3.1. These classes are identified with
∑

a,p rξ(a, p) in the notation of

Proposition 21. Here, p runs over the singular points of C on Cl and a indexes the local

branches of C at p contained in Cl, and rξ(a, p) is the contour integral of ξUi,a
= ξk as in

Subsection 3.3.1. Then, applying σ corresponds to taking the sum of these classes over

l, which gives the class in H0(C,C)∨ characterized by the equality

(σ(Φ), α) = α
∑
a,p

rξ(a, p)

as in Corollary 24, where now the sum runs over all the singular points p of C and all

the branches of C at p. Then, since we have res(p, ξUi,a) = rξ(a, p), the equality follows.

□

On the other hand, by Corollary 22, we have Ψ = Φ. Eventually, we proved the

following.

Corollary 26. The cohomology classes σ(Ψ) and [{ζij}] of H1(C,ωC) ∼=
H0(C,C)∨ coincide. □

By this corollary, to prove the vanishing of the obstruction class {ζij}, it suffices to

see the vanishing of the class Ψ for all ψ ∈ H0(X,KX), when semiregularity holds. Note

that the class Ψ is given by a family of 1-forms such as
∫
δ
hk+1,iψ−

∫
δ
hk+1,jψ so that it

depends on ψ ∈ H0(X,KX). Recall that this is the same as the vanishing of the scalar∑
a,p r(a, p), by Corollary 24. Thus, if the sum

∑
a r(a, p) vanishes for each fixed p, the

obstruction vanishes, too. Here, the sum runs over all the branches of C at p. Recall

that the scalar r(a, p) is the value of the integration of the two form hk+1,iψ along the

restriction of the circle bundle SδC̊l over a loop γa,p encircling the singular point p (here,

p is contained in the open subset Ua,i ⊂ Cl). The circle bundle is embedded in X by the

exponential map.

Now, consider the boundary ∂B ∼= S3 of a small ball in X around p. Let Dδγa,p
be the disk bundle over γa,p whose boundary is SδC̊l|γa,p

. Topologically it is a solid

torus. By suitably isotoping, these disk bundles can be disjointly embedded in ∂B for

all branches indexed by a. Now, by the Stokes’ theorem, we have∑
a

r(a, p) =
∑
a

∫
SδC̊l|γa,p

hk+1,iψ = −
∫
∂B\∪aDδγa,p

d(hk+1,iψ) = 0.
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This finishes the proof of Theorem 1 in the case where the target variety has dimension

two.

3.3.3. The proof of the case with higher dimensional target space

We can apply the above argument to the case of a hypersurface φ : Z → X, when

Z is smooth and φ is an immersion. In this case, the semiregularity map is the natural

map

Hn−2(X,KX) → Hn−2(Z,φ∗KX).

Here, n is the dimension of X. When this is surjective, we call the map φ semiregular.

We need to prove that if the map φ is semiregular, then, it is unobstructed. The

proof in the previous subsection applies with obvious modifications, so we only give a

sketch. In this case, the covering {Ui} of Z consists of smooth open subsets, and the

integration along the fibers of the circle bundle introduced after Definition 18 produces

a closed (2n− 3)-form on Ui. Therefore, the closed (2n− 3)-form valued Čech 1-cocycle

defined by the differences of such forms on {Ui} is cohomologically trivial by definition.

This cohomology class, when integrated over the fundamental class of Z, converges to

the obstruction class coupled with an element of the dual space Hn−2(Z,φ∗KX) when

the radius of the circle bundle goes to zero. Therefore, the obstruction vanishes. This

completes the proof of Theorem 1. □

4. Equisingular deformations of nodal curves on general surfaces

Now, let us consider some application of Theorem 1. Let φ : C → X be a map from

a reduced connected nodal curve to a compact smooth surface which is an immersion.

We assume φ(C) is a reduced nodal curve. Let ι : φ(C) → X be the inclusion. Let

p : C → φ(C) be the natural map.

Consider the exact sequence

0 → ι∗KX → p∗φ
∗KX → Q → 0

of sheaves on φ(C). Here, KX is the canonical sheaf of X and Q is defined by this

sequence. Let P = {pi} be the set of nodes of φ(C) whose inverse image by φ consists

of two regular points. Then, the sheaf Q is isomorphic to the direct sum of skyscraper

sheaves ⊕iCpi
. The associated cohomology exact sequence is

0 → H0(φ(C), ι∗KX) → H0(φ(C), p∗φ
∗KX) → ⊕iCpi

→ H1(φ(C), ι∗KX) → H1(φ(C), p∗φ
∗KX) → 0.

By the Leray spectral sequence, we have Hi(φ(C), p∗φ
∗KX) ∼= Hi(C,φ∗KX), for

i = 0, 1. It follows that if the curve φ(C) is semiregular in the classical sense, then, the

map φ is semiregular if and only if the map a : H0(φ(C), ι∗KX) → H0(φ(C), p∗φ
∗KX)

is surjective. By the exact sequence, this condition is equivalent to the claim that the

map b : ⊕iCpi
→ H1(φ(C), ι∗KX) is injective. Now, we can prove the following, which

is Theorem 2 in the introduction.

Theorem 27. Assume that φ(C) is semiregular in the classical sense. Then, the

map φ is semiregular if and only if for each pi ∈ P , there is a first order deformation of

φ(C) which smoothes pi, but does not smooth the other nodes of P .
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Proof. Note that the dual of H1(φ(C), ι∗KX) is isomorphic to H0(φ(C),Nι) and the

dual of H1(C,φ∗KX) is isomorphic to H0(C,Nφ). Here, Nι is the normal sheaf of the

map ι. Taking the dual of the above exact sequence, the map b is injective if and only if

the map

b∨ : H0(φ(C),Nι) → ⊕iCpi

is surjective. By definition, elements ofH0(C,Nφ) corresponds to first order deformations

of φ(C) which do not smooth the nodes in P . Then, the image of b∨ contains the

summand Cpi
if and only if there is a first order deformation of φ(C) (that is, an element

of H0(φ(C),Nι)) which smoothes the node pi but does not smooth the other nodes of

P . This proves the claim. □

Combining with Theorem 1, we have the following.

Corollary 28. Assume that φ(C) is semiregular in the classical sense. Then, the

map φ is unobstructed if the condition of Theorem 27 is satisfied. □

For applications, it will be convenient to write this in the following geometric form.

Consider the exact sequence

0 → OX → OX(φ(C)) → Nι → 0

of sheaves on X and the associated cohomology sequence

0 → H0(X,OX) → H0(X,OX(φ(C))) → H0(φ(C),Nι) → H1(X,OX) → · · · .

Let V be the image of the map H0(φ(C),Nι) → H1(X,OX). Since we are working in

the analytic category, we have the exponential exact sequence

0 → Z → OX → O∗
X → 0

of sheaves on X. Let V̄ be the image of V in Pic0(X) = H1(X,O∗
X).

Corollary 29. In the situation of Theorem 27, the map φ is unobstructed if for

each pi ∈ P , there is an effective divisor D which satisfies OX(φ(C)−D) ∈ V̄ and avoids

pi, but passes through all points in P \ {pi}.

Proof. Fix a coordinate system {Ui} on X and let {fi} be the local defining functions

of φ(C) on each Ui. On those Ui which do not intersect φ(C), we take fi = 1. Then,

the meromorphic function 1
fi

on Ui gives a local frame for the invertible sheaf OX(φ(C))

on Ui. The restriction of it to Ui ∩ φ(C) gives a local frame for the normal sheaf Nι.

Using this notation, a section of Nι is given by a set of holomorphic functions {gi},
where gi is defined on Ui ∩ φ(C), such that gi

gj
= fi

fj
for any i ̸= j. Then, the map

H0(φ(C),Nι) → H1(X,OX) is given as follows. Namely, extend gi to a holomorphic

function g̃i on Ui. Again, on those Ui which do not intersect φ(C), we take g̃i = 1. The

difference g̃i
fi

− g̃j
fj

gives a Čech 1-cocycle with values in OX , and its cohomology class

is the image of [{gi}] by the map H0(φ(C),Nι) → H1(X,OX). Note that its image in

H1(X,O∗
X) is represented by a Čech 1-cocycle {exp( g̃ifi −

g̃j
fj
)}.
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Now, take a divisor D as in the claim. Let {hi} be the set of local defining functions

of it on {Ui}. Again, we set hi = 1 when Ui does not intersect D. Then, the meromorphic

function hi

fi
gives a local frame of the sheaf OX(φ(C)−D). In particular, the functions

hi

fi
(
hj

fj
)−1 on Ui ∩Uj gives a Čech 1-cocycle with values in O∗

X which represents the class

of OX(φ(C) − D). If this class in contained in V̄ , then, there is a set of local sections

{gi} of OX(φ(C)) such that the Čech 1-cocycle {exp( g̃ifi − g̃j
fj
)} gives the same class as

{hi

fi
(
hj

fj
)−1}. It follows that there is a set of invertible holomorphic functions {ηi} on

{Ui} which satisfies

ηiη
−1
j = exp

(
g̃i
fi

− g̃j
fj

)(
hi
fi

(
hj
fj

)−1
)−1

on Ui ∩ Uj . Therefore, we have

exp

(
g̃i
fi

− g̃j
fj

)(
ηihi
fi

(
ηjhj
fj

)−1
)−1

= 1

on Ui ∩ Uj . Since
g̃i
fi

− g̃j
fj

= 0 on Ui ∩ Uj ∩ φ(C), we have

ηihi
ηjhj

=
fi
fj

on Ui∩Uj∩φ(C). It follows that the set of functions {ηihi} on {Ui∩φ(C)} gives a section

of Nι. On the other hand, since ηi does not have zero, the set of functions {ηihi} defines

the divisor D. It follows that the section {ηihi} of Nι satisfies the property required in

Theorem 27. □

Remark 30. Assume that the map H0(φ(C),Nι) → H1(X,OX) is surjective. For

example, this is the case when φ(C) is sufficiently ample. then, for each pi ∈ P , if there

is an effective divisor D which is algebraically equivalent to φ(C) which avoids pi but

passes through all points in P \ {pi}, the map φ is semiregular.

Example 31. Consider a fibration π : X → B over a compact Riemann surface

B which has a section σ. Assume that (n + 1)σ(B) is very ample for some positive

integer n. Let p1, . . . , pk be points on B and σ′ be a smooth irreducible curve in the

linear equivalence class of nσ(B) +
∑k

i=1 π
−1(pi). Assume that σ(B) and σ′ intersect

transversally and let S = σ(B) ∩ σ′. Let S′ = {s1, . . . , sl} be any subset of S, where

l ≤ k + 1. Let C be the unchaining of σ(B) ∪ σ′ obtained by normalizing S′ and

φ : C → X be the natural map. Then, φ is semiregular, so unobstructed. In fact, for

any j, 1 ≤ j ≤ l, take D as
∑l

i=1,i̸=j π
−1(π(si)) + σ̄, where σ̄ is a general curve in the

class (n + 1)σ(B). This satisfies the condition of Corollary 29, since any two fibers are

algebraically equivalent.
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