HIGH-DIMENSIONAL ELLIPSOIDS
CONVERGE TO GAUSSIAN SPACES

DAISUKE KAZUKAWA AND TAKASHI SHIOYA

ABSTRACT. We prove the convergence of (solid) ellipsoids to a Gaussian space
in Gromov’s concentration/weak topology as the dimension diverges to infinity.
This gives the first discovered example of an irreducible nontrivial convergent
sequence in the concentration topology, where ‘irreducible nontrivial’ roughly
means to be not constructed from Lévy families nor box convergent sequences.

1. INTRODUCTION

The study of convergence of metric measure spaces is one of central topics in
geometric analysis on metric measure spaces. We refer to [10, 11,16, 25, 26] for
some celebrated works on it. This study originates in that of Gromov-Hausdorff
convergence/collapsing of Riemannian manifolds, which has widely been devel-
oped and applied to solutions to many significant problems in geometry and
topology. As the starting point of geometric analytic study in the collapsing
theory, Fukaya [6] introduced the concept of measured Gromov-Hausdorff con-
vergence to study the Laplacian of collapsing Riemannian manifolds. There, he
discovered that not only the metric structure but also the measure structure plays
an important role in the collapsing phenomena. After that, Cheeger-Colding [3-5]
established the theory of Ricci limit spaces, which is nowadays widely applied in
the Riemannian and Kahler geometry.

Meanwhile, Gromov [11, Chapter 3% ] (see also [27]) has developed a new con-
vergence theory of metric measure spaces based on the concentration of measure
phenomenon due to Lévy and V. Milman [14,15,17]. In Gromov’s theory, he in-
troduced two fundamental concepts of distance functions, the observable distance
function deon. and the box distance function [, on the set, say X, of isomor-
phism classes of metric measure spaces. The box distance function is nearly a
metrization of measured Gromov-Hausdorff convergence (precisely the isomor-
phism classes are little different), while the observable distance function induces
a very characteristic topology, called the concentration topology, which is effective
in capturing the high-dimensional aspects of spaces. The concentration topology
is weaker than the box topology and in particular, a measured Gromov-Hausdorff
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convergence implies a convergence in the concentration topology. He also intro-
duced a natural compactification, say II, of X', with respect to the concentration
topology, where the topology on II is called the weak topology. The concentration
topology is useful to investigate the dimension-free properties (see [7]).

The study of the concentration and weak topologies has been growing rapidly
in recent years (see [7,12,13,18,20-24,27-29]). However, it is not easy to prove
the convergence of a given sequence of metric measure spaces, and there are only
a few nontrivial examples of convergent sequences of metric measure spaces in
the concentration and weak topologies, where ‘nontrivial’ means neither to be
a Lévy family (i.e., convergent to a one-point space), to infinitely dissipate (see
Subsection 2.6 for dissipation), nor to be box convergent. One way to construct a
nontrivial convergent sequence is to take the disjoint union or the product (more
generally the fibration) of trivial sequences and to perform little surgery on it
(and also to repeat these procedures). We call a sequence obtained in this way a
reducible sequence. An irreducible sequence is a sequence that is not reducible.
In this paper, any sequence of (solid) ellipsoids has a subsequence converging to
an infinite-dimensional Gaussian space in the concentration/weak topology. This
provides a new family of nontrivial weak convergent sequences and especially
contains the first discovered example of an irreducible nontrivial sequence that is
convergent in the concentration topology.

Let us state our main results precisely. A solid ellipsoid and an ellipsoid are
respectively written as

x?

n o n n—1 ,__ n i
Efy ={z€R |Z$g1}, Sty ={zeR |Z?_1},
v i=1

)

where {a;}, i = 1,2,...,n, is a finite sequence of positive real numbers. See
Section 3 for the definition of their metric-measure structures. Denote by E?ai}
either €7, or S?a_j Let us give a sequence {E?;ZJ)}I}J of (solid) ellipsoids, where
{aij}, i =1,2,...,n(j), j = 1,2,..., is a double sequence of positive real num-
bers. Our problem is to determine under what condition it will converge in the
concentration /weak topology and to describe its limit.

In the case where the dimension n(j) is bounded for all j, the problem is easy to
solve. In fact, in this case the sequence has a Hausdorff-convergent subsequence
in a Euclidean space, which is also box convergent, if «;; is bounded for all 7 and
J; the sequence has an infinitely dissipating subsequence if «;; is unbounded.

We set a;; = a;;/+/n(j) — 1. If n(j) and sup,;a;; both diverge to infinity
as j — oo, then it is also easy to prove that {E?éij}} infinitely dissipates (see
Proposition 3.3).

For the reasons we have mentioned above, we assume

(AO) n(j) diverges to infinity as j — oo and a;; is bounded for all ¢ and j.
We further consider the following three conditions.

(A1) n(j) is monotone nondecreasing in j.
(A2) a;; is monotone nonincreasing in ¢ for each j.
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(A3) a;; converges to a real number, say a;, as j — oo for each i.

Note that (A2) and (A3) together imply that a; is monotone nonincreasing in i.

Any sequence of (solid) ellipsoids with (A0) contains a subsequence {E;} such
n(j)

that each Ej; is isomorphic to E{ G Ta)e for some sequence {a;;} satisfying

(A0)—(A3). In fact, we have a subsequence for which the dimensions satisfy (A1).
Then, exchanging the axes of coordinate provides (A2). A diagonal argument
proves to have a subsequence satisfying (A3). (To be more precise, there is
a subsequence {ay,,} of {ai;} convergent to a real number a;. Then, taking
subsequences iteratively, we see that a;;,; converges to a real number a; as j — oo
for each i, where {a;;14,,,,}; is a subsequence of {as,,};. Replacing {a;} to
{aw,, } ylelds (A3).) Thus, our problem becomes to investigate the convergence

of {E" {\/— sk }; satistying (A0)-(A3).

One of our main theorems is stated as follows. Refer to Subsection 2.8 for the
definition of the Gaussian space F?Z?}'

Theorem 1.1. Let {a;;}, i =1,2,...,n(j), j = 1,2,..., be a sequence of positive
real numbers satisfying (A0)—(A3). Then, E?%aij}i converges weakly to the

infinite-dimensional Gaussian space F‘EZZ} as 7 — oo. This convergence becomes
1

a convergence in the concentration topology if and only if {a;} is an [*-sequence.
Moreover, this convergence becomes an asymptotic concentration (i.e., @ deone-
Cauchy sequence) if and only if {a;} converges to zero.

Gromov presents as an exercise in [11, 3%.57] some special cases of this theorem.

For the case of round spheres and projective spaces, the theorem is formerly
obtained in [27,28], for which the convergence is only weak. Also, the weak
convergence of Stiefel and flag manifolds are studied in [29].

We emphasize that convergence in the weak/concentration topology is com-
pletely different from weak convergence of measures. For instance, the Prokhorov
distance between the normalized volume measure on S"'(y/n — 1) and the n-
dimensional standard Gaussian measure on R" is bounded away from zero [29],
though they both converge to the infinite-dimensional standard Gaussian space
in Gromov’s weak topology.

As for the characterization of weak convergence of measures, we prove in Propo-
sition 4.2 that, 1f {a;;}; 1*-converges to an [*-sequence {a;} as j — oo, then the

measure of E{ S Ta converges weakly to the Gaussian measure 'y{a?} on a

Hilbert space, and consequently, the weak convergence in Theorem 1.1 becomes
the box convergence. Conversely, the [*-convergence of {a;;}; is also a neces-
sary condition for the box convergence of the (solid) ellipsoids as is seen in the
following theorem.

Theorem 1.2. Let {a;;}, i =1,2,...,n(j), 7 = 1,2,..., be a sequence of pos-
itive real numbers satisfying (A0)—(A3). Then, the convergence in Theorem 1.1
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becomes a box convergence if and only if we have
00 n(j)
2 : 2
izlaz < 400 and jlggo izl(aw a;)* = 0.

Theorems 1.1 and 1.2 together provide an example of irreducible nontrivial
convergent sequence of metric measure spaces in the concentration topology, i.e.,
the sequence of the (solid) ellipsoids with an /2-sequence {a;} and with a non-I*-
convergent {a;;}; as j — oo.

The proof of the ‘only if” part of Theorem 1.2 is highly nontrivial. If {a;;}; does
not [?-converge, then it is easy to see that the measure of the (solid) ellipsoid in
the sequence does not converge weakly in the Hilbert space. However, this is not
enough to obtain the box non-convergence, because we consider the isomorphism
classes of (solid) ellipsoids for the box convergence. For the complete proof, we
need a delicate discussion using Theorem 1.1.

Let us briefly mention the outline of the proof of Theorem 1.1. For simplicity,
we set E" = E™V and I' := I'®,,. For the weak convergence, it is

€)
{(V/n(i)—1ai;}; {a?}”
sufficient to show that
(1.1) the limit of £ dominates T',

(1.2) T dominates the limit of E™,

where, for two metric measure spaces X and Y, the space X dominates Y if there
is a 1-Lipschitz map from X to Y preserving their measures.

(1.1) easily follows from the Maxwell-Boltzmann distribution law (Proposition
3.2).

(1.2) is much harder to prove. Let us first consider the simple case where E™ is
the ball B"(v/n — 1) of radius v/n — 1 and where I = I'52y. We see that, for any

fixed 0 < € < 1, the n-dimensional Gaussian measure 7?12} and the normalized

volume measure of B™(0y/n — 1) both are very small for large n. Ignoring this
small part B"(6v/n — 1), we find a measure-preserving isotropic map, say ¢,
from I'f;5, \ B"(0v/n — 1) to the annulus B"(v/n — 1) \ B"(6v/n — 1), where we
normalize their measures to be probability. Estimating the Lipschitz constant of
¢, we obtain (1.2) with error. This error is estimated and we eventually obtain
the required weak convergence.

We next try to apply this discussion to solid ellipsoids. We consider the dis-
tortion of the above isotropic map ¢ by a linear transformation determined by
{ai;}. However, the Lipschitz constant of the distorted isotropic map can be
arbitrarily large depending on {a;;}. To overcome this problem, we settle the
assumptions (A0)—(A3), from which the discussion boils down to the special case
where a; = ay for all i > N and a;; = a; > ay for all i, j and for a (large) number
N. In fact, by (A0)-(A3), the solid ellipsoid E™ for large n and the Gaussian
space [' are both close to those in the above special case. In this special case, the
Gaussian measure fy?ag} and the normalized volume measure of E™ of the domain
||

{z eR"\ {o} |

T <egforanyi=1,...,N -1}
x
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are both almost full for large n and for any fixed ¢ > 0. On this domain, we
are able to estimate the Lipschitz constant of the distorted isotropic map. With
some careful error estimates, letting ¢ — 04 and # — 1—, we prove the weak
convergence of K™ to I'.

Acknowledgment. The authors would like to thank an anonymous referee for care-
fully reading the manuscript and for his/her valuable comments. We would also
like to thank Professor Vladimir Pestov for his comment.

2. PRELIMINARIES

In this section, we survey the definitions and the facts needed in this paper.
We refer to [11, Chapter 3%+] and [27] for more details.

2.1. Distance between measures.

Definition 2.1 (Total variation distance). The total variation distance dpv(u, v)
of two Borel probability measures u and v on a topological space X is defined by

drv(p,v) = sup | u(A) —v(A)| = Sgp(M(A) —v(A)),
where A runs over all Borel subsets of X.

If © and v are both absolutely continuous with respect to a Borel measure w
on X, then

(2.1) drv(,v) = %/X dw  dw

(see [30, Lemma 2.1 in Section 2.4]), where % is the Radon-Nikodym derivative
of v with respect to w.

dw
Definition 2.2 (Prokhorov distance). The Prokhorov distance dp(ju,v) between
two Borel probability measures p and v on a metric space (X, dyx) is defined to
be the infimum of € > 0 satisfying
i(Be(A)) 2 v(A) — €
for any Borel subset A C X, where B.(A) :={zx € X | dx(z,A) <e}.
The Prokhorov metric is a metrization of weak convergence of Borel probability

measures on X provided that X is a separable metric space. It follows from the
definitions that dp < drv.

d d
H de

Definition 2.3 (Ky Fan distance). Let (X, i) be a measure space and Y a metric
space. For two p-measurable maps f,g: X — Y, we define the Ky Fan distance
dxp(f,g) between f and g to be the infimum of € > 0 satisfying

p{z e X [dy(f(2),9(x)) >e}) <e.
dkp 1s a pseudo-metric on the set of py-measurable maps from X to Y. It holds
that dip(f,g9) = 0 if and only if f = g p-a.e. We have dp(fipt, gut) < dgp(f,9)
(see [27, Lemma 1.26]), where f.u is the push-forward of u by f.
Let p be a real number with p > 1, and (X, dx) a complete separable metric
space.
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Definition 2.4. The p-Wasserstein distance between two Borel probability mea-
sures 4 and v on X is defined to be

Wy(u,v) = int (/X Xxdx<x,x'>pdw<x,x'>);<§+oo>,

mell(p,v)

where II(u,v) is the set of couplings between p and v, i.e., the set of Borel
probability measures m on X x X such that 7(AxX) = u(A) and 7(X xA) = v(A)
for any Borel subset A C X.

Lemma 2.5 (see [31, Theorem 7.12|). Let p and p,, n = 1,2,..., be Borel
probability measures on X. Then the following are equivalent to each other.

(1) Wy(ttn, i) = 0 as n — oo.
(2) pn converges weakly to p as n — oo and the p-th moment of p, converges
to that of u:

lim /de(xo,x)pdun(x):/de(:co,:c)pdu(x)

n—oo

for some point x¢ € X.

It is known that dp> < W) (see [9, Theorem 2 in Section 3]). By Holder’s
inequality, we have W, < W, for any 1 < p <gq.

2.2. mm-Isomorphism and Lipschitz order.

Definition 2.6 (mm-Space). Let (X, dx) be a complete separable metric space
and px a Borel probability measure on X. We call the triple (X, dx, ux) an
mm-space. We sometimes say that X is an mm-space, in which case the metric
and the Borel measure of X are respectively indicated by dx and px.

Definition 2.7 (mm-Isomorphism). Two mm-spaces X and Y are said to be
mm-isomorphic to each other if there exists an isometry f : supp ux — supp gy
with f.ux = py, where supp px is the support of px. Such an isometry f is
called an mm-isomorphism. Denote by X the set of mm-isomorphism classes of
mm-spaces.

Note that X is mm-isomorphic to (supp px, dx, tx)-
We assume that an mm-space X satisfies

X = supp pux

unless otherwise stated.

Definition 2.8 (Lipschitz order). Let X and Y be two mm-spaces. We say that
X (Lipschitz) dominates Y and write Y < X if there exists a 1-Lipschitz map
f X = Y satistying f.ux = py. We call the relation < on X the Lipschitz
order.

The Lipschitz order < is a partial order relation on X' (see [27, Proposition
2.11]).
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2.3. Observable diameter. The observable diameter is one of the most funda-
mental invariants of an mm-space up to mme-isomorphism.

Definition 2.9 (Partial and observable diameter). Let X be an mm-space and
let kK > 0. We define the k-partial diameter diam(X;1 — k) = diam(px;1 — k)
of X to be the infimum of the diameter of A, where A C X runs over all Borel
subsets with px(A) > 1—k. Denote by Lip,(X) the set of 1-Lipschitz continuous
real-valued functions on X. We define the (k-)observable diameter of X by
ObsDiam(X; —k) := sup diam(fiux;1 — k),
feLipy (X)
ObsDiam(X) := ’1$r>1% max{ObsDiam(X; —x), x}.
It is easy to see that the (k-)observable diameter is monotone nondecreasing
with respect to the Lipschitz order relation.

2.4. Box distance and observable distance.

Definition 2.10 (Parameter). Let / := [0,1) and let X be an mm-space. A
map ¢ : [ — X is called a parameter of X if ¢ is a Borel measurable map with
0. LY = px, where £! denotes the one-dimensional Lebesgue measure on 1.

It is known that any mm-space has a parameter (see [27, Lemma 4.2]).

Definition 2.11 (Box distance). We define the box distance 0(X,Y) between
two mm-spaces X and Y to be the infimum of € > 0 satisfying that there exist
parameters ¢ : [ — X, 9 : I — Y, and a Borel subset I C I such that

LYI)>1—¢ and |¢*dx(s,t) —p*dy(s,t)]| < e
for any s,t € I, where p*dx (s, t) = dx(p(s), ¢(t)) for s,t € I.

The box metric O is a complete separable metric on X (see [27, Theorem 4.14
and Proposition 4.25]).

Definition 2.12 (e-mm-isomorphism). Let € be a nonnegative real number. A
map f : X — Y between two mm-spaces X and Y is called an e-mm-isomorphism
if there exists a Borel subset X C X such that

() (%) 21—, ~
(i) [dx(z,2") — dy (f(z), f(2)) | <€ for any z,2" € X,
(iii) dp(fuprx, py) <e.

We call the set X a nonexceptional domain of f.

Lemma 2.13 (see [27, Lemma 4.22]). Let X and Y be two mm-spaces and let
e >0.
(1) If there exists an e-mm-isomorphism from X to Y, then O(X,Y) < 3e.
(2) If O(X,Y) < ¢, then there ezists a 3e-mm-isomorphism from X to Y.

Definition 2.14 (Observable distance). For any parameter ¢ of X, we set
" Lip,(X) :={ fop| [ € Lip,(X)}.
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Define the observable distance deone(X,Y) between two mm-spaces X and Y by
deone (X, Y) 1= Lni du(@* Lip,(X), " Lip,(Y)),

where ¢ : I — X and ¢ : I — Y run over all parameters of X and Y, respectively,
and where dy is the Hausdorff metric with respect to the Ky Fan metric for the
one-dimensional Lebesgue measure on [.

deone 18 a metric on X (see [27, Theorem 5.13]) and
dCOnC S D
holds (see [27, Proposition 5.5]).

2.5. Pyramid.

Definition 2.15 (Pyramid). A subset P C X is called a pyramid if it satisfies
the following (i)—(iii).
(i) f X e Pand if Y < X, then Y € P.
(ii) For any two mm-spaces X, X’ € P, there exists an mm-space Y € P such
that X <Y and X' <Y.
(iii) P is nonempty and box closed.

We denote the set of pyramids by II. Note that Gromov’s definition of a pyramid
is by (i) and (ii) only. (iii) is added in [27] for the Hausdorff property of II.
For an mm-space X we define

PX ={X eX|X <X},

which is a pyramid (where the closedness of PX follows from [27, Theorem 4.35]).
We call PX the pyramid associated with X.

We observe that X < Y if and only if PX C PY. It is trivial that X is a
pyramid.

We have a metric, denoted by p, on II, for which we omit to state the definition
(see [27, Definition 6.21] for the detail). We say that a sequence of pyramids
converges weakly to a pyramid if it converges with respect to p. We have the
following.

(1) The map ¢ : X 3 X — PX € Il is a 1-Lipschitz topological embedding

map with respect to deone and p (see [27, Theorem 6.23]).

(2) II is p-compact (see [27, Theorem 6.22]).

(3) ¢(X) is p-dense in II (see [27, Lemma 7.14]).
In particular, (II, p) is a compactification of (X, deone). We say that a sequence
of mm-spaces converges weakly to a pyramid if the associated pyramid converges
weakly. Note that we identify X with PX in Section 1.

For an mm-space X, a pyramid P, and ¢ > 0, we define

tX = (X,tdx,ux) and tP:={tX|XeP}
We see PtX =tPX. It is easy to see that tP is continuous in ¢ with respect to

p.
From [27, Theorem 6.25, Propositions 5.5 and 4.12] we have the following.
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Proposition 2.16. For any two Borel probability measures p and v on a complete
separable metric space X, we have

p(P(X, 1), P(X,v)) < deonc((X, p), (X, v)) < O((X, ), (X, v))
< 2dP<:ua V) < QdTV(:ua V)'

2.6. Dissipation. Dissipation is the opposite notion to concentration. We omit
to state the definition of the infinite dissipation (see [27, Definition 8.1] for the
definition). Instead, we state the following proposition. Let {X,}, n =1,2,...,
be a sequence of mm-spaces.

Proposition 2.17 (see [27, Proposition 8.5(2)]). The sequence {X,} infinitely
dissipates if and only if PX,, converges weakly to X as n — oo.

An easy discussion using [22, Lemma 6.6] leads to the following,.

Proposition 2.18. The following are equivalent to each other.

(1) The k-observable diameter ObsDiam(X,,; —k) diverges to infinity as n —
oo for any k € (0,1).
(2) {X.,.} infinitely dissipates.

2.7. Asymptotic concentration. We say that a sequence of mm-spaces asymp-
totically concentrates if it is a deone-Cauchy sequence. It is known that any asymp-
totically concentrating sequence converges weakly to a pyramid (see [27, Proposi-
tion 7.2]). A pyramid P is said to be concentrated if {(Lip,(X)/ ~,dkg)}xep is
precompact with respect to the Gromov-Hausdorff distance, where f ~ g holds if
f — g is constant. The following is derived from [27, Corollary 7.24 and Theorem
7.25].

Theorem 2.19. Let P be a pyramid. The following are equivalent to each other.

(1) P is concentrated.

(2) There exists a sequence of mm-spaces asymptotically concentrating to P.

(3) If a sequence of mm-spaces converges weakly to P, then it asymptotically
concentrates.

2.8. Gaussian space. Let {a;}, 71 =1,2,...,n, be a finite sequence of nonnega-
tive real numbers. The product

Tz = @)z
i=1

of the one-dimensional centered Gaussian measure ')/;2 of variance a? is an n-
[

dimensional centered Gaussian measure on R™, where we agree that vj, is the
Dirac measure at 0, and ’y?ag} is possibly degenerate. We call the mm-space

[y = (R™, || - H/Y?az}) the n-dimensional Gaussian space with variance {a?}.
Note that, for any Gaussian measure vy on R”, the mm-space (R",| - ||,7) is

n

(a2} where a? are the eigenvalues of the covariance matrix of
k2

mm-isomorphic to I
.
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We now take an infinite sequence {a;}, i = 1,2, ..., of nonnegative real num-
bers. For 1 < k < n, we denote by 77 : R" — R* the natural projection, i.e.,

(21, Toy ooy ) = (21,00, .., k), (21, T9,...,2,) € R™

Since the projection 7 1“’{1 2 F? 1} is 1-Lipschitz continuous and measure-
preserving for any n > 2, the Gaussian space F?az} is monotone nondecreasing in
n with respect to the Lipschitz order, so that, as n — 0o, the associated pyramid
PF?ag} converges weakly to the O-closure of |, , PF?ag}, denoted by Pfﬁg}. We
call PF({)Z?} the virtual Gaussian space with variance {a?}. We remark that the

Ty = Q) e
i=1

is a Borel probability measure on R* with respect to the product topology, but
is not necessarily Borel with respect to the [2-norm. Only in the case where

infinite product measure

oo
(2.2) Z a; < 400,
i=1
the measure 777, is a Borel measure with respect to the [>norm || - || which is

supported in the separable Hilbert space H := { x € R® | ||z|| < 400 } (see
[1, §2.3]), and consequently, [oey = =(H, ||, Vin 2}) is an mm-space. In the case

of (2.2), the variance of Va2 satisfies

o0

[ el argzy @) = St

=1
3. WEAK CONVERGENCE OF ELLIPSOIDS

In this section we prove Theorem 1.1. We also prove the convergence of Gauss-
ian spaces as a corollary to the theorem.

Let {a;}, i = 1,2,...,n, be a sequence of positive real numbers. The n-
dimensional solid ellipsoid £" and the (n — 1)-dimensional ellipsoid S"~! (defined
in Section 1) are respectively obtained as the image of the closed unit ball B™(1)
and the unit sphere S"71(1) in R" by the linear isomorphism LY, R"=R"
defined by

Ly (@) = (.o 0nxy), o= (21,...,2,) € R™

We assume that the n-dimensional solid ellipsoid Sfai} is equipped with the re-
striction of the Euclidean distance function and with the normalized Lebesgue

measure €}, = L" |gn . where i := pu(X) ' is the normalization of a finite

measure f on a space X and L the n-dimensional Lebesgue measure on R™. The
(n—1)-dimensional ellipsoid 8 1s assumed to be equipped w1th the restriction of

the Euclidean distance funct10n and Wlth the push-forward o7 } ; (L?a 0" !
of the normalized volume measure ¢! on the unit sphere S"~!(1) in R™.



HIGH-DIMENSIONAL ELLIPSOIDS 11
Throughout this paper, let (E{a b € }) be either

n n—1 o 1
(Efays Fay) 07 (Sfar Tlay)
for any n > 2 and {c;}. The measure €}a,} is sometimes considered as a Borel

measure on R”, supported on E?ai}.

Lemma 3.1. Let {o,;} and {5;}, i =1,2,...,n, be two sequences of positive real
numbers. If a; < B; for alli=1,2,...,n, then E?ai} is dominated by E?ﬁi}‘

Proof. The map L?ai By E?Bi} — E?a,-} is 1-Lipschitz continuous and preserves
their measures. O

Proposition 3.2 (Maxwell-Boltzmann distribution law). Let k be a positive in-
teger and let {a;;}, 1 =1,2,...,n(j), 7 =1,2,..., be a sequence of positive real
numbers such that, as j — oo, n(j) is divergent to infinity and a;; converges to a

(J))
{\/ )—Llai;}i

converges weakly to ’V?a?} as j — oo, where 7} is defined in Subsection 2. 8

nonnegative real number a; for each i with 1 < i < k. Then, (7rk

Proof. In the following we write n(j) as n. The ordinary Maxwell-Boltzmann
distribution law (see [27, Proposition 2.1]) states that (W,QL)*U?\;L} converges

weakly to 7{12} as j — o0o. In the same way of proof, we see that (7}}).€? € /)
converges weakly to 7{12} as j — oo, namely

(3.1) (7)€} iy = ’yflz} weakly as j — oc.
Since
(Lo, () 7H(A)) = (Li,,,y) (A X R
= (Lia,y) 7 (A) x R"™F = (m) T (L,,,y) ' (A))
for any Borel set A C R¥, we have
(3.2) (M€ Ty = (T (Lia )€ ymmny = (Lo )« (M)l .-

Let f : R¥ — R be any continuous function with compact support. By the
uniform continuity of f, we observe that f oL’{‘“aij_} converges uniformly to f oL’{“ai}

as j — oo and hence, by (3.1),

/ fd(L]Eai'})*<7T’Z)*e?\/m} :/ fOLI‘Eau} d<7r’?)*eq{lvn—1}

J—>oo/ fo L{a d'y{12} —/ fd( L{a }) %][612},
which implies that (3.2) converges weakly to (L {ai})*fyflg} = 7@2}' This completes

the proof. Il
Proposition 3.3. Let {a;;},i=1,2,...,n(j), 7 =1,2,..., be a sequence of posi-
tive real numbers, where {n(j)}, 7 =1,2,..., is a sequence of positive integers di-

vergent to infinity. If sup, a;; diverges to infinity as j — oo, then E"V)
9 finity. If sup; ai; divery finity as j )
infinitely dissipates.
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Proof. Assume that sup; a;; diverges to infinity as j — oo. Exchanging the coor-
dinates, we assume that a,; diverges to infinity as j — co. We take any positive
real number a and fix it. Let a;; := min{a;;,a}. Note that a;; = a for all

sufficiently large j. By Lemma 3.1, the 1-Lipschitz continuity of 7r7f(j ), and the
Maxwell-Boltzmann distribution law (Proposition 3.2), we have

lijrgglf ObsDiam(E?ij)n(jT%}i; —K)
) _K’)

> lim inf ObSDiam(E’?(j)
;1 — k)

J—=o0 (F)—Lag;}s

> lim diam((779),e"

j—o0 {\/ 1a”}Z

= diam(y.2; 1 — k),
which diverges to infinity as a — co. Proposition 2.18 leads us to the dissipation
roperty for {E"Y) : O
PIOPETLY { {/n()—1 az‘j}i}

Let {a;}, i = 1,2,...,n, be a sequence of positive real numbers and let L :=
{ e We remark that

n—1 n n n
E{\/n—lai} = L*E\/n—l’ g{\/ﬁai} = L*U\/n—l’ and 7{“3} - L*7{12}’
where e:l/m = ef{‘ ) and O':L/m = 0? ATy Let us construct a transport map
from 'y?az} to ef{‘ i Tag) For r > 0 we determine a real number R = R(r) in such

a way that 0 < R < v/n — 1 and 75, (B;(0)) = €!/-—(Bg(0)). It holds that

1
1 r 2 n oo 2
( / tle='z dt) , I, ::/ tme™ T dt.
In—l 0 0

Note that R is strictly monotone increasing in r. Define an isotropic map ¢ :
R"® — 8\’}7? by

N|—=

R=(n-1)

_ R(||z]) n
o(x) == 2] x, r € R".
We remark that
(3.3) P12y = €

Let r:=r(z) := ||L7!(z)||. We define

of '=LogolL™ Rn—>5{\/—1al}

The map ¢° is a transport map from 7?%2} to e{mai}, ie.,

En n
(3.4) PeNa2} = Yvn—Tas}
It holds that ¢°(z) = £z if © # 0. We denote by ¢° : R"\ {0} — S - the

AR : {vn—lai}
central projection with center o, i.e.,

Pa)y=Y""1r  ceR\ {0},
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which is a transport map from 7?@2} to U?&%a;}, ie.,

(3.5) gpf'y?a?} = 0?&%%}.
For an integer N with 1 < N < n and for € > 0, we define

Izl

]

Dy, ={x€R"\ {o}| <egforanyj=1,....,N—1}

For 0 < 0 < 1, let

Fy={z eR"||L7(z)|| = 0v/n}.
Note that
(3.6) LY (Fy) ={z € R" | ||z[| = 0v/n }.

Lemma 3.4. We assume that

(i) a; > a foranyi=1,2,...,n,

(ii) a; = a for any i with N <1i <n and for a positive integer N with N < n.
Then, there exists a universal positive real number C' such that, for any two real
numbers 6 and € with 0 < § < 1 and 0 < ¢ < 1/N, the operator norms of the
differentials of ©° and ¢S satisfy

v1+ CNe
0

v1+ CNe

and eS| <

ldg || <
Jor any x € DY, . N Fy.

Proof. Let « € D . N F} be any point. We first estimate ||dpf]|. Take any unit
vector v € R™. We see that

st =3 (2 (5) ooy + 2,

J=1
1 /d (R\) =22 RO (R " vjz;  R?
—— (= (= Yot Y (2 Yty v
r? (37’<T>) o ;a4+ TQ&T(T)<:K’U>Z 2 T
It follows from (i), (ii), and x € D} _ that
a2r? N_1<a2 ) 72
=1+ — —1) - =1+0(Ne?)
a; ]2

and so

kdl 2
—— =1+ 0(Ne&?), — =14+ 0O(N¢e).
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We also have

4 n 2 N-1 4 2
a X a x5
Y =t — — 1) = =1+ O(Ne?),
[]|* <= o] — \q; edl
j=1 J j=1 ~J
2 n n N—-1 2
R o OVE R /T S N X0 VO
2l <= af = =l a; el el
j=1 j=1 j=1 J

By these formulas, setting ¢ := (z,v)/||z|| and g := rZ (£), we have

(37) A @I = g1+ O(Ne) + 2 (1 4 o(N=))

2tR R?
+ ZH0(Ne) + =
r r

2
We are going to estimate g. Letting f(r) := fOT t"~le='7 dt, we have

1"2 1
Or _ n—1n"'I "1f( )”1 Ty <nTrf(r) e T,
o
which together with f(r) > e -3 Jottdt = e T /n and 7 > 0\/n yields
0< a—R < — \/_ < 1
or — r 0
Since R < v/n—1 and r > 6y/n, we have 0 < R/r < 1/6. Therefore,
OR R 1
9l = |57 — = < .
or T 0

Thus, (3.7) is reduced to

2t2R R?
ldeg (v)|2 = £2g° + g+1—+ow4Na

2 2
— 2 @_]f) +(1— tQ)% +O(0~>Ne) <07 + O(0*Ne).

This completes the required estimate of ||dS (v)]].
If we replace R with v/n — 1, then ¢* becomes ¢° and the above formulas are

all true also for ¢°. This completes the proof. U

We now give an infinite sequence {a;}, i = 1,2,..., of positive real numbers

and a positive real number a. Consider the following two conditions.

(al) a; > a for any i.
(a2) a; = a for any ¢ > N and for a positive integer V.
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Lemma 3.5. If we assume (a2), then, for any real numbers 0 < 0 < 1 and e > 0,
we have

(1) Tim ef o,y (D) = 1,
(2) Jim v (D N EF5) =1,
3 I €}y (D N7 (F)) = 1

Proof. The injectivity of ¢® and (3.4) imply e?mai}(gpg(FQ")) = Y2y (F7)-
Lemma [27, Lemma 7.41] tells us that fy?a?}(FG”) = Y2y (L7H(Fy')) tends to 1
as n — 0o. Since GT\L/ﬁ’ a%lj, and V{1z) are rotationally symmetric, and since

Lil(D]’{CE) is scale-invariant, we see that

Ezﬁ(L_l(D%,s)) = O-\n/:LITl(L_1<DK7,5)) = 7?12}(L_1(DX/,5))7
so that
E?mai}(DK/,a) = U?Jiflai}(D%,a) = 7?&3}(D]Tif,a)
The Maxwell-Boltzmann distribution law (Proposition 3.2) leads us that a?&ija_}(DR,’e)

converges to 1 as n — oo, where we note that (a2) implies (A3) and that (A0) is
satisfied clearly. This completes the proof. O

Lemma 3.6. Assume (al) and (a2). If a subsequence of {PE?\/ﬁai}}" con-

verges weakly to a pyramid P, as n — oo, then

Pao € P,

Proof. Take any real number € with 0 < ¢ < 1/N and fixit. Let 6 := 1/4/1 4+ C'Ne,
where C' is the constant in Lemma 3.4. Note that ¢ satisfies 0 < § < 1 and tends
to1lase— 0+.

We first prove the lemma for (E?\/ﬁai}’e?\/ﬁai}) = (Eymai},e?mai}).
By Lemma 3.4, the map ¢ is #~2-Lipschitz continuous on Dy .M Fy'. We remark
that ¢° is injective and satisfies (¢°)'(D}.) = Dj.. For any Borel subset
A C R™, we see from (3.4) that

Yoy (DR N Y 01 () 71(4))
- Yy (Diee N Ef)
Ve (@) DR NN NA) € g, (DR N F (Fy) N A)
Ve (#5) 71 (DR N 0¥ (7)) F jitay (Dive N 9% (F7)

A).

o5 (Va2 | D3 oy ) (A)

= E? Tflai} |DTI\L]’Eﬂ<p5(FgL)(
Thus, the §%-scale change 6?X,, of the mm-space

—~—

X = (R ]| - H,E?\/ﬁai}’D%,Eﬂapg(FgL))
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is dominated by Yy, := (R", || - ||, 77,2y, _ary) and so 6*PX, = PO?X, C PY,
for any n. Combining Lemma 3.5 with Proposition 2.16, we see that, as n — oo,

2 n
p(O"P X, PEY fimt0ny) < 2drv (e {ﬁaz}’DNEﬁsDS(Fg")’e{mai}) — 0,
p(PYn, PLl2y) < 2 dov (Y], D .ory s Vazy) = 0.
Therefore, 6?P,, is contained in PF w2} As ¢ — 04, we have § — 1 and

0?P., — Ps. This completes the proof in the case where (E7

(g?\/ —1la;}’ {\/ lal})

We prove the lemma for (E?ﬁai}’e?Jﬁai}) (SF\/LMZ}’ ?\/L Z}) For
any Borel subset A C S}, ‘ \/— g We have
Ty (D OV ER 1 ()71 (4))
’Y?azz}(DRf,e nEg)
(LT DR ) N LTHER) N LT (%) 7H(A)))
N Yy (LN (DR ) N LTHER))
Here, L™'(D};.) is scale-invariant, i.e., a cone and L™'((¢®)"'(A4)) is a cone

generated by L7!'(A). Thus, by (3.6) and the rotational symmetry of Vizys the
above is equal to

{vn—1a;}’ {\/ lal})

‘Pf(ﬁa?} Dy, nFp)(A) =

n—1 - n - n—1 n
PRI i oA
oL (LN (Dy,) oA (DR {Va—Ta:} PR

Since ¢° is 6~*-Lipschitz continuous on DY _ N Fy, the #?-scale change 0*X], of
the mm-space

X = @ Lo o)
is dominated by Y, := (R", || - H:”Y?azﬂD?VEﬂFgl)- The rest of the proof is exactly
in the same way as before. This completes the proof. O

Le_r>nma 3.7. If we assume (a2), then PE?mai} converges weakly to PFf{’Zg} as
n — 00.

Proof. Assume (a2) and suppose that PE{ T as) does not converge weakly to
P2y as n — oo. Then, there is a subsequence {n(j)} of {n} such that
£
{v/n(i)—1ai}
The Maxwell-Boltzmann distribution law tells us that the push-forward mea-

converges weakly to a pyramid P, different from PI’ ?32}'

. n(g)y n() :
sure l/s(j) = (m).e {\J/—lal} converges weakly to yl{“ 2y 88 j — 00 for any
k k n(7) :
k, so that (R, || - |, vy ])) box converges to I'y, 2y Since E{maz} dominates
(RE || - ||, vF Vp(j)): the limit pyramid Pe contains F , for any k. This proves

(3.8) Poo D PI'f2y-



HIGH-DIMENSIONAL ELLIPSOIDS 17

Let a; := max{a;,a}. It follows from a; < a; that Ef ST as) is dominated

by Bfva=tay
Lemma 3.6, the limit of any weakly convergent sequence of {PE{ nTa, }}n is

contained in PT'%,,. Therefore, Py, is contained in PI'7S {azy- Denote by [ the

which implies PE7 (iTay C C PE? CnTan for any n. By applying

number of ¢’s with a; < a. For any k£ > N, we consider the projection from

FkH} to T (a2} dropping the axes x; with a; < a, which is 1-Lipschitz continuous

and preserves their measures. This shows that F’E“} dominates F’E&Z}, and so
PF?Zz} D PF‘EZZ}. We thus obtain

Combining (3.8) and (3.9) yields Ps = PF‘{’ZZ}, which is a contradiction. This
completes the proof. O

Lemma 3.8. Let {a;;} satisfy (A0)—(A3). If pE"U
to a pyramid Py as j — oo, then
Poo D PL2.

converges weakl
{\/ J)_ ‘7'2]}2 g y

Proof. Note that the sequence {a;} is monotone nonincreasing. Put i := sup{ 7 |

a; >0} (< o00). We see a;, > 0 if iy < oo. The Maxwell-Boltzmann distribution

k. ()Y n0) k :
law proves that v, = (m. ). e{maw}l converges Weakly 60 Vip2y 85 J =

oo for each finite £ with 1 < k < i3. The ellipsoid Jolk dominates

{\/ ]) 1alj}l

R* || - I, v* Vp(j))» Which converges to F’Eag}, so that F{aZ} belongs to Ps. Since
F]Ec@} for any k > iy is mm-isomorphic to F’fag} provided 7o < 0o, we obtain the
lemma. U

Lemma 3.9. Let {a;;} satisfy (A0)-(A3). If PE

to a pyramid P, as j — 0o, then
7) C Pr{a2}

converges weakly
\/ n(j)—Lai;}i

Proof. Since {a;} is monotone nonincreasing, it converges to a nonnegative real
number, say dq.

We first assume that a,, > 0. We see that a; > 0 for any 7. For any ¢ > 0
there is a number I(¢) such that

(3.10) a; < (14 ¢)a for any i > I(e).
Also, there is a number J(g) such that
(3.11) a;j < a; + aoof for any i < I(e) and j > J(e).

By the monotonicity of a;; in ¢, (3.10), and (3.11), we have

(3.12) aij < age),j < are) + e < (14 2¢)as for any i > I(e) and j > J(e).
It follows from (3.11) and a. < a; that

(3.13) a;; < a; + aooe < (14+¢€)a; for any i < I(e) and j > J(e).
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Let
L if 1 < I(e),
T Nase ifi > I(e).

By (3.12) and (3.13), for any ¢ and j > J(¢), we see that a;; < (1+ 25)(75, and so
n(j) n(4) n(4)
ELD) = B iaey g = (L4 26)ER7. Lemma 3.7 implies that PE{mbm}
converges weakly to PI'Y y as j — oo. Therefore, Py is contained in (1 +
2€)PF{62
25)731"’22} for any € > 0. This proves the lemma in this case.

{02,
} for any ¢ > 0. Since b.; < a;, we see that P is contained in (1 +

We next assume ao, = 0. For any € > 0 there is a number I(¢) such that
(3.14) a; <€ for any i > I(e).

We may assume that [(e) =g + 1 if iy < oo, where i :=sup{ i | a; > 0 }. Also,
there is a number J(¢) such that

(3.15) ar(e); < rey +€ for any j > J(e);

(3.16) a;; < (1+¢€)a; for any i < I(e) and j > J(e).

It follows from (3.14) and (3.15) that

(3.17) aij < ape); < arey +€ <2 foranyi>I(e) and j > J(e).
Let

y e i<,
T ) 2 if i > I(e).

From (3.16) and (3.17), we have a;; < b.; for any i and j > J(¢), and so E{ =
E?bu y for j > J(e). Lemma 3.7 implies that PE"Y) converges weakly to

{v/n()—1be,i}

PI y as j — oo. Therefore, Pu is contained in PF{b2 3 for any € > 0. Let k be

any number with k > I(g). The Gaussian space I'¥ 2.} is mm-isomorphic to the

[2-product of F ];Qa 2) and F?égz)}ﬂ. It follows from the Gaussian isoperimetry
that
) k—I(e)+1 . )
ObsD1am(F{(2€§§)}+ ) = ;I;fo‘ max{2¢e diam(yy2; 1 — k), K} =: 7(¢),

which tends to zero as ¢ — 0+. If 7(¢) < 1/2, then, by [27, Proposition 7.32],

I(e) I(e)-1
PPl 3 PT (o)) < deone(Tisz o T (o)) < 7(E).

Taking the limit as £ — oo yields
I(e)—1
(PTG 4 P ay) S 7(6).

There is a sequence {e(1)}, [ = 1,2,..., of positive real numbers tending to zero

such that PI'® {b2 converges weakly to a pyramid P, as [ — co. P, contains
e(l)-1

Pac and PTG ey [(Lre)az) 18

contained in PTR, 2,2y and since PIY, 12,2y = (14 £(1))PI,, converges

}
(l)
converges weakly to P’ as | — co. Since PF
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weakly to PFOO 2y as [ — oo, the pyramid P is contained in PFOOQ}, so that P
is contained i 111 PF?%} This completes the proof. U

Proof of Theorem 1.1. Suppose that PEW does not converge weakl
f of pp (/AT T} verge weakly

to PF?Z?} as j — oo. Then, taking a subsequence of {j} we may assume that

PE”(J)
{\/ n(J -1 ‘117}1

contradicts Lemmas 3.8 and 3.9. Thus, PE"
P ?32} as j — 00.

As is mentioned in Subsection 2.8, the infinite-dimensional Gaussian space
F‘Ezg} is well-defined as an mm-space if and only if {a;} is an [>-sequence, only in

converges weakly to a pyramid P different from PF?Zz}, which

converges weakly to
{\/N(J) lagj}i & Y

which case the above sequence of (solid) ellipsoids becomes a convergent sequence
in the concentration topology.

Assume that a; converges to zero as i — oo. It is well-known that the Ornstein-
Uhlenbeck operator (or the drifted Laplacian) on I'!, has compact resolvent and
spectrum {ka =2 | k =0,1,2...} (see [19]). Thus, the same proof as in [27, Corol-
lary 7.35] yields that F?(ﬁ} asymptotically (spectrally) concentrates to PF‘{’Zz}.

Conversely, we assume that a; is bounded away from zero and set a := inlfi a;.
Applying [27, Proposition 7.37] yields that PF (a2} is not concentrated. Since
P (a2} contains 731“002}, the pyramid 731“02} is not concentrated, which implies

that £"V) does not asymptotically concentrate (see Theorem 2.19).
=Ty ymp y ( )

This completes the proof of the theorem. O

Let us next consider the convergence of the Gaussian spaces.

Proposition 3.10. Let {a;;}, i = 1,2,...,n(j), 7 = 1,2,..., be a sequence of
nonnegative real numbers. If sup; a;; diverges to infinity as j — oo, then F?CEJQ)}
]

infinitely dissipates.

Proof. Exchanging the coordinates, we assume that a;; diverges to infinity as

j — 00. Since I’ 12 is dominated by I' n()

(a2} We have
13 ij

ObsDiam(F{(é)}, —K) > diam(Fi%; 1—kK) =00 asj—oo.
17 J
This together with Proposition 2.18 completes the proof. U

In a similar way as in the proof of Theorem 1.1, we obtain the following.
Corollary 3.11. Let {a;;} satisfy (A0)—(A3). Then, F{(é)} converges weakly to
PT (EZ?} as 7 — 0o. This convergence becomes a convergence in the concentration
topology if and only if {a;} is an [*-sequence. Moreover, this convergence becomes
an asymptotic concentration if and only if {a;} converges to zero.
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Proof. Suppose that "9 does not converge weakly to PF a2y 28 7 — 00. Then

{a 3]}

there is a subsequence of {PT {a2.}} ; that converges weakly to a pyramid P differ-
ij .

ent from PI'g,). We write such a subsequence by the same notation {PFn(] )} }

Since I'* , | is dominated by I

{a3;} {a 2}
Fl{“ag} as j — 0o, we see that F{(L?} belongs to P, for any k; so that

for k < n(j) and I'¥ {a2 ) COLVETgES weakly to

P D PF{QQ}

We prove P, C PF‘{)Z2} in the case of as, > 0, where ay, := lim;_, a;. Under

(s > 0, the same discussion as in the proof of Lemma 3.8 proves that there are
two numbers I(¢) and J(e) for any € > 0 such that (3.12) and (3.13) both hold.
We therefore see that, for any & and 7 > J(¢), F'{“ 2 is dominated by (1 +5>Flfa2}’
and so 731“71(J C (1+¢€)PT¢s,. This proves Poe C PI'Y 2y

We next prove Py C PF?Z?} in the case of a., = 0. Let bg,Z be as in Lemma 3.9.
The discussion in the proof of Lemma 3.9 yields that a;; < b.; for any ¢ and for
every sufficiently large 7, which implies P,, C PI'¥ 02 ) . We obtain P, C PFO" 2y
in the same way as in the proof of Lemma 3.9. The weak convergence of I' {a;}

ij

to PI'%, , has been proved.

The rest is identical to the proof of Theorem 1.1. This completes the proof. [

4. BOX CONVERGENCE OF ELLIPSOIDS

The main purpose of this section is to prove Theorem 1.2.
Let us first prove the weak convergence of e? iTay} if {a;;} [*-converges.

Lemma 4.1. Let A be a family of sequences of positive real numbers such that
A is bounded in (*. Then we have

1) lim sup do(€lro 1) ley) = 0,
niee (P PG ATy Tay

(2) limsup sup Wa(o7 ﬁa ,”yag) < V2 sup a;
n—oo {a;}€A { Tai}? Haiy {al}e.»éll;%_1

for any positive integer k.

Proof. We prove (1). Let r(x) := ||L™!(z)] as in Section 3. Take any real number
6 with 0 < 6§ < 1 and fix it. Let us consider the normalization of the measures
e?\/ﬁai}b‘l([@\/ﬁ,m]) and 7?a%}|r_1([9m79_1m]), which we denote by €}
and vy, respectively. Set

Vo = €pg({z €R" [Ovn —1 <|z|| <vn—-1}),
won =Yy ({z €R" [0vn —1 < Jlzf| <O07'Vn —1}).
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We remark that
Vo = € yimtay (1 [0V = 1,Vn = 1])),
we,p = v?a?}(r_l(w\/n —1,07%/n—1))),

lim vy, = lim wy, = 1.

It then holds that
(4.1) dp (€} 10 €6) < drv(€] 10y, €9) =1 — Vo,
(4.2) dp(Vo2y:70) < dov(Vf2y 7)) = 1 — Won,

where the right equality in (4.1) follows from (2.1) and

dey [ onr H([0vn—1,vn—1]),
de} 1o ong?mai}\r_l([ex/n—1,\/n—1]).

{V/n—1a;}

(4.2) is obtained in the same way.
To estimate dp(ej, ), we define a transport map, say v, from 74 to €} in the
same manner as for ¢ in Section 3, which is expressed as

Y(x)=—x, z€ r_l([é’\/n —1,67/n— 1]),
r
where R is the function of variable r € [6v/n — 1,0~ '/n — 1] defined by

0vn—1<R<+vn—1 and ~}(B.(0)) = es(Bz(0)).

It holds that

~ . [Fnte st dt

R'=R"+ (R —R")———(—,
[ tntem2dt

where r := R:=0y/n—1,7:=0"'v/n—1, and R := v/n — 1. Looking at the

ranges of 7 and R, we have 62 < ]:2/7" < #~', which implies

(_é — 1) < max{(1—6%)? (67" — 1)’} = (1 -6

r

if 0 is sufficiently close to 1. Then we have
i 2
Wi(eg,75)* < . lo(x) — || dvyg () = /R <? - 1) |lx|* dg ()
< (07 - 1) s |]* dvg ()

(6% —1)* .
< "y?alz}(rfl([e\/n — 1,971\/71 — 1])) /]Rn ||‘TH d’)/{alz}(x)

2 2 N
UL )
Wo n !

=1
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which together with (4.1) and (4.2) implies

§ i (62 . 1)2 n ) 1
dP(E{\/mai}7’Y{a?}) S 2 - U@,n o wgvn + Wo.n Z a;

and hence

limsup sup dp(€} o ,’7a2)
mSIp SUp P aTa Ve

g(( —1 sup Za) —0 asf — 1+.

{ai}eA
This proves (1).

: S n n—1 . .
We prove (2). Using the transport map ¢° from Va2 to Ot JnTany 11 Section
3, we have

Wz("?\?rlﬁai}ﬁ?ﬁ})z = /R |2 - ¢°(2) H2 dviay (2)

1 e 2
/ Za 2do™ () - I / (r — \/myr”’le’r 2 dr,
Sn— 1 n—1

0
where I, = foootme_t /2 dt.
,'nmefr2/2 < mm/267m/267(r7
Therefore,

1 o0
7 / (r — \/m)lr’"’le’ﬂ/2 dr <
n—1J0

V212
~ (1_1/(71_1))(”71)/2 —V2asn— 0.

We see in the proof of [27, Lemma 7.41] that
Vm)?®/2 and also that I, ~ /m(m — 1)™/2e=(m=1)/2,

o (n — 1) D/2=(n=1)/2

n—1

For any e > 0 and k with 1 <k <n—1,let S;.' == {z e S"7'(1) | |z <
efori=1,2,...,k}. Then,

/sn (anspt ; atetdo™ (@) £ " HSTHONSE D el
/ 1271:& 7} do" Za + Z
S ;

i=k+1
which imply

sup / azx? do™”
{ai}GA Sn— 1 Z

< ("N (SN ST 4+€%) sup Za + sup Z a?

{aiyeA D] {as}yed, 57,
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Since a”fl(Snfl(l)\SZ;I) tends to zero as n — 0o, we obtain (2). This completes

the proof. O
Proposition 4.2. Let {a;;}, i = 1,2,...,n(j), j = 1,2,..., be a sequence of
positive real numbers, where {n(j)}, 7 =1,2,..., is a sequence of positive integers
divergent to infinity. Let {a;}, 1 =1,2,..., be an [*-sequence of nonnegative real

numbers. We assume

n(j)
1 PR — . 2 f—
jliglo Zl(a” a;)" =0
Then we have

n(j) 00 ; .
(1) € {\/—1%}1 converges weakly to Viazy, @8 J = 00
(2) o "(j) converges to v, in the 2- Wasserstein metric as j — oo.

{\/ —lag}i {ai}i

n(7)
n(j)—laij}i

o)

In particular, E’{ box converges to F{ag}_ as j — oQ.

Proof. We first prove (2). We set a;; := 0 for i > n(j)+ 1. Lemma 4.1(2) implies

lim sup Wy n(j) 2
]—)oop ( {\/ n(] 1a1]}1 ?]}2)

<\/_hmsup2a \/52&?—>0ask—>oo.

IO kg1 i=k+1

Gelbrich’s formula [8] tells us that

o0
Wz(’Y?a(gj)}ia’VfZg}f = Z(aij —a;)* — 0 as j — o0,
i=1

By a triangle inequality, we obtain (2).
(1) is proved in the same way by using Lemma 4.1(1) and by remarking dp” <
W,. This completes the proof. U

Lemma 4.3. Let {b;;}, i=1,2,....n(j), j =1,2,..., be a sequence of positive
real numbers, where {n(j)}, j =1,2,..., is a sequence of positive integers diver-
gent to infinity. If Z?:(]f b?j converges to a positive real number as j — oo, then

n(j) - -

e has no subsequence converging weakly to the Dirac measure 0, at
e oo g ging y
the origin o in H, where we embed the (solid) ellipsoids E" Cc R"0)

. {\/”(J —1by}
?(])n(j)—l-bij}i as Borel probability

into the Hilbert space H naturally and consider e

measures on H.
Proof. Applying Lemma 4.1(1) yields that

n(J)
i dp (e, {\/ oy Yoy = O
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We prove that {’y?b(g)}} have no subsequence converging weakly to d,. Suppose
ij

that dp(’y{b2 d,) < ¢; for some ¢; — 0 as j — oco. Then we have

Ty R\ Boy(0) <

}7

This implies

[P [ jalPage)
Rn ¥} n\BE] (O) )

. 1 (i 2
<t @B o) ([ el o)
<er2ey5 [ el i) a),

where the last inequality follows from the reverse Holder inequality for Gaussian
measures; there is an absolute constant ¢ > 0 such that

UL ””T”q%))é et (/. ||xupd7<x>>3’

for any ¢ > p > 1 and for any Gaussian measure y on R" (see [2, Theorem 2.4.6]).
Hence

n(5)
i D07 = i [ el dniih ) o
which is a contradiction. Therefore {7{1; } does not have a subsequence converg-

kly to d, and neither d
ing weakly to d, and neither does {e{\/—lbw}}

We next prove the lemma for o . It holds that

{\/

n(j)
2 15— b2 )—1 / 2 om0 ().
/S”“)l Ivli™d {\/ J) 1b”} Z (n(3 ) snfl(l)x1 i )

{Vn@@)—1b45}4
It follows from the Maxwell-Boltzmann distribution law that

lim (n(j) — 1)/ 22 do"9 V() = 1.
e sn=1(1)

We therefore have

. 2
Jlggo g1 lyl™d {\/—1b J} Jlggozb
{V/n()—1bi;}4
On the other hand, the reverse Holder inequality on a sphere (see [2, Remarks
2.4.7)) yields

l\)

1 — 2¢,/E; 2 o) }
=2 [ WP )<

(G)-1
{V/n()—1b55};
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if dp ,00) < €4, in the same way as above. These contradict each
( { /—1 b”}g ) >~ &5 y

ther. Th )1 h b i kly to &,. Thi

other. us {a{ \/mbw}} ave no subsequence converging weakly to is

completes the proof of the lemma. O

For the proof of Theorem 1.2, we need the following lemma, which is the special
case of Theorem 1.2 where the limit is a one-point mm-space.

Lemma 4.4. Let {a;;}, 1 = 1,2,...,n(j), j = 1,2,..., be a sequence of posi-
tiwe real numbers, where {n(j)}, 7 = 1,2,..., is a sequence of positive integers
divergent to infinity. We assume that

(i) lim a;; =0 for any i,
J]—00
(ii) hjrggjlf Z a;; > 0.

Then, there exists no box convergent subsequence o gmY) .
J K I i)

Proof. Let {a;;} be a sequence as in the assumption of the theorem. Sorting {a;;}
in ascending order in i, we may assume that a;; is monotone nonincreasing in i

for each j. We suppose that {F has a box convergent subsequence,
J- pp {{¢__hmﬁ g q

for which we use the same notation. Then, by (i) and Theorem 1.1, the box limit
of {F£ is mm-isomorphic to a one-point mm-space. We set
{ {ﬁ—T%h} P p p
1
2
2 @ij
E a;; and b;; 1= —————.
— 77 max{A;, 1}

n() is dominated by E"V) , so that

( {\/ 1bz_7}z {\/ ]) 1alj 1
nJ

E box converges to a one-point mm-space as § — oo. We remark that
(V/nG)—Tbis s & p p J

Since b;; < a;;, we see that B

n(J)

liminf Y b2 >0 d b2<1
1}2&1 221 an Z <

. . n ] 2 o).
Taking a subsequence again, we assume that Zi:l b;; converges to a positive

. : : n(5)
real number as j — oo. Applying Lemma 4.3 yields that {e{ \/—15”-}} has no

subsequence converging weakly to d, in H. Since B box converges

{\/ J) 1bz]}z

to a one-point mm-space, say *, as j — oo, Lemma 2.13 implies that there is

. _- . . . n(]) . .
a sequence of e;-mm-isomorphisms f; : E{\/ﬁbu}z — * with ¢; — 0+ as
— 00. A nonexceptional domain of f; has "V -measure at least 1 —¢;
J P /i {v/n(i)—1bis} !

and diameter at most ;. There is a closed metrlc ball B; C H of radius ¢;
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that contains the nonexceptional domain of f;. Note that ¢\ B;) >

eep Ji {\/n(j)—lbn}i( i)z

1—¢; - 1as j — oo. If Bj were to contain the origin o of H for infinitely

many 7, then a subsequence of e"V) ould converge weakly to 9,,
v “ s} would converge weakly

which is a contradiction. Thus, all but finitely many B; do not contain the

igin of H, and B; do not intersect —B; f h B;. Si ) i
origin o an 5 dO 1Ot 1Intersec 4 IOr any suc j 1mnce 6{ ’—n(j)flbij}i 1S

centrally symmetric with respect to the origin, we see that ") —-B;) =
y sy p g {\/m%}i( ;)

e B;) > 1 — ¢;, which is a contradiction if j is large enough. This
( /—n(j)—laij}i( i) > jr W J g g
completes the proof. O

Lemma 4.5. Let {X,}, n=1,2,..., be a box convergent sequence of mm-spaces
and {Y,}, n=1,2,..., a sequence of mm-spaces with Y,, < X,,. Then, {Y,,} has
a box convergent subsequence.

Proof. The lemma follows from [27, Lemma 4.28 (1) and (3)]. O

Proof of Theorem 1.2. We assume (A0)—(A3).

The ‘if” part follows from Proposition 4.2.

We prove the ‘only if’ part. Suppose that {£"Y) is box convergent

prov y if’ p pp U e ayy, ) 18 box converg
and that {a;;}; does not [*-converge to {a;} as j — oo. We first prove that
{a;} is an [?>-sequence. This is because, if not, then, by Theorem 1.1, the weak
limit of { ") is not an mm-space, which is a contradiction to the box
{ {\/”(j)_laij}i} p

convergence. Replacing {a;;}; with a subsequence with respect to the index j, we

2

assume that lim;_, ., 27:(]1) aj; exists in [0, +oo]. We prove

n(j)

(4.3) ll)m Za?j > ia?.
T i=1

In fact, if the left-hand side of (4.3) is infinity, then this is clear. If not, the
Banach-Alaoglu theorem tells us the existence of an [>-weakly convergent subse-
quence of {a;;}. Since {a;;}; does not converge to {a;} [*-strongly as j — oo, we
obtain (4.3).

Take a real number ¢y in such a way that

(4) 00
0< i 2 2,
fo< im ) af—) o
=1 =1
Setting

9] if ¢ < k,
Ak = o
a;; ifi>k+1,
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we have
n(5) n(5) n(4)
lim a;;, = lim a a = ka? + lim a
j—o0 4 Z j—o0 Z itk + Z k + j—00
i=k+1 i=k+1
n(5)
= ka; + ]ll)rrolo aw Z a; > €p.

Thus, for any positive integer k there is j(k) such that
n(j(k)) 1
2
Z Qe > €0 and  [agjgy —ax | < T
i=1
Letting b := ayj()k, we observe the following.
® by, < ajjx) for any i and k.
e ), is monotone nonincreasing in ¢ for each k.
o by = alj(k‘)k‘ = apjy < ar +1/k — 0 as k — oo.
o Z”(](k b2, > e > 0 for any k.
Consider B, := E"V®) . It follows from Lemma 3.1 that E}, is dominated
N v ¢
ErUk) for any k and so Lemma 4.5 implies that {E}} has a box
{WVnlk)=Lagm)ti Y P { k}

convergent subsequence. However, Lemma 4.4 proves that {FEy} has no box
convergent subsequence, which is a contradiction. This completes the proof. [J
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