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Abstract� �

The weighted Grassmannian wGr defined by Corti-Reid [1] is a projective variety with at worst orbifold

singularities, given by the Plücker relations regarded as a weighted homogeneous polynomials with certain

weights. It carries a natural action of an (n− 1)-dimensional torus wR and we study its rational equivariant

cohomology. We introduce the equivariant weighted Schubert classes, and after we show that they form a

basis of the cohomology, we give an explicit formula for the structure constants with respect to this Schubert

basis. We also find a particular rational basis {wu1, · · · ,wun−1} of Lie(wR)∗, in which those structure con-

stants are polynomials with non-negative coefficients, up to a permutation on the weights. Furthermore, we

find the relation between the factorial Schur functions and our weighted Schubert classes.
� �

§1.Weighted Grassmannians:
Let d < n be positive integers. Let {nd} := {λ = {λ1, · · · , λd} ⊂ {1, · · · , n}} where

λ1 < · · · < λd. Let C{nd} be the affine space of the Plücker coordinates {xλ, λ ∈ {nd}}. Let

aPl× := aPl×(d, n) be the quasi-affine variety in C{nd} − {0} given by the famous Plücker

relations. The n-dimensional complex torus TC acts on aPl× by

ρ : TC→ (C×){nd}, (t1, · · · , tn) 7→ ( tλ := tλ1
· · · tλd )λ∈{nd}.

Recall that the usual Grassmannian Gr is the quotient of aPl× by a diagonal torus DC in TC.

Now choose ~w := (w1, · · · , wn) ∈ (Z≥0)
n and a ∈ Z≥1.

We introduce the weighted diagonal in TC: wDC := {(tdw1+a, · · · , tdwn+a) ∈ TC | t ∈ C×}.
Definition (Corti-Reid [1])� �

The weighted Grassmannian is a projective variety with at worst orbifold singularities,

defined by wGr : wGr(d, n) := aPl×/wDC ⊂ P(C{nd})w
where P(C{nd})w is the weighted projective space with the weights (wλ := a+

∑
l∈λwl)λ∈{nd}.

It carries the residual action of wRC := TC/wDC. Remark that the ordinary Grassmannian

Gr is a special case when ~w = 0, a = 1. We use DC and RC for the corresponding tori.
� �

We study a quasi-cell decomposition of wGr, i.e. each “cell” is a quotient of a usual cell by

a finite group action, generalizing the ordinary Schubert cell-decomposition, and it implies

Theorem 1� �

H∗(wGr) is concentrated in even degree and H∗wR(wGr) is a free H∗(BwR)-module.
� �

Note that the coefficients of cohomology is assumed to be Q in this poster.

§2.Weighted Schubert Classes:
Consider the natural maps for the Borel constructions of Gr, aPl× and wGr

ER×R Gr
h←− ET ×T aPl× wh−→ EwR×wR wGr

Proposition 2� �

h∗ : H∗R(Gr)→ H∗T (aPl×) is an isomorphism of rings over H∗(BR).

wh∗ : H∗wR(wGr)→ H∗T (aPl×) is an isomorphism of rings over H∗(BwR).
� �

Definition� �

Let aΩλ(⊂ aPl×) be the preimage of the Schubert variety Ωλ(⊂ Gr) under the quotient

map aPl×→ Gr. Define

aS̃λ := [aΩλ]T ∈ H∗T (aPl×) and wS̃λ := (wh∗)−1(aS̃λ) ∈ H∗wR(wGr).
� �

The class aS̃λ is related to the usual R-equivariant Schubert class S̃λ in H∗R(Gr), by

S̃λ = (h∗)−1(aS̃λ). Furthermore, our weighted Schubert class wS̃λ can also be interpreted

geometrically as follows.

Remark� �

H∗T (aPl×) is naturally identified with the wR-equivariant cohomology of weighted Grass-

mannian orbifold stack w̃Gr := [aPl×/wDC]. The isomorphism wh∗ is nothing but the

identification to the cohomology of its coarse moduli space wGr. Under this identification,

wS̃λ should be regarded as the class associated to the wR-invariant substack [aΩλ/wDC]

which may be called the weighted Schubert stack.
� �

§3. Equivariant Structure Constants:
Working out the GKM (Goresky-Kottwitz-Macpherson) description for wS̃λ, we can prove

Proposition 3� �

{wS̃λ, λ ∈ {nd}} is an H∗(BwR)-basis of H∗wR(wGr).
� �

This allows us to define the equivariant structure constants for H∗wR(wGr):

Definition� �

For λ, µ, ν ∈ {nd}, define wc̃νλµ ∈ H∗(BwR) by wS̃λ · wS̃µ =
∑
ν wc̃νλµwS̃ν.

� �

The Equivariant Parameters for wR� �

Let {y1, · · · , yn} be the standard basis of Lie(T )∗ and identify H∗(BT ) = Q[y1, · · · , yn].

Let
wui := (yi+1 − yi)− (wi+1−wi)

wid
yid for i = 1, · · · , n− 1,

where id ∈ {nd} is the unique minimum element in the Bruhat order and yλ := yλ1
+· · ·+yλd.

The quotient map T → wR induces the identification

H∗(BwR) ∼= Q[wu1, · · · ,wun−1] ⊂ H∗(BT )

In particular, H∗(BR) = Q[y2 − y1, y3 − y2, · · · , yn − yn−1].
� �

§4. Computing the Structure Constants:
An explicit formula for wc̃νλµ is obtained from the Knutson-Tao’s puzzle formula [2], inter-

preted through the isomorphisms h∗ and wh∗, as follows.

• 1st STEP Under the isomorphism h∗, we have

aS̃λaS̃µ =
∑
ν

c̃νλµaS̃ν in H∗T (aPl×) (1)

where c̃νλµ ∈ H∗(BR) is the equivariant structure constants for the ordinary Grassmannian,

which is computed in [2] by equivariant puzzles. This expands the product in terms of aS̃ν’s

by regarding H∗T (aPl×) as an H∗(BR)-module.

• 2nd STEP We want to rewrite (1) into an expansion formula of the product in H∗T (aPl×)

as the H∗(BwR)-module. Since c̃νλµ is a polynomial of yi+1 − yi’s, the key is the following

formula essentially equivalent to the equivariant Pieri rule :

Lemma 4� �

(yj − yi) · aS̃ν =

(
(yj − yi)− wj − wi

wν
yν

)
· aS̃ν +

∑

ν ′→ν

wj − wi
wν

· aS̃ν ′.
� �

Since the coefficients on the RHS are in H∗(BwR), it converts the H∗(BR)-multiplication to

the H∗(BwR)-multiplication. We apply this formula to (1) iteratively and obtain the desired

expansion:

aS̃λaS̃µ =
∑
ν

w̃cνλµaS̃ν.

The resulting formula for w̃cνλµ obtained by this procedure is written in our paper.

• 3rd STEP By the isomorphism wh∗, we conclude that w̃cνλµ is the equivariant structure

constant for H∗wR(wGr):
wS̃λwS̃µ =

∑
ν

w̃cνλµwS̃ν.

The term (yj − yi) − wj−wi
wν

yν in Lemma 5 is written non-negatively in terms of the basis

wui’s if w1 ≤ · · · ≤ wn. Therefore the equivariant positivity for the formula of c̃νλµ implies

Theorem 5� �

w̃cνλµ is a polynomial of wu1, · · · ,wun−1 with non-negative coefficients if w1 ≤ · · · ≤ wn.
� �

§5. Relation to the Factorial Schur Functions:
Let x = (x1, · · · , xd) and a = (a1, · · · , an) be sequences of variables. The factorial Schur

function sλ(x|a) is a polynomilas in x and b. A relation to the ordinary equivariant Schubert

classes S̃λ is that the pullback S̃λ|µ to a fixed point indexed by µ is given by (c.f. [4], [3], [2])

S̃λ|µ = sλ(−y(µ)| − ȳ).

where ȳ := (yn, · · · , y1) and y(µ) := (yµ1
, · · · , yµd). We generalized this to S̃λ by introducing

yµ := ( y1 − (w1/wµ)yµ , · · · , yn − (wn/wµ)yµ )

Theorem 6� �

wS̃λ|µ = sλ(−yµ(µ)| − ȳµ).
� �

§6. Example wGr(2, 4): The Bruhat order in {4
2} is given by

id = 34← 24← 23, 14← 13← 12.

aPl×(2, 4) in C{4
2} − {0} is given by the Plücker relation: x14x23 − x13x24 + x12x34 = 0.

From S̃23S̃14 = (y4 − y1)S̃13 in H∗R(Gr), we can derive

wS̃23wS̃14 =

(
(y4 − y1)− (w4 − w1)

w13
y13

)
wS̃13 +

(
w4 − w1

w13

)
wS̃12.

§7. Example wGr(1, n): The Bruhat order in {n1} is given by

{n} ← {n− 1} ← · · · ← {2} ← {1}.
Since aGr(1, n)× = Cn\{0}, we have wGr(1, n) = CPb1,··· ,bn where bi = wi + a and

CPb1,··· ,bn ⊃ CPb1,··· ,bn−1
⊃ · · · ⊃ CPb1,b2,b3

⊃ CPb1,b2
⊃ pt (weighted Schubert varieties).

We find that H∗wR(wGr(1, n)) ∼= H∗T (aGr(1, n)×) ∼= Q[y1, · · · , yn]/(y1 · · · yn) and

wS̃{n} = 1, wS̃{n−1} = yn, · · · , wS̃{k} = yk+1 · · · yn, · · · , wS̃{1} = y2 · · · yn.
It follows from our formula for wc̃νλµ that

wS̃{n−1} · wS̃{k} =

(
yn − bn

bk
yk

)
wS̃{k} +

bn
bk

wS̃{k−1}.

This is a special case of the following weighted analogue of the equivairant Pieri-rule:

Lemma 7 (Weighted Equivariant Pieri-rule for wGr)� �

wS̃divwS̃λ =

(
yid − wid

wλ
yλ

)
wS̃λ +

∑

λ′→λ

wid

wλ
wS̃λ′

� �
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