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1 Motivation of our work

1.1 Hopf algebras H,(£2050) and H,(2Sp)
o SU = SU(x), SO =50(x), Sp = Sp(x)
o SU(n) — SO(2n) — SU(2n)
o SU(n) —— Sp(n) < SU(2n)

Letting n — o0, we have

e SU — SO = SU
e SU v Sp -5 SU
e Q(cor): QSU 0,80 25 QSU

e Q(coq):QSU 2% asp 25 QSU



These maps induce the following homomorphisms:

Qcor), : Hy(QSU) % m.(0,50) €% m,(0s0).

(L2q (£2¢)

(),
Q(coq). : Ho(QSU) % g asp) €% m,(sv).

Fact 1.1

o (Or),: H,(QSU) — H,(2050) is surjective.
o (Q0),: Hi(2050) — H,(QSU) is injective.
. H

e (Qc) «(Q2Sp) — H,(QSU) is a split monomorphism.

We wish to describe H,(£20S50) and H,({2Sp) as Hopf sub-algebras
of H,(QQSU).




The “Bott map”
gn : Gr(n,C*™) 2 U(2n)/U(n) x U(n) — QSU(2n)
induces a homotopy equivalence of H-spaces (n — 00):
Joo : BU — QSU (Bott periodicity theorem).

The map g~ induces isomorphisms of Hopf algebras:

gt H*(QSU) — H*(BU),
Joox : Ho(BU) — H,(QSU).

The structure of the cohomology ring H*(BU) and the homology ring
(Pontrjagin ring) H,(BU) is well known.
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Theorem 1.2

1.

H*(BU) %Z[Cl,CQ,...,Cn,...],
where ¢, (n = 1,2,...) are the universal Chern classes. The

coalgebra structure is given by

o(cpn) = Z c; ®c; (cp:=1).

1+7=n
H.(BU) 2 Z[B1,P2,- - Bny---],
where 5, (n = 1,2,...) are induced from CP>* ~ BU(1) —

BU. The coalgebra structure is given by

S(Bn) = > Bi®P; (Bo:=1)

1+I)=n
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1.2 Work of Kono-Kozima (1978)

Kono-Kozima considered the homomorphism
Q(coq)y : H (QSU) — H,(QSU),
Qcoq)y s H(QSU)[[z]] —  H.(QSU)][z],

:Zﬁzxz —  Q(coq)«(B(x))
i = ZQ(C 0 q)«(B:)z’

i>0

Theorem 1.3 (Kono-Kozima)
Q(coq)(B(x)) =pB(z)/B(—x),
Q(coq)e(Bn) — {1—|—(—1)n+1}ﬁn—|—2rn (n=1,2,...)
(3r, € H.(BU)?).



Example 1.4

(coq)(b1) =26,

Qcoq).(B2) = 287,

Qcoq)«(Bs) =2(8s — G281 + B7),

Q(coq)«(Bs) = 2(28361 — 282587 + 1),

Qcoq)u(Bs) = 2(B5 — B3B2 — Bafr + B351 + 3B3B7 — 3B287 + B7).

Since the polynomials in the right hand side are always divisible by 2,
they defined the elements z, (n =1,2,...) as

G = ()5 (=12,

(Qq)«(B(x)) =1+4222(x), 2(x):=3]502+12".



Theorem 1.5 (Kono-Kozima)

® ring structure:
H,(QSp) 2 Z|z1,23,- -y Zon—1,-- -]
e coalgebra structure:

O(zn) =2, Q1+ 1® 2, + 2 Z 2i @ z;
1+j=n,1>1,5>1
e The elements 25, (n = 1,2,...) are defined recursively by the

formula:

Zon + Z (=1)"22z; = 0.

i+j=2n,1>1,75>1



1.3 Symmetric functions

1.3.1

Ring of symmetric functions

A: ring of symmetric functions with integer coefficients
e; (1=20,1,2,...): i-th elementary symmetric functions
h; (t=20,1,2,...): i-th complete symmetric functions

generating functions:

E(t) :Zeiti :H(1‘|‘yz th@ _H 1—1yit

1 >0 1>1 1 >0 1>1

relation:
Ht)E(—-t)=1

sx: Schur function corresponding to a partition A € P, the set all

partitions.



Fact 1.6
e A is a polynomial ring over the integers Z generated by e; (i =
1,2,...) (orh; (i=1,2,...)):
A =7Zlei,es,...| =7Zlhi, ho,...].
e A becomes a commutative and co-commutative Hopf algebra over

Z. with the coproduct
p(ex) = Z e; @ej,  ¢(hy) = Z hi @ hj.
i+j=k i+j=k
e A and its graded dual A* = Hom (A, Z) are isomorphic as Hopf

algebras under the “Hall inner product” (-, ) : A X A — Z.

o {sx}rep is a free Z-basis for A: A = @ZS)\.
AeP
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1.3.2 Schur P- and Q-functions
e Qr (K =0,1,2,...) are defined as the coefficients of t* in the

following generating function (Qg := 1):

=Y Qut" = H()E(t) = ]f((_ti) =11 L y?t.

k>0 i>1 L=yt

e The identity Q(t)Q(—t) = 1 implies the following relations:

Q2+2Z 17 Qiy;jQij =0 (i>1).

e We define I' as the subalgebra of A generated by ();'s:

Z|Q1,Q2; - Qi - -

I = . .
(QF +232;1 (1)1 Qi;Qi—; (i = 1))
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Q»: Schur Q-function corresponding to a strict partition A € SP,
the set of all strict partitions.
P, (k=0,1,2,...) are defined by the formula:

1 1
Pk = §Qk:§ Z hiej, PO = 0.

i+i=k

P;’s satisfy the relationS'

P2+QZ JP‘LH i—j + (= 1)@'[)22.:0 (¢ =1).

We define I as the subalgebra of A generated by P;’s:

F/ o . Z[P17P27---Pi,...]

=Z[P,Ps, ..., Papn_1,...]
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o P, =2"tNQ,: Schur P-functions corresponding to a strict par-
tition A € SP.

Fact 1.7
e The subalgebras I' and I have natural Hopf algebra structures
with the coproduct given by
6(Qr) = ) Qi®Q;
i+ji=k
d(Pr) =P R1+1® P+ 2 Z P ® P;.
i+y=k,121,5>1

e I and I are mutually dual Hopf algebras: IT'* =17, (I'")* =T
o {Qr}trcsp (resp. {Pr}rcsp) forms a free Z-basis for I' (resp.

['): T = @D ZQx (resp. I = €D ZPy).

AESP AESP
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1.3.3 ldentification with symmetric functions

e \We make the following identification of Hopf algebras:

H*(QSU) = H*(BU) = Zlc1,c2,...] — A =1Zley,ea,...],
C; FH— €4,

H,(QSU) = H,(BU) = Z[81, 82,...] — A=Zlhy,ho,...],
Bi +—— h;.

e Under this identification, we have

H,.(QSU) — A
B(x) = Zﬂixi > H(x) = Zhixi
i>0 i>0
Q(coq)x : H (QSU) - H . (QSU)  +— d:A— A
Q(coq)«(B(x)) = B(x)/B(=z)  +— @(H(z)) = H(z)/H(-x)
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Since ®(H(x)) = H(x)/H(—x) = H(x)E(x) = Q(x), we have
®(h,) =Q,=2P, (n=1,2,...)

Under the identification H,(Q2S5U) = A, the element z,, € Ho,(2Sp)

defined by Kono-Kozima is nothing but the Schur P-function P,,.

Observation 1.8

e There is a natural identification of Hopf algebras:
H*(QSp) = Z[Zl, K39 Z54 o ] ; [V = Z[Pl, Pg, P5, .. ]

e The homomorphism (Qq). : H.(QSU) — H,(2Sp) corre-
sponds to the homomorphism A — IV, h; — 2P;.
e The homomorphism (Qc), : H,.(Q2Sp) — H,.(QSU) corre-
sponds to the natural inclusion IV —— A.
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Similarly, putting 7,, := (Qr).(8,) (n =1,2,...), we have

Observation 1.9 There is a natural identification of Hopf algebras:

o Z[Tl,TQ,...,Tn,...]
HA050) = s iy, (02 1)
Z[Ql,QQ, N @ N ]

T =

(Q% +230 1 (=1)Qnyj@n—j (n =2 1))
e The homomorphism (Qr), : H,(QSU) — H,(Q0S50) corre-

sponds to the surjection A —» I', h; — Q).
e The homomorphism (€2¢), : H.(Q0S50) — H,(QSU) corre-

sponds to the natural inclusion I' —— A.
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2 FE-homology Hopf algebras of {2350 and €)Sp
2.1  Hopf algebras F,(2,50) and E,(€2Sp)

o F*( ): “complex oriented” generalized cohomology theory with
the orientation class 2% € E?(CP>)

e F.( ): corresponding homology theory

o I, := F.(pt) = E~* : coefficient ring

® IuE(.CU,y) =T+ Y+ Z Clglljzyj (&5 < E2<7;_|_j_1)): commuta-
121,521
tive formal group law associated with E*( )

o —llg(z) =1glx) =T = —x+ Za;xj: formal inverse, i.e.,
Jj=2

pe(e, [=1]s(z)) =0
o [llp(z) ==, [nlg(x) :=pp(ln —1g(x),x) (n > 1): n-series
17



The maps

Qcor): QSU -5 Q080 25 QSU,
Q

Q(coq): QSU —= QSp —= QSU

induce the following homomorphisms:

Qcor), : B,(QSU) 2% E.(9,50) €% E.(Qsv),
(92) (20),

Q(coq)s : E,(QSU) — E,(QSp) —> E.(QSU).
Fact 2.1

o (Qr),: B, (QSU) —» E,(Q2050) is surjective.
o (), : Ei(2050) — E.(QSU) is injective.
o (Q0)y: Ei(QSp) — EL(QSU) is a split monomorphism.
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Theorem 2.2 (Adams)

1.

E*(QSU) =2 E*(BU) 2 E*[[c¥,c5, ..., c2, .. ]],

A 0 )

where ¢ (n = 1,2,...) are the E-theory Chern-Conner-Floyd

n

classes. The coalgebra structure is given by

¢(CE) = ciE ® CJE (cg =1).

1+7=n
E.(QSU) =2 E.(BU) 2 E,[B{,B8s,...,8%,..],
where 82 (n = 1,2,...) are induced from CP>* ~ BU(1) —
BU. The coalgebra structure is given by

s(BY)= > BFep’ (B):=1).

1+I1=n
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Theorem 2.3

Putting
T = (). (BY) (n=0,1,2,..), %(x) =) 77’

we have the following relation:
T (2)7" ([~ 1B (2)) = 1.

Proposition 2.4

e ring structure:

E.(Q0S0) = E,[r", 15", ..., ) (R ()T (1 e(2) = 1)



e coalgebra structure:
s(ri)= Y, Per (1 =1)
1+71=n
We define the elements n” (n = 0,1,2,...) in E,(2Sp) so as to

satisfy the relation
(29)(87(x)) = 1+ [2lp(x)n”(x), n"(z) := > nfa’, n§ :=0.

720
For example, we have
(Qq).(B7) =20y,
(Q9)(85) =203 +azny,
(Q9)+(85) =205 + a3y +ag'ny,

where we put [2|p(z) = up(z,z) = ) 35y afzh = 2r + D k>0 af k.
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We have the following relation:
(14 [2]e(z)n” () (1 + [2]s(@)n” (-1 e(z))) = 1,
where [~2] () = 2] p([—1] (x)).

From this, we can eliminate 72, (n = 1,2,...), and we obtain

Proposition 2.5 (F. Clarke (1981))

e ring structure:
E*(Qsp) — E* [nlEv 773E? s 7772En—17 . ]

e coalgebra structure:
o) =nf o1+10nf+ Y alun’ @nf,
1+j+k=l

where [2|g(z) = pp(x,z) = ) 15 af k.
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2.2  E-homology Schur P- and ()-functions

Definition 2.6 We define ¢/ (k = 0,1,2,...) as the coefficients of t*

in the following generating function (¢’ := 1):

Zthk H(t) :&_Hl—yzz

k>0 i>1 1=yt

The following relation holds:

Definition 2.7 We define I'¥ as the subalgebra of A¥ = E, @5 A
generated by ¢”'s




Definition 2.8  We define p; (k =0,1,2,...) so as to satisfy the rela-

tion

(" (t) =1+ 2lst)p” ), p"(t)=> pfat! p§ =0

720
For example, we have
¢ = 2p7,
if =2 +afpf,
g5 =2p5 +aypy +azpr,

where we put 2]g(t) = up(t,t) = ) ;5 alth.

The following relation holds:
(1+ 2O (1)) (1 + [~2 PP (1] 5(#) = 1.
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From this, we can eliminate p5’ (n=1,2,...).

Definition 2.9 We define T'¥ as the subalgebra of A¥ generated by

p;'s
e E.[py,py,...,07,..]
(1+2le(®)p® )1 + [-2]e()pP([-1]e(t))) = 1)
= E.[pY.pY, . ...p% 1, ...] — A",

Proposition 2.10

1. We make the following identification of Hopf algebras:

E.(QSU) = E,(BU) = E,[8F,8F,..] 5 AF = E.[hi, ha,.. ],

25



2. There is a natural identification of Hopf algebras:

E . ., t5 0] ~ E. ¢t q8,....q2, .. ]

E.(90S0) = s TH =

(TH(8)T5(t) = 1) (" (t)g" (t) = 1)

e The homomorphism (), : E.(QSU) — E.(2050) cor-
responds to the surjection AY —» T'%, h; — ¢F.

e The homomorphism (€2¢), : E.(Q0S0O) — E,.(QSU) cor-

responds to the natural inclusion I'* —— A,

Y

E.(QSp) = E.lnt 03’ ,ny,...] — T'" = E p{",p5 , 05, .. ]

e The homomorphism (Qq). : F.(Q25U) — FE.(Q2Sp) cor-
responds to the homomorphism Af — T'F. H(t) —
1+ [2]p(t)p” ().
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e The homomorphism (Qc), : E.(Q2Sp) — E,(Q2SU) corre-

sponds to the natural inclusion T'F «—— AE.

27



2.3 E-(co)homology factorial Schur P- and Q)-functions

|lkeda-Naruse constructed the K -theoretic factorial P- and (@)-
functions.

LY

1+ By
e b= (b1,bs,...): a set of parameters

o [z[b] := (x @ b1)(x Dbs)--- (D by)

o [[£fb]]* == (z ® )[x]p]*"

e SP,,: the set of all strict partitions A with £(\) =7 <n
o [z[b] := T _, ;0] and [[z[b]]* == [T, [[z;]b]*

g=1 g=1

e xQy=ax+y+Pry, vOyY=

28



Definition 2.11 (lkeda-Naruse (2012))

1. For a strict partition A = (A1,...,\.) € SP,,, define

GPy\(x1,...,2,]b) : n—'r' Zw \bAH H Ziij :

wWES,, 1=1j5j=i+1
P Ti DT,
GQA(@1, -, #nlb) n_r' Zw T 1T o=
weS, i=1j=i+1 """ J

GPy\(x1,...,x,) :=GPy\(z1,...,2,|0) € GI',
GOx(x1,...,2n) =GQx(z1,...,2,]0) € GT'y, 4.
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3. For a strict partition A € SP = U,>15P,,, define
GPy\(x) :=lmGPy\(z1,...,2,) € GI' =1imGT,,,
— —

GQx(z) =1mGON (21, .., 2n) € GL'y = lIM Gy, 4

30



We generalize the K-theoretic factorial P- and ()-functions to the gen-
eralized cohomology theory and define “FE-cohomology factorial (equiv-

ariant) Schur P- and Q-functions’ .

o u(x,y) = pp(z,y): formal group law correspoding to E-theory
o v+, vy := u(x,y): formal group sum

e 7: formal inverse of z, i.e. T+, 2 =0

e b= (by,bo,...): aset of parameters

o [wfo)* =TTy (w44 bi)

o [[z[b]]" := (2 +p x)[x|b]*~

o [z[t]* = [Ij—y[z;b1Y and [[z[o]]* = [T [lz; (b)Y for A =

()\1, - -7)\7“) c SP,.
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Definition 2.12 (E-cohomology factorial Schur P- and Q)-functions)

P>\E(2131,,33n|b)

Qf(xl, “ e ,$n|b)

Using a Cauchy type kernel A = H
i,j>1
homology factorial (equivariant) Schur P- and Q-functions’ p¥’ (y|b) and

qx (y|b):

32

Ti Tp X

I, _|',u li'j

WH 11

1=1j3=1+1

Ti +pu Ty

WHH

1=173=1+1

— TiY;

- we define the

1 —zy;

X; —|_,LL 5:]-

HE_



Definition 2.13 (E-homology factorial Schur P- and ()-functions)

1] i1 R > Q% (z[b)py (ylb).

o1 T Y \ESp

1 —Z;y;
1l — = > PiEba b
i,5>1 iYs AESP

2. p¥(y) = py(y[0) and g5 (y) := g5 (y]0),

When A = (k) (kK = 1,2,...) (one row), pﬁ)(y) (resp. qﬁ)(y))
coincides with p? (resp. ¢i°) introduced in §2.2.

Fact 2.14 {q¢5'(v)}resp (resp. {p¥ (y)}resp forms a free E,-basis for

[P (resp. [I'F): TP = € E.qy (y) (resp. I'? = €Y E.p} (y)
AESP AESP
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3 K-homology Schur P- and ()-functions
We focus on the case of K-homology theory. We use the Z/27Z-graded
“representable K-homology theory” K,( )= Ko( )® Ki( ).
o ni(z,y) =x+y—xy
o —llg(z)=o0=— u
l—=x
e 2x(z) =22 —12° (aff =2, a8 =1, al =0 (i > 3))
o K,=K.(pt)=Ky(pt) =%
e In §82.2, we defined the “ring of K-homology Schur P- and ()-

functions’
Z[Q??Q???Q 7"‘
Ko(QoSO) =2 THK = =122 n = P zgx (v
(¢" (z)g" ([-1]k () AeSP
Ko(QSp) =T K =Z[pl pk ... .pk 1. ]= EB Zpy (y)
ANESP
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Motivated by the construction of the dual stable Grothendieck poly-
nomials {gx }rep due to Lam-Pylyavskyy, we define their “type C' ana-

logues” .
Definition 3.1

1. For a strict partition A\ = (A, > -+ > A > 0), we
define Tab(\) as the set of tableaux of shape A\ in al-
phabet 1’ < 1 < 2/ < 2 < ... with condition that
each rows and columns are weakly increasing.

Let Tab’()\) be the subset of Tab(\) with the property that

for each row, the first box contains a primed number,

in other words, all the entries in the diagonal boxes are primed).

35



2. Define gpx(y) = goa(y1, 92, - - ), 9ax(y) = gax(y1, Y2, - - .) by

galy) = >y,

TETab’ (\)

> 7,

TeTab(\)

gqx(y)

where y! = Hyf(i) H a::(i,) with

ieT  i'eT
e ¢(7): the number of columns containing i

e 1(¢'): the number of rows containing ¢’
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Example 3.2

T = | 1] 23 yl = y1y3y3
2/ 3 3
3

Conjecture 3.3 gpa(y) = p3 (y) and gga(y) = g3 (y) (A € SP).

Remark 3.4 1. The conjecture above is shown to be true for one
row case i.e., A= (k) (k=1,2,...).

2. Since p% (y) and ¢% (y) are symmetric functions by definition, the

fact that gpx(y) and ggx(y) are symmetric functions follows from

the above conjecture.
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There is a formula related to the stable dual Grothendieck polynomials

gx(y):

Proposition 3.5 (hook sum formula)

k
gpk(y) =D _Garr—a(y)
a=1
Conjecture 3.6
gpp(y) = gp(y) forp=(k,k—1,...,2,1), k <n.

Remark 3.7 For a geometric reason, gpx(y) and gqx(y) should be pos-
itive linear combinations of the dual stable Grothendieck polynomials

g, (y) (hence Schur polynomials s,,(y)).
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Example 3.8

gp1
gp2
gp3
gp4

gps

gpbe

= hq,

= h% + hq,

= (h{ — hahy + h3) 4+ (2h7 — ha) + ha,

= (h{ — 2hoh? + 2hzhy) + (3h3 — 4hohy + 2h3) + (3h% — 2ho)
_|_h17

= (h} — 3hoh3 + 3hsh? + h3hy — hyhy — hahy + hs)

+(4ht — 9hoh? 4 Thyhy + h2 — 2hy) + (6h3 — 9hohy + 4hs)

+(4hi — 3hg) + hy,

= (h§ — 4haht + 4hsh? + 3h5h% — 2hyh% — 4hzhohy + 2hshy + h3)
+(5hy — 16hoh{ + 3hs + 14hsh? + Thihy — Thahi — Shshs)
+(10h3 — 24hoh? + 17hshy + 4h3 — 6hy) + (10h — 16hohy + Ths)
‘|’(5h% T 4h2) + h17
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gp21 = (hah1 — h3) + ha,

gps1 = (hah3 — hshy) + (2hahy — h3) + ho,

gpa1 = (hahi — hshi — h3hy + hahy + hshe — hs)
—|—(3h2h% — 3hshy — h% -+ 2h4) -+ (Shzhl — 2h3) + ho,

gpsi = (hoh? — hgh® — 2B2R2 + hah2 + 3hshohy — hshy — h2)
—|—(4h2h? — 4h3h% — 5h%h1 + 4hshq + 4hsho — 2h5)
—|—(6h2h% — 6hshy — 3]1% -+ 4h4) -+ (4h2h1 — Shg) + ho,

gpz2 = (h3hi — hahy — hgha + hs) + (hohi + h3 — 2hy) + (2h2hy)
+h27

gpas = (2h2 — 2hghohy + h2) + (hoh® — hgh? + 2h2hy — 2hghsy)
+(3hoh? — 2hshy + h2) + (3hahy — hs) + ha,

gp321 = (hshahy — hah? + hshy — h3) + (hshi — 3hahy + h3ha + hs)
—|—(2h3h1 — 2h4) + hs
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