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PROBABILISTIC APPROACH TO GEOMETRY
Heat kernel estimates, Il

d(A, B)?

m (—tlogP,(Xo € A& X; € B)) = .

li
t—0



Manifolds with finitely many ends

Manifolds with ends

We will consider manifolds with ends:

M = My#Modt ... %M,

where the ends M;, 1 < i < k are of Harnack type.

M=KUE;U---U E (disjoint union)

with K compact with smooth boundary and E; isometric to an
open set in M; (we can allow E; = M;).

Curvature conditions that yield such manifolds:

(c1) Asymptotically non-negative sectional curvature,

(c2) Non-negative Ricci curvature outside a compact set with ends
satisfying (RCA)
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Euclidean domains




The heat kernel on Manifolds with ends

The heat kernel on manifolds with ends

Consider M = My# - - - #M, and assume that each M, is of
Harnack type, transient. Then the heat kernel is bounded above
and below by expressions of the type

1 o (Bl y)?
w,-x(x,ﬁ)\/,-y(y,ﬁ)ep( ‘ >+

HOG DR, | HOot) | Ht) ) dioy)?
( ARG IR (f)) p( t )

)
|x| = d(o,x), Vo(r) = min; Vi(r) and

x,t) = min ﬁ t ds X -
i) = {1’ ACIN </|| vix(ﬁ)>+}’ © M
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Brownian motion on M




Gluing techniques
Gluing 1
For any closed set ' C M, define the first hitting time by
m=inf{t>0: X, el}.
Let us set
Yr(t,x) :=Py(mr < t).

This is the probability to hit I before time t, starting from x. It is
increasing with t.

Let Q be open with smooth boundary I'. Then for all x € Q,
yeM,and t >0

p(t7xvy) < pQ(t,X,y) + sup p(57zvy) wr(tax)'
0<s<t
zel
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Gluing 1

Furthermore

t
p(t.x,y) < pa(tx,y)+ sup p(s,z,y)dr(5,x)
t/2<s<t
zel

t/2
4+ sup Yr(s,x) /SUPP(9,z,y)d9

t/2<s<t zel
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Gluing 1

and
t
p(t,x,y) > psz(t,x,y)+t/2i2£§tp(s,z,y) ¢r(§,X)
zel
t/2
inf 4! inf p(# do
+ t/zlgsgtwr(s,X)/zlrelrp( ,Z,y)

0



Gluing techniques

Gluing 2

Let Q; and 5 be two open sets in M with boundaries 'y and ',
respectively. Assume that [, separates Q, from I'1.
Set

t t

G(t) = / sup  p(s,v,w)ds, G(t):= / inf _ p(s,v,w)ds.

vely,werl, J vel, wel;

Then, forall x € Q1, y € Qy, and t > 0,
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Gluing 2

p(t,x,y) < pa,(t,x,y)

+ 2( sup sup p(s,v,w)) Y1(t, x)a(t, y)

set/4,t] vel,werl;

+ G(t)| sup w’l(s,X)] ¥a(t,y)
se(t/4,t]

+ G(t)| sup wé(s,)/)] P1(t, x)
se(t/4,t]
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Gluing 2

p(t,X,y) > (1/2)pﬂ1(tvxvy)
+ { inf inf p(s,v,w)] wl(é,x)lbz(%,y)

se[t/4,t] vel werl,

G|t i) val )

4
w6 [ it vt eaGon)



Gluing techniques

Hitting probability vk

Let M be of Harnack type. Fix a compact set K with non-empty
interior and a reference interior point o € K. set |x| = d (o, y) and

N X2 t _ d
l"I*(X7 t) = mln{l, W—i_(‘ﬂxﬁ \/((),S\/g))_,'_}'
Then, for all x € M\ K5 and t > 0 (Grigor'yan and LSC, 2002),

2

C |x[?
O (t,x) < WGXP (Ct> .
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Dirichlet heat kernel p§

Let M be of Harnack type and transient. Fix a compact set K with
non-empty interior and Q = M\ K. Then, at bounded distance of
K,

pQ (X, ) = p(t, x, ).
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The central estimate

Set Vo(r) = min; Vj(r). Then, for all x, y at bounded distance

from o, ()2
C d(x,y
P(taXaY)§m9Xp <_t>'

Also, if all ends are transient, for x, y at bounded distance of the
central point o,

c d(x,y)?
p(t,x,y) > mem (—t> :
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The heat kernel on manifolds with ends

Consider M = My# - - - # M and assume that each My is of
Harnack type, transient. Then the heat kernel is bounded above
and below by expressions of the type

1 o (Bl y)?
w/,-(x,ﬁ)\/,-y(y,\/f)ep( ‘ >+

HOo MGy t) | HOot) | Aot ([ diloy)
( Vo(v/1) +V,-(ﬁ)+v,-(\/?)> p( t )
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The harmonic function h

(RCA) with respect to o: There exists A > 1 such that any two
points xi, xo with d(o,x;) = r, R > a, are connecetd in
B(o,Ar)\ B(o,A"IR).

Let M = Mi# ... #My. Assume that M is transient and that, for

each i =1,..., k, M; is Harnack type and satisfies (RCA). Then
there exists a positive harmonic function h on M such that, for all

x e M,
X* 4s

(Sung, Tam and Wang — Grigor'yan and LSC)



The general transient case

The general transient case

Consider M = My# - - - #M,. Assume that each My is of Harnack
type, and satisfies (RCA). Assume that M is transient. Then the
heat kernel is bounded above and below by expressions of the type

H(x,t)H(y,t)  H(x,t)
h<x)h(y>< VoV Vi (VD)

AW _d.%(x,y)>
v (ﬁ)) p< :
h(x)h(y) _dg(x,y)> |

— exp < :
VVa 6o VDV (v, V)

The tilde means relative to (M, h*dp)!

_l’_
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The general transient case

Set ,

o r ds
Then _

Vi(r) = n7 (r) Vi(r). (1)
and

) |x|? 1 t ds
Pt = E RV D e (s (VD) </| fx(@);
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The general transient case

Corollary

Assume that M = My # - - - #M)y is transient with each M) of
Harnack type and satisfying (RCA). Then

e sup, {p(t,x,y)} =~ max;{V;i(v/t)~'}
o sup, {p(t,x,y)} ~ maxi{[ni(v/t)Vi(vt)] 1}
o p(t,x,y) = maxi{[n:(v/1)*Vi(Vt)] '}

?ds
mlr)i=1+ (/ V,-(ﬁ)>+'
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Rl #R2#R3

Hy) = G2l
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Example R1#R>#R3

ly|="t/log t

ylsVt, H(y)=1

H(y)=1/log t

H(y)=1/log® t

log|y|=log t R?
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R2#R?

Set
L L (1)
Q(X7 t) -~ |0g(2 + |X|) + <2 |og(2 + t) >+
Dlx. 1) = log(2 + |x])

" log(2 4 |x]) + log(2 + t)
Fort > 1, x € By, |y| € B and |x], |y| < Cv/t, we have

p(tx.y) = S (Q(x )D(y. ) + D(x, QLY. 1) + Qx. H)Q(y. 1))




The general transient case
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