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Well-Posedness and Smoothing Effect
for Nonlinear Dispersive Equations
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1 Introduction
o 3[EIEHR Schrodinger 523K (3rd Order NLS)

Ovu — O2u + iad2u + ilul*u =0, (1)
c|-T,T], x € T=R/21Z,
u(0,x) = ug(x), z € T, (2)

u:[-T,T]xT —C;, »o><{ WETSHEH
D EiEHR (&= g R Ll
E = Zle7@u(t,z) + C.C], w> 0l&+9K),

2

i=+v—-1, T>0 «;EPHEH,




20/3 ¢ Z. (NR)

Pulse with slowly varying envelope in photonic

crystal fiber
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V. Agrawal, “Nonlinear Fiber Optics ",
Fourth Edition, Acadmic Press, 2007.


堤 誉志雄
画像


EIRE 1 : #HAMEREIRE (1)-(2) I&, Sobolev ZEfH
H?, s < 0T@EUN? (RT—IVAERZERE:
H~', Fujita-Kato, 1964)

Hs IZE T 2 EREDBrmET 4% (LWP) -
(i) (BEDERE) MMEHEu, € HPICXWL, #5
T > 0&fEu e C([-T,T]; H®) 1.

(i) (—=M%) @I EEIT 5745, fHHE
ug € HoIZX L, EOA—RICEX 5.

(i) GEMKEFEM) w,, uiEENEFheEEE
UOn,, UQ @ﬁg, Hu(m — U()‘ s — 0 —

|un = ulle-1, 1m0 = 0 (0 <T" <T).




Remark 1 @O - & (IE, Hadamard,
T. Katolc & %. H® s < 0IFHBEAHNDZERET
HY, BEBELTOREII—RICEEINLRWE
b, FERFHIE |u|*u DEKM T A BB E RS,

e 3rd Order Lugiato-Lefever Equation

Opu — O5u + iadou + u +i|ul*u = f, (3)
t>0, xzel.

BRI & AT N 7= 3BEFELRHZ Schrodinger
7 230 (3rd Order NLS),



f . BEZHIKEFELTWVWAD

[e B 7'3’&‘?( )DL EKRSIND NFERIE,
J —/\)l/ PNV —%FOINT?
e 3rd Order NLS with Raman Scatteing Term

Ol :alﬁiu + iozgﬁzu + 171 |u\2u

+726’x(\u|2u) — ifué’x(\u|2), (4)
c|-T,T], zeT.

gy Vi I ;;ﬁ;& Oél—|-Ck2 #O F#O
(4) DERFEDIEIL Raman BLELDEE % R BR.




ERE3 1 HIEI (4) DFHAERIEIE, Sobolev
Zof8 HS TiEylh 7

Fabio Biancalana, Heriot-Watt University
(Private Communications)

This approach is universally used amongst
physicists, ...

ill-posed TH 56l :  PrandtliERERARER




2 (LWP) in H?, s < 0

(@) =1+a| (a€ C),
(T k), MEBBtEICEATST7— 1) ITXH,
(k) BRaEFICET 27— TXH

(Modified Fourier Restriction Norm)
b, se R, uge 2'(T), T > 0.

'I-

Ty RS

2% (ug) = {f € S (R?); f(t,x) = f(t,x+2m).

|1l 220 ugy < 00},






Remark 2 ug = 0D & &, Z5°(0) & Z3°(0)
(& Bourgain (1993) IC&k > TEASNZT— V)
THIFRZEFETH 5.

Fourier Restriction Norm Method:

Bourgain (1993),

Kenig-Ponce-Vega (1993, 1996),

Short time X%° (= Z*°(0)) sapces :
Koch-Tzvetkov (2003), lonescu-Kenig (2007),
UP, VP sapces ; Koch-Tataru (2005).



(Reduced Equation, Renormalized Equation)

Oru — O2u + iad?u (5)
1 27
+ i (|ul? — - / u(t, z)|? dr)u = 0,
0

c|-T,T], ze€T.
AN D) IETRDT =IO LHED.
o(t,z) = u(t,z)er Jo ()72 ds. (6)

N(O) LD ERFPIRZEFEESE, c TT7—)



Flu)(k) =2 Z (k) w(ko)t(ks)
k:kl +k2‘|—]€3,
(k1+kz2) (k2+ks)#0

—ilu(k)|*u(k).
(5) 2 EAHERICEEHET.
u(t, k) = 6_”(]“3_0‘1“2)&0(76) (7)

t -
_’[,/ e_i(t—r)(k?’_ak )F(UJ)(T’ k) Ir.
0




e Local Well-Posedness (LWP)
(,Jl%l%g%&) @(kl, kQ, k'g)

Zzg(kl -+ kg)(kg -+ kg)(kg -+ kl — 20&/3)
=(T+k° —ak®) — (nn + k} —ak?) (8)
— (1o + ks + aks) — (13 + k3 — ak3).

1E|l./ k—k1—|—]€2—|—/€3 T — T1 -

—7'2—|—7'3t_§’_

=3 (8) 14 3 DDA EEIER

L 12D

#_Wéﬂﬁﬁﬁ%Lﬁﬁﬁbf
(Four-Wave Mixing).

W5



REREeZIZWLT

Jde > 0; || > clk|lk1 + kallka + k3].  (9)

B — 08522 EEBOM (ky, ko, ky) I3 I
MEIEIND., SERHIEFDT7 — ) T ZE# %

R5&, FliE (kl -+ ]{72)(]{2 + kg) # O0CHL- T
WaBH5, RE(NR)D TH—OHIGEEEIE

(klv k27 kS) — <k7 _ka k)

k| B84

(Degenerate Four-Wave Mixing).



Bls, HIBIEE —i|la(k)|*a(k) & LTERNS.
Z DIE%, SobolevZEE H® /I LA TEEMT %
EHEEZB. scRICHL,

S|~ 2 ~ s/3 | 3
(k) (k) Pak)| < ((k)/lalk)])
A CTAREZERX2/TH72DICIE,

s>s/3 < s>0.

BB, H® s> 028WT, (5)D CauchyfEE
& (LWP) &7%:%. 22T, AREA(B) zERE



R DTIE LK, BICIEEFRIEA LT T 5.
G(u) (k) :==F(u)(k) + i|io (k)| *a(k)

= —i(Ja(k)|*—|ao(k)|*)a(k) + (summation)

FBE, ARRG)EEOARACESET.

ﬁ(t, k) :e—it(k3—ak2—|—|f&o(k)|2)f&0(k) (10)

t
_7; / —i(t—r) (k*—ak?+ a0 (k) [?)
0

/\

x G(u)(r, k) dr.



Theorem 1 (Miyaji-Y.T, 2017) 2a/3 € Z,
s> —1/6.

(i) The Cauchy problem (5) and (2) is (LWP)
in H°.

(i) ug € H®, nwith 0 <n <14 6s. Then,
the solution u on [T, T given by (i) satisfies

sup_ (D" (k) a(t, k)2 — lao (k)| |)

te[—T,T] Le7,
< oo, (11)

we Z5V2 Gu) € 2272 (w).  (12)




Remark 3 (i) 0> s> —-1/4&9%. T/
SN >0IC™LT(1+65s—n)/2>sTHDB

M5, Theorem 1 (ii) (11) &>
FEREMRICKY,

L TW5.

LE{ERNR & =R

FRO—2 MK

HAIEICEA T 2 EGAKEEDLED. ZDDEEICK

L/’ iE-{t/'

LIS IE |G (t, k)2 a(t,

four-wave
&, ZDF

mixing) Dz % ;14

k) (degenerate

95HEELT

D FEIEMR 2@

19 5AELDS

DFFFI DN T LR,



mKdV ; Takaoka-Tsutsumi (2004),
Nakanishi-Takaoka-Tsutsumi (2010),
Molinet-Pilod-Vento (2016),

4th order NLS ; T. Oh-Y. Wang (2017).
(i) (12) 2o, FERRIR F(u) (&

/\ /\

F(u)(t, k) = G(u)(t, k) — il (k)| *a(t, k).

G: Z5 % (wo) — Z57 P (up), it

Sy

& L TERZFRD.




e Nonuniqueness of Solutions

ZERICHN[-1,1]; H3) &, LY((—1,1); H%)IC
RD /I L ANTCZEZEET 5.

| flle—1(q=11).m29)

t
—  sup ||/ e—t’(ai—iaam)f(t/) At
|"J0

te[—1,1

Hs

¢ H[-1,1; H®) ;. ED /I LIZEITS
LY((—1,1); H®) D5{#1E,



L(L*, L?) ; L*(T)H 5 L*(T) DB FIEH
ERZ21F,

Theorem 1 & XFHREYIC, ERHFEBNZER]

Z5 P () IKBE R WA D, BO—BIE XML
L 78 Ly,

Theorem 2 (Miyaji-Y.T, 2017) s < 0,
3b + s > 0. Then, d nontrivial solution u of
(5) and (2) with ug = 0 such that

ue C(|—1,1]; H®),



3 lim F(xnu) € € 1 ([-1,1]; H%), (13)

n—oo

ud Z°(0). (14)

BL, {x, &L (T)LD7—) THIFTEEE
#RINT, BXDREIPERLBTEZHFHLEHND
Xn — I strongly in £ (L% L) %=m=d. 5
12, (13) DFBERRIE {x., } DFEUVFICEK 5720,

REPRIE, (14) ZBRIFIE, 2 RITIEEMEME Euler
HIERICX T B Schnirelman (1997), & U3
RNLS =349 % Christ (2005) £ E L T# 3.




Remark 4 (i) u(0) = 072D %, Theorem 2I(C
F>THALNLFEICHT LTI, F(u) =G(u)
AKILLTWD., €2 T, (13)D5IRHDUED.

= 11_>m G(xnu) € Z371(0).
— AT, Theorem 1iIC&>THZb6N b
&, o &EMWEE(12) G(u) € Z7 _1/2(u0)
Hiwm7=-9 . Christi, Theorem 2 TH5Z 6N 35
i % “weak solution in the extended sense” &

MfEATWD. FEBIRIZE S DR {LERDFER




ELTDOHFERZFD. B ZEDL D ICEIR
T 5DME, FMEEZEDL D ICEKRM T
TEDNEVWOREETH .




3  Global attractor of 3rd order

Lugiato-Lefever equation

Opu—05u + iadiu + v+ i|ul*u = f, (3LL)
t>0, xeT (aé€R;constant).

e 3DDREF=E
BRIEEHNNENRWEEIC, (3LL) IFEE,

EIE

18

BEdP LUI

R F—REFAZFHD.




lu(t)||> = [luol| >,

Im (Ou(t), u(t))) = Im (Orug, ug),

1

Im (07u(t), Dult) + | Ozu(t)l|72 — 5 [lu(t)]| 1

1

= Im (95 u0, Ortuo) + l|Opuol|7e — §||“0||%4-

Remark 5 T X)L F—

NEHDER (&=

DD Z2FDOIR) (3]

TEETRW FD7=6,

C AE

R BREEFEE(L)RELITTHBD,




J0—/N\)b - P NZ049—IFL*(T)ZETHE
ST IE AR SR,

o BHiZE: 3 Lugiato-Lefever A2 (3LL) IC & 5
T/-_ﬁkén%)/ﬂb;hw (ﬁq:) ‘!t-jd-t/ LQHUFEﬁ‘t-B
WTo/Aa—nN\)L - TP S99 —DHFEREZRE

e /7O—/N)L - 7 kT %9 % — (Global attractor)
(X, || -1|); Banach space,
S: X x|0,00) = X; semiflow
(continuous mapping from X x |0,00) to X
with semi-gruop properties




S(t+s)=5(t)S(s), t,s >0 and S(0) = Id),
A C X; compact set.

The set A is said to be global (or universal)
attractor for S if A satisfies

(z)(invariant)S(t)A = A, t >0,

(2¢)(unifrom attraction)

VD C X, bounded

— d(S(t)D,A) — 0 (t — 00),
d(S(t)D, A) = sup mf |S(t)v — w]].

vED weA



Remark 6 BURFIFERRFEREAIENICH L,
HEL70O—N)L -7 MNT U9 —LEFEIETNI,
ZNICEK > TIRTOREDRFBE KB EE) % 55X
FIFTBHZENTES.

Theorem 3 (Miyaji-Y.T, 2016) Assume
20/3 ¢ Z and f € L*(T). Let

S : (ug,t) — u(t) be the solution semiflow
associated with (3LL). Then, 3 unique global
attractor A C L for S.

Remark 7 (3LL) D Cauchy BREICR L, L°ZE




[E 1B T B BFE AR LE YIS (S Strichartz 59

ADNOEBLBICHKED.

BT RN DR

(damped and forced NLS)

o Ghidaglia (1988), Abounouh (1993),
Xiaoming Wang (1995), X = H', (strong
topology), J.M. Ball's argument

o Molinet (2009), cubic NLS, X = L?,
(strong topology), J.M. Ball's argument to a
limit equation



o J7O—NJ)L - T NSV —FFEEADHE
(1) L2 ZEEICH W TIREIE (absorbing set) @
BHEAETRYT. (ZOWDIE, L*AFEADLRED
DTBHEZTHD.)

(2) fRENEA L2 EEICHWTRITA /NI KT
H5ZE%Y. (DuhamelIg, EN5, FEFRE
IHD IE QM Z S ISR R T NIEAR 578 0,)

Remark 8 ##ENFIAV /NI N THBZ &
DEERAIE, LLFDOZDICKBITE 5.

() FRXOTBIHRERVNT, I/ K




Mxrd. GEERERYIELAREN TENLRE)
(b)gsfutEcor/O—/N\)L - 7 NSV —DERE
AL, TDOLOAEANZEZ S EICK

Y, EFEBAMETOI/O—NIL - T NZ 75—
I >TWB 2 é:75:7_|<3'. (John M. Ball& &
U‘I\/Iollnet@uﬁﬂa'i, R IEIREDN WD BTED
ARENICEATE

Molinet (D3 %Li?ﬁ“&‘t(BLL) ISERATE 51,
Theorem 3MEEEAD S LU T D ERDED .

3s > 0; wu,sol.of (3LL), u(0) = ug € L?



— u(t) — V(t)uOEHS Ac H®

mf H (t) — V(t)u wHHS — 0 (t— 00),
V(#)up = i e—t(i(k3—ak2)+1)+ikx
k=—0o0

we i I ()} adsti f3 [a(s.)Pds (.

INEBRDFELHD TRV IIEREE &6 IC1E
HB=EL, FEODRERLEITEEIEZEKRL
TW3. (Asymptotic Smoothing)




4 |ll-posedness of 3rd order

NLS with Raman scattering

Ol :oq@iu + iozgagu + 11 \u|2u
+ ’ygﬁx(\u|2u) — ifuﬁx(\mz), (15)
te|-T,T], xeT.

a;, v (1=1,2), T, ZEEH, of +a3 #0,
I'#£0, T >0.




(15) DADRFZEDIEN Raman AL DHE %
xR,

Theorem 4 (Kishimoto-Y.T, 2017)

200 /301 € 4 (a1 #£0), 1 <s1 <s<s1+1.
Then, dug € H*(T) such that for any T' > 0
the Cauchy problem of (15) with u(0) = uqg
nas no solution u € C'(]0,7T); H**(T)) on
0,7T"), nor solution u € C'((—=T,0]; H**(T))

n (=T,0].

Remark 9 (i) TORDHY ICR L THIHAERFRE




EZ2Z25&, (IWWP)AKILTHZ & FbLN
T\ % (Hayashi and Ozawa (1994), Chihara
(1994)). TERDMEER, STSVTVDR
RY MLHEERNTH 2 DMER CTH DD DHEEE
AN

(i) BBOFEELEVWHEHETIXR K, “norm
inflation” Z5| & Z I HHHEII L 5, C Rk
MNHEANS. (Kishimoto-Tsutsumi, 2017)

Observation on structure of Raman scattering
term



L* 7 )V ARE (BE&EFRD &V,

Oru+iady,u = o1 02U + a0 (16)
+iyulPu+ iy20, (Jul?u)

I —1kx
| (27-‘-)3/2 Ze ' Z

keZ (k14+k2)(ka+ks)#0
X (k’l —+ kg)ﬂ(kl)ﬁ(kg)ﬂ(kg)

I
—o— (D keli(ke)[*)u, t € [-T.T], z €T,
ko€Z




BEL,
I

@ = luoll3:.

(16) Z238 & Cauchy-Riemann B2 O ¥ B /E .

Cauchy-Riemann fEFH3R + HRIE Figbxhs
—> Theorem4

Remark 10 (i) FSHE AR D EAIMHEEH

5, Theorem 4 (I 7R LY.
(i) &3, Tsugawa &, & BEDIFFRIED L
MEG A TDEBIEMREEAHT I EZTRL

yun




7=. (“parabolic smoothing effect”) BID R A
=9 5E, ZOBRIHEBIERBEDIEEIED
REFRICIRIID Z & TIN5,

(i) BRATRANDZE CTREZ KD S T & IXHAEE
(Cauchy-Kowalevsky B4 D E ).

JEEUIEICE L T, HRMEE EAREKD
—i%EE (9B 1 SHFRHMARERNRD
B&)




INfR R B RE

(1) 2a/3 € ZD & E I ?

(2) SBAEHIBIE|a(k) |0 = 0BT B HEIE?
smoothing effect [ZBEENICFEWEIN T WS H 7
FFIC, ZDODEODE=FTMT B & =)

(3) SRIEMTMETARL, 2 RIEFHEICHT T
HHISIEZWNIEY 5 HEIE?

(4) TTRL, RD&EEX?

(5) #RRERIRE DO ERARIEE YIS & IR R
DERIE ?




Thank you for your attention!



