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1.
Q C R"™: bounded

3Cy = Cp(n) > 0

such that
—Au<f inQ (classical subsolution)
J

max u < maxu + Codiam(ﬂ)2||f+||Loo(Q)
Q 1919



Assume diam(£2) =1 and 0 € .
Consider v(x) := u(x) + p|z|?.
—Av< f—-2un <0
provided u > ”f ”°°.

max v = max?v
Q o(

Otherwise, v(xg) = maxwv for xg € Q,
Q

0< —Awv(xg) <O FIE



v(z) = u(z) + plz|?

Hence, max v = maxv
Q o}

max v < maxv — max v
(o) (o) o0

< max u + pmax |z|?
of2 o

1 llo

diam(£2)?
maxu < maxu -+
o1 00N 2n
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ABP i Kfid R B
3C1 = Ci(n) >0
such that
—Au<f inQ
4

- +
max u < maxu + Crdiam(Q) L7 || n(rpu))



Irlu] :={x € Q2
| 3p € Br s. t. u(y) < u(zx) + (py —x) (v
i vy —z) (Vy € Q)}
By :={p € R" | [p| <r}

[[u]:= T
) [u] upper contact set (LHEESR)

,Q ——

[ [ul



Sketch of proof
Change of variables

maxu —maxu =: 7 >0
Q a0

If r = 0, then the proof is done with any C7 > 0.
Assume r > 0.

Claim: B, = Du(T'y|u])



By O Du(Ty[u))

x € I'r[u] = Ip € B, such that

u(y) < u(x) + (p,y —x) (Yy € Q)

. p = Du(x) i.e. Du(x) € By
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B, C Du(Ty[u])

Vp € B, fixed

Jx € ) (Not ¢ € Q1) such that

max{u(y) — (p,y)} = u(x) — (p, x)
yed

i.e. u(y) Su(z)+(p,y—x) Vye)
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If x € 912, maxu < maxu + rdiam(£2).
Q o

4

Recall diam(2)=1, r = maxu — maxu
O By

a contradiction

4
Hence, x € 2. = p = Du(x)

i.e. p € Du(I'y[u])
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Change of variables formula

/ g(€)#(T~1€)de = / g(T(x))|det(DT(x))|dz
T(A) A

#(T 1) >1, T:=Du, A:=T.u], g=1

/ d¢ = de¢ g/ |det D?u|dx
T Du (L' [u]) Ly u]
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wpr" = d§ S/ |det D?u|dx
B, 'y lu]

x € I'rlu] = u(y) < u(z) + (Du(z),y — )
i.e. D?u(z) <O
Ag: eigen-value of D?u(x) <0

[detD2u(z)| = (=A1) X +++ X (—An)
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9 — A u\"
/ |[detD“u|dx < / dx
Iy [u] 'y [u] n

i

Arithmetic mean-Geometric mean inequality

CRmAH 34

wnt™ < o / (f ) da

[y [u]

1
maxu —maxu =71 <

— 1
Q o nwn/ n

1 pnr, ) O
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ABP i Kfid R B
3C2 = C2(n, [|b]|n) > 0
such that
— A u+ (b,Du) < f inQ
4

- +
max u < maxu + Cadiam(Q)|[ £ Ln (r[u))
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Apply Change of variables formula to g(§) := rlmn (k > 0)

1 |det D% 1 (— Au)”
/ d¢ < / der < — dx
B, K+ [§|™ Iy [u] &+ |[Du|™ n" Jr,[u] & + |Du|™

Here, Kk := ||f+||717in(1“[U])

(a +b)™ < 2" (a™ +b™) (Va,b > 0)

2! [ pripur (FH)"
< T + dx
nn T, [u] & + |Du|™ T, [u] &+ [Du|™
n—1
< (16l + 1)

nm
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”
LHS = nwny [log(ﬁz + s”)}O = nwnp, log (1 +

Tn
o5 (1) < C(lbll + 1
e
rT o
1+ < exp {C(bIIR + 1))

e
rm < kexp {C(IbI7 + 1))

K ‘= ”f ||L'n(1" [u])

,r'n,

K

)
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3. ABP AR (i)
Krylov (1976)

Tso (1985)
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Parabolic upper contact set (BB FEEEEE)
u:Qr:=Qx%x(0,T)— R
dp € B, such that

I, [u] := {(wat) € Qr u(y, s) < u(zx,t) + (p,y — )
V(y,s) € 2 x [0,¢]

M[u] := | ) y[u]

r>0

|
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ABP 5 N E R BE
4Cy = CQ(n, ||b||n+1,diam(Q),T) >0

such that

ou .
-, — Dut (b, Du) < fin Q% (0,7]

4

maxu < max u + Codiam((2 nal [
naxu < ma 2 (DN g1 rrpu)

9pQr = (82 X [0,T]) U (2 x {0})
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D := (i i), V= (D9%)T
Fix a € R™. Define ® : R*"t1 — Rt py

® := (Du,u — (Du,x — a)).

B D2u DT(u — (Du,x — a))
Vet = (Dut gi(u — (Du,z — a)) )

[ D?>u —D?*u(x —a)T
B Du; ut — (Dug,x — a)
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Lemma
|detV®| = u; X detD?u
VP — D?u  —D?*u(x — a)T
"\ Dut ui — (Dug,x — a)

jth column X (z; — a;) be added to n + 1th column

~U’ —
D?u 0
X %k kUt
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Assume diam(Q2) = 1.

Mo := max u, rog := maxu — mqg > 0
IpQT Qr

D :={(§h) ER" X R | [§] < g, |§] <h—mg <70}
(a,tg) € 2 X (0,T] such that rg = u(a,ty) — my

Claim : D C ®(Il;,[u])
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Fix V(&,h) € D

P(y) := h+ (§,y — a) affine function

P(y) > h—1|&] > mg i.e. P> uon 0,Qr
<= €l +mo < h <7+ mo
P(a) = h < rg + mg = u(a, tp)

J(x,t1) € Q x (0,tg) such that

u(2,t1) = P(2), wu(y,s) < Py) (ye€N, 0<s< )
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u(, to)

u(-,0)
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D :={(&h) | [ < 7o, €] <h—mo <70}

o= I I g

1 rg pn—1 ro+mg
dhd§ = C’O/ (/ dh) dr
/D K+ |€|n+1 0 Iﬁ',—l—’l"n—l_l r+myg
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|detV @ |

dxdt

dhd <<U/
/D K+ €]t s I, [u] £ + | Du |1

(bl Du)™* + (£ )"

< (o
HTo[u] K+ |Du|n+1

dxdt
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RHS < 02/ b|" T dxdt + Cs

Il [u]
LHD = C /ro ror” ! — "
— T
“Jo K+ rntl

To ’T'()’r'n_l L ,rn
> (s dr
0

T0,.n _ _1 .nitl
K,—I—nr n_|_1'r

= C3log { (F.: + 07 — %Hr3+1) /K,}

rn—l—l
= Cjlog (1 + n(7$+1)n>
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r3+1
log (1 + n(n—l—l)n) < Cy

1
supu — sup u = ro < C5k™1 = Cs|| f ¥ || pnt1 )
Qr OpQT
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Wit
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i.e.
u > 0: supersolution in €2

—Au+(b,Du)>f in
B> €

fullznosy < Co (infu+ 15 llzno

for dpg, Co > 0 constants.
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(¥

Decay estimate of distribution function

u
1= , €0 > 0 fixed later

. I
infu -+ ¢
nf w5 |7l

Note info <1, [[f7[ln < €0
1

3Cp > 0 such that ||v||gro(B,) < Co
4

fullznosy < Co (intu+ o)
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|ullzro(By) < Co
)
Ja > 0 such that |[{x € By | u(x) > t}| < Ct™¢
< dM > 1 and 36 € (0,1) such that
{z € By | u(z) > M™}| < 0™

Let us show the case when m = 1,

34



— A u> fin By (u|lpp, = 0 for simplicity !)
d(x) := —A(|z|>~™ — 227™): “fundamental solution” (A > 0)
¢|BBQ — 07 ¢ S —21in Bl
¢ € C? such that ¢ = ¢ except near 0

— A q3 = 0 except near 0, i.e. suppAqAb C By
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w:= —u — ¢, Recall infu <1
Bq

_Aw< f~ 4+ Adin By
e

supw < supw + C||f~ + AQSHLT‘(I‘[’w;Bﬂ)
B- 0B

LHS > sup(—u+2) > —infu+22>1
B4 By

n

RHS < Cegg+C (/ 1d$>
Bin{w>0}
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Jdo > 0 such that
c<|{reB|wx)>0}<|{reB|ux) <M:= s;p(—cfs)}l
2
(%
340 > 0 such that |{x € By | u(x) > M} <6

-« we had to work with a unit cube instaed of By to have 8 < 1 -

37



Unbounded coefficient case
IS excluded by a classical argument.

Use weak Harnack inequality (by Caffarelli)
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Caffarelli 1989
D?*u =~ 0 := max{®1T,0"}

u(y) < £M|y|? + affine

+ e— 3
© ()'_mf{M>0‘ = holds at

' [ waiesdz| < ClOlLlgll r (v € CF)
and

| D?ul||rp < C||®||p < Decay estimate on ©

}
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Enough to show the case of 1 = 3
5nf () := 73{f (@ + he;) + f(x — he;) — 2f(x)}

/u(w)qﬁwiwidm ~ /u5hq§(a})dw

— / b@)opu(@)de< [ ¢()0(2)da

M
lu(z +y) —u(z)| < Mly|* + (3¢ € RM)
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5. L

Asuume diam(Q2) =1
u>0in Q

u = 0 on 9f2
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cf.
—Lpu < f

0

eS8

—|D'u,|1[’_2 Au~+ (p — 2)|Du|_2

Imbert 2011

in €

DufP—2 5 Ou )
637]{:

n

k,j:1

{---} is uniformly elliptic if p > 1 and Du # 0

max u < maxu + C||
Q of2

1

+ 5 p—1
f ||Ln(r[u])
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ro:= maxu — maxwu > 0& L TEIFIT LW,

/ g(l€))de < / g(|Du|)|det D2u)|dzx
B | LT

<G [  9(Du) (

< C;,/ g(|Dul)
I'u]

[Du[p—2

(fH)"
|Du|n(p—2)
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n(p—1
ro®N < R,

1
maxu < maxu 4+ C|| £1||2,.}
axu < macu + CJL £
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LI

—Dpu=—3 —— (|Du|p_28—>

f—1 ka Ll

n
= —|DulP7? Au— (p—2)|DulP™ ) ug uguza;

k,j=1

><]$|Du|p_4 p — oo with |Du| # 0

Charro-De Phillips-Di Castro-Maximo 2013
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(

Q

Consider normalized oco-Laplacian:

1 —

an
Ug, Uy
—ANU = — ! LT
k%l [Dul?

— AN u< finQ

supu
supu — sup u) <C [ 2 gl umrydr

upu
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o€ (0,2)

—Lu] < f inQ

u(r +y) — u(x) — (Du(z),y)xB,(y) dy

Liul(@) = |, —

1/ u(w+y)+u(w—y)—2u(w)dy

2 y|nte
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Llu] < f(z) in Q2
u>0in R\ Q

4

2—0 o

maxu < C f+ 2 ||f+||§n

N. Guillen and R. W. Schwab, 2012
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—detD?u=f inQ
F(X) := —detX should be elliptic;
Restrict solutions to be convex.
If u is convex in © (2 must be convex), then

max u — maxu, and
Q B

mﬁmu > min v — C”f”Ll(Q)
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1< k <n

o (D3%u) 1= > \j,(D?*u)
1<71<-<gp<n

Aj(D?u(x)): eigen-values of D?u(x)
Restrict solutions to be convex again |

Assume r :(= minu — minu > 0.
a0 3
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& 1

H Az — H (Azl « o Aik)n_lck_l

i=1 1< <1
b\
A' ...A. n_l k—l
y Cur < HHR
1<<+-<1p

1 n
< —ok (D2u)E
nCh

f

N o N
Zai SNo‘—lza? (a>1’a’220)
1=1 i—1
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u. convex solution of

—o(D?u) > fin Q

1 n
/ dé < —— |1 115 n

nCr Lk(Q)

1
minu > minu — C||f7||*n

O o0 LE(Q)
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