ON THE DEFORMATION OF CYCLIC QUOTIENT
SINGULARITIES

ANDRAS NEMETHI

1. PRELIMINARIES

1.1. The link. One of the objects which connects local complex analytic singu-
larities with low-dimensional topology is the link of isolated singularities. Namely,
if (X, 0) is an isolated complex analytic germ of complex dimension n, then for any
real analytic map (so-called rug-function) p : (X,0) — [0, 00) with p~1(0) = {0},
the diffeomorphism type of M, := p~!(¢) (0 < € < 1) is independent of the choice
of p and e. This oriented real (2n — 1)-manifold M is called the link of (X,o0),
it is connected whenever n > 2. It determines the topology of (X, 0) completely.
One of the big challenges of singularity theory is to relate invariants, properties
of the analytic structure with the topology of M.

If n = 1 then M determines only the number of irreducible components of
(X,0), i.e. it does not even differentiate smooth and non-smooth germs, but
for n = 2 the information in M is extremely rich (codified in its fundamental
group). Notice that although the classification of 3-manifolds is an open problem,
singularity links are classified: they are the negative definite plumbings.

The list of relations connecting analytic and topological properties started with
the following result of Mumford [27]: M is homeomorphic to S? (or, equivalently,
m (M) is trivial) if and only if (X,0) is smooth. This is just the top of the
iceberg: e.g., M characterizes rational and elliptic singularities providing even
their Hilbert functions (cf. [1, 2, 21, 28]), or, if M is rational homology sphere
and (X, 0) too has some special analytic structure (e.g. weighted homogeneous,
or splice-quotient, or Q-Gorenstein) then sheaf-cohomology invariants (e.g. the
geometric genus) can also be recovered from M (see e.g. [43, 29, 30, 31, 35, 36, 37,
32, 33, 8, 9]). We emphasize that most of these results (e.g. Mumford’s theorem)
cannot be generalized to higher dimensions. This imposes the necessity to enrich
M with some additional structure induced from the analytic structure of (X, 0).
One of the candidates is the contact structure on M. In fact, this has a crucial
role even for surface singularities creating the bridge between contact 3-manifolds
and symplectic 4-manifolds/complex surface theory. In the present talk, we will
restrict ourselves to situation n = 2.

1.2. Contact structures. The definition of the contact structure is the follow-
ing: we take a rug function of type p := Zszl |6r|?, where ¢y, -+, ¢ are germs
from the maximal ideal of (X, 0) defining an immersion of X \ {0} into CV.

In this case p is strict pseudosubharmonic, and £ := TM N J(T' M), the J-

invariant subspace of T'M, defines a contact structure on M. Its isotopy class is
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called the canonical contact structure of M induced by the analytic structure of
(X,0). (Here J is the almost complex structure of TX.)
This definition imposes several questions/problems for any fixed M:

1. Classify all the possible contact structures induces by different analytic struc-
tures supported by the topological type determined by M.

2. How is the subclass from (1) related with the class of all contact structures
of M?

A (partial) answer to (1) was given in [10, 11]: all the possible analytic struc-
tures induces by different analytic structures are contactomorphic (and we con-
jecture that they, in fact, are even isotopic). Notice again that this fact is not
valid in higher dimensions, as was shown by Ustilovsky.

Although there is an intense activity in classification of contact structures, and
a considerably impressive list of positive results finishing the classification for
lens spaces, torus bundles over circles, circle bundles over surfaces, some Seifert
manifolds (thanks to the work of Giroux, Etnyre, Honda, Lisca, Stipsicz and
others, see e.g. [14, 15, 17, 18, 25] and the references listed therein), Part (2) is
mainly open. Recall that a contact structure is either overtwisted or tight, and
all overtwisted structure are characterized by the homotopy of their underlying
oriented plane field (by a result of Eliashberg). Hence, the difficulty appears
in the classification of tight structures. The canonical structure is one of them.
Surprisingly, even the finiteness of the possible tight structures on M is not
guaranteed in general (as was shown by Colin, Giroux and Honda): although the
number of corresponding homotopy classes of plane fields is finite, the number
of isotopy classes of tight contact structures in finite if and only if M is non-
toroidal (i.e. the resolution graph is star-shaped). It is not clear at all how one
can identify in this multitude of structures the canonical one.

In the sequel the canonical contact structure will be denoted by (M, &y).

1.3. Fillings of (M, £,). Although in the literature there are many different ver-
sions of fillability (holomorphic, Stein, strong/weak symplectic), here we will deal
only with Stein one: any Stein manifold whose contact boundary is contactomor-
phic to (M, &) is a Stein filling of (M, &y). For a singularity link, the following
questions/problems are natural:

1. Is any (M, &) Stein fillable?
2. Classify all the Stein fillings of (M, &).
3. Determine all the Stein fillings ‘coming from singularity theory’.

The answer to (1) is yes: Consider the minimal resolution of (X,0). It is a
holomorphic, non-Stein filling of (M, &), but by a theorem of Bogomolov and de
Oliveira [7] this holomorphic structure can be deformed into a Stein one. This
construction already provides an example for (3); another one is given by the
Milnor fibers of the smoothings of different analytic realizations (X, 0) of the
topological type fixed by M (if there are any). More precisely, the existence (and
uniqness) of the miniversal deformation of isolated singularities is guaranteed by
results of Schlessinger [45] and Grauert [16]. In general, its base space has many
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irreducible components. A component is called smoothing if the generic fiber over
it (the so-called Milnor fiber) is smooth. In general, different analytic structures
might have different smoothings; or for a fixed (X, 0), different smoothing com-
ponents might produce diffeomorphic Milnor fibers. It might also happen that
smoothing does not exist at all (for the last two situation see e.g. the case of
some simple elliptic singularities [22, 38]).

In fact, in the literature basically only these two constructions are present
regarding (3); it is high desire to find some other general constructions too. We
notice that rational singularities are always smoothable, moreover, the Milnor
fiber of one of the smoothing component (the Artin component) is diffeomorphic
with the space of the minimal resolution. The list regarding part (2) starts with
a result of Eliashberg [13] showing that (S?, &) has only one filling, namely the
ball. For links of simple and simple elliptic singularities the classification was
finished by Ohta and Ono [38, 39]. Moreover, in all these cases all possible Stein
fillings are provided by the minimal resolution or Milnor fibers. This parallelism
sometimes is really striking. E.g. for simple elliptic singularities with degree
k > 0, Ohta and Ono proved that the existence of a Stein filling with vanishing
first Chern class imposes k& < 9. This can be compared with the fact that in the
case of a Milnor fiber the Chern class is vanishing (by [46]) and the smoothability
condition is the same k£ < 9 (cf. [42]).

Fillings of links of quotient surface singularities were classified by Bhupal and
Ono [6], and of lens spaces L(p, q) by Lisca [23, 24] (as a generalization a result of
MecDuff [26] valid for the spaces L(p, 1), for all p > 2). We will return to Lisca’s
result in the next sections showing that Lisca’s list agrees perfectly with the list
of Milnor fibers (or, with the smoothing/all deformation components).

We would like to notice that this phenomenon, namely that all the Stein fill-
ings are obtained either by minimal resolution or Milnor fibers, at some point
of the singularity complexity, might stop. (This emphasizes the importance of
the research in direction (3) even more.) Also, in general, the finiteness of the
Stein fillings might fail too: Ohta and Ono produced on some singularity links
infinitely many symplectic fillings [40], also recently Ozbagci and Stipsicz (and
independently Smith) have shown that certain contact structures have infinitely
many Stein fillings (although they are not singularity links, one expects that at
some moment similar fact will be established for some singularity links as well).

2. THE MAIN RESULT OF [34]

2.1.  We recall briefly the classification of fillings of lens spaces established by
Lisca. Let p,q be coprime integers such that p > ¢ > 0. Let L(p,q) be an
oriented lens space. Lisca provides by surgery diagrams a list of compact ori-
ented 4-manifolds W), ,(k) with boundary L(p,q). They are parametrized by a
set K, (;%) of sequences of integers k € N” (cf. (2.3)). He showed that each
manifold W, ,(k) admits a structure of Stein surface, filling (L(p,q),&s), and
that any symplectic filling of (L(p, q), ) is orientation-preserving diffeomorphic
to a manifold obtained from one of the W), ,(k) by a composition of blow-ups. In
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general, the oriented diffeomorphism type of the boundary and the parameter k
does not determine uniquely the (orientation-preserving) diffeomorphism type of
the fillings: for some pairs the corresponding types might coincide.

Lisca also noted that, following the works of Christophersen [12] and Stevens
[47], K, (5£,) parametrizes also the irreducible components of the reduced miniver-
sal base space of deformations of the cyclic quotient (or Hirzebruch-Jung) singu-
larity X, ,. By definition, (X, ,,0) is the germ of the quotient X, of C? by the
action (x,y) — (&x,&%) of the cyclic group {£ € C, & =1} ~ Z/pZ.

Its oriented link is the oriented lens space L(p, q).

This singularity is ‘taut’, i.e. the topological type supports only one analytic
structure. Since each component of the miniversal space is in this case a smooth-
ing component, Lisca conjectured in [24, page 768| that the Milnor fiber of the
wrreducible component of the reduced miniversal base space of the cyclic quotient
singularity X, 4, parametrized in [47] by k € K, () is diffeomorphic to W q(k).

On the other hand, in [19], de Jong and van Straten studied by an approach
completely different from Christophersen and Stevens the deformation theory
of cyclic quotient singularities (as a particular case of sandwiched singulari-
ties). They also parametrized the Milnor fibers of A, , using the elements of
the set Kr(ﬁ). Therefore, one can formulate the previous conjecture for their
parametrization as well.

2.2. [34] answers positively these questions. Its main results are the following:

1. One defines an additional structure associated with any (non-necessarily ori-
ented) lens space: the ‘order’. Its meaning is the following: geometrically
it s a (total) order of the two solid tori separated by the (unique) splitting
torus of the lens space; in plumbing language, it is an order of the two ends
of the plumbing graph (provided that this graph has at least two vertices).
Then one shows that the oriented diffeomorphism type and the order of the
boundary, together with the parameter k determines uniquely the filling.

2. One endows in a natural way all the boundaries of the spaces involved (Lisca’s
fillings W, ,(k), Christophersen-Stevens’ Milnor fibers F, ,(k), and de Jong-
van Straten’s Milnor fibers F, (k)) with orders (this extra structure is de-
noted by x). Then one proves that all these spaces are connected by orienta-
tion diffeomorphisms which preserve the order of their boundaries: W, ,(k)* ~
Foq(k) ~ F] (k)*. This is an even stronger statement than the result ex-
pected by Lisca’s conjecture since it eliminates the ambiguities present in
Lisca’s classification.

3. In fact, [34] even provides a fourth description of the Milnor fibers con-
structed by a minimal sequence of blow ups of the projective plane which
eliminates the indeterminacies of a rational function which depends on k.
This is in the spirit of Balke’s work [4].

4. As a byproduct it follows that both Christophersen-Stevens and de Jong-van
Straten parametrized the components of the miniversal base space in the same
way (a fact not known before, as far as we know).
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5. Moreover, one obtains that the Milnor fibers corresponding to the various
irreducible components of the miniversal space of deformations of X, , are
pairwise non-diffeomorphic by orientation-preserving diffeomorphisms whose
restrictions to the boundaries preserve the order.

2.3. Notations. If z = (z1,...,z,) are variables, the Hirzebruch-Jung contin-
ued fraction [z, ... ,x,] can be defined by induction on n through the formulae:
(1] = z1 and [z4,... ,2,] = 21 — 1/[x9,... ,x,] for n > 2. One shows that:
Zn(T1, ... )
I::L‘ly “ e 7-/1/‘71] - Znil(x?’ o ’xn)

where the polynomials Z,, € Z[z1, ... ,x,] satisfy the inductive formulae:
(2.3.2.1)

Zn(T1, .o ) =1 L1 (20, xy) — Zpo(x3,... ,2,) forall n > 1,

with Z_; =0, Zy = 1 and Z;(x) = z. In fact, Z,(z) equals the determinant of the
matrix M (z) € Mat,, ,(Z), whose entries are M;; = x;, M; ; = —1if |i — j| =1,
M;; = 0 otherwise. Hence, besides (2.3.2.1), they satisfy many ‘determinantal
relations’. E.g.: Z,(z1,...,7,) = Zy(xn,...,x1). Following [41], z € N" is
admissible if the matrix M (x) is positive semi-definite of rank > n — 1.

Denote by adm(N") the set of admissible n-tuples.

If z is admissible and n > 1, then each x; > 0. Moreover, if [z,...,z,] is
admissible then [z,, ..., 2] is admissible too. For any r > 1, denote:

K, ={k= (k... k) €adm(N)| [k,..., k]=0}

For k = (ky,... k) € K, set k' := (k,,... k) € K,.

For p, ¢ as above and HJ-expansion pfq =lay,...,a,], set:

K, (;5) = Ki(a) :={k€ K, [E S a} C K,.

pP—q

Here, k < a means that k; < a; for all i.

3. THE DESCRIPTION OF THE MILNOR FIBERS

In the sequel we will not say more about Lisca’s construction, instead, we will
describe briefly the construction (2.1)(3) of the Milnor fibers. One starts with
the description of Christophersen and Stevens on the structure of the reduced
miniversal base space of cyclic quotients [5, 12, 48] (cf. also with [3]).

3.1. The space X,,,. First we concentrate on X, ,. It can be embedded into C"2

by some regular functions zy, ... , z.11. Some of the equations of the embedding
are

(3.1.3.1) Zic1zip1 — 20 =0 foralli e {1,... r}.
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Using equations (3.1.3.1) and induction, one shows that the restriction of each z;
to A}, is a rational function in (zo, 21) of the form

Z = lei—l(alv---vai—l) . ZO_Zi—2(a27---7ai—1) for i € {17 T 1}'
The equations are weighted homogeneous, however the weights w; := w(z;) are
not unique. With the choice wy = wy; = 1 one has w; = Z;_1(ay,...,a;_1) —
Zio(ag,...,a;—1) foralli > 1, and 1l =wy=w; Swy £ -+ < wpyq = q.

3.2. The deformation. Next, we fix k € K,.(a), and we denote by S the
corresponding deformation component (as it is described by Christophersen and
Stevens). Then, we consider a special 1-parameter deformation with equations
&L of X,,. This deformation is determined by the deformed equations of (3.1.3.1)
(cf. [3], [47, (2.2)]). These are:

(3.2.3.1) Zic1Zig1 = 2+t zfi foralli € {1,...,1},
where ¢t € C. Let &} be the affine space determined by the equations & in C"*2,

Lemma 3.2.3.2. The deformation t — Xé has negative weight and is a smooth-
ing belonging to the component SECS. Hence, Xé 1s a smooth affine space for

t#0.
In particular, by [49, (2.2)] &} is diffeomorphic to the Milnor fiber of Sg.
In the sequel we will denote by A} the closure of & in Pr+2,
surface.] A} as a rational
surface.
Similarly as for &), ,, using (3.2.3.1), on

X} all the coordinates z; can be
expressed as rational functions in (zg, 21):

Lemma 3.2.3.3. For eachi € {1,... 7+ 1}, on X} one has:

—Zi—2(az,... ,a;—
ZZ — ZO 7 2( 2 T I)P

)

for some P; € Z[t, 29, z1]. The polynomials P; satisfy the inductive relations:
(3.2.3.4) R I T
with P, = z1 and with the convention Py = 1.

Consider the application 7 : C*\ {z) = 0} — A/ given by

~Zi—2(az;..,ai—1) —(p—q) 2
(20, 21) — (20,21, Pay - - ., 2g P ... 2 P.yy) e Crt=,

We are interested in the birational map C? --» Xé, still denoted by 7, and its

extension 7 : P? —-» /'/\f;j Let p), : B'P? — P? be the minimal sequence of blow ups
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such that 7 o pj}, extends to a regular map B'P? — /'/\fz Let Lo, C IP? be the line
at infinity and by Ly the closure in P2 of {z0 = 0}. We use the same notations
for their strict transforms via blow ups of P2. Since the projection pr : 2/(\,2 — C?
is regular and pr o 7 is the identity, one gets that 7 o p) sends Ly and the total

transform of L., in the curve at infinity /'/\f;t \ AL

Therefore, let us modify pj, into py : BP? — P2, the minimal sequence of blow
ups which resolve the indeterminacies of 7 sitting in C2 (hence p), and py over
C? coincide). Denote by E;, its exceptional curve and by C, the union of those
irreducible components of E, which are sent to C{°. Set BC? := BP?\ L.
Summing up all the above discussions, one obtains:

Theorem 3.2.3.5. The restriction of To py induces an isomorphism BC?\ (LU
Cr) — XL In particular, the Milnor fiber can be realized as the complement of

the projective curve Lo, U Ly U C,. in BIP2.

The point is that the indeterminacies of © above C2, hence the modification
pi too, can be described precisely. This leads to the following description of the
Milnor fiber.

Corollary 3.2.3.6. Consider the lines Lo, and Lo on P? as above. Blow up
r—1+>""_ (a; — k;) infinitely closed points of Ly in order to get the dual graph
in Figure 1 of the configuration of the total transform of Lo, U Lo (this procedure
topologically is unique, and its existence is guaranteed by the fact that k € K,(a)).
Denote the space obtained by this modification by BP?. Then the Milnor fiber X}
of Sg*° is diffeomorphic to BP*\ (U;_,V;).

Moreover, let T be a small open tubular neighbourhood of UioVj, and set
F, (k) = BP?\T. Then F,,(k) is a representative of the Milnor fiber of SS° as
a manifold with boundary whose boundary is L(p, q).

Furthermore, the marking {V;}; as in the Figure 1, defines on the boundary of
F, (k) an order; denote this supplemented space by F,,(k)*. Then its ordered
boundary is L(p,q)* endowed with the preferred order.

1 1—a —ao

ay — Ky ag — ko

Figure 1

Remark 3.2.3.7. In fact, p; serves also as the minimal modification which elim-
inates the indeterminacy of the last component of 7 from (??7), namely of the ra-

tional function z,.1 = P,11/28 % In particular, we find the following alternative
description of the Milnor fiber F}, ,(k):
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For each k € K,(a), define the polynomial P..1 via the inductive system
(3.2.5.4). Let p, : BP? — P? be the minimal modification of P* which elimi-
nates the indeterminacy points of P, /25" % sitting in C?. Then the dual graph
of the total transform of Lo, U Lo has the form indicated in Figure 1, and F, (k)

is orientation-preserving diffeomorphic to BP? \ (Uj_,V}).

3.3. An identification criterion of the Milnor fibers. The next criterion
generalizes Lisca’s criterion [24, §7] to recognize the fillings of L(p, ¢), it is valid
for the spaces with ordered boundaries. It also implies immediately part (2) of
(2.1), namely that W, ,(k)* ~ F, ,(k)*.

Associate to the sequence a the string G(a) decorated with the entries ay, . . . , a,
(this is also the minimal resolution graph of &, ,,_,). Regarded G(a) as a plumbed
graph, it determines the plumbed 4-manifold II(a) (which is diffeomorphic to the
minimal resolution space of &, ,_,), whose oriented boundary is L(p, q).

Let F' be a Stein filling of (L(p, q),&s), e.g. one of the Milnor fibers consid-
ered above. Set V for the closed 4-manifold obtained by gluing F' and Il(a)

via an orientation preserving diffeomorphism ¢ : OF — 0lIl(a) of their bound-
aries. Denote by {s;},<;<, the classes of 2-spheres {S;}<;<, in Hy(II(a)) (listed
in the same order as {a;}lgig,,), and also their images via the monomorphism
Hy(II(a)) — Hy(V) induced by the inclusion.

Lisca’s criterion (implied also by the results of (3.2)) reads as follows:

Proposition 3.3.3.1. For alli € {1,...,r} one has

#{le€ Hy(V)| € =—1, s;-e#0, sj-e=0 forall j #i} =2(a; — ki)

for some k € K,(a). In this way one gets the pair (a,k) and F' is orientation-
preserving diffeomorphic to F, (k) (~ F, ,(k")).

One verifies that the above criterion is independent of the choice of the dif-
feomorphism ¢. In fact, even the diffeomorphism type of the manifold V is
independent of the choice of ¢.

Notice that {S;}1<;<, and {S,_; }1<i<, cannot be distinguished, hence the above
algorithm does not differentiate (g, k) from (a/, k'), or F, (k) from F, ,(k"). On
the other hand, these are the only ambiguities. (In fact, if r = 1, or even of r > 1
but @ and k are symmetric, then there is no ambiguity, since (p, q,k) = (p, ¢, k').)

Using the notion of ‘order’ of the boundaries, one can eliminate the above am-
biguity. Notice that any diffeomorphism F, ,(k) — F}, (k") (whenever (p, ¢, k) #
(p,q', k")) does not preserve any fixed order of the boundary. One has:

Theorem 3.3.3.2. All the spaces F, ,(k)* are different, hence their boundaries
L(p,q)* and k € K,(a) determines uniquely all the Milnor fibers up to orientation-
preserving diffeomorphisms which preserve the order of the boundary.

In order to prove this, the criterion (3.3.3.1) is modified as follows. Let F*
be a Stein filling of (L(p, q),&s) with an order on its boundary. Consider II(a)*
with its preferred order (provided a well-determined order of the s;’s, cf. [34]).
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Construct V as in (3.3.3.1), and consider the two pairs (¢, k) and (¢, k') provided
(but undecided) by (3.3.3.1).

Proposition 3.3.3.3. If ¢ preserves (resp. reverses) the orders of the boundary
then F™* is orientation and order preserving diffeomorphic to F,,(k)* (resp. to

Fp,q’ (E)*)

1]
2]
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