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1. ���! #"%$&%')(+*�,)-%.0/)1
- 2435 76 .�8)9 - :�� '%;7<

R : =?>�@+A complete local Gorenstein ring of dimR = d

modR : the category of all finite R-modules

CMR : modR
.

a full subcategory s.t.

M ∈ CMR ⇔M is a Cohen-Macaulay R-module of dimRM = d

R B�CD3 Λ E R− order( 2)3 )  GF * Λ ∈ CMR, H ;DI  D KJ ;7<MLONQPRI0.  0S Λ F
module-finite R-algebra TMU Cohen-Macaulay R-module of dimRΛ = d :7V%W�J <

CM(Λ) := CMR ∩ modΛ; M ∈ CMΛ : CMΛ-module  7XYX I7Z EM[R\ .Y] H�^)_ /1 =`2+3! 76 .�8D9 Aba)c ;7<
(−)∗ := HomΛ(−,Λ) : modΛ→

←
modΛop F)d prΛ  prΛop

.)eD.
duality :�fOg ;0* W)hi *

prΛ FMj%k�lDm)n)o Λ p)q . H�J%d)a)c ;�<
1.1. r d = 0

.  �Sts Λ F R u .)vMw%x%y)z BMC)3 * CMΛ = modΛ a)c�{K|!}~^)_�KZ%P X ;7< d = 1, R F��)�+�)�)�)�)3 .  0S * R .)�M� K
( UOX P KΛ E)�)���bB�C

3! KJ ; = classical order)  * CMΛ-module  7F * R u��M��H�jbk�l)m Λ p)q .�I  7a
c ;7<�I�.��)���D� }#^)_ �KZ%P X ;7<
�%�

d > 0  #J ;7<

2. Tilting modules and mutation.�)�)� a��!{7uD� ; tilting module  mutation
. ����:�f%g ;7<

2.1. ��� � Λ p)q T E tilting p)q� 7F �%� . (i),(ii),(iii) :GV%W�J I  �s
(i) pdT ≤ 1, W)h i * pdT F T

. n)o+�)C�: 8 J <
(ii) Ext1

Λ(T, T ) = 0,

(iii) � Λ p)q . �)�+� * 0 → Λ → T0 → T1 → 0 a * T0, T1 ∈ addT := {X : X ⊕ Y ∼=

Tm for some Y,m} :7VbW�J ��. E+c ; .

T ∈ CMΛ
.  �S T : tilting CM p)q5 7X5  < T .)¡0¢)£D¤)¥ : T = ⊕Ti  #J ;¦<bI�.

 �S * T E basic  7F Ti 6∼= Tj (i 6= j)  7H ;  �S <�%�
T F basic, §)W Λ

�
basic ring  KJ ;7<

2.2. ��� M,N ∈ modΛ  #J ;7<
a map ϕ : M → N E right minimal  7F ψ : M →M s.t. ϕψ = ϕ H�¨¦© ψ F)ªM«� GH ;I  <+¬)/%)( left minimal :M� '%;7<
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C : Λ p+q .������  ~J ;7< ρ : M → N E right C-approximation of N  GF M ∈ C T
U induced map HomΛ(C,M)

Hom(1,ρ)
−→ HomΛ(C,N) F�� PY. C ∈ C

(M/ i �)n�H ;  �S <
ρ : M → N E right minimal T�U right C-approximation  GH ;  �S ρ : right minimal

C-approximation  ¦X!  < left minimal C-approximation : ¬)/b)( � '%;G<
2.3. �0� ¡0¢D£

Λ pDq X
( UOX P+* X ⊕T F basic tilting Λ-module

*  J ;¦< modΛ. �)�+�
X

ρ
−→ T ′ −→ Z −→ 0

s.t. ρ F left minimal (addT )-approximation of X  KJ ;7<
ρ E)��nbT�U pdΛZ ≤ 1

.  �S Z ⊕ T : X ⊕ T
.

left mutation  7X�  < left mutation E��� J Z © Z ⊕ T F tilting Λ p+q%a)c ; (Riedtmann-Schofield [RS]).

3. 	�
)C ( ��� i W mutation.

(Okuyama, Rickard, Hoshino-Kato 
 (%�); [O], [HK]. [AI, 2.7]
�����<

)

Λ
.

(Jacobson) ����: J  KJ ;7< Λ p+q X
(�/ i

topX = X/JX  ���} < topX F��
�%> £ p)q = �)�0�)p+q! � X!  A%a)c ;7<� & 	�
)C e ∈ Λ :% ){��+��J ;7< ��� Λ p)q S := Λe/Je  ���} < Λ

.���.������bv�w
M := Λ(1 − e)Λe

(�/ i *
U = Λe/M  ���} < I�.  �S7�%E���� (��5�KZ�;7<

(3.1) add(topM) ⊂ add(topΛ(1 − e)), i.e., topM
(
S F 9)Z H)X .

(3.2) M F * Λe/N
.����b. ��� subfactor E S

( ª�« ( H N)P X ;+�  KH �����%v w
N ⊂ Λe

.�� a� �!%a)c ; .

M
.

projective cover : p : P (M) → M  �J ;�<�"$# p  &%(' "$# .�� m�: f :

P (M)
p

−→M ⊂ Λe  KJ ;7< (−)∗ : f
(�) i P)*

ρ = f∗ : eΛ → P (M)∗  *��} <
(3.3) ρ F left minimal (add(1-e)Λ)-approximation of eΛ.

Proof. ρ = f∗ a)c ; T ¨ * f E right mnimal (addΛ(1-e))-approximation of Λe : ��+
© � X < right minimal aDc ;DI  ¦F,�-� (.�5�KZ ;0. a,/(00J ;¦<0, g ; dDF addΛ(1-e)

a)c ; T�¨ * C = Λ(1 − e)
( U%X P+.�1 Hom(1,f)

. �)n�2�: ��+ © � X < � . >M@�34 : , g ; s
HomΛ(Λ(1 − e), P (M))

Hom(1,f)
−−−−−→ HomΛ(Λ(1 − e),Λe)

∼=





y

∼=





y

(1 − e)Λ⊗Λ P (M)
ϕ

−−−→ (1 − e)Λ⊗Λ Λe

W)h i * u � .�5O. ªM«%F�� . (3.4)
(b�);7<

(3.4) Q ∈ prΛop,X ∈ modΛ H�¨7© HomΛ(Q∗,X) ∼= Q⊗Λ X

ϕ = 1 ⊗ f
� {K�)�+�
(1 − e)Λ⊗Λ P (M)

ϕ
−→ (1 − e)Λ⊗Λ Λe −→ (1 − e)Λ⊗Λ U → 0
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E��!¨ Z�;7< (1 − e)Λ⊗Λ U = 0 a)c ; T�¨ Hom(1, f) F��)n%a)c ;7<
3.1. ����d Kb(prΛ)

.��)�
eΛ

ρ
→ P (M)∗ ⊕ (1 − e)Λ

* W)h i P (M)∗ ⊕ (1 − e)Λ :��
� .�5  KJ ;M* F [AI]

.
left silting mutation µ+

eΛ

( ª�«%a)c ;7<	��
�( F ρ F)��n! k
¨�� * Cokerρ F CMΛ p)q� 7k�¨7HDX < �b� * 6! KH ;��� :�fbg ;G<

4. tilting CMΛ-module.

4.1. TrL

. ���
M ∈ modΛ, P1

f
→ P0 →M → 0, M

.  �!)n)o ¤)¥  KJ ;7< (−)∗ : ) i PD* �)�)�
0 →M∗ → P ∗0 → P ∗1 → TrM → 0

:�� ;¦< TrM := Cokerf∗ a)c ;7< TrM ∈ CMΛ  7FDk�¨¦H)X . a * d ��� . syzygy :% ;  * depthRΩdTrM = d  �H�{ * TrLM := ΩdTrM F CMΛ p)q ( H ;7<
4.2.

� & 	�
)C e
* ���)p+q S = Λe/Je, M = Λ(1 − e)Λe, U = Λe/M F §3  7ª��) 

J ;7< L ∈ modΛ
.  �S * [GN, §3]

� {
depthRL = inf{i ∈ Z : Exti

Λ(Λ/J, L) 6= 0}

a)c ;G< depthRΛ = d
� {

(4.0) Exti
Λ(Λ/J,Λ) = 0 (0 ≤ i < d)�%� � .��� 1 :��%��J ;7<

���
1 U F�� � j%k . Λ p+q

(4.0)  �� 1
� { * U∗ = 0 a)c ;7<)LbN�PY*

(4.1) ρ F)�0n%a)c ;G<�
) �)�+� P (M)

f
→ Λe→ U → 0

� {K�)�)� 0 → U∗ → eΛ
ρ
→ P (M)∗ E��!¨ Z ;G<

(4.1)
� { Λ p)q . �)�)�

(4.2) 0 → eΛ
ρ

−→ P (M)∗ −→ C → 0

:�� ;G< W)h i * C := Cokerρ.
IM.  �S

(4.3) T := C ⊕ (1 − e)Λ F tilting Λ-module a Λ = eΛ ⊕ (1 − e)Λ
.

left mutation a
c ;7<

proof. (i) (4.2)
� { pdΛC ≤ 1. � pdΛT ≤ 1.

(ii) (4.2)
(

HomΛop(−, L), L ∈ modΛ, : ) i P (3.4)
(%� { � .�� ���OHD>0@ 3 4 :�� ; s

HomΛop(P (M)∗, L)
Hom(ρ,1)
−−−−−→ HomΛop(eΛ, L) −−−→ Ext1

Λ(C,L) −−−→ 0

∼=





y

∼=





y

L⊗Λ P (M) −−−→ L ⊗Λ Λe −−−→ L⊗Λ U −−−→ 0
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L = (1 − e)Λ  KJ ;  (1 − e)Λ ⊗Λ U = 0
� { Ext1

Λ(C, (1 − e)Λ) = 0

L = C  KJ ;  Ext1
Λ(C,C) ∼= C ⊗Λ U . (4.2) T�¨ P (M)∗ ⊗Λ U → C ⊗Λ U → 0 (exact).

(3.4);(3.1),(3.2)
� { P (M)∗⊗Λ U ∼= HomΛ(P (M), U) = 0 aDc ; T�¨ * C⊗Λ U = 0

<MLON
P

Ext1
Λ(C,C) = 0

< � u � { Ext1
Λ(T, T ) = 0

(iii) (4.2)
� {K�+�)�

0 → eΛ⊕ (1 − e)Λ
(ρ,id)
−→ P (M)∗ ⊕ (1 − e)Λ −→ C → 0

EDc { P (M)∗, (1− e)Λ, C ∈ addT aDc ;¦<MLON P (iii)
�*�!� Z W <b��NQPD* T F tilting

module a , (3.3)
� { Λ = eΛ ⊕ (1 − e)Λ

.
left mutation a+c ;G<I�.

tilting module T E CMΛ-module
( H ;��Y¤��� : , g ; < �b� � .� ��� : �

��J ;G<
���

2 Extd
Λ(S,Λ) = 0

P • → U : U .  !�nQo ¤ ¥  J ;~< (4.0) � ��� �� 1
� { Exti

Λ(U,Λ) = 0(0 ≤ i < d).��N)P � . �)�)�OE)c ; s
(4.4) 0 → eΛ

ρ
→ P (M)∗ → P ∗2 → · · · → P ∗d−1 → (ΩdU)∗ → Extd

Λ(U,Λ) → 0

�)�)� Pd+1 → Pd → ΩdU → 0
� {#� . �D�)��:�� ; s

(4.5) 0 → (ΩdU)∗ → P ∗d → P ∗d+1 → TrΩdU → 0

��
2
� { Extd

Λ(U,Λ) = 0 a)c ;7<+L%NDP4* (4.4)  (4.5) T�¨ * � . ���+��:�� ; s
0 → eΛ

ρ
→ P (M)∗ → P ∗2 → · · · → P ∗d+1 → TrΩdU → 0

�GNMPD*
C = Cokerρ = ΩdTrΩdU = TrLΩdU F CMΛ p qOaDc ;¦<��	� * T F tilting CMΛ

p)q%a+c ;7<

5.
��

1,2
( UbX P

5.1
��

1

1) d = 0
.  �SMF *�
��������
���� a)c ;7<

d = 1 a classical order
.  MS�F�m!{��MU <

2) �OE��!¨ ZbP X ; s
Ext1

Λ(S, S) = 0 ⇔ Je = Λ(1 − e)Λe(=M)I�.  MS�F U = S EMm!{���U <
5.2
��

2

Λ : Gorenstein order  KJ ;�*�����* Λ
. �����+n)�)C%F d  #J ;¦<�I�.  �S *.���%.

��� Λ p)q S
( UbX P)* Extd

Λ(S,Λ) 6= 0
*ML%N)P���

2 :7VbW�J%���)p+q%F)H)X <
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Λ : Iwanaga-Gorenstein  J ;0* ����* Λ
. �����)nD�)COF�jOk <bI7Z : n  �� } <bI.  �S * n ≥ d a)c ; E n > d  KJ ;7< I�.  �S Λ

.  �!�)n ¤D¥%. d ��� .�5  n ���.�5
En(ΛΛ) F ��� .)¡����	� :�
OW)H)X = Iwanaga-Sato, cf. [GN, Theorem 3.7])

<��0N
P �0�)pDq S E S ⊂ En(ΛΛ) H�¨¦© Extd

Λ(S,Λ) = 0
<MLONDP

Λ
. � ���+n��+C n > d H�¨

© Λ
. �����Dn ¤+¥%.	���5b( '%§ Z�; ���)pDq%F �� 2 :�VbW�J <

�	�
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