SERRE DUALITY FOR NONCOMMUTATIVE ALGEBRAS

IZURU MORI

ABSTRACT. One of the major projects in noncommutative algebraic geometry
is to classify noncommutative curves and noncommutative surfaces [17]. The
first half of this article will briefly describe the classification of noncommutative
projective curves due to Artin and Stafford [2] and the classification of quantum
projective planes due to Artin, Tate and Van den Bergh [3]. In the second
half, we will propose a new intersection theory in terms of Ext instead of Tor,
so that we can define it over noncommutative schemes, and see that we can
extend Riemann-Roch and Adjunction Formula to noncommutative surfaces
satisfying Serre duality.

1. QUASI-SCHEMES

Throughout, let k be an algebraically closed field. First, we extend the
notion of scheme as follows.

Definition 1.1. [4], [18], [12] A (triangulated) quasi-scheme over k is a pair
X = (mod X, Ox)

where

e mod X is a k-linear abelian (triangulated) category, and
e Ox € mod X is an object.

Two (triangulated) quasi-schemes X and Y are isomorphic if there exists a
k-linear (exact) equivalence functor

F:modX — modY
such that F(Ox) = Oy.
The below are typical examples of a quasi-scheme.
Example 1.2. A (usual) noetherian scheme X is a quasi-scheme
X = (mod X, Ox)

where

o Ox is the structure sheaf on X, and
e mod X is the category of coherent Ox-modules.

Example 1.3. For a right noetherian algebra R,
Spec R := (mod R, R)
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s a quasi-scheme where mod R is the category of finitely generated right R-
modules. If R is commutative and X = Spec R in the usual sense, then the
global section functor

I'(X,-) : mod X — mod R
induces an isomorphism (mod X, Ox) — (mod R, R) of quasi-schemes.
Example 1.4. For a Frobenius algebra R,
(modR, R/x)

is a triangulated quasi-scheme where modR is the stable category of mod R
by projective modules, and v is the radical of R.

Example 1.5. If X = (mod X, Ox) is a quasi-scheme, then
D(X) := (P*(mod X), Ox)

is a triangulated quasi-scheme where D®(mod X) is the bounded derived cat-
egory of mod X .

Example 1.6. For a right noetherian graded algebra A,
GrSpec A := (grmod A, A)

is a quasi-scheme where grmod A is the category of finitely generated graded
right A-modules.

Example 1.7. [4] For a right noetherian graded algebra A
Proj A := (tails 4, A)
s a quasi-scheme where
tails A := grmod A/ ~
M ~ N & M, = N>, for n >0,
and A is the image of A € grmod A in tails A.

Theorem 1.8. [16] If A is a commutative graded algebra finitely generated
in degree 1 over k and X = Proj A in the usual sense, then the functor

mod X —— grmod A
F —— (X, F) =@,z (X, F(n))
induces an isomorphism (mod X, Ox) — (tails A, A) of quasi-schemes.

A noncommutative projective variety of dimension d is a quasi-scheme of
the form Proj A where A is a graded domain finitely generated in degree 1
over k of GKdimA = d + 1. One of the major projects in noncommuta-
tive algebraic geometry is to classify noncommutative projective curves and
noncommutative projective surfaces (see [17] for more details).
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2. WEAK DIVISORS

In this section, we extend the notion of divisor, and construct a graded
algebra analogous to a homogeneous coordinate ring.

Definition 2.1. [12] Let X be a (triangulated) quasi-scheme. A weak divisor
on X is a k-linear (exact) autoequivalence

D :mod X — mod X.

We denote by WPic X the group of weak divisors on X. For D € WPic X
and n € Z, we denote

D" : mod X — mod X
M — M(nD,).
If X is a (usual) noetherian scheme and D is a Cartier divisor on X, then
—®x Ox(D) :mod X — mod X
F— F(D):=F®x Ox(D)
is a k-linear autoequivalence.

Theorem 2.2. [7| If X is a smooth projective variety with an ample or anti-
ample canonical divisor, then WPic X is a semi-direct product of Aut X and
Pic X.

If D = (0,L£) € WPic X where 0 € Aut X, £ € Pic X, then we define
D = (0,£) :mod X — mod X
F — F(D) :=o0.(F®x L).

If X is a (triangulated) quasi-scheme over k and D € WPic X, then we
can construct a graded algebra over k by

B(X, D) := @5 Homx (Ox, Ox(nD))
nez

with the multiplication defined as follows: for
a € Homx(Ox,0x(mD)),b € Homyx(Ox,Ox(nD)),
ab:=a(nD)ob € Homx (Ox,Ox((m +n)D))
where

OX # O)((mD)

] oo

Ox —2 0x@mD) 2L Oy (mD)(nD)= Ox((m + n)D).

The below are a few examples of this construction.
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Example 2.3. If X = GrSpec A where A is a graded algebra, then
(1) : grmod A — grmod A
M — M(1)
where M (1); = M;+1 is a weak divisor on X, and

B(X,(1)) = @ Homgrmod 4(4, A(n)) = A.
neZ

Example 2.4. (Yoneda Ext-algebra) If X = (D’(mod R), R/x) is a trian-
gulated quasi-scheme where R is an algebra and v is the radical of R, then
[1] : D*(mod R) — D*(mod R)

M — MI1]
where M[1]* = M is a weak divisor on X, and
B(X, (1)) = @ Homp (moa r) (R/v, R/t[n]) = ) Ext}h(R/x, R/Y)
nezZ neZ
is the Yoneda Ext-algebra of R.

Example 2.5. (Homogeneous coordinate ring) Let X be a variety. Then
X is projective if and only if X has an ample divisor. In fact, if X has an
ample divisor, then X has a very ample divisor D € Pic X, so that B(X, D)
is a homogeneous coordinate ring of X and X = Proj B(X, D).

3. CLASSIFICATION OF NONCOMMUTATIVE PROJECTIVE CURVES AND
QUANTUM PROJECTIVE PLANES

In this section, we will describe the classification of noncommutative pro-
jective curves and quantum projective planes. We first characterize a quasi-
scheme to be a noncommutative projective scheme.

Definition 3.1. [4] Let X be a quasi-scheme and D € WPic X a weak divisor.
We say that D is ample if
e {Ox(—nD)}neN is a set of generators for mod X, and
e for every epimorphism M — N,
Hom(Ox(—nD), M) — Homx (Ox(—nD),N)
s surjective for all n > 0.

Definition 3.2. We say that a right noetherian graded algebra A satisfies x1
if dimy, Ext!y(A/A>1, M) < oo for all M € grmod A.

Theorem 3.3. [4] Let X be a noetherian Hom-finite quasi-scheme. Then
X = Proj A for some right noetherian graded algebra A satisfying x1 if and
only if X has an ample weak divisor. In particular, if D is an ample weak
divisor on X, then X = Proj B(X, D).

The following theorem due to Artin and Stafford says that every noncom-
mutative projective curve is isomorphic to a commutative projective curve.



SERRE DUALITY FOR NONCOMMUTATIVE ALGEBRAS 5

Theorem 3.4. [2] If A is a graded domain finitely generated in degree 1 over
k of GKdim A = 2, so that Proj A is a noncommutative projective curve,
then there exist a commutative projective curve X and an ample weak divisor
D on X such that A ~ B(X, D). In particular, Proj A = Proj B(X, D) = X.

We now define a quantum projective plane which is a noncommutative
analogue of the projective plane.
Definition 3.5. [1] A connected graded algebra A is called AS-regular (resp.
AS-Gorenstein) if
e gldimA =d < oo (resp. id(A) =d < o0), and
o Extiy(k, A) = {k ifi=d
0 ifi#d.
A quantum polynomial algebra is a noetherian AS-reqular algebra A such
that A
Ha(t) := Y (dimy, A;)t' = (1 —t)~%
1€EN
A quantum projective space is a quasi-scheme of the form Proj A where A
is a quantum polynomial algebra.

We will construct another graded algebra from geometry. If X C P(V)
is a projective scheme and ¢ € Aut X is an automorphism, then we can
construct a quadratic algebra

AX, o) =T(V*)/{f eV @ V"] f(p,o(p)) =0 for all p € X})

where V* is the vector space dual of V. There is a natural graded algebra
homomorphism (often surjective)

A(X,0) — B(X,D)
which induces a map (often an embedding)
Proj B(X, D) — Proj A(X, o)

where D = (0,0x(1)) € WPic X.
The following theorem due to Artin, Tate and Van den Bergh says that
quantum projective planes can be classified by geometric pairs (X, o).

Theorem 3.6. [3] If A is a quantum polynomial algebra of gldim A = 3,
then there exist a commutative projective scheme X and an automorphism
o € Aut X such that A= A(X, o).

Example 3.7. (3-dimensional Sklyanin algebra) For a generic choice of
a,b,c €k,

A=k(z,y,2)/(cx® + bzy + ayz, azz + cy? + brz, byr + azxy + c¢2*) = A(X, 0)
is a quantum polynomial algebra of gldim A = 3 where
X =V((a® + b + S)zyz — abe(z® + o + 23)) C P2

is a smooth elliptic curve and o € Aut X is the translation by the point
(a,b,c) € X.
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4. SERRE DUALITY

It is impractical to classify all surfaces. We would like to classify only
nice ones. Unfortunately, we do not have a notion of smoothness for non-
commutative schemes yet, but one possible condition we may impose on
noncommutative schemes to be nice is existence of a Serre functor defined
below.

Definition 4.1. [6] Let X be a Hom-finite quasi-scheme over k. A Serre
functor on X is a weak divisor K € WPic X such that

DHomyx (M, N) = Homx (N, M(K))
for all M, N € mod X, where
D :modk — modk

is the autoequivalence taking the k-vector space dual.
A Serre functor induces both Serre duality and Auslander-Reiten Formula.

Example 4.2. (Serre Duality) If X is a (usual) noetherian smooth projec-
tive scheme of dim X = d, then

K = — ®x wxld] : D’(mod X) — D°(mod X)

is a Serre functor where wx 1is the canonical sheaf on X. In particular, for
any F € mod X,

DH!(X,F) = DExty(Ox, F) = DHomx (Ox, F[i])
> Homy (F[i], Ox ®x wx|[d]) =2 Homx (F,wx[d — i])
=~ Extd(F,wx).
Example 4.3. (Auslander-Reiten Formula) If R is a Frobenius algebra,

then
K=NQ:modR — modR

is a Serre functor where
N (=) = DHompg(—,R) : mod R — mod R
is the Nakayama functor. In particular, for any pair M, N € mod R,
DExth(M,N) = DHompg(QM, N)
>~ Homp (N, NQ?>M) = Hompg(N, D Tr M).
We will see that the above two examples of a Serre functor are somehow

related. Let A be a connected graded algebra and M € grmod A. We define
the i-th local cohomology of M by

H (M) := lim ExtYy(A/As,, M).
If A is a noetherian AS-Gorenstein algebra of id(A) = d, then the canonical
module of A is a graded A-A bimodule defined by
wa := DHL(A),
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and the (generalized) Nakayama functor of A is defined by
N =—®4wy : grmod A — grmod A.

In fact, if A is Frobenius, then id(A4) = 0, so

wa=DHY(A) = D lim Homa(A/Azn, A) = D(A)
hence

N=—84wa%—®4 D(A): grmod A — grmod A
is the usual Nakayama functor.
Example 4.4. [10], [13] If A is a noetherian AS-reqular algebra of gldim A =

d+1 so that X = Proj A is a noncommutative (smooth) projective scheme
of dim X = d, and N is the (generalized) Nakayama functor of A, then

K =N(=)[d] = — ®4wald] : D’(mod X) — D’(mod X)

is a Serre functor.

5. INTERSECTION THEORY

Since intersection theory plays an essential role in classifying commutative
surfaces, we should extend it to noncommutative schemes. Since there is no
geometry on noncommutative schemes, we should find a way of defining
intersection theory using homological algebra rather than geometry. Serre
defined the intersection multiplicity in terms of Tor, but, in general, we
cannot define Tor for noncommutative schemes. Fortunately, we can always
define Ext for noncommutative schemes.

Definition 5.1. [15], [12] Let X be a (triangulated) quasi-scheme over k. We
define the Euler form of M,N € mod X by

EMUN) = Z(—l)"dimk Ext’ (M, N),
i€z
and the Euler characteristic of M € mod X by
XOM) = €(0x, M) = 3 (1) dinng Fxtly (Ox, M),
1€EZ
We define the intersection multiplicity of M and N by
M-N = (—1)C0dimM§(M,N).

Fortunately, this new definition of intersection multiplicity in terms of Ext
agrees with the classical one in terms of Tor over a (usual) smooth scheme.

Theorem 5.2. [8] If X is a (usual) noetherian smooth scheme over k, and
C, D are closed subschemes of X such that dim C + dim D < dim X, then

C-D=0¢-0p

(where the left-hand side is defined in term of Tor and the right-hand side
is defined in term of Ext ).
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Definition 5.3. [12] Let X be a noetherian (triangulated) quasi-scheme. The
Grothendieck group of X is defined by

Ky(X) := Kyo(mod X).
The structure sheaf of a weak divisor D € WPic X is defined by
Op = [0x] — [Ox(—D)] € Ko(X).
If C, D € WPic X, then we define
C-D:=0¢-0p=—-E0c,0Op).

If X is a noetherian smooth scheme, D is an effective Cartier divisor, and
Op is the structure sheaf of D in the usual sense, then there is an exact
sequence

0—Ox(-D)— Ox - 0Op—0
in mod X, so
[Op] = [0x] — [Ox(—D)] € Ko(X).

Theorem 5.4. [12] Let X be a (triangulated) quasi-scheme over k having a
Serre functor K € WPic D(X) (K € WPic X ), and D € WPic X any weak
divisor on X. Then

(1) (Riemann-Roch)
1
X(Ox(D)) = 5 (DD ~ K D)+ 1+ p,,
where p, = x(Ox) — 1 is the arithmetic genus of X, and

(2) (Adjunction Formula)
2g—2=D-D+K-D,
where g =1 — x(Op) is the genus of D.

If X is a (usual) noetherian smooth projective surface, then the above
formulas agree with the usual Riemann-Roch and Adjunction Formula (]9,
Chapter V Theorem 1.6, Proposition 1.5]). However, in the above formulas:

(1) D does not have to be an effective divisor. Formulas hold for any
weak divisor D € WPic X.

(2) Ox does not have to be the structure sheaf of X. Formulas hold for
any choice of an object Ox € mod X.

(3) X does not have to be a surface. Formulas hold for a noetherian
smooth projective scheme of any dimension.

(4) X does not have to be smooth. Formulas hold for any noetherian
Gorenstein projective scheme.
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6. SYMMETRY IN THE VANISHING OF EXT
Let R be an algebra and M, N € mod R. Then

M- N = (=1)®°8mMN " (1)’ dimy, Extz (M, N)
1€EN
is well-defined if and only if
e dimy, Ext},(M, N) < oo for all i € N, and
o Extlz(M,N) =0 for all i > 0.

Question 6.1. M - N is well-defined if and only if N - M is well-defined?
The first condition is symmetric over a commutative local ring.

Theorem 6.2. [11] If R is a noetherian commutative local ring, then, for
any pair M, N € mod R,

AM(Exth (M, N)) < oo for all i € N <= A(Ext’% (N, M)) < oo for all i € N,
where X\(—) is the length of a module.

Definition 6.3. We say that a ring R satisfies (ee) if, for any pair M, N €
mod R,

Extly (M, N) = 0 for all i > 0 <= Ext’%(N, M) = 0 for all i > 0.
It is easy to see that R must be Gorenstein in order to satisfy (ee).

Theorem 6.4. [5] If R is a noetherian commutative complete intersection
ring, then R satisfies (ee).

We will show an analogous result for noncommutative rings. Let R be
a ring and modR the stable category of mod R modulo projective modules.
We define the category S(modR) by

S(modR) = {Q"M | M € modR,n € Z}/ ~;
M~N&Q"M=ZQ"N for n> 0.
Then S(modR) is a triangulated category with the translation functor
QO !: S(modR) — S(modR)
so that (S(modR), R/t) is a triangulated quasi-scheme. If R is Frobenius,
then S(modR) & modR.

Theorem 6.5. [14] If R is a noetherian algebra such that
o R=S/(x1,...,x,) where S is a reqular algebra and {z1,...,xn} is
a reqular central sequence of S (cf. a complete intersection), and
e Q% : S(modR) — S(modR) is a Serre functor for some d € Z (e.g.
a symmetric algebra, cf. Calabi-Yau type),

then R satisfies (ee).
Example 6.6. If n is odd, then the exterior algebra A(K™) satisfies (ee).
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